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1. Introduction. Sumner (3) discussed V/ / (s ) for arbitrary real X and 
h, where the averaging operator Vh is defined by 

(i.i) v»/(*) =itf(*+ *)+/(*)] 
when f(z) is an entire function of exponential type <2ir/\h\. Boas (2) gave 
an alternative definition of V^ which gave Sumner's results quickly and 
showed that his definition is equivalent to that of Sumner. 

Let the difference operator with span h be defined by 

(1.2) hAhf(z) = f(z + h) - /(*) = (exp hD - 1 )/(*), 

where D = d/dz. Sumner (4) gave a definition of Ah
x for all real X and h when 

f(z) is an entire function of exponential type <2w/\h\ and obtained some impor­
tant properties of Bernoulli numbers and Bernoulli polynomials. It is the 
purpose of this paper to show that the method given by Boas (2) may be used 
to obtain some general properties of Bernoulli numbers and the polynomials 
associated with the Bernoulli numbers from which Sumner's results follow 
as a special case and show that we do get a definition equivalent to that of 
Sumner. 

2. Method of Boas. Let/(z) be an entire function of exponential type r. If 

oo 

ra=0 

its Borel-Laplace transform F(w) is defined by 

(2.1) F(w)=±^. 

If S is the conjugate indicator diagram of f(z) and F(w) its Borel-Laplace 
transform, then 

(2.2) f(z) = (2Tri)~1jcF(w)ezwdw1 

where C is a contour surrounding S; in particular we may choose C to be the 
circle \w\ = r + e if necessary; see Boas (1, pp. 73-74). 
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Let D denote d/dz. If <f>(w) is regular on S and on the contours C which are 
close to the boundary of 5, the operator <j>{D) is defined by 

(2.3) 4>(D)f(z) = (27ri)-1 Jc F(w)<S>(w)ezwdw, 

where the definition is independent of C if we consider only those contours 
which lie in the domain of regularity of <j>(w). If E(S) denotes the set of all 
entire functions whose conjugate indicator diagrams are subsets of S, we 
notice that </>(D) is a transformation of E(S) into itself. If yp is regular over the 
range of <j>(w) for w in S, we have 

(2.4) xP[<t>(D)}f(z) = {2ivi)-^cF(w)^[cj>{w)}ezwdw. 

Thus, if X is a positive integer, we have 

(2.5) [cj>(D)Yf(z) = (27ri)~ljcF(w)[(t>(w)]xezwdw. 

If <t>(w) has no zeros on 5, (2.5) holds for all X. If we define 

(2.6) [<t>(w)]x = ex l o g < ^ 

with the same branch of log </>(«/) for all X, then 

(2.7) [<KP)n \4>{D)Yf{z)} = [<KD)F+"M, 

which also implies that [cj)(D)]~x inverts [0(P)]X. 

3. General Bernoulli numbers and polynomials of general order. 
Let g(z) be an entire function of exponential type such that g(0) ^ 0 and 
g'(0) 7e 0. We shall define the general Bernoulli numbers Bn~

x(g) and the 
general Bernoulli polynomials B^ig, z) with respect to g of general order X by 

L I J n=0 

(3.2) r^ -^^ l ' exp zt = ± tnB~\g, z)/n\. 

If p is the absolute value of the zero of g(z) which is nearest to the origin so 
that g(z) is zero-free inside the circle \z\ = p, then the series on the right 
converge for all z and all t when X > 0 and for all z and \t\ < p when X < 0. 

Comparing coefficients of tn in (3.2), we obtain 

(3.3) BrrHg, 0) = Bn-*(g) 

and 

(3.4) B~\g,z)= ± (fyB-Xg)zn-*. 
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g(t) - g(Q) 
X+M 

Considering the function 

exp(s + w)t, 

by virtue of Cauchy's theorem on double power series, we obtain the identity 

(3.5) B^-"{g, z + w)=t, (nJB-\{g, z)B-»{g, w). 
p=0 \p/ 

4. THEOREM. If we set 

•[ 
g(t) - g(Q) 

/Aew /Ae operator Ôg
x (IiD) satisfies the following: 

(A) ty 
oo 

/ « = £ C2"/n! 

w aw entire function of exponential type r < p/\h\, then 
oo 

8,\hD)f{z) = S crefenB„-x(g,ZA)/W!, 

(B) ôff\hD)? = h»B,r*(g,z/h), 

(C) ô„HhD)eTZ = e T V(*r ) , 0 < r < p/|A|, 

(D) 5 / ( A D ) ^ fe, s/A) = B,-*-" fe, s/A), 

^Aere X, ju are rmi numbers. 

Proof. First we notice that ôg(hw) is an entire function. The absolute value 
of the zero of dg(hw) nearest to the origin is p/\h\. Since r < p/\h\, 8g(hw) has 
no zeros on 5; hence (2.5) holds for all X. 

By (2.5), 

8g\hD)f(z) = (2x»)_1 f F{w) Ôg
x(hw)e™dw 

Je 

= (2«r1J/w[É?hli' Aw 
e!Wdw 

^(w)| E ^B.^faz/h) kw by (3.2) 

= 22 ~ , (2 in) F(w)wndw 

(4.2) 

This is (A). 

= £ cnh
nBn-\g,z/h)/nl 
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Taking f(z) = zn so that cn = nl and cm = 0 for m 9^ n, (4.2) gives 

(4.3) ôg\hD)zn = hnBn-\g,Z/h). 

This is (B). 
If f(z) = eTZ so that cn = rn, then (4.2) gives 

ô,\hDW* = Z TnhnBn-\g, z/h)/nl 
71=0 

'g{Th\~h
m}^k.Z/h) by (3.2) 

(4.4) = 5/(fer) exp T*. 

This is (C). 

If/(*) = Bn-"{g, z/h) = t , \n\z/h)n-vBr(g) by (3.4), 

then by (4.2), we have 

ôg\hD)Bn-
fi(g1z/h) = g ( ^ ) 5 r M ( g ) ^ ( g , 2 ; / A ) 

(4.5) = 5»"X"M(g, «A) by (3.5) 

and this is (D). 
We notice that the exponential property of this operator follows from (2.7). 
To obtain Sumner's results (4, pp. 535, 539) we have only to take g(z) = es. 

Then 
8g

x(t) = <5X(/) defined by Sumner. 

5. Sumner's definition of the operator 5x(hD). When X > 0, let 

(5.i) «x(o = £ (Î)M)> 
where 

(5.2) 18,(0 = g (j)(-1)^(0 

and ap(t) is defined inductively by 

J
t JO t < C 

Op-ifo)*, a0(0 = | j if t > c 

for £ = 1, 2, 3, . . . . Then ôx(0 has the representation 

(5.4) ôx(0 = p etudax(ti) 
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and the operator ôx(hD) is then defined by 

/»co 

(5.5) t\hD)f(z) = f(z + hu)dax(u); 
«'-co 

see (4, p. 534). 
When n is a positive integer, Sumner defines the functions 4>n(y) inductively 

by 
r*co 

(5.6) An-i(y) = J *»(? - »)d«i(w), n = 1, 2, 3, . . . , 

where 

(5.7) 4>i(y) = ^ 
eT y + e 

Then, using the representation 

t 
eyi) ~2sinh(*/2) " J _ a9 

which gives 

*^—co 

and 

(5.8) d~ "(0 
he defines 

*d<t>n{y)i 

/»co 

(5.9) B-n(hD)f(z) = /[« + ft(*y-»/2)]d*.0y). 

6. We shall now show that the definitions (5.5) and (5.9) can be deduced 
from (2.5). 

If X > 0, (2.5) becomes, by virtue of (5.4), 

d\hD)f(z) = Viriy1 f F(w)dx(hw)ezwdw 
Jc 

= (2*»)"1 J* F(w)[ J " ^ " ^ ( M ) ] ^ * ^ 

= J™ [ (2™)- 1 J F{w)ew(hu+Z)dw \dax(u) 

/*co 

/(z + hu)dax(n) by (2.2) 
«J -oo 

and this is (5.5). 
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If M is a positive integer, (2.5) still holds when X = — n, so that 

8-n(hD)f(z) = (2iriy1 ( F(w)5-n(hw)e!Wdw 

= ( 2 « r x J" F{w)\ J™ eUv-n/mwd<l>n(y)ywdw 

= J _ œ { ( 2 « ) _ 1 J F{w)eu+Hi<>-nimœdw\d4>n{y) 

= (" f[z + h(iy - n/2)]d<j>n(y) by (2.2) 

and this is (5.9). 
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