https://doi.org/10.1017/jfm.2024.502 Published online by Cambridge University Press

J. Fluid Mech. (2024), vol. 990, A8, doi:10.1017/jfm.2024.502

i

’r
#

RSy P s -
4 1 Ly - L‘*‘: AQ.?‘& “z
4 K ‘:"p v

Thermodynamically consistent diffuse-interface
mixture models of incompressible
multicomponent fluids

Marco F.P. ten Eikelder':+, Kristoffer G. van der Zee” and
Dominik Schillinger!

Hnstitute for Mechanics, Computational Mechanics Group, Technical University of Darmstadt,
Franziska-Braun-Str. 7, 64287 Darmstadt, Germany

2School of Mathematical Sciences, University of Nottingham, NG7 2RD Nottingham, UK

(Received 23 June 2023; revised 12 February 2024; accepted 13 May 2024)

The prototypical diffuse-interface model for incompressible fluid mixtures is the
Navier—Stokes Cahn—Hilliard (Allen—Cahn) model. Despite its foundation in continuum
mixture theory, it is not fully compatible with this theory due to the diffusive
flux approximation. This paper introduces a class of thermodynamically consistent
diffuse-interface incompressible fluid mixture models that is fully compatible with
the continuum theory of mixtures. The proposed models can be formulated in either
constituent or mixture quantities, enabling a direct comparison with the Navier—Stokes
Cahn-Hilliard (Allen—Cahn) model with non-matching densities. This comparison reveals
the key modelling simplifications employed in the latter.
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1. Introduction
1.1. Background

The description of diffuse-interface multi-constituent flows in which the interface has a
positive thickness may be traced back to Rayleigh (1892) and Van der Waals (1894). Based
on these works, the pioneering work of Korteweg (1901) and others, diffuse-interface
models governing the motion of multiple constituents (fluids) or phases have been
developed (Anderson, McFadden & Wheeler 1998; Oden, Hawkins & Prudhomme 2010)
and applied in computations (Yue et al. 2004; Liu et al. 2013; Gomez & van der Zee 2018;
ten Eikelder & Akkerman 2021). The mixture theory of rational mechanics provides the
theoretical framework of the dynamics of multi-constituent flows. The first contributions
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on simple mixtures are the works of Fick (1855) and Darcy (1856). Since then, the topic
has become more mature with the important contributions of Truesdell (1957, 1962) and
Truesdell & Toupin (1960). More complete overviews of rational mixture theory are
provided by Green & Naghdi (1967), Miiller (1975), Miiller & Ruggeri (2013), Bowen
(1980, 1982), Truesdell (1984), Morro (2016), Rajagopal & Tao (1995) and others.

The study of incompressible diffuse-interface multi-fluid models seems only weakly
connected with continuum mixture theory. Indeed, the study of diffuse-interface
multi-fluid models was initiated in 1977 independent of the continuum theory of mixtures.
In that year Hohenberg & Halperin (1977) proposed a model, known as model H, for
the coupling of viscous fluid incompressible flow and spinoidal decomposition. This
diffuse-interface model is now recognized as the first Navier—Stokes Cahn—Hilliard
(NSCH) model. As the name suggests, the model is presented as the coupling between
the incompressible (isothermal) Navier—Stokes equations and (an extension of) the
Cahn—Hilliard equation. The capillary forces are modelled through the introduction of
an additional Korteweg-type contribution to the stress tensor. Model H was initially
established via phenomenological arguments, and a continuum mechanics derivation was
presented by Gurtin, Polignone & Vinals (1996). This derivation and the resulting model
are not compatible with the continuum theory of mixtures.

The major assumption in model H is the constant density of the mixture as well as
of the individual constituents (making it not applicable to problems with large density
ratios). This limitation initiated the generalization of model H to NSCH models with
non-matching densities. Noteworthy contributions include the models of Lowengrub &
Truskinovsky (1998), Boyer (2002), Ding, Spelt & Shu (2007), Abels, Garcke & Griin
(2012), Shen, Yang & Wang (2013), Aki et al. (2014) and Shokrpour Roudbari et al.
(2018). The introduction of non-matching density models opened the door to practically
relevant computations, such as the one in figure 1. Computations with NSCH models are
non-trivial and require addressing issues such as bound preservation, interface accuracy
and stability; for more details, see, e.g. Boyer et al. (2010), Minjeaud (2013), Chen &
Shen (2016), Khanwale er al. (2023). The above models all aim to describe the same
physical phenomena (the evolution of isothermal incompressible mixtures), yet they are
(seemingly) distinct from one another.

In ten Eikelder et al. (2023) we have proposed a unified framework of existing
Navier—Stokes Cahn—Hilliard Allen—-Cahn (NSCHAC) models with non-matching
densities. (This paper proposes a unified framework for NSCH models with non-zero mass
fluxes. These mass fluxes follow the Allen—Cahn form, consequently, the framework can
be referred to as a unified framework for NSCHAC models.) This framework leads to a
single consistent NSCHAC system of balance laws, and shows that many alternate forms
of the same model are connected via variable transformations. The term consistent conveys
that this model is established in a consistent manner through continuum mixture theory.
A particular formulation of the consistent NSCHAC model reads:

17 _
0;(pv) +div(pv ® v) + Vp + div <V¢ ® 8_ + (g — 'I/)I)

AV

—div(v(2D + A(div v)I)) — pb = 0, (1.1a)

arp + div(pv) =0, (1.1b)

3¢ + div(pv) — div(MV (it + wp)) + cm(jit + wp) =0, (L.1c)
(v

m— ﬁ + div <m> =0. (1.1d)
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Figure 1. A representative bubble rising problem with large deformations with respect to the original bubble
shape, computed with the NSCH model; see ten Eikelder & Schillinger (2024) for details.

Here p is the mass-averaged mixture density, v the mixture velocity, p the pressure,
¢ an order parameter and [ a chemical potential quantity. Furthermore, M =
M(p, Vo, u,Viu,p) and m = m(¢, L, p) are degenerate mobilities, v the dynamic
viscosity of the mixture, g the gravitational acceleration, p; and p, constant specific
densities of the constituents, w = (p2 — p1)/(p1 + p2) and ¢ = (p1 + p2)/2p102). We
provide precise definitions in § 5 and refer the reader to ten Eikelder et al. (2023) for
details.

1.2. Objective and main results

The unified framework presented in ten Eikelder et al. (2023) completes the fundamental
exploration of alternate non-matching density NSCHAC models. However, the NSCHAC
model is not compatible with mixture theory of rational mechanics. Namely, in the
construction of the NSCHAC model, the evolution equation of the diffusive flux that
results from mixture theory is replaced by a constitutive model. Therefore, the NSCHAC
model may be classified as a reduced mixture model. (The NSCHAC model may be
classified as a class-I model; see Bothe (2022) for details on this terminology.) This
observation bring us to the main objective of this paper: to derive a thermodynamically
consistent diffuse-interface incompressible mixture model compatible with continuum
mixture theory. We restrict to isothermal constituents. The thermodynamically consistent
property of the mixture model refers to the compatibility with the second law of
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thermodynamics. In particular, we derive the mixture model

0P + div(Pava) + ) Map(ge — gp) =0, (1.2a)
B

01(PaVa) + div(Pe Ve ® Vo) + P V(P + 1ha)
—div(Ve 2Dy + Ag divvy)) — pub

1
+ D Rap(ve = 0p) + 5 3 Mo (g — 89) (W + ) =0, (1.2b)
B B

for constituents @ = 1, ..., N. Here p, is the partial mass density of constituent «,
v, the constituent velocity, ¢, the constituent volume fraction and p, a constituent
chemical potential. Furthermore, p is the mechanical pressure, 14, the constituent chemical
potential, g, the constituent Gibbs free energy, v, the constituent dynamical viscosity,
AoV the constituent second viscosity coefficient, D, the constituent symmetric velocity
gradient, and mgg and Ryg are symmetric matrices. We provide precise definitions in §§ 3
and 4.

The distinguishing feature of the model lies in the occurrence of both a mass and a
momentum balance equation per constituent. Reduced models of NSCHAC type contain
a phase equation per constituent but a single momentum equation for the mixture. This
decrease in complexity comes at the cost of violating mixture theory of rational mechanics.
Another interesting aspect is that the model has no Cahn—Hilliard-type equation; however,
the equilibrium profile coincides with that of the NSCHAC model (for the standard
Ginzburg—Landau free energy). On the other hand, the mass transfer terms match that of
the Allen—Cahn equation, i.e. the model is of Allen—Cahn type. Another important feature
of the model contains a single mixture mechanical pressure p (the Lagrange multiplier of
the mixture incompressibility constraint) and a constituent chemical potential .

1.3. Plan of the paper
The remainder of the paper is structured as follows. In §2 we present the general
continuum theory of incompressible fluid mixtures. Here we present identities that relate
constituent and mixture quantities. We exclude thermal effects. Next, in § 3 we perform
constitutive modelling via the Coleman—Noll procedure. Then, in § 4 we present particular
diffuse-interface models. We compare the resulting models with the NSCHAC model in
§ 5. Finally, in § 6 we conclude and outline avenues for future research.

2. Continuum theory of mixtures
The purpose of this section is to lay down the continuum theory of mixtures composed

of incompressible isothermal constituents. The theory is based on three general principles
proposed in the groundbreaking work of Truesdell & Toupin (1960).

(i) All properties of the mixture must be mathematical consequences of properties of
the constituents.

(i) So as to describe the motion of a constituent, we may in imagination isolate it from
the rest of the mixture, provided we allow properly for the actions of the other
constituents upon it.

(>iii)) The motion of the mixture is governed by the same equations as is a single body.
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The first principle states that the mixture is composed of its constituent parts. The
second principle asserts the physics model be banded together via interaction fluxes,
forces or energies. Finally, the third principle ensures that the motion of a mixture is
indistinguishable from that of a single fluid.

In §2.1 we introduce the fundamentals of the continuum theory of mixtures and the
necessary kinematics. Then, in § 2.2 we provide balance laws of individual constituents
and associated mixtures.

2.1. Preliminaries and kinematics

The core idea of the continuum theory of mixtures is that the material body % is composed
of N constituent bodies %, with @ = 1, ..., N. Following Truesdell (1984), the bodies
Py are allowed to occupy, simultaneously, a common region in space. Denote with X,
the spatial position of a particle of %, in the Lagrangian (reference) configuration. The
motion of body 4, is given by the (invertible) deformation map

x = Xy Xa ). @2.1)

Consider from now on positions x that are taken by one particle from each of the N
constituent bodies %,. Around this spatial position x we consider an arbitrary mixture
control volume V C §2 with measure |V|. Furthermore, we introduce volume V, C V,
with measure | V|, as the control volume of constituent . The constituents masses denote
My = My (V) and the total mass in Vis M = M(V) = ), M (V). The constituent partial
mass density p, and specific mass density p, > 0 are respectively defined as

- . My(V)
1) =1 , 2.2
Pa(x, 1) |vl|fo Vi (2.2a)
. My(V)
x,t) ;= lim 2.2b
P, 1) Val=0 | Va| (2:20)

The quantities represent the mass of the associated constituent o per unit volume of
the mixture V, and constituent volume V,, respectively. In this paper we work with
incompressible isothermal constituents of which the specific mass densities p, are
constants. The density of the mixture is the sum of the partial mass densities of the
constituents:

ple.1) =) pal.1). (2.3)

The volume fraction of constituent « is defined as

bo(x, 1) := lim Vel . (2.4)
V=0 V]
We preclude the existence of void spaces by assuming that
D o =1 (2.5)
o
990 A8-5
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The above definitions (2.2), (2.3) and (2.4) imply the relation

Pa (X, 1) = pada(x, ). (2.6)
The constituent velocity is given by
Vo (X, 1) = 0 Xy (X, DXy 2.7
where the position X, is fixed. Next, we denote the momentum of constituent « as
me(x, 1) = po (X, Vg (X, 1). (2.8)

By taking the sum of the momenta of the constituent we get the momentum of the mixture:

m(x, t) = Z my(x, 1). (2.9)

From the momentum of the mixture, we identify the mixture velocity v (also called
mass-averaged velocity or barycentric velocity):

m(x,t) = p(x, Hv(x, 1). (2.10)

Another important velocity is the peculiar velocity (also known as diffusion velocity) of
constituent ¢, i.e.

wC((x7 [) = vO[(x7 [) - v(x7 t)? (211)

which describes the constituent velocity relative to the gross motion of the mixture. The
peculiar velocity satisfies the property

Y Ju= puha =0, (2.12)

where the so-called diffusive fluxes are defined as

hy = PoaWy, (2.13a)
Jo = PaWq- (2.13b)

We introduce the time derivative fpa of the (component) differentiable function v, of x
and ¢, and the time derivative of a quantity i that follows the mean motion. In the Eulerian
frame, these material derivatives are given by

Kzfoz = 0o + Vo + Vg, (2.14a)

Vv =0y +v-Viy. (2.14b)

2.2. Balance laws

According to the second general principle of the continuum theory of mixtures, the motion
of each of the constituents is governed by an individual set of balance laws. These laws
contain interaction terms that model the interplay of the different constituents. Following,
e.g. Truesdell (1984), each of the constituent @ = 1, ..., N must satisfy the following set
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of local balance laws for all x € £2 and ¢ € (0, T):

0iPa + div(PeVy) = Va, (2.15a)
ormy + divimy ® vy) — divTy — puby = My, (2.15b)
Ty —TL =N, (2.15¢)

(P (€a + 10a1%/2)) + div(fa(€q + [0a]1?/2)v4)
—div(Tqvg) — Paby * Vo +divg, — Pate = €q. (2.15d)

Equation (2.15a) represents the local constituent mass balance law, where the interaction
term y, is the mass supply of constituent & due to chemical reactions with the other
constituents. Next, (2.15b) is the local constituent linear momentum balance law. Here
T, is the Cauchy stress tensor of constituent «, b, the constituent external body force
and w,, is the momentum exchange rate of constituent @ with the other constituents. In the
remainder of the paper we assume equal body forces (b, = bfora =1, ..., N). Moreover,
we restrict to body forces of a gravitational type: b = —bj = —bVy, with y the vertical
coordinate, j the vertical unit vector and b a constant. Next, (2.15¢) is the local constituent
angular momentum balance with N, the intrinsic moment of momentum. Finally, (2.15d)
is the local constituent energy balance. Here ¢, is the specific internal energy of constituent
o, [|[vg |l = \/va * vy is the Euclidean norm of the velocity vq, g, is the heat flux, 7, is the
external heat supply and e,, represents the energy exchange with the other constituents.
We denote the kinetic and gravitational energies of the constituents, respectively, as

Hy = pallvall®/2, (2.16a)
Gy = puby. (2.16b)

On the account of the mass balance (2.154) and the linear momentum balance (2.15b), we
deduce the evolution of the constituent kinetic energy:

0 Ho + div(Hgvy) — vy div Ty — paby » Vo = Ty * Vg — %”vanzya- (2.17)

Next, the evolution of the gravitational energy follows from the constituent mass equation
(2.15a):

09y + div(Yyvy) + P vy - b — yuby = 0. (2.18)
Taking the difference of (2.15d) and (2.17) we obtain the evolution of the constituent
internal energy:

0 (Pu€q) + div(pg€qvy) — Ty : Voo + divg, — Pala

= — T + Vg + 5 l10al Ve + ea (2.19)

The convective forms of the constituent evolution equations read
P+ o diV Vo = Ve, (2.20a)
fava — divTo — fuba = Py (2.200)
Pa€a — To : Vo +divg, — pula = €q, (2.20¢)

where the interaction terms are

Po = Mo — VaVa, (2.21a)
by = €q = Mg * Vo — Yulea — [0a11%/2). (2.21b)
990 A8-7
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By invoking the constant specific densities p,, we obtain the evolution equation of the
volume fraction:

0P + div(dgvy) = Yo (2.22)

o

Next, we turn to the continuum balance laws of the mixtures. Summing the balance laws
(2.15) over the constituents gives

3p + div(pv) = 0, (2.23a)
om+divim®v) —divT — pb =0, (2.23b)
T-1" =0, (2.23¢)
d(p(e + v12/2)) + div(p(e + [v]/2)v)
—div(Tv) — pb-v+divg — pr =0, (2.23d)
where
R 1 5
e:=— pul €+ 5lwall), (2.24a)
p = 2
T:=) Ty~ fuWa ® Wa. (2.24b)
o
1
bi=—" puba, (2.24¢)
'0 o
5 1
q:= Zq(x — Towy + Po (Ea + 5”""04”2)’ (2.244)
o
1
ri=— para, (2.24¢)
p o

and where we have postulated the following balance conditions to hold:

> vu=0. (2.25a)
Xa: iy =0, (2.25b)
> Ny =0, (2.25¢)
az eq = 0. (2.25d)

In establishing the mixture laws (2.23) use has been made of the identities (2.12) and

1 1 -
I TARTEDD (pa5||va||2wa — PaWo (W - v)). (2.26)
o o
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In agreement with the first general principle of mixture theory, the kinetic, gravitational
and internal energies of the mixture are the superposition of the constituent energies:

H =" Ha, (2.27a)
o
G=> %, (2.27b)
o
R Z Pu€a- (2.27¢)
o
The kinetic energy of the mixture can be decomposed as
- 1.
H =+ Z 5 Pellwe?, (2.284)
-1 5
H = AL (2.28b)

where % is a kinetic energy of the mixture variables, and where the second term
represents the kinetic energy of the constituents relative to the gross motion of the mixture.
As a consequence, (2.15d) represents the evolution of the internal and kinetic energy of
the mixture

;& + div(&v) — div(Tv) — pb - v+ divg — pr =0, (2.29)

with & = # + ¢ + .7, given the standing assumption of equal body forces. Finally, we
remark that the system of mixture balance laws (2.23) may be augmented with evolution
equations of the order parameters (mass and energy) and diffusive fluxes to arrive at a
system equivalent with (2.15) (ten Eikelder et al. 2023).

3. Constitutive modelling

In this section we perform the constitutive modelling. We choose to employ the
well-known Coleman—Noll procedure (Coleman & Noll 1974) to construct constitutive
models that satisfy the second law of thermodynamics. First, in § 3.1 we introduce the
second law of thermodynamics in the context of rational mechanics. Next, in § 3.2 we
establish the constitutive modelling restriction yielding from the second law. Then, in § 3.3
we select specific constitutive models compatible with the modelling restriction.

3.1. Second law

In agreement with the second general principle, the entropy of each of the constituents «
is governed by the balance law

0 (Pana) + div(PanaVe) + div(P@y) — paSa = Pa, 3.1

where the constituent quantities are the specific entropy density 74, the entropy flux
@, the specific entropy supply s, and the entropy production &,. The second law of
thermodynamics dictates positive entropy production of the entire mixture:

Z Py > 0. (3.2)

The second law (3.2) is compatible with the first general principle of mixture theory.

990 A8-9
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In the following we derive the modelling restriction that results from the second
law (3.2). To this purpose, we introduce the Helmholtz mass-measure free energy of
constituent o,

VYo = €q — ONa, 3.3)

where 0 is the temperature. We restrict to isothermal mixtures and, thus, all constituents
have the same constant temperature 6 = 6,, « = 1, ..., N. We now substitute (3.1) and
(3.3) into (3.2) and arrive at

> 0(falea — Vo)) + div(pa(€a — Ya)Va) + div(0®y) — fusad) = 0. (3.4)

Next, we insert the balance of energy (2.19) into (3.4) and find that

> —0(PaVa) — div(PaVava) + T : Voo +divO @y — g,)

o

+ P (ra — 050) — Ty + Ve + V|V ]2/2 > 0, (3.5)

where the energy interaction term cancels because of (2.25d). In the final step we invoke
the mass balance equation (2.15a) to find that

Zﬁax\ﬁa — Ty : Vo, +div(g, —094)
o

+ fa(O50 = 1a) + Mo Va = Vallvall?/2 + VoV < 0. (3.6)
This form of the second law provides the basis for the constitutive modelling.

Lastly, we remark that the second law may be written in an energy-dissipative form
(given rq = Osg).

PROPOSITION 3.1 (Energy dissipation). The second law may be written as the
energy-dissipation statement:

Z(B,é"a + div(&yvy) — div(T vy — q, +0Py)) <0, 3.7
o

with & = Ky + Yy + pau€a, and where we have set ry, = 0s4.

Proof. Using the constituent mass equation (2.15a), the second law (3.6) may be written
as

> 101(FaVe) + diV(Fatava) — T : Vo + div(g, — 09y)

+ T+ Vo — € — Vallval?/21 < 0. (3.8)
Adding (2.17) and (2.18) to the condition (3.8) provides the result. |
990 A8-10
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3.2. Constitutive modelling restriction

We specify the modelling restriction (3.6) to a particular set of constitutive constituent
classes for the stress T, free energy vy, entropy flux @,, momentum supply m, and
mass supply y,. We introduce the constitutive free energy class

1&0! = l?/a((ﬁas Vo, Dy), 3.9)

and postpone the specification of the other constitutive classes. Here Dy is the symmetric
velocity gradient of constituent c.

In the following we examine the constitutive modelling restriction (3.6) for this specific
set of constitutive classes. Substitution of the constitutive classes (3.9) into (3.6) and
expanding the peculiar derivative of the free energy provides

0V aAa - A s A
Z ( ¢ ¢cx v 'V¢a+3DawaDa>_Ta:Vva

da IV,
+div(gy — 0By) + fu(O5a — 14)
+ Tty + Vo — VallVall?/2 + Yata <O. (3.10)

The arbitrariness of the peculiar time derivative Dy precludes dependence of ¥, on D,.
Thus, the free energy class reduces to

1/Afoz = ‘/Afa((pcx’ Vo), (3.11)

and the last member in the first brackets of (3 10) is eliminated. We now introduce the
volumetric Helmholtz free energy llfa ‘= Py Wa Given the constituent class of 1/fa (3.11),
we identify the volumetric Helmholtz free energy class:

= Uy (e, Vo) = PoVia(bar Vou) = Pudatle(Pa, Vo). (3.12)

Next we introduce a number of constituent generalized derivatives of the free energy
quantities that we require in examining the constitutive modelling restriction (3.6):

Ve Vg
—d , 3.13
= Qu 2 IV(% oV én (3.13a)
e 1 ( Vo )
Vg = - — ~—le — 1, (313b)
“ 0P Pa paaVP(x
BYY) BYY
Ty = Ve —div( Ve ) (3.13¢)
0P OV Py
Y, 9y
Uo = —o —div( 2 ) (3.13d)
0Py IV g
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Here 7, is a mass-measure-based chemical potential and u, is a volume-measure-based
chemical potential. These quantities are related via the following identities:

Xa = PaVa, (3.14a)
ta = poa(Va + Xa), (3.14b)
PaXa = Pabta — Ya, (3.14¢)

A,

Xo = PaTa — Vo (3.14d)

Ve

Next, we focus on the first term in the sum in (3.10).

LEMMA 3.2 (Identity peculiar derivative free energy). We have the identity

0 8&05 p al/}a i = —p, i a!&a .
pa<8¢a ¢ct + quSa . V¢a> = —Pa (Xa div vy + (Vd)a & 8V¢a) : Vva)

—div (ﬁa %@a div va))

IV
 YaXe + div()@%%)- (3.15)

Proof. Noting the identity
Voo = Vida) — (Véu) Vg, (3.16)

we can deduce that

- 81/,}(1 ;_ . ~ 8&0{ N N . ~ aK/;a
pa_anba - Voo = le(Pa—8V¢a ¢a) — ¢a le(ﬂaaV¢a)

— paVou @ - Vg (3.17)

By substituting the mass balance equation (2.15a) into (3.17) we deduce that

W (0 . _
> Vo, = _dlv(pa—a(¢a divoy, — Py IVa))

P29V b 0V o
. _ (. 0V
+ (o divog — pg %)dw(pa = %)
3 Vo
- (xva 'V o 3.18
(p b ® W%) v (3.18)
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As a result, the first term in (3.15) may be written as

(e W =
""‘(aqsa Pt Ve V¢“>

(Ve o s OV -
= /Oot(a(pa (P div vy — Po Voe)) le( * 0y r ——(po divvy — Lo Va))

- 3y 5 G
+ (P div vy — ) div (¢a 3V¢a) - (pav¢a 8V¢a) V. (3.19)
Substituting (3.13a) into (3.19) completes the proof. |

Substitution of Lemma 3.2 into the second law (3.10) provides:

_ Wo | 4
Z_ Tl + pa Voo ® + Ty ): Vg
- Vo

. ol w(x
d — 0P
* W(q"‘ “ T Ve

+ Pa(Osq — 10) + (Mg — YaVa/2) * Vo + Vo (Yo + xo) < 0. (3.20)

- ba(pq divvy — ch))

Here the thermodynamical pressure for the free energy constituent class (3.11) takes the
form:
To = fuXa = PaVe = Putta — Ya. (3.21)

At this point we remark that (3.20) is degenerate because of the dependency of the
various members in the superposition. Namely, the first two terms in the integral contain
Vv, and v, that are connected via the mass balance (2.15a). To exploit the degeneracy, we
introduce a scalar p representing the mixture mechanical pressure. Summation of (2.15a)
over the constituents provides:

OZZQ\Sa‘FQSadivva_p;lVa
a

=D va+ Voo + bo divia — pg e (3.22)

o

Here we recall the postulate of no excess volume (2.5). Employing the relation (3.22) into
(3.20) provides the requirement:

Z—(p I+ poVoo ® W +T)-Vv
o Pa o Vg . o

o

0Vra
IV o

+ (Mg — YaVa/2 —pV o) * Vo + Ya&a < 0. (3.23)

+ diV(qa - e‘ia —— P (Po div vy — Va)) + Pa(Osq — 7a)

The term p, := poo + T, represents a generalized form of the constituent pressure in
the incompressible mixture. It consists of the constituent mechanical pressure p¢, and
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the constituent thermodynamical pressure . Furthermore, g, represents the Gibbs free
energy of constituent o:

p p p+u
ga1=¢a+~—a=%+xo{+—: =

o Pa Lo

(3.24)

Remark 3.3 (Dalton’s law). The mechanical pressure obeys Dalton’s law. Namely, the
constituent mechanical pressure p¢, is the product of the mixture mechanical pressure p
and the constituent volume fraction ¢,. Additionally, according to the axiom (2.5), the
sum of the constituent mechanical pressures is the mixture mechanical pressure p.

Remark 3.4 (Incompressibility constraint). The introduction of the mixture mechanical
pressure is connected with an incompressibility constraint in absence of mass fluxes
(i.e. ¥4 = 0). Namely, by introducing the mean velocity

U= ¢uva, (3.25)

(3.22) takes the form

diviu =Y " div(gava) = Y _ vy * Voo + ¢ div vy =0, (3.26)
o o

provided y, = 0. The mean velocity u is known as the volume-averaged velocity that is
an incompressible field in absence of mass fluxes. The observation has been employed
in the formulation of reduced (approximate) quasi-incompressible NSCH models (Boyer
2002; Ding et al. 2007; Abels et al. 2012; ten Eikelder et al. 2023) with an incompressible
velocity field.

Based on the condition (3.23), we restrict to the following constitutive constituent
classes for the stress Ty, entropy flux @, entropy supply s,, mass supply y, and
momentum supply Ty:

éot = éa((ﬁav Voo, divog, 9o Vo), (3.27a)

Sa = Sa(ra), (3.27b)

Ty = To(ba, Vo, Da, Ta, D), (3.27¢)

);Ol = J;cx((ﬁou V¢l¥v p: {gﬂ}ﬂ=1,,N)7 (327d)

Ty = g (Pa, Voo, p, (V) p=1,..N, {88} =1,..N)- (3.27¢)

Here in (3.27d) and (3.27¢) the dependence on the sets over all constituents is a
consequence of the axioms (2.25a) and (2.25b).

3.3. Selection of constitutive models

We are now in the position to pose thermodynamically consistent relations for the
constitutive classes (3.27).
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3.3.1. Entropy flux
By demanding the divergence term to equate zero, we identify the entropy flux of
constituent o as
. 1 3y
b _ a1 000

T 0 00V,

The first member in the entropy flux is the constituent version of the classical term that
appears in single-constituent models. On the other hand, the second member in the entropy
flux is the incompressible counterpart augmented with mass transfer, of the so-called extra
entropy flux.

o (Po div vy — Vo). (3.28)

Remark 3.5 (Interstitial working). Instead of working with the extra entropy flux, one
can also choose to augment the constituent energy equations (2.15d) with an extra flux
term called the interstitial working (Dunn & Serrin 1985). Since we are working in the
isothermal case, both approaches lead to the same final model.

3.3.2. Entropy supply
By requiring the last member in (3.23) to disappear, we identify the constituent entropy
supply density as

~

(3.29)

Sa

;.

3.3.3. Stress tensor
To preclude that variations of the velocity gradient Vv, cause a violation of the second
law (3.23), we insist that

IV
IV g

- ((T[ot +pP)I + po VP @ + Ta) 1V, <0. (3.30)

We select the following constitutive model for the stress tensor that is compatible with
(3.30):

. . 3 Vv
Ty = V(2D + Ao (div ve)]) — (g + pde)] — po Vo @ aV; :
(07

(3.31)

Here v, > 0 is a dynamic viscosity and A, > —2/d, with dimension d.

LEMMA 3.6 (Compatibility stress tensor). The choice (3.31) is compatible with the
thermodynamical restriction (3.30).

Proof. This is a standard result. In this particular case, (3.30) takes the form

— 20, (Da - é(div va)I) : (DO, — é(div vo,)I> — Dy (Ao, + 3) (divvg)? < 0.
(3.32)
]
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Remark 3.7 (General form stress tensor). The requirement (3.30) implies the general form

. 5 Ay,
Ty =2KoDy — (o + ppo)] — pu Vg @ ———, (3.33)
AV
where K, = K (¢, Voo, Dy) is a quantity that satisfies
DT : (KyDy) > 0. (3.34)

This implication follows from a result concerning thermodynamical inequalities proved by
Gurtin (1996).

3.3.4. Mass transfer
To rule out violations of (3.23) caused by the latter term on the left-hand side, we impose
the following requirement on the mass interaction terms:

Y Puga <0. (3.39)
o

The requirement distinguishes from the compressible situation by the occurrence of the
hydrodynamic pressure p; see, e.g. Morro (2016). For the mass transfer, we take the model

Pu =Y Tup. (3.364)
B
Top = mapg(8p — 8a) (3.36b)
for some non-negative symmetric quantity mgg =mgy >0 (o, =1,...,N) that

vanishes when ¢, = 0 or ¢p, = 1. We recall that N > 2 is the number of constituents.

LEMMA 3.8 (Compatibility mass transfer). The choice (3.36) is compatible with the
balance of mass supply (2.25b) and the thermodynamical restriction (3.35).

Proof. Compatibility with (2.25a4) is immediate from the skew-symmetry property:
I'ug = —I'gy. Compatibility with (3.35) follows from the sequence of identities:

D Ve =) Mup(8p — 8a)8u
a o,pB

1
= =5 D Mep(ga — 8p)°
wp

<0. (3.37)
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3.3.5. Momentum transfer
To avoid a violation of (3.23) resulting from momentum transfer, we demand that

Y g+ (R — Puva/2 —pVea) < 0. (3.38)
o
We select the momentum transfer model

A 1
o =pVbo+ ) Rap(0p = ve) + ) 5 Top (Ve + vp), (3.39)
B B

where Ryg = Rgy > 0 is a symmetric non-negative matrix that vanishes when ¢, = 0 or

¢o = 1.

LEMMA 3.9 (Compatibility momentum transfer). The momentum transfer model (3.39)
is compatible with the balance of momentum supply (2.25b) and the thermodynamical
restriction (3.38).

Proof. Compatibility with (2.25b) is a consequence of the axiom of constant volume (2.5),
the skew symmetry of I,5 and the symmetry of R,g. Next, we verify compatibility with
the thermodynamical restriction (3.38):

A ~ 1
;(ua — YaVa/2) + Vg = %Raﬁ(vﬁ — Vg) * Vo + ;;Eraﬂvﬁ * Vg

_ 1 Rapllve — vs1
2 B
o

<o. (3.40)

Here the mass transfer component vanishes due to I, being skew symmetric. |

Remark 3.10 (Stefan-Maxwell model). Selecting the symmetric matrix Rqg as

_ Ropgady

(3.41)
Dap

af

with Dyg > 0 a symmetric diffusion coefficient and R > 0 the gas constant, yields an
isothermal Stefan—Maxwell model (Whitaker 2009; Bothe & Dreyer 2015; Bothe 2022).
The term ROp¢pqpp is proportional to the frequency of collisions between « and B.
This makes intuitive sense in the way that the force that is exerted by constituent g
on constituent o scales with the frequency of collisions between the two constituents.
Provided that I',g = 0, the momentum transfer vanishes if and only if

ROppa
PV ba+ Y == (vp — va) =0 (3.42)
5 op
fora =1,..., N. Equations (3.42) represent a form of the well-known Stefan—Maxwell

equations that describe an equilibrium situation. The first term of (3.42) represents the
diffusion driving force for constituent «, whereas the second term of (3.42) is the drag
force on constituent « that resists the diffusion. As such, Dyg can be interpreted as an

inverse drag coefficient and is referred to as Stefan—-Maxwell diffusivity.
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We have now obtained the incompressible multi-constituent model that is consistent
with the second law,

0o+ div(Pava) = ) map(gp — ga), (3.43a)

01(Pa V) + div(Pe Ve ® Vo) + ¢ Vp — div(Ve (2Dy 4 Ay div vy ))

e LY i
+erHWQMW%® wd)—waEZ&M%—vw
B

Vg
3 (g — g 5+ v0) (3.43b)
2 0[,3 gﬂ gO( /3 als .
B
fora = 1,..., N. The model may be written in a more compact form by means of the

following lemma.

LEMMA 3.11 (Compact form free energy contributions). The free energy contributions in
the momentum equation may be expressed in the compact form:

i Y
daVitg = Vg + div| pe Voo ® Ve . (3.44)
IV P

Proof. Substituting (3.21) and subsequently expanding the derivatives yields

A

9
Vg, + div(ﬁan;a ® Ve )

Vo

s . 2
= V(@alta — V) + le(V¢a & m)

AW, L2 .
= ¢aVitg + Vu — Vo div - VY,

b IV a
RO AN
¢ div OV e ¢a)av¢a
= ¢,V VlI/ +V ‘f/ + (Hopy) —— 8lf/ (3.45)
= ¢a Vg — ¢(x8¢ [o3" 8V¢a .

where H¢, is the Hessian of ¢. As a consequence of the volumetric Helmholtz free
energy class (3.12), the latter three terms in the final expression in (3.45) vanish. |
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On the account of Lemma 3.11, the multi-constituent model (3.43) takes the more
compact form

0P + div(Pava) = Y map(gp — ga), (3.46a)
B

01(PaVa) + div(pPe vy ® Vo) + ¢ V(P + 1a)

—div(7(2Dg + Ao divva)) — fub = Y Rap(vp — va)
8

+Zl ( )(vg + ) (3.46b)
—m — .
2 Olﬁ g,B gOl ,3 als
B
fora =1,...,N.
We explicitly state the compatibility with the second law.

THEOREM 3.12 (Compatibility second law). The model (3.43) is compatible with the
second law of thermodynamics (3.2).

Proof. This follows from the form of the second law (3.23) and Lemmas 3.6, 3.8 and 3.9.
In particular, inserting (3.28), (3.29), (3.31), (3.36) and (3.39) into (3.23) reveals that the
second law is satisfied with

. 1. 1.
92@ = sza (Da - E(dlv va)I) : (Da — E(dw va)I>
o o
+Zf; (/l —|—%)(divv )2+12R lve — vg 2
- o o d o zaﬁ (X,B o ﬂ

1
+ 5 D Map(8a — g6)* 2 0. (3.47)
a.p
|

We finalize this section by noting the reduction to the standard Navier—Stokes equations
in the single fluid regime.

PROPOSITION 3.13 (Reduction to Navier—Stokes). If the chemical potentials |1, are
well defined for ¢ € [0, 1], the multi-constituent system (3.43) reduces to the standard
incompressible Navier—Stokes equations in the single-constituent regime (¢ = 1)

01(Pa Vo) + div(pg vy ® vy) + Vp
—div(vy (2D + g divvy)) — peb = 0, (3.484)
divv, =0, (3.48D)
with pg = p, Vg = v and Dy = D := (Vv + (Vv)T)/2.

4. Diffuse-interface models

In this section we present diffuse-interface models. First, in §4.1 we introduce the
Helmbholtz free energy. Next, in § 4.2 we provide the dimensionless form of the model.
In § 4.3 we discuss the equilibrium conditions of the mixture model. Finally, in § 4.4 we
specify the interface profile for the Ginzburg—Landau free energy.
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4.1. Helmholtz free energy

We consider two different options for the free energy: (I) volume measure based, and (II)
mass measure based.

4.1.1. Model I: Volume measure
The Helmholtz volume-measure-based free energy is given by

A O,
Fy = = Walba) + OutalVal?, (4.1)
o

where W, = W, (¢) is the constituent potential, &, are interface thickness variables and
oy are quantities related to the surface energy density. We assume that &, and o, are
constants. The chemical potential takes the form

1 O 1y
My = s_W“(¢“) — 2008q Ay (4.2)

o

Furthermore, the mass flux takes the form

Zmaﬂ (

Oy og 1 1
—2—eq Ay +2—egAPp+|———|p), 4.3)
Puo 0B Pa  PB

Dy
)= e Wap)

fora =1,...,N.

4.1.2. Model II: Mass measure
The Helmholtz mass-measure-based free energy reads

A Ka 2
Yy = 28_Wa(¢a) + 2kqeqllVel. 4.4)

o

Also in this second model, the interface thickness variables ¢, and surface energy density
quantities k, are assumed constant. The associated chemical potential takes the form

K
t = 220 W! (o) — 4kueq Ady. 4.5)
€

The corresponding mass flux reads

Pl = Zma,s <2¢a LACHES 2¢ﬁ’;—ZW,’g(¢ﬂ)

Ol

o

K, K
— Aty M+ 4icpepBp Ads + 2 Wa(g) - %Wﬂ (®p)

1 1
—2kasal Voull? + 2kpe Vopll* + (p— - p-ﬁ)P) ; (4.6)

o
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fora =1, ..., N. Invoking relation (3.14), the corresponding volumetric free energy and
associated chemical potential take the form

B = 2P K () + 2puasad IVl (4.7a)

Ko (9a) = o Wa(da), (4.7D)

e = babaTy + P (2’;—:% (¢a) = 2kata Ve ||2) : (4.70)

4.2. Dimensionless form

We perform non-dimensionalization based on the dimensionless variables

VO! % p LO

o=, vi=—, fi=t—, VP:=—, =
LO * VO TO ¢ Vo Pe o ) (48)
« . Malo " ;OaLO « . LoVo « _ Volg
Mo ' =5 8a = 8as  Myg = Map, af T RO‘,B’
ay Pa Ao

where Ly, To, Vo = Lo/Tp and v, denote a characteristic length, time, velocity, density
and constituent dynamic viscosity, respectively, and a, = 0, and a, = pyky for models I
and II, respectively. The rescaled system takes the form

e + divF (pgv}) = 7o, (4.9q)

. | .
I (P v) + divF (gav), @ v)) — e div* (D 2D}, + A, div* v}))

o

1
Vgt + — =, 4.9b
+ Wea goz + FFZ ¢Ol.] o ( )
fora =1, ..., N, where we note that the dimensionless Gibbs free energy may be written
as g% = pi + u;. Here V¥, A* and div* denote the dimensionless spatial derivatives. The
dimensionless variables are the constituent Reynolds number (Re,), the Froude number
(Fr), the constituent Cahn number (Crng,) and the constituent Weber number (We,,):

VoL
Re, = 227020 (4.10a)
Vo
Vo
Fr=—, 4.10b
il (4-105)
Ea
Cnyg = —, 4.10
Ny Lo ( 9]
V L
We, = L0700 (4.10d)
Ay
The dimensionless mass and momentum transfer terms read
Pr=—>_m} Lo L), (4.11a)
o 5 ap Weo, « WEﬂ p
1
nt :—— R* — — g% p Y. (4.11b
T Z ap (W = Vp) — Zm (Wea Weﬁ&;) (vg +vy). (4.110)
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The free energies take the form

. R 1 Cn,

(1728 LR — “Vul?, 4.12
! o = Coiey Wa @) + 1Vl (4.12a)
R (" )+2Cﬂ¢ IVall? (4.12b)

« CngWe, ¢ We, ¢ ol '

and the chemical potentials equate to

1
T ( o W, (o) — 2CnaA*¢a> =0, (4.13q)

1
MLL* — 2¢q (C_naW&(‘pa) - Z(C”laA*‘pa)

-2 < ! Weo (o) — C’laHV*(ﬁa”Z) =0. (4.13D)
Cnqy

We suppress the star symbols in the remainder of this paper.

4.3. Equilibrium conditions

The equilibrium conditions of the model (4.9) are characterized by zero entropy
production:

> Py =0. (4.14)

From the equivalent form (3.47) we find that

1 1
Dy (Da — g(div va)I) : (Da — E(div va)I) =0, (4.15a)
- 2 . 2
Vy | Ag + y (divvyg) =0, (4.15b)
Ropllve — vgl* =0, (4.15¢)
! ! i =0 (4.15d)
’/nO‘/3 Wea 8a Weﬂ g,B — Y% .

forao«. =1,...,Nin(4.15a)—(4.15b)and a, B = 1, ..., Nin (4.15¢)—(4.15d). Consider now
the non-trivial case 0 < ¢y < 1, mgg > 0, Ryg > 0 and vy > 0. First, (4.15¢) yields vy =
vforalle = 1,...N. We obtain from (4.15a)—(4.15b) that v, = v are rigid motions, for all
o = 1,...N. We do not intend to study the most general equilibrium conditions, but rather
to present a set of practically relevant equilibrium conditions. As such, we now restrict
to constant (rigid) motions: v, = v = constant. As a consequence, the viscous term and
the term containing Ryg in the momentum balance (4.9b) vanish. Next, by using (4.15d)
we find that y, = 0 and ®ty, =0, for all @ = 1, ..., N. As such, from the mass balance

equation (4.9a) we get {ba = 0. This causes the inertia terms in momentum balance (4.9b)
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to vanish:
0 (Pa Vo) + div(de vy ® Vy) = Ve = 0. (4.16)

The static equilibrium solutions are now identified by the following relations (for o, § =
1,...,N):

1 1
— =0, 4.17
We, 8a We,g 88 ( a)
Wey,
A\ (ga + T2 y) =0. (4.17b)

Remark 4.1 (Constituent body force). The equilibrium relations (4.17) are compatible due
to the standing assumption of equal body forces (b, = bfora =1,..., N).

Assume now the absence of gravitational forces (Fr—2 = 0). The conditions (4.17) imply
that the scaled Gibbs free energies are constant in equilibrium, i.e.

1 1
o = =C 4.18
We, 8a We,, (pa + M) ( )
for « =1,...,N, where C is a constant independent of the constituent number.

The interface profiles ¢ = ¢g'(£) are determined by the differential equations
(fora =1,...,N)

1 1 1
C= ! = q "(@S1) —2 AgpSd 4.1
We, (g + Pa) We, (%, (Cna We (8" —2Cny Agy ) +poe) . (419a)
1 1 1
C= n = 20 W, (¢57) — 2Cng AS?
Wea (/"Lo( +p0£) Wea ( ¢a ((Cna a(¢o{ ) n(X d)a )
2
*t G Wa (951 — 2Cna | V2|1 +Pa> ; (4.19b)

1= ¢ (4.19¢)

4.4. Equilibrium profile Ginzburg—Landau energy

An important class of fluid mixture models arises when selecting the constituent
Helmholtz free energy to be of Ginzburg—Landau type:

Cngy

% Y | 1 2
« =V = Gae, W @) + g IV al’, (4.20a)
s 2 2Cnyq ’
Vo' = Cooiie Ka @) + 7= dullV dal (4.20b)
Wa () = W(ga) = 2¢2(1 — do)?, (4.20¢)
Ko (o) = K(@a) = 202 (1 — ¢a)*. (4.20d)

We visualize the potentials W = W(¢,) and K = K(¢,) in figure 2. The potential W =
W(¢y) admits the well-known symmetrical double-well shape, whereas K = K(¢,) is a
non-symmetric double well.
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0.15

— W)
=== K(¢a)

0.10

0.05 -

-0.2 0 0.2 0.4 0.6 0.8 1.0

Figure 2. The potentials W = W(¢y) and K = K(¢y)-

We determine the explicit interface profiles in the one-dimensional situation. Denote
with & a spatial coordinate centred at the interface.

THEOREM 4.2 (Equilibrium profile). In absence of gravitational forces and equal
interface widths, i.e. Cny, = Cnfora =1, ..., N, the system (4.9) obeys in one dimension
the classical interface profile

do = $IE) = (1 +tanh< 5 )) . @21
* 2 Cnv2

Proof. One may verify via substitution that the interface profile (4.21) satisfies the
identities

| d*¢q’
C+no,W (951 — ZCnaF =0, (4.22a)
2
1 dog’
W) — C = 0. 4.22b
Cn, (¢ — Cng < d ( )
Hence, we have u, = 0, and thus, p, /We, = C = 0. |

Theorem 4.2 conveys the shape of the interface profile for equal interface width
parameters: Cny = Cn, 0 = 1, ..., N. We remark that the usage of equal interface width
parameters is compatible with multi-component NSCH models (Boyer & Minjeaud 2014;
Rohde & von Wolff 2021). In the remainder of the paper we restrict to equal interface
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(a) (b)
3.0 T T T T T 3.0 . .
— Cn=0.5 =—==Cn=05
25 == Cn=025 1 257 ===Cn=025
— Cn=0.125 —— _
20F i 20t Cn=0.125 "f"
i
L5T 115t 1y
'l 1
1.0 110t i
y ™\
057 1 os} P2
0 : 0 - —-'_'fZ" ‘ ‘\\\\::\~~
-1.5 -1.0 -05 0 0.5 1.0 1.5 -1.5 -1.0 -05 0 0.5 1.0 1.5
§ §
Figure 3. The free energies for the equilibrium solution ¢ = oS (€). (a) Wey lIA/Df = We, 1%1 and
1
(b) We )"

width parameters. As a consequence of the above identities, we have

I, e _ Gl e _ e
U (d51(8)) = Yy (951(8)) = CnWe, W)
—;(14 h2< £ ))2 (4.23a)
"~ 4CnWe, an Cnv2 ’ =
71 1eq _ eq
v, (9 (5)) = CnWe, K(¢,")

——1 1 4+ tanh _:I:&'
B 4(CnWea( +tan (Cnﬁ))

2
x (1 — tanh? (Ci:—f/i)) . (4.23b)

We visualize the free energies in figure 3. The free energy of model I is symmetric around
0, whereas the free energy of model II is non-symmetric. Both free energies collapse onto
the interface for Cn — 0.

Remark 4.3 (Pure fluid equilibrium). In scenario of a pure fluid (¢ = 1) with
gravitational forces, the thermodynamical pressure w, vanishes and (4.17) implies that

Pa = Poo.a — YWey JFr?, where Doo.« 18 a constant equilibrium pressure.

Finally, we introduce the (dimensionless) constituent surface tension coefficient as

O = /R B ($29(5)) dE. (4.24)

One may verify that the integral is the same for each of the two models:

V2
3We,,

/R Wl (pcd(g)) dg = /R G (pcd(8)) dg = (4.25)
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5. Connection with the NSCHAC model

In this section we explore the connection of the mixture model (3.46) and the NSCHAC
model. We restrict ourselves to binary mixtures for the sake of clarity, and note that the
extension to multi-constituent mixtures is straightforward. In particular, we discuss the
connection for the NSCHAC model (1.1) and use the diffuse-interface closure models
outlined in § 4. This model is invariant to the choice of fundamental variables. Hence,
it can be formulated using the mass-averaged mixture velocity or the volume-averaged
mixture velocity. For details on the equivalence of the two forms, see ten Eikelder et al.
(2023).

First, in § 5.1 we lay down two particular forms of the NSCHAC model. Then, in § 5.2 we
analyse the connection of the components of the mixture model with that of the NSCHAC
model. Finally, we discuss the connection of the complete models in § 5.3.

5.1. The NSCHAC model

Restricting to two constituents, the volume fractions now constitute a single order
parameter. We define this order parameter in the classical way as the difference of the
volume fractions of the individual constituents: ¢ = ¢; — ¢ € [—1, 1]. Invoking (2.3)
and (2.5) provides

! -
$1 = %qb ¢ = T¢ (5.1a)
1 -
pg) = 21 ;d)) 4+ P . 28 (5.1b)

We note that the NSCHAC model (1.1) involves the volume-measure-based Helmholtz
free energy belonging to the constitutive class

U =W (p, Vo). (5.2)

On the other hand, it is also common to work with a mass-measure-based Helmholtz free
energy:

v =9, Vo). (5.3)

To establish the connection between the two Helmholtz free energy classes, we select the
following natural identification:

W (p, Vo) = p(®) ¥ (9, Vo). (5.4
Furthermore, we introduce chemical potentials associated with each of the constitutive
classes:
1 1
p=-——div| — ], (5.5a)
¢ A0
w1 Y
s= W L (p2 ), (5.5b)
g p Ve

We present (equivalent) compact forms of the NSCHAC model, one suited for each of
the two choices. With the aim of introducing the first compact form, we present a lemma
analogous to Lemma 3.11.
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LEMMA 5.1 (Compact form free energy contributions). The following identity holds:

_ o B
OV = V(jip — &) + div (qu ® m) (5.6)

Proof. The proof is similar to that of Lemma 3.11. |

Remark 5.2 (Lemma 5.1). The identity (5.6) is often employed in the particular scenario
of the Ginzburg—Landau free energy. Here we note that it holds for the general constitutive
class of the Helmholtz free energy.

Applying Lemma 5.1, we arrive at the first form of the NSCHAC model:
9:(pv) +div(pv @ v) + Vp+ ¢V — div(v(2D + A(divv)l)) — pb = 0, (5.7a)
orp + div(pv) =0, (5.7b)
3¢ + div(¢v) — div(MV (i + wp)) + ¢m(ji + wp) = 0. (5.7¢)

Next, the second form of the NSCHAC model follows when switching to the
mass-measure-based Helmholtz free energy in (5.7). To this purpose, we introduce the
relation between the chemical potentials (5.5).

LEMMA 5.3 (Relation chemical potentials). The chemical potentials (5.5) are related as

(5.8q)

Proof. This follows from a straightforward substitution. For details, we refer the reader to
ten Eikelder et al. (2023). |

Applying Lemma 5.3, we arrive at the second form of the NSCHAC model:

9;(pv) + div(pv ® v) + Vp + ¢V <,0U+1//'01 —,02>

— div(v(2D + A(div v)I)) — pb = 0, (5.9q)
3, + div(pv) = 0, (5.9b)

3 + div(gv) — div (MV (p T L . L wp))

+§m<<pv+t/fpl ;pz)—i-wp) =0. (5.9¢)

Remark 5.4 (Variable transformation). One can apply a variable transformation in (5.9) to
absorb the term ¥ (p; — p2)/2 into the pressure p. For details, we refer the reader to ten
Eikelder et al. (2023).

Analogous to the diffuse-interface models in §4, we distinguish between a
Ginzburg—Landau free energy that is either volume measure based, or mass measure based.
It is our purpose to compare the associated models with the diffuse-interface models of
§ 4 (model I and model II). We also refer to the NSCHAC free energy models as model I
and model II to emphasize this intent.
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Model I: the volume-measure-based Ginzburg—Landau free energy is given by

2. %F@) + ";uwuz, (5.100)
1
F(§) = 7 (1 - 7%, (5.10b)

where F' = F(¢) represents a double-well potential, ¢ is a (constant) interface thickness
variable and o is a (constant) variable related to the surface energy density. The chemical
potential and mass transfer take the form

-7 _ o

il = 8F’(¢) — oeAg, (5.11a)

' =—m(i' + wp). (5.11b)

Model II: the mass-measured-based Ginzburg-Landau free energy reads
v = ;F(d)) + 7IIV¢II , (5.12)
where F' = F(¢) is given in (5.100). Also in this second model, the interface thickness

variables ¢ and surface energy density quantities « are assumed constant. The associated
chemical potentials and mass transfer take the form

ol = 71 _ MIIVWIZ, (5.13a)
2p
71— LF (¢) — ke g, (5.13b)
&
- - P1 — P2 (K K&
7= —m (o + B2 (ZF@) - S IVIR) +wp). (5.13¢)
2 e 2

We now present the energy-dissipation property of the NSCHAC model. Introduce
the global energy as the superposition of the Helmholtz free energy, kinetic energy and
gravitational energy:

£(£2) :=/ U+ K +9dQ. (5.14a)
2

Here the Helmholtz free energy (5.2) is specified in (5.10) and (5.12), the kinetic energy is
given in (2.28)) and the gravitational energy is

4 = pgy. (5.15)

THEOREM 5.5 (Energy dissipation NSCHAC model). Suppose that the NSCHAC model
is equipped with the natural boundary conditions on 2 :

(—pI +v(2D + A(divv))n = 0, (5.16a)
Vé-n=0, (5.16b)
(MV (i + wp))n = 0. (5.16¢)
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Here n denotes the outward unit normal, then the associated total energy satisfies the
dissipation relation:

dé_D.Q— 2D1d'I'D1d'Id.Q
a@ ( )——/Q(v( —a(lvv)).( —Z(lvv)))
2\ .
—/v(/H—Z)(dlvv) ds
—/QV</:e+wp>-(MV(ﬁ+wp>)d9

— / me (i + wp)? d2 < 0. (5.17)
2

The equilibrium profile of the model is characterized by zero energy evolution:
d E(2)=0 (5.18)
dr o '

Following a similar argumentation as in § 4.4, in absence of gravitational forces one can
deduce the equilibrium profile

¢ = ¢“1(&) = tanh e , (5.19)
ev/2

where again £ is a coordinate centred at the interface (¢ = 0).
Lastly, we consider the determination of the surface tension coefficient. Similar to
(4.24), we set

ol = / ol (¢ (8)) de, (5.20a)
R

ol = / ol (pe(&)) de, (5.20b)
R

and note that the integrals are equal to

el ===, (5.21a)

- V2
o = (p; + PRI (5.21b)

5.2. Connection of the components of the mixture model

To study the connection of the mixture model (3.46) and the NSCHAC model (5.7), (5.9),
it is useful to formulate the mixture model in terms of pure mixture quantities. The mixture
quantities are the mixture velocity v (defined in (2.10)), the order parameter ¢ (defined
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(5.1)) and lastly a diffusive flux quantity defined as
J:=J—Jy=piw; — pows. (5.22)

To formulate the mixture model (3.46) in mixture quantities, we introduce the variable
transformations

J
2p1
J
‘U2 =7V — -, (523b)
20

which follow from (2.10) and (5.22).

In the remainder of this subsection we formulate the various energies and components
of the mixture model (3.46) in mixture quantities, and establish the connection with
their counterparts in the NSCHAC model. We compare the quantities associated with the
Ginzburg—Landau free energy model of § 4.4 with quantities of the corresponding free
energy model of § 5.1.

5.2.1. Kinetic energy
We recall from (2.28) that the kinetic energy of the mixture (2.27a) may be decomposed
as

— 1.
H =+ halwall. (5.24)
o

The kinetic energy corresponding to the peculiar velocity is neglected in the NSCHAC
model. The next lemma reformulates this kinetic energy in mixture quantities.

LEMMA 5.6 (Kinetic energy peculiar velocity). The kinetic energy associated with the
peculiar velocity takes the form

. pllJ|?
fullwel? = — (5.25)
a; T 201m(1 - ¢7)

Proof. On the account of (2.12) we add a suitable partition of zero to the left-hand side
and find that

D Bulwell® = wi+ (Biwi + pawa) + w2+ (Biw1 + Fawd)
a=1,2
— Wi+ 2W2 — W2 - PIW]
= —W| - 02W2 — W2 - PIW]
= —pW] « W. (5.26)
Next, by recognizing the constituent diffusive flux we arrive at the result

Ji-J J-J JI?
S Galwal? =202 TS eWIE (5.27)
—l2 P102 4p102  2p102(1 — ¢%)
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5.2.2. Gravitational energy
The gravitational energy of the mixture ¢ coincides with the NSCHAC gravitational
energy:

1
%=y, (5.280)
] _
D =m 7 ¢by, (5.28b)
G =9 +% =9 = pby. (5.28¢)
5.2.3. Free energy
We define the mixture free energies as
U (p, Vo) = ¥1(¢1, Vé1) + (2, Vo), (5.29a)
PV (¢, Vo) = p1iri (1. Vo) + pavia (2. Vo). (5.29b)

We distinguish between the two models specified in § 4.4.
Model I: the constituent free energies (4.20) take the form

A o1 o1& 2

Ui =_—F(@)+—IVal, (5.30a)
2¢ 4

~ (op) (X

W = ZF(¢) + —— Vol (5.30b)
2¢ 4

where F' = F(¢) is defined in (5.100). Inserting the Ginzburg—Landau free energy (5.30)
into (5.29) we obtain

. +
Bl = (ﬂ + ;—2) Fp) + 25228 vg2, (5.31)

2¢e 4

This form coincides with the standard Ginzburg—Landau form (5.10) for the scenario o =
0] = 07.

Pl =yl = %F(qb) - %Suwuz. (5.32)

Model II: the constituent free energies (4.4) read
Pl = 5@ + Vel (5.330)
Uy = %F@) + "i;nwnz. (5.33b)

Inserting the Ginzburg—Landau free energy (5.33) into (5.29) yields

A PIK1  P2K2 PIK1E + P2K2E
il = (B2 + B2) Fig) + BEET 2 g 2
2¢ 2¢ 4
P1K1 P2K2 P1K1E — P2K2E
(5 - 2Z2)pr@) + 2P vg 2. (534
2¢e 2¢ 4
In the special case k = k1 = x, we retrieve the NSCHAC free energy:
A~ - K KE&
Pl =yl = —F@)+ - IVeI* (5.35)
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5.2.4. Korteweg tensor
We differentiate between the two models specified in § 4.4.
Model I: the constituent Korteweg tensors read in mixture quantities as

A~

o€
— 2 veaV 5.36
Voo ® 8V¢a 5 PV, (5.36a)
Vé, ® oy _ 22V @ Vo (5.36b)
T Ve 2 ' '

The superposition of the constituent Korteweg tensors yields

aq?f_ o1 O03€
Z Voo ® W% ¢®m_(7+2)w®v¢ (537)

The first equality holds for all constituent classes gl = §! (¢, V), whereas the second
follows from (5.36). For the special case ¢ = o1 = 02, we find that the standard mixture

¢O{

a=1,2

Model II: the constituent Korteweg tensors read in mixture quantities as

!

= v v .
v = EVO B VY. (5.39a)
!

= k2eVop ® V. 5.39
Ve, PRV (5.390)

The superposition of the constituent Korteweg tensors yields

Z ¢ II ¢®8‘f’”
* aw;a Ve
a=1,2
P1K1E = P2K2E P1K1E ,02K28)
= — v Vo. 5.40
(5=+5 =9 ) Voo Ve, (5.40)

In the scenario k = k| = k» the mixture Korteweg tensor reduces to

11
D Véa® W% = pkeV ® V. (5.41)

a=1,2

5.2.5. Chemical potential
Likewise to the other terms involving the free energy, we separate the two modelling
choices specified in § 4.4.
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Model I: the chemical potentials take the form

1 o1
m=—_F (¢) —o16AP, (5.42a)
I 02 .,
wy = —?F (@) + o2eA@. (5.42b)
In the case 0 = 01 = 0, we arrive at
_ o
p=—py == —F(¢) —0eAg. (5.43)
Model II: the associated chemical potentials take the form
1+ ¢ K1&
il = = orm+ o1 (SF@) - S IVHI). (5.440)
1—¢ K2€
W = = mn+ o (SF@) - 2IVHI). (5.44b)
i 2K1
ol = TF (@) — 2k18 AP, (5.44¢)
2
= —Z2F(¢) + 2re A (5.44d)
€
In the case k = k; = k we arrive at
- K Ke
wil = o1+ 9+ p1 (SF () = S 1V01?). (545a)
- K Ke
Wi = —oa(1 = )"+ p2 (SF @) = S IVI?). (5.45D)
The free energy contributions take the form
1
D o Vil = —V(u1 o) + 5Vl + ). (5.46)
a=1,2

LEMMA 5.7 (Reduction free energy contribution). In case of equal parameters o = o1 =
op (model I) and k = k1 = ky (model 1), the surface tension contributions reduce to

> ¢Vl = Vi, (5.47a)

a=1,2

- P1— P2
> bV =0V ( Tt == ) +e. (5:47b)
a=1,2

,01+,02(
2

c=V ((m P + F@) - S1V9l )) (5:47¢)

Proof. This is a straightforward consequence of the variable transformation (5.1) and the
form of the chemical potentials (5.42) and (5.44). |

Lemma 5.7 conveys that, for free energy model I, the surface tension contribution
coincides with that of the NSCHAC model. On the other hand, for model 1II, it does not
match with the NSCHAC model due to the presence of ¢ in (5.47b) (which is in general
not zero).
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5.2.6. Mass transfer

On the account of the balance (2.25a), we introduce a single mass transfer quantity y that
is related to the constituent mass transfer quantities via
y=n—Pn =30 2=-—3p (5.48a-c)

We distinguish between the two free energy models specified in § 4.4.
Model I: substitution of the order parameter into (4.3) provides

R R o o o1E O02€ 1 1
=i ((—1 + —2> Fl(¢) — <L + i) Ag + (— - —)p) . (549
pP1€  P2€ P1 P2 P P2
where m = 2my2 = 2my»;. In the scenario 0 = o7 = o7 the mass transfer reduces to the
NSCHAC mass transfer
Pl =7" = —m@i" + op), (5.50)
with i = (o' + py ).
Model II: substitution of the order parameter into (4.6) provides
~ ~ K1 K2 1 K2
=i ((S+2)F@)+ (£ =2)oF @)
— (k16 + K28) AP — (K16 — K28)Pp AP
K1 K2 K1€ K28
+(5-2)Fo) - (5 - 5) 1vel?

1 1
+ (— - —) p) , (5.51)
L1 P2

where m = 2my2 = 2m»;. In the scenario k = k1 = k> the mass flux reduces to

2
P =—m (—plpz 4 wp) : (5.52)
p1+ P2

withm = rh(/ol_1 +p0y 1). This does in general not match with the NSCHAC mass transfer.
However, 1n the densﬁy matching case p; = p2 = p it reduces to the NSCHAC mass
transfer 1 = 1

5.2.7. Momentum transfer
Based on the balance (2.25b), we introduce the momentum transfer y related to the
constituent momentum transfer quantities via

A N . 1. 1.
=7 —TMy, = En, 0= —En. (5.53a-c¢)

—B

Inserting the order parameter and denoting D = D> = D>, we obtain
R op 1. y 1 1
Tt=pVep — J+—yv+—( - )J, (5.54)
2Dp1p2 2 2\p(1+¢) p2(1—9)
where the last member vanishes when ¢p = +1.
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5.2.8. Viscous stress tensor
Invoking the variable transformation (5.23), the superposition of the viscous components
of the stress tensors admits the form

Z Dy 2Dy + Ao (divvy)I) = v(2D + Adiv v)
a=1,2
+ D24 + A(div D))
+ V2B + A(J - VP)I), (5.55a)

where we have introduced the viscosity quantities

V=1 5 + vy 5 (5.56a)
b= 2 (5.56b)

201 2m
b= il 2 (5.56¢)

— + :
201(1+¢)  202(1 — @)

the symmetric tensors

D= 1(Vv+ (Vv)h), (5.57a)
A= 3V +(VDH), (5.57b)
B=lu®Vve+Vve®J), (5.57¢)

and we have set v, = vu¢, and 1 = A,. In establishing the above form we have made use
of the identities

Vv, =Vov+ JRVp, (5.58a)

L v/ S
p1(1+¢) pi(l+¢)?
1 1

I v/ ST
PTRE S Ry gt

Each of the three members of the viscous stress tensor (5.55) appears in the classical form
of a symmetric tensor and AJ times its trace. The form (5.55) conveys that the mixture
viscous stress term is composed of a contribution solely associated with the mixture
velocity v, and a part in terms of the diffusive velocity J. The first contribution is precisely
the viscous stress tensor in the NSCHAC model. In contrast, the second contribution
represents diffusion with respect to the peculiar velocity. This contribution is absent in
the NSCHAC model.

Vv, =V — JQVo. (5.58b)

5.2.9. Peculiar velocity stress component
With the aim of expressing the peculiar velocity component of the stress in mixture
variables, we introduce the following lemma.

LEMMA 5.8 (Symmetry dyadic product peculiar velocity). The peculiar velocity dyadic
product is symmetric:

wiQwry =w)Q wy. (5.59)
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Proof. This follows from the sequences of identities:

wi@wr = (v —v) Q@ (v2 — V)

1 - - | -
=0 Qv — ;”1 ® (p1v1 + p2v2) — ;(,0101 + 0@+ vV

o1 02
=—VQUV] — —v1RQUy+vRU. (5.60)
o P
|
We may now write the peculiar velocity component in mixture quantities.

LEMMA 5.9 (Peculiar velocity component stress). The peculiar velocity component of the
stress takes the form

~ JJ
Z pawd ® wa = #Pd)z). (5.61)
a—12 P12
Proof. The proof is similar to that of Lemma 5.6 and relies on Lemma 5.8. |

This contribution represents the inertia of the diffusive flux. It is not present in the
NSCHAC model.

5.3. Connection of the complete models

We start with the mass balance laws. The mixture mass balance law
drp + div(pv) = 0, (5.62)

as presented in (2.23a), is identical in the mixture model (3.46) and the NSCHAC models
(5.7) and (5.9). Next, the phase equation formulated in mixture quantities follows from
(3.46a):

019 + div(¢v) +divh — ¢y = 0. (5.63)
Here we have introduced the diffusive flux quantity
h=nhy —hy = w; — daws. (5.64)

This equation is not of Cahn—Hilliard type. The phase equation (5.63) does not contain a
chemical potential or pressure variable. This sets it apart from its NSCHAC counterpart in
which the diffusive flux A is replaced by the constitutive model:

H = —MV(i+wp), (Modell) (5.65a)

W = —FIv <pa + &% + a)p) . (Model 1) (5.65b)

The diffusive flux (5.64) and the constitutive model (5.65) both vanish in equilibrium. On
the other hand, the mass transfer term of the mixture model and the NSCHAC model is
of similar type. In the scenario of model I with equal modelling parameters (o7 = o07) it
coincides with the NSCHAC mass transfer (see § 5.2).
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Remark 5.10 (Diffusive fluxes). The diffusive fluxes J and A constitute a single unknown
in the system, since they are related as J = 2p1p2h/(p1 + p2). For a proof, we refer the
reader to ten Eikelder et al. (2023).

Next, we focus on the mixture momentum equation that follows from the superposition
of the constituent momentum balance equations (3.46b):

om+ divim @ v) + Vp — divlv(2D + Adivv)) — pb

¢ 1
EVW{—M9+§VW{+M9

—div(d(24 + A(div)I) + V(2B + A(J - Vo)I))

. od @J
d — | =0. 5.66
v (2,01,02(1 - ¢>2)> (:60)

Here we have substituted the expressions for viscous and peculiar velocity contributions.
The first line matches with the NSCHAC model. The second line consists of free energy
terms. In case of equal modelling parameters, it reduces for model I to the free energy
contribution in the NSCHAC model. This does not apply to the second model. Next, we
remark that the members of the last two lines are absent in the NSCHAC linear momentum
equation. These terms are all linked to the diffusive flux. The diffusive flux in the mixture
model is described by an evolution, whereas in the NSCHAC model it is determined
by the constitutive model (5.65). This is related to the usage of the energy-dissipation
statement modelling restriction of the NSCHAC model, instead of the second law of
thermodynamics adopted for the mixture model. This precludes the need of a constitutive
model for the momentum transfer. The system described by the mixture mass balance
(5.62), the phase equation (5.63), the linear momentum equation (5.66), augmented with
the evolution equation of the diffusive flux (see ten Eikelder er al. 2023) is equivalent to
the mixture model (3.46) (for the diffuse-interface models of § 4).

The mixture model and the NSCHAC model share the same one-dimensional
equilibrium profile:

+

¢ = ¢“(§) = tanh <£> (5.67)
o3) .
We consider the surface tension coefficient and define, for both models,
6 =6, + 6. (5.68)
This results in
N 2
el = (o1 + crz)%, (5.69a)
. V2
O = (oK1 + paser) == (5.69b)

For equal parameters oy = 0o = 0 and k| = kp = k, these integrals match with the
NSCHAC surface tension coefficients:

L 23/2
ol = ol = 0%—, (5.70q)
. - V2
ol =6 = (p + K= (5.70b)
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Mixture model NSCHAC model
Mixture theory v X
Modelling restriction Second law Energy dissipative
No. mass balance laws N
No. momentum balance laws N 1
Diffusive flux Evolution equation Constitutive model
Interface profile Tangent hyperbolic Tangent hyperbolic

Table 1. Comparison mixture model and NSCHAC model for N constituents. With the term ‘mixture theory’
we indicate whether the model is compatible with mixture theory. Next, energy dissipative refers to the
energy-dissipative property of the NSCHAC model. Finally, in the last line we note that both models admit
the standard tangent hyperbolic interface profile for the Ginzburg—Landau free energy.

Lastly, we summarize the comparison of the mixture model and the NSCHAC model in
table 1.

6. Conclusion

In this paper we presented a thermodynamical consistent diffuse-interface incompressible
mixture model. Starting from the continuum theory of mixtures we derived a constitutive
modelling restriction that is compatible with the second law of thermodynamics.
Subsequently, we selected constitutive models that satisfy this modelling restriction. To
close the mixture model, we presented two diffuse-interface models, each associated with
a particular Helmholtz free energy. Finally, we studied in detail the connection with the
NSCHAC model (see table 1 for an overview).

While the diffuse-interface mixture models we have set out are helpful in the study of the
evolution of incompressible mixtures, we certainly do not claim that these are sufficient.
We outline two main avenues of potential future research. The first avenue is the rigorous
mathematical analysis of the models, and the study of the sharp interface asymptotics. This
sharp interface analysis is of a different type to that of the NSCHAC model. Indeed, the
proposed mixture models are not of a Cahn—Hilliard type and do not contain a mobility
parameter. Furthermore, to assess the behaviour of solutions of the mixture model, it
is essential to develop suitable numerical algorithms. In particular, it is worthwhile to
compare numerical solutions of the mixture model with those of the NSCHAC model.
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