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ON APPROXIMATION PROPERTIES OF THE PARABOLIC
POTENTIALS

SiMTEN B. UYHAN, A.D. GADJIEV AND ILHAM A. ALIEV

In this paper the approximation properties of parabolic potentials H*f and H*f

generated by the heat operators (—-AI + g—t) and (E -Ap + %), where

n
pYl
Bre=3 =
Pt Oz;
are studied as a — 07.

1. INTRODUCTION AND FORMULATION OF MAIN RESULTS

The parabolic potentials H*f and H*f (of Riesz and Bessel type, respectively) are
defined in the Fourier terms by

(11) F{H®f|(z,) = (]2 +it) " F(f(z,1),
(1.2) FIH®f)(z,t) = (1 + |z? + it) "*/*F(f](z, ),

where ¢ >0, z € R*, t € RL.

These potentials are interpreted as negative fractional powers of the heat operators
(—A; +8/8t) and (E — A, + 8/8t), that is formally,

Hef(z,t) = (~A; +8/0t)™*2 f(z,1),
Hof(z,t) = (E — Ag + 8/0t)™*/2 f(z,1)

n 2

i)
(E is identity operator and Ay = Y 32 is Laplacian).
k=1 k

The parabolic potentials were introduced by Jones 7] and Sampson {11] and studied
by Bagby, Gopala Rao, Chanillo, Nogin, Rubin, Aliev and many other mathematicians
(see: [1, 3, 4, 6, 9, 10]).
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In this paper we investigate the approximation properties of the families H* f and
Hef as a — 07. One should note that the classical Riesz and Bessel kernels as approxi-
mations of the identity have been studied by Kurokawa [8).

First, we shall give some necessary notations and auxiliary facts.
Let R**! =R" x R! = {(z,t) : z € R",t € R'}. Define L, = L,(R"*!),1 < p< o0
as the class of measurable functions f on R**! with the norm

1/p
“f”p=(/|f($,t)|pdzdt) , dr =dz, ...dz,.

Rn+!

Co = Co(R™*!) will denote the class of all continuous functions on R**! vanishing at
infinity. C = C(R™*!) is the class of all continuous functions on R**!. We set, as usual,
1 flloo = ess sup| f(z,t)| and denote by W(z,t) the classical Gauss-Weierstrass kernel,

Rn+l

defined in Fourier terms by

FW(,)]() = /e"x'( W(z,t)dz = e,
Rn
wheret >0, (€R*and z-{ =1(; + - - - + Tnla.
It is well known that

(1.3) W (z,t) = (4nt)~? exp(—|z|*/4t), t>0, z € R",
and
(1.4) W(z,t)dz =1, Vt>O0.

/

The potentials H*f and H®f, initially defined in terms of Fourier transform by (1.1)
and (1.2), have the following convolution type integral representations (see: [1, p. 396}).

(15) Hof(xv t) = F(QIW / T(a/2)—lw(y’ T)f(.’L‘ -y t- T) dydT;
R x(0,00)

(1.6) Hof(z,t) = F—(ﬁ / 7AW (y, 7) f(z — y, t — 7)dydr;
R" x(0,00)

The following theorem characterises the behaviour of the operators H* and H* on
Lp-spaces.
THEOREM A. (See([3,6].) I LetfelL,1<p<oo,0<a<(n+2)/pand
g=(n+2)p/(n+2-op).
(a) The integral H*f(z,t) converges absolutely for almost all (z,t) € R**!.

https://doi.org/10.1017/5S0004972700040491 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700040491

(3] On approximation properties 451

(b) Forp > 1, the operator H* is bounded from L, into L,.
(¢) Forp=1, the operator H® is weak (1,q), that is,

meas{(:z:,t) : |HOf(z,t)| > A} < (cllflli/A)Y, ¥A >0,

where g = (n+2)/(n+ 2 — a).
II The operator H* is bounded in L, for alla > 0 and 1 < p < oo.
We shall need the following classes of “anisotropic” Lipschitz functions on R™*+! x R!.
A. THE LIPSCHITZ CLASS Ag.

(L7 As={f € La(®*): [|f(z —y,t =) = f(@, )], < er(Iol? + 7))}
B. THE LOCAL LIPSCHITZ CLASS Ag(zo, o).

(1.8) Ag(zo, t0) = {f s | f(xo = yyto = ) = flTo, to)] < cr(lyl* + |T|)B/2}

(Here z,19,y € R™; t,tp,7r€e R'and 0 < B < 1)

Throughout the paper the letters ¢, ¢y, co, ... c1(8), c2(6), ... are used for constants
(the constants c;(§) depend on parameter § > 0). We shall write “p(a) = O(¢(a)) as
a— 0t if |<p(a)| < cYPla) as a — 0.

The main theorems of the paper are as follows.

THEOREM 1. Let f € L,(R***!), 1 < p < o0, and A® is one of the operators H®
and H*. Then:

(a) Ifat a point (z,t) € R**! there exist limit

lim f(z2,8) =1, —0o<!< o0,
(z,8)—(z,t)

then lirg+ A%f(z,t) = . In particular, if f is continuous at the point
a—
. (z,t) € R*! then lim A°®f(z,t) = f(z,t).
a—0t
(b) If f € L,N Cy, the convergence liI‘I]l+ A°f = f is uniform on R**!, If
a—!

f € L,NC, the convergence is uniform on any compact K C R"+!.

THEOREM 2. If f € L,(R"*!), 1 < p < oo, then lir(x)l+ Hef(z,t) = f(z,t), where
a—
the limit is understood in the L,-norm, or pointwise for almost all (z,t) € R**!.

The next theorem gives an estimation of the order of approximation of the “Lipchitz
functions” by the families H*f and H°f.

THEOREM 3. Let A® be either of the potentials H* and H*, o > 0. Then:

() IffeL,NAg, 1< p<oo,0< B <1, where Ag is the Lipschitz class
defined as in (1.7), then
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(1.9) 1A% = flloo = O(1)x as & — 0%;

(b) Iff € L,Nn Ag(zo,%), 1 < p < o0, 0 < 8 < 1, where Ag(zo, %) is the
Lipschitz class defined as (1.8), then

(110) A"f(:co, to) - f(.’L‘o,to) = O(l)a as a — 0%,

REMARK 1. It is interesting to observe that the order of approximation does not depend
on the “Lipschitz degree” S of the function f.

2. PROOFS OF THE MAIN RESULTS

PROOF OF THE THEOREM 1. (a) By making use of the Fubini theorem, we can
write the formulas (1.5) and (1.6) in the form of

r(;/z) Zf(a/z)'l (R/ Wy, 7)f(z —y,t —7)dy )dr,

(2.2) Hf(z,t) = F(ci/2) /'r(°/2)"1c3_" (/W(y,‘r)f(z -y, t— T)dy) dr.
0 Rn

(2.1) Hef(z,t) =

We shall prove the statements of theorem in the case of A* = H®. (See Remark 2
below about the #?).

Suppose a function f € L, has the limit { € (—00, 00) at the point (z,t) € R**1,
Using the identity (1.4) we get

Hef(z,t) —

/2)/T<a/2> I/Wyr(f(x yt—1) =l e")dy dr.

Given £ > 0 there exist 6 > 0 such that
(2.3) [flzx—y,t—71)—1ll<e and 1—-€e"")<e¢

for all [y| < V6 and 0 <7 < §. We have

|H°f(x,t)——l]<1_,(o}/2)| rle/2)~1 /W(y,r)(f(z—y,t—r)—le")dyd'rl

lyl<v8

]
F(a/2 | /T(Q/Q)—l / W(y, T)(f(l‘ -y, t—- 7-) -1 e'f)dydrl
0 lyl>v3

o .
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1 T af2)-1 -
+F(a/2)L/T(/) é[W(y,T)(f(z—y,t—r)—le )dydT
(2.4) = i1(a) + iz(a) + is(a)

The application of the estimates (2.3) leads to

)
ia) < 1 5 O/T(a/z)-l / Wy, 7')|f(2: —y,t—T1) - l| dy dt

lyl<v8

)
‘” 7_((:|(/2)—1 R T T
+‘r(a'/:z‘)O/ (1-e )I |/«s W m)dy 4

T(°/2)'1/W(y,'r)dy dr

(14 1+ |l|
B F(a/2)

Ao, _ AHINEER (1 + Ji)der

(2.5) (@/2)0(@/2)" - T +a/2)"

\m o ..

Let us estimate i5(«). We have

F)

. 1 o2

(26) dale) < = 2)/7‘ /21 / Wy, 7)|f(z -y, t — 7)|dy dr
0 lyi>vE

é
! 5 /7(0/2)—16‘7 / Wy, 7)dy d7 = iy(a) + is(e).
0 fyl>vE

Taking into account (1.3) and the Holder inequality we get for small a > 0

0 Iyl>\/—

']

1/p

SE ”f Aflls / F(&/D=1(n/2)F g / e~ /(37 gy
T(a/2)

0 ly}>v3

(set y = 2\/52 , dy = 2"(p") 21 2d2)

= o, Ml /5 F(@/2)~1-(n/2)p'+3 g / e""zdz) "
~ T(a/2)
i l21>4+/ép' /7

’
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(use e~ = =U/D=(=1"/2) ¢ o~(212/2)g~(69'/87) for || > % /57 ]7)

< e o / F/2) (14 (0/2)) b9 /87) g W / g
S ®T(a/2)
Rn
(2.7) < a(d )Ilfll,,a.

By a similar way,

)
-1t _ Ill / (a/2)-1_~T / -n/2 -ly|*/(41)
ih{a) = (a/2) T e "dr (4nT)™™%e dy
0 lyl>v3E
(set y = 272 , dy = 2"7"/%dz)
)
64|l| / He/D-1-3 g / 1P 12¢-8/(87) g,
0 2> v8/(2v7)
6
call] / (a/2)-1-3 ,—6/(87) / -l /2
Ta/2) T ig dr | e dz
0 Rn
(2.8) = ca(6) e
From (2.6), (2.7) and (2.8} it follows that
(2.9) iz(@) < (1O fllp + 2Bl = c3(6)a as o — 0O*.

Let us now estimate i3(a). We have
1 [>2]
; < (a/2)-1 / -
Z3(C¥) F(a/?) / T ( W(ya T)|f(.’E vt T)! dy) dr
s R™

+% ZOT("/2)“6_T (JW(y, ‘r)dy)dr

(2.10) = i5(a) + i3(a).

By (1.4) it follows that

(2.11) i(a) =

W T amr (@l _
r(a/Z)_/T( /2)-1, dr € [’4( /2) (0|l as a—0" .

Further, using Holder’s inequality, we have for a < ",—f’—g

1 , ¥/
s (e fovnors)

Rn
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Ul (] , v
< Wl (a/2)-1=(n/2)P' 4 / ~ (vl /am) g
[(a/2) (/ T e i

Rn
Al ( / H((a/D-1~(n/2)p'+3 ) 4 ( / —laf? )W

F(a/?) dr J e ¥ dz
(2.12) < co(d )I|f||p0~
Therefore, from (2.10), (2.11) and (2.12) we have
(2.13) i3(a) < (cs (@)l + cs()| fllp)a = c1(d)r as a — 0.
Finally, from (2.4), (2.5), (2.9) and (2.13) it follows that

|H®f(z,t) - 1] < igl—ln%e + c3(0)a + ¢7(8)a.

The last estimate yields

limsup |[H*f(z,t) — | € (1 + |l})e.

a—0t

Since € > 0 is arbitrary we have
lim |H®f(z,t) -1 =0.
a—0+

Let now | = +00, that is ( l)m% )f(y, 7) = +00 (the case of | = ~o0 is examined
y,7)—=(zx,t

analogously).
For a given M > 0 there exists § > 0 such that f(z—y,t—7) > M for any |y| < V3,
0 < 7 < 4. Using this observation we have

s
Hef(z,t) = F(a/2 /T("‘/z)“l / W(y,7)f(z - y,t — 7)dydr
0

lyl<v3
) 5
(a/2)-1 _ _
+F(a/2)/T / W(y,7)f(z —y,t — 7)dydr
0 [v1>vE

1 o0
+ T@/A1 [ W(y,7)f(z —y,t - 7)dydr
[{a/2) k/ lin/
(2.14) = ji(a) + j2(@) + ja(@).

It is clear that
]

Jila M /T(°/2) 1 / W (y, 7)dydr

0 lyi<vE
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é

(a/2)-1—-(n/2) ~lyl?/4r
F(a/2 /T / e dydr

lyl<v8
]
M 2
- (a/2)-1 ~la}
ch(a/2)/T / e dr
0 (z|<+/3/7
M s Vir
_ (a/2)-1 —-r?_n-1
= T e T " idrdr
e ]
@2}
Y ] 1
> /T(°/2 Ydr (/ e"zr"“dr>
I'a/2
(@/2) ) J
M M
- @/2) _ o a/2
(2.15) C3 (0/2) 5 631.,(1 T a/2)6 , (63 > 0)

Further, by making use of the estimates for i5(a) and i4{a) (see (2.7) and (2.12),
respectively), we have

(2.16) l72(e)l < 1@l fllper and  |ja(e)| < c2(d)l| fllper

Thus, it follows from (2.14), (2.15) and (2.16) that

M
H®f(z,t) > Csm&'/z = a ()l fllpx = c2(&)| fllpc2s

and therefore,
hmme"‘f(x t) 2 asM, (c;3>0).

Since M > 0 is arbitrary, the last estimate yields that liI(I)l+ Hef(z,t) =00
a—

(b) Let now f € L, N Cy. The condition f € Cy yields that for any £ > 0 there
exists 6 > 0 such that

sup |f(z—y,t—7)— f(z,t)l<e and (1—e")<e¢
(z,H)ER+1

forall fy] < vVdand 0 < 7 < 4.
Setting ! = f(z,t) in (2.4) and using (2.17), we have as in proof of part (a) (see,
(2.4), (2.5), (2.9) and (2.13))

a2
125 = e <« S+ (@00 11 + 20 )

+ (¢5(6) 1 lloo + cs(8) Ifllp)e, @ — 0.

https://doi.org/10.1017/5S0004972700040491 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700040491

[9] On approximation properties 457

The latter estimate yields that limsupl|[H®f — fllo < (1 + [|flle)e, and therefore,
lim [|Hf = flleo = 0. om0t 0
a—0t

REMARK 2. The proof of the statements of Theorem 1 for A = H* follows the same
lines and is based on the equality

oo

Hof(z,) — | = r(;/z) O/TW?)-le-fR[ Wy, 7)(f(z — g, t — 7) — 1) dydr
== (; B Oj T<°/2)-‘e—flm S/\/3 W(y,7)(f(z -yt — ) — )dydr
+r(;/2) jr<°/2>-le-fl 1,; Wy, 7)(f(z —y,t — 7) - l)dydr
(2.17) +r(;/2) ZT(Q/Z)_le_TR[W(y,T)(f(z—-y,t—’r) - l)dydr.

Slight additional technicalities related to the factor e~" are left to the reader.

REMARK 3. In the estimation of i5(a) and i4(c) we use the Holder inequality when
p > 1. An attentive examination shows that the estimates for i,(a) and i#(a) are true
also for p = 1. This follows from the facts that the quantities

A,(8) = sup sup (/AT w(y, 1))

el g7 <6
lyl > V8
and
Ay(8) = sup  sup (7'("/2)‘1 Wy, 7))
0<a<1
T>4
lyleR™
are finite.

Proor oF THEOREM 2: The L,-continuity of the translation operator yields that
for V ¢ > 0 there exist 4 > 0 such that ||f(z -y, t—71)— f(:r,t)”p < e for all Jy| < V3
and 0 < 7 < §. Using this and relation (2.18) for | = f(z,t), we have

1= (2. 8) — £z, 0)],
')

1 it
< Far) /T< 21, / Wy, m)||f(z — .t —7) = f(z,t)||, dy dr
0 Y
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é
1
(a/2)~1 _~71 _ _ _
+r(a/2)/r e /W(y,r)llf(z yt—7) = f(z.0)|, dy dr

0 lvl>va

o0

1 i
*5 a7 J/T( /-1, R[W(y,T)HW(x—y,t—r) - f(z,t)|| dy dr

(218) = kl(a) + kg(a) + k3().

Further,

(2:19) ki(a) €

(°/2)'le"dr/W(y, T)dy =€

yI>ve

N

[
é
kz(a) < I?”f” / (a/2)-1 e 7 / W(y, )dy dr
0
]
.

(2.20) < Fa/2) c1(8) = c2(8) |Ifllp o
ta() < ps [ e ar [wiy,) d
J i
221) -t [ rermie dar < Mlecys) = i) sl o
é

It follows from (2.19)-(2.22) that al_i_)x(r)a”?-l"f(z, t)— f(z, t)”p = (. By similar reason,
for fe L,NnCy H*f — f, uniformly as a — 0*.

Since the class L, N Cy is dense in Ly, (1 < p < 00) and [|HOfll, < || fllpy ¥V @ >0,
it follows from [12, p. 60, Theorem 3.12] that alir(r)l+ H*f(z,t) = f(z,t) for almost all
(z,t) € R, 0

Proor oF THEOREM 3: (a) We shall prove only the case when A% = H®. In the
case of A® = H° the statements are proved in a similar way (see Remark 2).

Let f € L,NAg and A* = H® Setting! = f(z,t) in (2.4) and using (2.9) and (2.13)

we have

|H*f(z,t) = f(z,1)| < d1(@) + i2(@) + i3(a),
where
(2.22) iz(a) < (c1(8) Ifllp +c2(8) (| flloo) e = c5(8)a,
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and

(2.23) i3(a) < (s(8) Nflloo + cs(8) [|fllp)x = c2(8)ex, (= 0%).
Let us estimate ¢, (a). We have

é

/F“m* / W(y,m) |f@ 9.t —1) - f( )|, dy dr
Y lyl<vE

a/2

[l fllo
T(a/2) J

+-

o\&

o011 _ ¢-7) / Wy, 7) dy dr.
lyl< v

Taking into account that 1 —e " =7+ O(1)r®> as 7 = 0% and

|f(z =yt —7) = f(z, )|, eyl +1)%2,

we get

[

c

. < (a/2)~1 2 8/2

(@) < gy [ 7 [ W) ol + 1)y ar
0

R™

R"

s
/7-(0/2) 1+1 d‘r/W(y,T) dy
0

= i) (@) + ip(@).

After changing the variable y with /7 z a simple calculation leads to #}(a) = O(1)a as
a — 0*. Further, using (1.4) we have

[

/T(a/2) dr =0(1)a as o — 0%,

. _ (&
12(0) - F(a/?) /

and therefore, 7;(a) = O(1)az as a — 0.

Now from (2.23) it follows that ||H®f — f|leo = O(1)a as a — 0%,

Part (b) of the theorem is proved analogously, just replacing the expression || - - - ||owith
[
REMARK 4. The analogues of Theorems 1-3 can be formulated and proved for Parabolic
potentials associated with the singular Laplace-Bessel differential operator

Z o2 + (2u/x,.) , (v >0).

For detailed information about these potentials the reader is referred to (2, 5).
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