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SUMMARY

Time until fixation of a mutant that occurs in one copy of a multigene
family was investigated from the standpoint of population genetics.
Because of the complexity of the double process of random drift (on the
chromosome and in the population), an approximate method based on
the rate of steady decay of genetic variability is applied. The simple model
of gene conversion with constant gene family size is also used. The
expectation based on the approximate method is shown to be valid by
extensive Monte Carlo simulations, and the results are useful for
understanding the mechanisms of turnover of multigene families, when
comparison is available between closely related species.

1. INTRODUCTION

It is now known that there exist many repeated gene families in the genomes
of higher organisms (see Dover 1982 for review). Gene families are characterized
by coincidental or concerted evolution, and population genetical theory has been
worked out under the assumption of constant occurrence of homologous but
unequal crossing-over (see Ohta, 1980 for review). The theory is mainly concerned
with the probability of gene identity (identity coefficient) of multigene families.
However, for experimental geneticists, time until fixation of a mutant gene appears
to be more meaningful than identity coefficient in applying the theory to real data
(e.g. Coen, Thoday & Dover, 1982). The process of mutant spread is complicated,
since it occurs simultaneously on the chromosome and in the population, and the
explicit solution for the time until fixation comparable to Kimura & Ohta (1969 a)
for a single mutant in finite populations (see also Ewens, 1979), cannot be obtained.
A simpler approach is to estimate approximately the time using the rate of decay
of variability. In this report, the steady rate of decay of variability is obtained,
and the estimate, based on this rate, for the time until fixation of a mutant gene
is examined by extensive Monte Carlo experiments. The results suggest that this
method is promising. Recent observations on species comparisons of gene families
will be discussed in the light of these analyses.

* Contribution no. 1442 from the National Institute of Genetics, Mishima, Shizuoka-ken 411,
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2. MODEL AND ANALYSES

In my original analysis of multigene families (Ohta, 1978, 1980), the process of
mutant gene spreading was treated as a double diffusion; diffusion of genes on the
chromosome through unequal crossing-over, and diffusion of chromosomal types
in the population by random genetic drift. The analysis is not exact, and the shift
of position of loci on the chromosome by unequal crossing-over is not precisely
treated in calculating the transition equations of the identity coefficients. Even
in more exact analyses (Kimura & Ohta, 1979; Ohta, 19825), the treatment is not
completely precise. The new model of gene conversion (Ohta, 1982a) is straight-
forward and precise, since no shift of position of loci on the chromosome occurs —
merely the transfer of a gene segment. Nevertheless, the model describes the same
process of concerted evolution of multigene families without change in gene family
size, and it is used here for the analysis of the time until fixation.

By the analysis of a single chromosomal line, Nagylaki & Petes (1982) have
shown that small conversional advantage or disadvantage has a large effect on the
time for spreading. Dover et al. (1982) also suggested the significance of polarity
in certain gene families. However, for simplicity, the completely random process
is treated here; neither polarity of conversion nor natural selection at the
organismal level is considered.

Let N be the effective population size, and » the number of tandemly arranged
genes on a chromosome. Thus there are 2nN genes in the population. Identity
coefficients increase through intrachromosomal gene conversion and random
genetic drift. As in the previous study, let A be the rate in one generation at which
a gene is converted by any one of the remaining (n—1) genes with equal likelihood.
Here I assume that conversion is ‘asymmetric’ (see Nagylaki & Petes, 1982). The
real process of conversion is likely to involve one piece of a split gene (Miyata et
al. 1980; Slightom, Blechl & Smithies, 1980; Yamawaki-Kataoka et al. 1982).
Therefore A is the average rate at which any small unit such as an amino acid site
or a nucleotide site is converted by the homologous unit of another locus of the
multigene family. In addition to random drift and gene conversion, recombination
occurs at meiosis, and is assumed always to be ‘equal’. Let £ be the rate at which
recombination occurs between the two adjacent loci of a multigene family, thus
the rate per one family is (n— 1) #. Note that this definition of £ is different from,
and more general than the previous one (Ohta, 1982a), as shown later. No mutation
is assumed and the rate of steady decay of genetic variability is obtained as
follows.

Asin the previous report (Ohta, 1982a), let f be the average probability of allelic
identity, C, the average identity probability of genes at different loci of the
multigene family on the same chromosome, and C, that of two genes taken from
different loci of two homologous chromosomes of the population. Note that the
unit to compare identity needs to be smaller than the ordinary gene and may be
a nucleotide site, an amino acid site or a piece (exon) of a gene, since the unit to
compare identity must be smaller than or equal to a region converted at a time.
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Then the transition equation of the identity coefficients from one generation to
the next takes the following form, by letting ¢ = (f, C,, C,) (Ohta, 1982a),

ct=AC¢_1+b, (1)

where
1-1/2N)—(n—1)a 0 (n—1)a
1
A= 0 1_a_(n+ )/5’ (n+1)ﬂ )
3 3
o 1/(2N) 1—a—-1/(2N)
and b=1/2N, «, 0), (3)
with & = 2A/(n—1), and the subscript t denotes the ¢th generation. The coefficient

of 2AC; = (n— l)aC’ of equation (3) of Ohta (1982a) is erroneous and should be
‘+°, and agrees with the present formula. Note also that the coefficient of £ is
different from that of the previous formulation (equation (5) of Ohta, 1982¢a). This
is because £ is now defined as the rate between two adjacent loci, whereas the
previous one is that per total family. Also, the coefficient (n+1)/3 is the average
recombination value between two randomly chosen loci from the family, and
reduces to 1 when n = 2.

The rate of decay of variability or the rate of increase of identity coefficients
may be obtained from the eigenvalues of the A matrix, which satisfy the following
cubic equation.

x3—(3—a1)x2+(3—2a1+a2)x—{1—a1+a2 2‘;\7(a1 25\7—(1)}=0, 4)

where a, = (n+1)a+%+(n;—1)ﬂ
2 1 1) 2
and a, = (n2-'1-\7 )a+ (n+ ) aff+na (n+ —p+ ( ) .

By using the subroutine DLOWP of FACOM M140 at the National Institute of
Genetics, the three roots of the above equation were numerically obtained. Of
particular importance is the largest root, Ay,,, and the rate of steady decay

becomes
k=1 —’\max- (5)

Time until fixation of an ordinary mutant gene is 4N, as Kimura & Ohta (1969a)
have shown (see also Ewens, 1979). This value is twice the reciprocal of the rate
of steady decay. Thus it is conjectured that the time until fixation roughly

becomes T~ 2k (6)

for the case of multigene families. In the next section, the expectation based on
the conjecture is examined by Monte Carlo simulation.
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When there is no recombination, the equation (4) can be explicitly solved, and
the three roots become

A =1—1/@2N), A, =1—a and A,=1—na—1/2N). (7)

Therefore, the time until fixation is determined either by A, or A,, depending on
their magnitudes, and we have

T=4N, for 1/2N)<a

and T=;= , for 1/(2N)> a. (8)

P

The former is the same as the time until fixation of an ordinary mutant, and the
latter is that in a single chromosomal line (see Nagylaki & Petes, 1982, for exact
value). The result implies that, in the former, the mutant spreads on the
chromosome before a chromosomal line spreads in the population, and the time
is therefore determined by the rate of random drift in the population, whereas in
the latter the rate of spreading of the mutant on the chromosome is the critical
factor for the fixation time.

3. MONTE CARLO EXPERIMENTS

The simulated population has 2N chromosomes, each with » tandem genes
(units), and each experiment starts with the introduction of a mutant gene in one
chromosome of the population. The fate of the mutant gene is traced until it is
lost from the population, or it is fixed in all loci of the family of all chromosomes
in the population, i.e. the total number becomes 2Nn. The number of generations
until loss, and that until fixation are recorded, and the experiments are repeated
until the number of cases of fixation reaches to a specified value.

One generation consists of gene conversion, inter-chromosomal recombination
and random sampling of gametes for reproduction. Gene conversion was carried
out, for each chromosome with probability nA, by randomly choosing two units,
and one of them, again randomly chosen, is converted by the other one.
Recombination was performed, between two randomly chosen chromosomes, at
the randomly determined site. The recombination was repeated N(n—1) £ times.
Sampling was done as in the ordinary Monte Carlo studies of population genetics
(e.g. Kimura & Ohta, 1969a).

Tables 1 and 2 show the results of simulations to compare with expectation.
(equation (6)). Table 1 gives the comparison for various values of N and #. Note
that, from the theory in the previous section, the important factors are NA, Nf
and n. Therefore the values of N are too small and those of A and £ too large;
however, their products are thought to be realistic. From the tables it is clear that
the agreements between the expected and the observed values are satisfactory.
Standard deviation of the time is also given in the tables, and it is noted that this
is about half of the mean as in the case of a single locus (Kimura & Ohta 1969b).
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Table 1. Comparison of the expected and the observed times wntil fixation for
various values of N and g

The expected value is obtained from the largest root of equation (4), i.e. by equation
(6). N is the effective population size, » is the number of tandem genes on a
chromosome, A is the rate in one generation, at which any unit is converted by the
homologous unit, and £ is the inter-chromosomal recombination rate between the
adjacent loci in the gene family.

Exp. Obs. Exp. Obs.

N p=0 p =0025
10 80-0 859+ 432 1214 1220+ 614
20 800 1258+ 530 1877 2024+ 1047
30 1200 1591+ 625 2585 3566+ 1700
40 160-0 1895+ 612 3308 368-:3+ 1843
50 200-0 223-3+1030 4036 493-5+274:3

B =005 B =0075
10 1447 14841719 1611 152-0+ 66-0
20 2353 2085+ 1137 268-1 2695+ 1296
30 3299 360-9 1+ 2053 3777 3866 + 2356

40 4237 429-0+ 1986 4880 4616 +273-2
50 5188 501-1+191-2 5986 7755+ 4862

Parameters n = 5, A = 0-05 and 20 replications.

Table 2. Comparison of the expected and the observed times until fixation for
various values of A and f

B = 000625 B = 001875 f = 00375

A Exp. Obs. Exp. Obs. Exp. Obs.

0-02 3930 3722141899 5510 485013294 6690 563:8+234-2
004 2685 2905+ 1459 3841  3574+1864 4890 499-2+2789
0-06 2280 269711308 3169 315611579 4068 406412106
0-08 2088 2639+1578 2803 2695+1561 3579 377441774
010 1979 194241062 2573 2262+ 960 3252  303-1%160-0

Parameters; N = 40, n = 5 and 40 replications.

4. NUMERICAL EXAMPLES

In order to find out the relationship between the time until fixation and various
parameter values in more detail, numerical calculations are carried out for some
interesting cases. Figs. 1-3 show the results. Fig. 1 represents the relationship
between NA and the time until fixation (7). From the figure it is clear that T
rapidly decreases as NA increases. The minimum value of 7 is 4N — that is, the
time until fixation of an ordinary mutant gene (Kimura & Ohta, 1969a) — and is
expected when Nf =0 and NA > 1.

Fig. 2 shows the relationship of T and Nf. As NB becomes larger, T increases.
However when NA is small, the upper limit of 7" seems to be rapidly attained with
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Fig. 1. Relationship between NA and the time until fixation (7).
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Fig. 2. Relationship between N and the time until fixation (7).
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Fig. 3. Relationship between the time until fixation (7) and the number of genes on
the chromosome (n).

increasing N3. When NA is large, 7" increases slowly, but the maximum is not yet
reached in the figure. The situation would be comparable to the model of unequal
crossing-over (Ohta, 1980), since the previous equations for equilibrium identity
coefficients suggest that genetic variation increases more and more by increasing
the rate of inter-chromosomal recombination. In other words, when NA is large,
the allelic identity (f) approaches to the non-allelic identity (C,), and the present
model of gene conversion becomes closer to the previous one of unequal crossing-
over. Under such a condition, inter-chromosomal recombination is very effective
inretarding the decay of genetic variability. The present analysis also suggests that
the previous result on identity coefficients for the model of unequal crossing-over
is biased when the rate of unequal crossing-over is low and the shift of positions
of loci on the chromosome is infrequent compared to the rate of random drift.

Fig. 3 shows the relationships between 7' and the number of genes on the
chromosome (n). The figure indicates that, beyond certain value of n, T’ increases
almost linearly with n, and that the slope is determined by NA and Nf. Note that
the point at n = 1 is 7" = 4N, therefore the figure gives a picture how increase in
copy number is effective in maintaining genetic variation.
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5. DISCUSSION

As shown in the previous sections, the simple method of using the rate of steady
decay of genetic vagption is very useful for estimating the time until fixation of
a mutant in multigene families. In studying the effectiveness of over dominance
on maintenance of genetic variability, Robertson (1962) called the reciprocal of
the rate of steady decay ‘retardation factor’. When selection is involved, the
present method of estimating the time may not be appropriate, and the concept
of retardation factor rather than fixation time should be used in the analyses. For
selectively neutral case with no polarity in coversion, the rate of steady decay is
used for estimating the time until fixation, since the time seems to be most useful
to experimental geneticists (Coen, Thoday & Dover, 1982: Dover 1982).

When there is no interchromosomal recombination (N = 0), the present
estimate may be biased in some cases as explained below. If4N > 2/ax or4N < 2/«,
the estimate should give a reasonable value. However, when the two parameters
are similar, our result is likely to give an underestimate. This is because, in the
process of spreading into the population of a chromosomal line that contains the
original mutant, differentiation occurs among the descendant chromosomes, and
the complete fixation is attained only after all descendant chromosomes contain
n copies of the mutant. This is the case where the two eigenvalues, A, and A,
(equation (7)), take similar values. When N8 > 0, the three eigenvalues are all
different and our estimate seems to be unbiased.

In discussions on species comparisons of gene families, the possible polarity of
the conversion rates seems to be a most important problem (Dover et al. 1982 ; Coen
et al. 1982). The present result is useful for estimating how rapidly turnover of gene
members occurs under no polarity. Care has to be taken here since the process
is stochastic and accompanies a large variance. As stated before, the standard
deviation of the time until fixation is roughly half of the mean, therefore even
if the time of species separation appears to be too short to explain the divergence
of the gene families, the data may be an outcome of chance.

Finally, the correspondence between the present model of gene conversion and
the previous one of unequal crossing-over needs to be mentioned. The parameter,
a = 2A/(n—1), roughly correspondsto a +a’ of the model of unequal crossing-over,
in which

o = my/n?
and a'=m'y [n?,

where y and y’ are rates, and m and m’ are the mean numbers of genes shifted,
at intra-and inter-chromosomal unequal crossing-overs respectively (see Ohta,
1980). The correspondence is not exact, because of the shift of positions of the loci
on the chromosome in the model of unequal crossing-over. As an example, let us
consider the following case of a family of 200 tandem genes (n = 200) in a
population with N =5x10% If y=10"% and m =20 for intra-chromosomal
unequal crossing-over, and y* = 1074, m’ = 20 and (n—1)f = nf = 07 x 107 (see
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Ohta, 1980, page 32 for the relationship of y” and nf) for inter-chromosomal
unequal crossing-over, we have 2NA = 55 and 2Nf x~ 0-:035. Then the mean time
until fixation of a mutant isroughly 205N = 107 generations. This would correspond
to the turnover of ribosomal gene family of some species of Drosophila (Coen et al.
1982). The problem of this gene family, however, is that genes are on the sex
chromosomes, X and Y, and may not be treated as a unison. In general, the
turnover of dispersed repeated sequences is difficult to assess, and it is possible that
directional gene conversion or transposition may be responsible for their evolution
(Dover 1982).
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on the manuscript. Supported by Grant-in-Aids 57/20009 from the Ministry of Education,
Science and Culture of Japan.
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