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MAXIMAL QUOTIENT RINGS AND BRINGS 

E. P. ARMENDARIZ AND GARY R. MCDONALD 

Throughout , we assume all rings are associative with ident i ty and all 
modules are uni tary . See [7] for undefined terms and [3] for all homological 
concepts. 

Le t R be a ring, E(R) the injective envelope of RR, and 
H =HomB(E(R),E(R)). Then we obtain a bimodule RE(R)H. Le t 
Q = HomH(E(R), E(R)). Q is called the maximal left quotient ring of R. Q has 
the proper ty t ha t if p, q Ç Q, p ^ 0, then there exists r G R such t ha t rp ^ 0, 
rq Ç R} i.e., Q is a ring of left quotients of R. 

A left ideal / of R is dense if for every x,y ^ R,x 9^ 0, there exists r Ç R such 
t h a t rx 9^ 0, ry £ / . An al ternate description of Q is Q = lx £ E(BR) : (R : x) 
is a dense left ideal of i^}, where (R : x) = {r G i? : rx Ç i?}. 

T h e Ze/Ï singular ideal of R is Zt(R) = {r £ R : lR(r) is an essential left 
ideal of i?}, where /«(r) = {x G i? : xr = 0}. If Zl(R) = (0), then Q is a left 
self-injective von Neumann regular ring [7, § 4.5]. Most of the previous work 
on maximal left quot ient rings has been done in this case. For example, Q is 
semisimple Artinian if and only if Zi(R) = (0) and R is finite-dimensional [14]. 

Our principal object is to s tudy the maximal left quotient ring of a ring R 
whose left singular ideal is not necessarily zero. We begin in § 1 by considering 
right 5-rings and, more generally, 5-modules. The class of right S-rings con­
tains all quasi-Frobenius and commutat ive perfect rings. We restrict our 
a t tent ion to maximal left quotient rings which are r ight 5-rings. 

In § 2, we show tha t the maximal left quotient ring Q of R is a semiprimary 
r ight 5-ring if and only if (1) QA = Q for every dense left ideal A of R, (2) 
dense left ideals can be lifted modulo P(Q) C\ R, and (3) P(Q) f~\R is nil-
potent , where P(Q) denotes the prime radical of Q. Rings R for which Q is a 
left Art inian r ight 5-ring are also characterized, and these results are applied 
to local rings. Various descriptions of the ideal P(Q) C\ R are obtained. 

In § 3, we consider maximal left quot ient rings which are left self-injective 
semiprimary and quasi-Frobenius rings. We also show tha t if R has a left 
Art inian classical left quot ient ring Q, then Q is a left and right 5-ring if and 
only if lRrR(P(R)) = P(R) and rBlB(P(R)) = P{R). This result is applied 
to quasi-Frobenius rings. 

1. S - r ings . Le t R*Jt denote the category of left i^-modules. Then 
^ ~ = [M G R ^ : HomR(M, E(RR)) = (0)} is a hereditary torsion class, i.e., 
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3T is closed under homomorphic images, arbitrary direct sums, extensions, and 
submodules. The filter associated w i t h ^ is Ĵ ~ = {I : lis a left ideal of R such 
that R/I e^} = {I : / is a dense left ideal of R\. # " has the following 
properties: 

(1) I f l ç F a n d L Ç L ' Ç ^ then V G J T 
(2) If L, 1/ G J ^ then LCW ^ ^ . 
(3) If L G F and r G 12, then (L : r) G «^". 
(4) If L, 1/ G ^~, then LZ/ G &. 

For a proof, see [1, Proposition 1.2.8]. 
If M G R^, let r ( M ) denote the ^ - to rs ion submodule of M, i.e., T(ilf) 

is the (unique) submodule of M maximal in the set of submodules A of M for 
which HornR{A, E(RR)) = (0). Then the maximal left quotient ring Q of R 
is given by Q = T(E(RR)/R) = {x G E(RR) : (i? : x) is a dense left ideal of 
î } (see [18]). We will use this characterization of Q extensively. 

The dense left ideals of R and Q are related in the following way. 

LEMMA 1.1. Let Q be the maximal left quotient ring of R, and let T be a sub-
ring of Q such that R C T C Q. Then: 

(1) If A is a dense left ideal of R, then TA is a dense left ideal of T. 
(2) If B is a dense left ideal of T, then B C\ R is a dense left ideal of R. 

Before proceeding with our study of quotient rings, we will introduce 
^-modules. In particular, we will consider 5-rings and their relationship to 
dense left ideals and maximal quotient rings. 

Definition. RM is an 5-module if M contains a copy of each of its simple 
images. 

PROPOSITION 1.2. Let M be a left R-module and E = EndR(M). Consider the 
following conditions: 

(1) M is an S-module; 
(2) for every submodule N ^ M, rE(N) ^ (0); 
(3) for every essential submodule N ^ M, rE(N) T6- (0); 
(4) for every maximal submodule N of M, rE{N) ^ (0). 

Then (1) if and only if (4), (2) if and only if (3), and (2) implies (4). Further­
more, if M is finitely generated, then (4) implies (2), so all four conditions are 
equivalent. 

Proof. Trivially, (2) implies (3) and (4). That (1) and (4) are equivalent 
follows easily from the fact that a submodule A of M is maximal if and only if 
M/A is simple. Assume (3) holds, and let N be a proper submodule of M. 
Choose K C M maximal with respect to N C\ K = (0). Then N + K is an 
essential submodule of M. If N + K ^ M, then rE(N) ^rE(N + K) ^ (0) 
by (3). If N + K = M, then M = N © K, and there exists 0 ^ f G E 
defined by f(n, k) = k, where n G N, k G K. Thus (3) implies (2). If M is 
finitely generated, then every proper submodule of M is contained in a maxi­
mal submodule of M, so (4) implies (2). 
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Remark. An arb i t ra ry direct sum of S-modules is an S-module, bu t a direct 
summand of an 5-module need not be an 5-module. 

PROPOSITION 1.3. / / RM is a finitely generated S-rnodule such that Z(M) = (0), 
then M is completely reducible. 

Proof. Let N be a maximal submodule of M. Then M contains a copy of 
M/N, so Z(M/N) = (0). Assume N is an essential submodule of M. If 
0 ?* m' £ M/N, then (N : m) is essential, so 0 ^ m' G Z(M/N). Bu t this is 
a contradiction, so N is not essential. If A is a proper essential submodule of M, 
then i Ç Z for some maximal submodule K of M since M is finitely generated. 
Then K is essential since A is essential, bu t we proved above tha t no maximal 
submodule of M is essential. Thus M has no proper essential submodules, 
so M is completely reducible. 

PROPOSITION 1.4. Let R be a semiprime ring. If RM is a finitely generated 
projective S-module, then M is completely reducible. 

Proof. Let N be a maximal submodule of M. Since M is an 5-module, M 
contains a copy of M/N. Also M can be embedded in a finite direct sum of 
copies of R since M is finitely generated projective. T h u s there exists a homo-
morphism 0 ^ / G HomR(M/N, R). Since M/N is simple, J = f(M/N) is a 
minimal left ideal of R. Then / = Re, e an idempotent in R, since i? is semi-
prime. T h u s M/N ~f (M/N) = Re is projective, so TV is a direct summand 
of M. Hence every maximal submodule of M is a direct summand. Thus M is 
completely reducible as in the previous proposition. 

Definition. RM is semiprime if for every 0 ^ m Ç AT, there exists 
/ G H o m ^ M , R) such t h a t / ( m ) w ^ 0. 

PROPOSITION 1.5. i j ^Jlf is a finitely generated semiprime S-module, then M 
is completely reducible. 

Proof. Let A be a. maximal submodule of M. There exists a submodule 
K of M such t ha t K ^ M/A. Let 0 ^ x Ç X . Then K = Rx since X is simple. 
Since M is semiprime, there exists / G Hom i 2(M', R) such t h a t / ( # ) # F^ 0. 
Then f(K) ^ (0), so / ( # ) is a minimal left ideal of R. K = Rf(x)x, so 
(0) 9*f(K) =f(Rf(x)x) = Rf(x)\ H e n c e / ( x ) 2 ^ 0, so f(K)2 ^ (0). There­
fore, M/A ~ K =f(K) = Re, e an idempotent of R. Now proceed as in the 
proof of the previous proposition. 

Definition. R is a right (left) S-ring if each proper left (right) ideal of R has 
nonzero right (left) annihilator. 

PROPOSITION 1.6. The following are equivalent. 

(1) R is a right S-ring. 
(2) R contains a copy of each simple left R-module. 
(3) R has no proper dense left ideals. 
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Proof. See [6, Theorem 3.2]. 

COROLLARY. R is a right S-ring if and only if RR is an S-module. 

PROPOSITION 1.7. Let R be a commutative ring. Then R is a right S-ring if 
and only if R has a faithful finitely generated projective S-module. 

Proof. If R is a right S-ring, then RR is a faithful finitely generated pro­
jective S-module. Assume R has a faithful finitely generated projective 
S-module RM. Then M is a generator in the category of i^-modules [20, Propo­
sition 1.3], so every simple i^-module is a homomorphic image of M. Let K be 
a simple i^-module. Since M is an S-module and K is a homomorphic image of 
M, there exists a submodule L of M such that L ~ K. Also there exists 
/ G HomR(M, R) such that f(L) ^ (0) since M is finitely generated pro­
jective. Thus R contains a copy of every simple i^-module, so R is a right 
S-ring. 

PROPOSITION 1.8. If R is a right S-ring which satisfies the descending chain 
condition on left annihilators, then R/J(R) is semisimple Artinian. 

Proof. Since R is a right S-ring, every simple left .R-module is isomorphic 
to a minimal left ideal of R. Hence J(R) = lR(T), where T is the left socle 
of R. But R satisfies the descending chain condition on left annihilators, so 
there exist Xi, . . . , xn Ç T such that J(R) = lR(xi) C\ . . . C\ lR(xn). Then 
Rxi 0 . . . © Rxn is a finite direct sum of simple left i^-modules, and there 
exists a monomorphism from R/J(R) into Rx\ © . . . © Rxn. Thus R/J(R) 
is semisimple Artinian. 

Definition. Let I be a two-sided ideal of R. We say that dense left ideals 
can be lifted modulo I if whenever A is a left ideal of R such that (A + / ) / / 
is a dense left ideal of R/I, then A is a dense left ideal of R. 

PROPOSITION 1.9. Let R be a left Noetherian right S-ring. The following are 
equivalent: 

(1) R is left Artinian. 
(2) R satisfies the regularity condition. 
(3) Dense left ideals can be lifted modulo P(R). 
(4) R satisfies the descending chain condition on left annihilators and J(R) is 

nilpotent. 

Proof. (1) implies (2) by Small's theorem [15; 16]. (4) implies (1) by 
Proposition 1.8, and clearly (1) implies (4). R is its own maximal left quotient 
ring Q since it is a right S-ring. Hence P(Q) Pi R = P(R). Thus (3) implies (1) 
by Theorem 2.9 (see § 2). It remains only to show that (2) implies (3). Suppose 
J is a left ideal of R such that (I + P(R))/P(R) is a dense left ideal of R/P{R). 
Then (I + P(R))/P(R) contains a regular element a + P(R) since R/P(R) 
is semiprime left Goldie [12, Lemma 5]. By Small's theorem, R has a classical 
left quotient ring Q. Then 1 = a~1a G Ç(I + P(R)). Suppose x £ (R : a"1). 
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Then x = x • 1 = xarla 6 Ra C 7 + P ( P ) , so (P : a"1) C 7 + P(R). Hence 
7 + P ( P ) is a dense left ideal of P , so 7 + P ( P ) = R since R is a right S-ring. 
This implies that I = R since P(R) is small in P , so 7 is a dense left ideal of R. 
Thus (2) implies (3). 

The following theorem is known [19, Theorem 3.2]. 

THEOREM 1.10. Let Q be the maximal left quotient ring of R. The following are 
equivalent: 

(1) Q is a right S-ring. 
(2) QA = Q for every dense left ideal A of R. 
(3) Ker(P ® RM -+Q ® RM) = r ( * M ) for every left R-module M. 

COROLLARY. Suppose the maximal left quotient ring Q of R is a right S-ring. 
If A is aflat left R-module, then T(RA) = (0). 

COROLLARY. If the maximal left quotient ring Q of R is a right S-ring, then 
l.gl.dim.P ^ l.gl.dim.Q. 

Proof. Let i f be a left Ç-module, and let > P2 - • P i -> Po -> Af -» (0) 
be a projective resolution of 717 as a left P-module. Then because T{Pt) = (0) 
and Q is a right S-ring, > Ç (x) P 2 -> Ç ® P i -> Ç ® P 0 -> Ç ® M -* (0) 
is a projective resolution of i 7 = Q ® il7 as a left Ç-m°dule. Hence 
pd(0Af) ^ pdUJkf). The result follows. 

Example. Let 0 ^ ^ ^ oo. Then there exists a ring P with maximal left 
quotient ring Q such that l.gl.dim.P = n and l.gl.dim.Ç = 0. 

Case 1: n = 0. Let P be any semisimple Artinian ring. Then R = Q, and 
l.gl.dim.P = 0. 

Case 2: 0 < n < co. Let I be a field and P = i£[xi, . . . , xn]. Then 
gl.dim.P = n [3, IX, 7.11]. P is a commutative domain, so P has a classical 
quotient ring Q which is a field. Then Q is the maximal quotient ring of P , and 
gl.dim.Ç = 0. 

Case 3: n = oo . Let P be a field, and let P be the subring of P[[x]] consist­
ing of all power series without terms of degree 1. P is a local ring [3, Exercise 10, 
p. 160]. Also P is a commutative domain, so it has a classical quotient ring Q 
which is a field. Then Q is the maximal quotient ring of P , and gl.dim.Q = 0. 
Let A be the P-module consisting of all power series without a constant term. 
Then p d ^ = oo [3, Exercise 10, p. 160]. Hence gl.dim.P = oo. 

If P has a minimal dense left ideal D, then the maximal left quotient ring Q 
of P is isomorphic to HomR(D, D) [7, Corollary 3, p. 97]. For example, if P 
is right perfect, then P has a minimal dense left ideal, and this case has been 
studied by Storrer [17]. In particular, Storrer obtained the following result. 

PROPOSITION 1.11. Let R be a ring which has a minimal dense left ideal D. 
Then the maximal left quotient ring Q of R is a right S-ring if and only if RD is 
finitely generated projective. 

https://doi.org/10.4153/CJM-1972-083-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1972-083-3


840 E. P. ARMENDARIZ AND G. R. MCDONALD 

Proof. See [17, Theorem 5.6]. 

Proposition 1.11 has immediate consequences when combined with some 
results of Mares and Ware. The following definition is due to Mares. 

Definition. Let P be a projective i^-module. P is a semiperfect module if 
every homomorphic image of P has a projective cover. P is perfect if for every 
index set I, every homomorphic image of © HieiP has a projective cover. 

PROPOSITION 1.12. Let R be a ring which has a minimal dense left ideal D. 
Then the maximal left quotient ring Q of R is a semiperfect (left perfect) right 
S-ring if and only if RD is a finitely generated projective semiperfect (perfect) 
module. 

Proof. The proof follows immediately from Proposition 1.11, Proposition 5.1 
of [20] and its converse due to Mares [9], and the fact that Q = HomR(D, D). 

Definition [20]. Let P be a nonzero projective i^-module. P is local if P has 
a unique maximal submodule which contains every proper submodule of P. 

PROPOSITION 1.13. Let R be a ring which has a minimal dense left ideal D. 
The maximal left quotient ring Q of R is a local right S-ring if and only if D is a 

finitely generated projective local R-module. 

Proof. The proof follows from Proposition 1.11 and [20, Theorem 4.2]. 

Definition [20]. Let P be a projective i^-module. P is regular if every cyclic 
submodule of P is a direct summand. 

PROPOSITION 1.14. Let R be a commutative ring which has a minimal dense 
ideal D. The maximal quotient ring Q of R is a finite direct sum of fields if and 
only if RD is a finitely generated projective regular module. 

Proof. Q = HomR(D, D) is a regular .S-ring if and only if RD is a finitely 
generated projective regular module by Proposition 1.11 and [20, Corollary 
3.10]. If Q is a finite direct sum of fields, clearly Q is a regular S-ring. If Q is a 
regular S-ring, then ZX(Q) = (0), so Q is semisimple Artinian by Proposition 
1.3. Since Q is also commutative, Q is a finite direct sum of fields. 

Let R be a ring which has a classical left quotient ring Q. If / is a left ideal 
of Q, then I = Q(I r\ R). This property does not hold in general for maximal 
left quotient rings, even if they are left Artinian (see [17, Example 7.2]). 
However, this problem is eliminated when the maximal left quotient ring is a 
right S-ring. 

LEMMA 1.15. Suppose the maximal left quotient ring Q of R is a right S-ring, 
and let J be a left ideal of Q. Then J = Q(J Pi R). 

Proof. Clearly, Q(J H R) Ç QJ Ç J. Now let x G J. (R : x) is a dense left 
ideal of R, so Q(R : x) = Q since Ç is a right S-ring. Hence x £ Qx = 
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Q(R : x)x = Q(Rx C\ R) C Q(J H i?). Therefore JQQ(jr\R), so we have 
equality. 

COROLLARY. Suppose the maximal left quotient ring Q of R is a right S-ring, 
and let J be a two-sided ideal of Q. Then Jk = Q(J C\ R)k for k = 1, 2, 3, . . . . 

Proof. We observe that 

JJC = jk-iQ(jr^R) = j*-i(jr\R) = jk-2Q(jr\Ry 

= JU^Ry-1 = Q(jr\R)*. 

LEMMA 1.16. Let R be a ring whose maximal left quotient ring Q is a right 
S-ring, and let J be a two-sided ideal of Q. Then: 

(1) (R + J) IJ is an essential left ((R + J)/J)-submodule of Q/J. 
(2) / / A/J is an essential left ideal of Q/J, then (A/J) P\ (R + J)/J is an 

essential left ideal of (R + / ) / / . 
(3) If B is a left ideal of R such that (B + / ) / / is an essential left ideal of 

(R + / ) / / , then (Q/J) • (B + J)/J is an essential left ideal of Q/J. 
(4) Q/J is a ring of left quotients of (R + / ) / / . 
(5) Let {At : i G /} be a collection of left ideals of R. Then QÇ^t^iAi) = 

HiziQAi. 

Proof. We will prove only statements (1) and (5) since the proofs of (2)-(4) 
use similar techniques. Let x G Q/J. Then Q(R : x) = Q since Q is a right 
S-ring. Suppose Rx C\ R Q J. Then x G Qx = Q(R : x)x = Q(Rx C\ R) Q 
QJ = J, which is a contradiction. Hence Rx P\ R <£ J. Thus (1) holds. Now 
let {At : i G /} be a collection of left ideals of R. Clearly Q(EAt) C J^QAi. 
Letx G Y1QA i. Then x = 2Z °j^j^aj G A tj for some ij G / . LetJ3 = C](R: qf). 
B is a dense left ideal of R} so QB = Q. Hence there exist pk G Q, bk G B such 
that 1 = Z Pkf>*- Then x = 1 • x = S ^ A ^ % G QŒ, At). Thus T, QAiÇl 
QŒ Ai), so we have equality, and (5) holds. 

2. Artinian maximal quotient rings which are S-rings. 

PROPOSITION 2.1. Let Q be the maximal left quotient ring of R, and let 
N = P{Q) C\ R. Q is a right S-ring such that Q/P(Q) is semisimple Artinian 
if and only if 

(1) QA = Qfor every dense left ideal A of R, and 
(2) dense left ideals can be lifted modulo N. 

Proof. Let us first assume that R satisfies conditions (1) and (2). Q is a 
right S-ring by (1). We claim that Q/P(Q) is a right S-ring. Suppose I/P is a 
dense left ideal of Ç/P, where P = P(Q). Then (I Pi R)/N is a dense left ideal 
of R/N, so / H R is a dense left ideal of R by (2). Hence I = Q(I C\ R) = Q 
by (1). Thus Q/P has no proper dense left ideals, so Q/P is a right S-ring. 
Then Q/P is semisimple Artinian by Proposition 1.4. Conversely, assume Q 
is a right S-ring such that Q/P is semisimple Artinian. R satisfies (1) since Q 

https://doi.org/10.4153/CJM-1972-083-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1972-083-3


842 E. P. ARMENDARIZ AND G. R. MCDONALD 

is a r ight S-ring. Now let A be a left ideal of R such t h a t (A + N)/N is a dense 
left ideal of R/N. Then (Q/P) ((A + P)/P) = (QA + P)/P is an essential 
left ideal of Q/P, so Q/P = sodel(Q/P) Ç ((M + P ) / P . Hence (M + P = Ç, 
so (M = Q. Le t £ S*a< + i f (QA P P ) A 4 . Then (.4 : £ g,a<) is a dense 
left ideal of P , so R(E otat + A) ^ R/(A : £ ^ a , ) G ^ ~ . Hence 
H o m B ( C , £ ( P ) ) = (0) for every cyclic submodule C of ( ( L 4 P i ? ) A 4 , so 
UomR((QA P P ) M , E ( U ) ) = (0). Therefore, R/A = (QA P R)/A £ ^~ , so 
4̂ is a dense left ideal of R. Consequently, R satisfies (2). This completes the 

proof. 

T H E O R E M 2.2. Let Q be the maximal left quotient ring of R, and let 
N = P(Q) C\ R. Q is a semiprimary right S-ring if and only if 

(1) QA = Q for every dense left ideal A of R, 
(2) dense left ideals can be lifted modulo N, and 
(3) N is nilpotent. 

Proof. Assume R satisfies conditions ( l ) - ( 3 ) . By Proposit ion 2.1, it suffices 
to show t h a t P(Q) is nilpotent. B u t this follows from (3) and the corollary to 
Lemma 1.15. T h e other half of the theorem follows immediately from 
Proposition 2.1. 

T H E O R E M 2.3. Let Q be the maximal left quotient ring of R, and let 
Nk = QNk Pi R, where N = P (Q) C\ R. Q is a left Artinian right S-ring if and 
only if 

(1) QA = Q for every dense left ideal A of R, 
(2) dense left ideals can be lifted modulo N, 
(3) N is nilpotent, and 
(4) R/Nk is finite-dimensional (fe = 1, 2 , 3 , . . . ) -

Proof. Suppose R satisfies conditions ( l ) - ( 4 ) . T h e n Q is a semiprimary 
r ight 5-ring by Theorem 2.2. R/Nk = R/(QNkr\R) = R/(P(QYC\R) 9Ë 
(R + P(QY)/P(Q)k. Denote P(Q) = J(Q) by / . (R + Jk)/Jk is essential in 
Q/Jk by Lemma 1.16, so Q/Jk is finite-dimensional by (4). Jk~l/Jk Ç 
soclei(Q/Jk), which is a finite direct sum of simples. Hence Jk~x/'Jk is either a 
finite direct sum of simples or zero. Since Q is semiprimary, we get a composi­
tion series for Q, so Q is left Art inian. Conversely, if Q is a left Art inian r ight 
5-ring, then R satisfies ( l ) - ( 3 ) by Theorem 2.2. Q/Jk is a ring of left quot ients 
of (R + Jk)/Jk by Lemma 1.16, so Q/Jk can be embedded in the maximal left 
quot ient ring of (R + Jk)/Jk. Therefore, R/Nk ^ (R + Jk)/Jk is finite-
dimensional since Q/Jk is finite-dimensional. Hence R satisfies condition (4), 
and the proof is complete. 

T H E O R E M 2.4. The maximal left quotient ring of R is a semiprimary (left 
Artinian) right S-ring if and only if the maximal left quotient ring of Rn is a 
semiprimary (left Artinian) right S-ring for every n ^ 1. 

Proof. Le t Q be the maximal left quot ient ring of R. Half of the theorem is 
trivial, so let us suppose t h a t Q is a semiprimary (left Art in ian) r ight ^S-ring. 
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Then Qn is the maximal left quotient ring of Rn, and Qn is semiprimary (left 
Artinian). Then Qn has a minimal dense left ideal D, and D is a two-sided 
ideal [17, Proposition 1.1]. There exists an ideal J of Q such that D = Jn 

[10, Theorem 2.24]. rQ(J) = (0) since rQn{Jn) = (0). Hence / is a dense left 
ideal of Ç, so J = Ç since Q is a right 5-ring. Thus D = Jn = @w, so Çw is a 
right 5-ring. 

Example. Rosenberg and Zelinsky [13, p. 375] have given a ring R which 
has only the left ideals (0), N, and R, where N ^ (0) and N2 = (0). R is a 
left Artinian right 5-ring which is not right Artinian. 

Example. Let F be a field, and let 

(\a 0 0 
R = \\b a 01 : a, &, d, e G iO 

a 0 0 
6 a 0 
d 0 e 

R is a left and right Artinian ring which is a right, but not a left, 5-ring 
[17, Example 7.2]. 

Example. Let F be a field, and let 

R = F F 
0 F 

Then i^ is left and right Artinian, and Q = F2 is the maximal left and maximal 
right quotient ring of R [4]. Hence R is neither a left nor a right 5-ring (other­
wise it would be left or right rationally complete). R is also a left and right 
QF-3 ring by [5, Theorem 5]. However, R is not quasi-Frobenius for then it 
would be both a left and a right 5-ring. 

We will now specialize some of the above results to the case where Q is a 
local ring. This case is of particular interest for then Q is the classical left 
quotient ring of R. 

PROPOSITION 2.5. Let Q be the maximal left quotient ring of R, and let 
N = P(Q) f^ R. Q is local with nilpotent radical if and only if 

(1) QA = Qfor every dense left ideal A of R, 
(2) dense left ideals can be lifted modulo N, 
(3) N is nilpotent, and 
(4) R/N is a finite-dimensional domain. 

In this case, Q is the classical left quotient ring of R. 

Proof. Suppose R satisfies ( l )-(4) . Then Q is a semiprimary right 5-ring by 
Theorem 2.2. Let P = P(Q). Since R/N ^ (R + P)/P is a finite-dimensional 
domain, it has a classical left quotient ring Q' which is a division ring. Then 
Qf is the maximal left quotient ring of (R + P)/P. Q/P is a ring of left 
quotients of (R + P)/P, so we can assume that Q/P ÇZ Q'. Every nonzero 
element of (R + P)/P is invertible in Q/P, so Q/P = Q'. Hence Q/P is a 
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division ring, so Q is a local ring. Also J(Q) = P{Q) is nilpotent since Q is 
semiprimary. Conversely, suppose Q is local with nilpotent radical. Then Q 
is a semiprimary right 5-ring, so P satisfies ( l ) - (3) by Theorem 2.2. 
R/N 9Ë (P + P)/P C Q/P and Q/P is a division ring, so R/N is a domain. 
Also Q/P is a ring of left quotients of (P + P)/P and Q/P is finite-dimen­
sional, so R/N = (P + P)/P is finite-dimensional. Thus P satisfies (4). 

Let us now assume that R satisfies the conditions and show that Q is the 
classical left quotient ring of P . By the above proof, Q/P is the classical left 
quotient ring of (P + P)/P. Let x G P be regular. Then x (L P since P is 
nilpotent. Therefore, x + P is invertible in Q/P, so there exists q (z Q such 
that xg — 1 G P and qx — 1 G P . But this implies that xg and gx are inver­
tible in Q, so x is invertible in Q. Thus every regular element of P is invertible 
in Q. Let q G (?. Then (P : g) is a dense left ideal of P , so Q(R : g) = Q. Hence 
(R : q) £ P, so there exists a unit u £ Q such that w G (P : q) since Q is a 
local ring. Then u is a regular element of P and g = ^~V for some r G P . Thus 
Q is the classical left quotient ring of P . This completes the proof. 

COROLLARY. Let Q be the maximal left quotient ring ofR and let Nk = QNk P\ P , 
where N = P(Q) P\ P . Q is a local left Artinian ring if and only if 

(1) QA = Q for every dense left ideal A of P , 
(2) de^se left ideals can be lifted modulo N, 
(3) N is nilpotent, 
(4) R/Nk is finite-dimensional (k = 1, 2, 3, . . .), and 
(5) R/Ni is a domain. 

In this case, Q is the classical left quotient ring of P . 

Proof. The proof follows immediately from Theorem 2.3 and Proposition 2.5. 

PROPOSITION 2.6. Let Q be the maximal left quotient ring of R, and let 
N — P(Q) P\ P . Q is a local, left Artinian, principal left ideal ring if the follow­
ing conditions are satisfied: 

(1) QA = Q for every dense left ideal A of R. 
(2) Dense left ideals can be lifted modulo N. 
(3) R/N is a finite-dimensional domain. 
(4) N = Px for some x G P . 

Proof. N is nil, so x is nilpotent. Also Nk = Rxk for every positive integer k, 
so N is nilpotent. Therefore, Q is local with nilpotent radical by Proposition 2.5. 
J(Q) = P(Q) = QN = QRx = Qx, so every left ideal of Q is of the form 
J(QY = Qx1c by [11» Proposition 2.1]. Hence Q is a principal left ideal ring. 
Thus Q is left Noetherian and semiprimary, so Q is left Artinian. 

In general, the ideal N = P(Q) C\ R need not be the prime radical of P . 
We will now give various descriptions of this ideal. The following notation 
will be used: 
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Si = \A : A is a two-sided ideal of R, A Q P(R), and AQ C QA}. 
52 = {̂4 : 4̂ is a left ideal of P and QA is nilpotent}. 
53 = {A : A is a two-sided ideal of R, A C P(R), and 4̂ is the right anni-

hilator of a subset of Q}. 

PROPOSITION 2.7. Assume R is left Goldie and the maximal left quotient ring 
Q of R is a right S-ring. (Note that these conditions are satisfied if Q is a left 
Artinian right S-ring.) Then N = P(Q) C\ R can be described in the following 
ways: 

(1) N = Z{A :A £ Si}. 
(2) N = Z{A :A e S2\. 
(3) N= £ {lB(Q/QA) : A G Si}. 

Also, 
(4) N ^ YL {A : A G S3} w//z equality if P(Q) is a right annihilator in Q, and 
(5) P(Q)n C\R = E {QAn r\ R : A e S^ = QNn H P . 

Proof. (1) Let 4̂ Ç Si. Then 4̂ is nilpotent since -4 is nil and R is left Goldie. 
Hence QA is nilpotent since AQ Ç1 QA. Therefore, 

A C (M H P C P(Q) H P = TV. 

Thus Y, {A : A £ Si} Q N. But iV G Si, so we have equality. 
(2) If A e S2, then QA C P ( 0 ) , so ,4 £ TV. Hence £ {,4 : A G S2} £ N. 

Also iV G S2. 
(3) Let A G 5i, and let 5 = lR(Q/QA). Then BQ Q QA, so 

p ç PQ n P ç (M n p c (w n R = P(Q) n p = N. 

Hence iV 3 £ {/JB((?/(M) : -4 £ Si}. Now let x £ N. By (1) there exist 
Au . . . , An e Sx such that x U i + . . . + 4 But (At + . . . + A)(? £ 
^ iQ + . . . + AnQ Ç Q^! + . . . + QAn = Q(Ai + . . . + An) by Lemma 
1.16. Hence A\ + . . . + An Ç Si, so x £ A for some A £ Si. Then 

x(Q/QA)ŒA(Q/QA) = (0) 

since i 4 6 Ç C i . Therefore, x G lR(Q/QA), so N Q Z {IR(Q/QA) : A G Si}. 
(4) Let A e S3, say 4 = rB(X), where I Ç Ç . Then 

A QAQr\R^rR(X) = A, 

so A = .4Q H P . Suppose Z ) x ^ G ̂ (?> #* G ̂ 4, g* G Ç. P = H CR : ##*) is 
a dense left ideal of P , so Ç-5 = Q since Ç is a right S-ring. Hence 1 = Y^pjbj, 
PJ € Q, bj^B. Now TtiXiqi = T,ijPjbjxiqie Q(AQr\R) = QA. Hence 
AQ Ç (M, s o i Ç Si. Hence iV D E j i : i 6 53} by (1). If P(Q) is a right 
annihilator in Q, then N £ S3, so we have equality. 

(5) P(Q)n r\R= (QN)n C\R = QNn Pi R by the corollary to Lemma 1.15. 
Now use (1). 
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In the remainder of this section, we will reconsider the results obtained in 
the first pa r t of the section, this t ime restricting ourselves to certain classes of 
rings R. W e begin by considering commuta t ive rings. 

T H E O R E M 2.8. Let R be a commutative ring, Q the maximal quotient ring of R. 
Q is semiprimary if and only if 

(1) QA = Q for every dense ideal A of R, 
(2) dense ideals can be lifted modulo P(R), and 
(3) P(R) is nilpotent. 

Proof. Firs t note t h a t P(R) = P(Q) (^\ R since in a commuta t ive ring the 
prime radical is jus t the set of ni lpotent elements. Also a commuta t ive semi-
pr imary ring is a r ight S-ring. Hence the theorem follows immediately from 
Theorem 2.2. 

T H E O R E M 2.9. Let R be a left Noetherian ring. Then the maximal left quotient 
ring Q of R is a left Artinian right S-ring if and only if 

(1) QA = Qfor every dense left ideal A of R, and 
(2) dense left ideals can be lifted modulo N = P(Q) O R. 

Proof. Since R is left Noetherian, R/(QNkr\R) is finite-dimensional for 
all k. Also N is ni lpotent since N is nil and R is left Noether ian. T h e theorem 
now follows from Theorem 2.3. 

PROPOSITION 2.10. Let R be a right Noetherian ring. Then the maximal left 
quotient ring Q of R is a semiprimary right S-ring if and only if 

(1) QA = Qfor every dense left ideal A of R, and 
(2) J(Q) r^R is nilpotent. 

Proof. If Q is a semiprimary r ight S-ring, then R clearly satisfies (1) and (2). 
Now suppose conditions (1) and (2) are satisfied. Q is a r ight .S-ring by (1). 
Also J(Q) is ni lpotent by (2) and the corollary to L e m m a 1.15. Hence it 
suffices to show t h a t Q/J(Q) is semisimple Art inian. By Proposition 1.8, we 
need only show t h a t Q satisfies the descending chain condition on left anni-
hilators. Suppose lQ(Xi) 2 IQ(X2) 2 . . . . Intersecting each term of the 
chain with R we obtain the chain lR(X\) 2 IR(X2) 2 . . . . B u t then 
rRlR(Xi) Q rRlR(X2) Q . . . , so there exists an n such t h a t rRlR(Xn) = 
^R^R(Xn+i) = . . . since R is r ight Noether ian. This implies t h a t lR{Xn) = 
lii(Xn+1) = . . . , so 

lQ{Xn) = Q(lQ(Xn) r\ R) = QlR(Xn) = QlR(Xn+1) = lQ(Xn+l) = . . . . 

T h u s Q satisfies the descending chain condition on left annihilators, so Q/J(Q) 
is semisimple Art inian. This completes the proof. 

PROPOSITION 2.11. Let Rbe a ring such that Zi{R) = P(R), and let Q be the 
maximal left quotient ring of R. Q is a semiprimary right S-ring if and only if 
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(1) QA = Q for every dense left ideal A of R, 
(2) dense left ideals can be lifted modulo P(R), 
(3) P(R) is nilpotent, and 
(4) R/P(R) is left Goldie. 

Proof. Suppose Q is a semiprimary right S-ring. Then P (Q) is nilpotent, so 
P(Q) C\R is nilpotent. Therefore, P(Q) C\ R Ç P(R). Also P(R) = Zl(R) = 
Zl(Q) C\ P , so P(R) Q QP(R) = Q(Zl{Q) C\ R) = Zl(Q). Since Q is semi-
primary, Zz(<2) is a nil ideal, so Zl(Q) C J(Q) = P(<2). Hence 

P W Ç Zl(Q) H P Ç P(Q) r\ P , 

soP(P) =P(Q) r\R. Thus R satisfies conditions (l)-(3) by Theorem 2.2. Also 

P / P ( P ) ^ ( P + P((2))/P((2), 

and Q/P(Q) is a ring of left quotients of (R + P(Q))/P(Q). Therefore, 
R/P{R) is finite-dimensional since Q/P(Q) is finite-dimensional. In addition, 
Q/P(Q) satisfies the ascending chain condition on left annihilators, so 
(R + P(Q))/P(Q) has the property since it is a subring of Q/P(Q). Thus 
R/P(R) is left Goldie, so R satisfies (4). 

Assume conditions ( l)-(4) are satisfied. By Theorem 2.2, it suffices to show 
that P(R) = P(Q) r\ R. Since R/P(R) is a semiprime left Goldie ring and 
((P(<2) H R) + P(R))/P(R) is a nil ideal in P / P ( P ) , we have 

P(Q)r\RQP(R). 

Also Zi(Q) H i ? = Zi{R) = P{R) is nilpotent, so Zi(Q) is nilpotent by the 
corollary to Lemma 1.15. Hence Zt(Q) Q P(Q), so 

P ( P ) = Zl{Q) C\ R Ç P(Ç) H P . 

Consequently, P ( P ) = P(Q) r\ R. This completes the proof. 

3. Quasi-Frobenius quotient rings. Since the maximal left quotient ring 
Q of R is given by Q = {x G E(RR) : (P : x) is a dense left ideal of P } , 
Ç = E (RR) if and only if (P : x) is a dense left ideal of P for every x G E(RR). 
Also Ç = E(RR) if and only if Q is left self-infective [7, Proposition 3, p. 95]. 
Using this fact, one can obtain the following two theorems. The proofs are 
contained in [2]. 

THEOREM 3.1. Let Q be the maximal left quotient ring of P . Q is a left self-
injective semiprimary ring if and only if 

(1) (P : x) is a dense left ideal of R for every x Ç E(RR), 
(2) QA = Qfor every dense left ideal A of P , and 
(3) Zi(R) is nilpotent. 

THEOREM 3.2. Let Q be the maximal left quotient ring of P . Q is quasi-
Frobenius if and only if 
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(1) (P : x) is a dense left ideal of R for every x G E(RR), 
(2) QA = Q for every dense left ideal A of R, 
(3) Zi(R) is nilpotent, and 
(4) R/[QZl(R)lc C\ R] is finite-dimensional (k = 1, 2, 3, . . .). 

We will now turn to classical left quotient rings. An element a G R is 
regular if lR(a) = rR(a) = (0). Q is the classical left quotient ring of R if 
Q 3 R, every regular element of R is invertible in Q, and given a G Q, there 
exist a, f 6 P , a regular, such that a = a~lr. Lance Small [15; 16] has given 
necessary and sufficient conditions for R to have a left Artinian classical left 
quotient ring Q. 

THEOREM 3.3. Suppose R has a left Artinian classical left quotient ring Q. 
Then: 

(1) Q is a right S-ring if and only if lBrB(P(R)) = P(R). 
(2) Q is a left S-ring if and only if rBlB(P(R)) = P(R). 

Proof. Let P = P(Q) and N = P(R). By the proof of Small's theorem, we 
know that P Pi R = N. Hence P = QN. 

(1) Assume lRrR{N) = N. Then P = QN = QlRrR(N) = lQrR(N) = 
lQrR(QN) =lQrR(P). But rB(P)ÇrQÇP), so lQrR(P) 3 lQrQ(P). Hence 
lQrQ(P) £ VtfCP) = P e V Q ( P ) , so P = lQrQ{P). Also P = J(Q) since 
<2 is left Artinian. Therefore, Q is a right S-ring [17, Proposition 5.1]. 

Conversely, assume Q is a right 5-ring. By [17, Proposition 5.1], P = J{Q) 
is a left annihilator, say P = / Q ( X ) . Since (2 satisfies the descending chain 
condition on left annihilators, there exist qh . . . , qn G X such that 
P = Içiqi) P\ . . . P\ loiqn)- There exist a, yt^R, a regular, such that 
qt = a~Yyi. Let r G / ^ ( ^ I , . . • , yn). Then rag* = raa~lyt = ryt = 0 for each i, 
so m G P . Hence r G -P^"1 C\R^P C\R = N. Thus ZB(yi, . . . , yn) £ N. 
Suppose s £ N. syi = saa~lyt = saqt for each i. Also s (z N implies 
sa G N Q P , so sag* = 0 for each i. Therefore, syt = 0 for each i, so 
^ G lR(yi, • . . , yn). Thus iV C Z«(yi, . . . , yn), so N = lR(yu . . . , y„). There­
fore, N = lRrR(N). 

(2) Suppose rRlR(N) = JV. We will first show that lQ(N) Q lQ(P). Since 
<2 satisfies the descending chain condition on left annihilators, there exist 
qi, . . . , qn G P such that / Q ( P ) = /Q(<?I, . • • , qn)- Each <̂  can be written as 
qt = a~lxu a G P regular, xt £ N. Suppose c -1^ G IQ(N). Then 
(c_1^a)(a-1x^) = c~ldxi for each i. But c~ldN = (0) implies diV = (0), so 
dxi — 0 for each i. Hence (c~1da)qi = 0 for each i, so c~xda G lQ(P). Then 
c-HaP = (0) implies daP = (0), so daQP = (0) because QP = P . Also 
aQ = Q since a is regular, so (0) = dQP = dP. Hence d G IQ(P), SO 

rtGWP). Thus lQ(N)QlQ(P). But i V Ç P implies lQ(N)^lQ(P). 
Hence /Q(iV) = /Q (P) . Now iV = r */*(#) = rB(QlB(N)) = r*Zg(i\0 = 
r ^ o ( ^ ) = rQ /Q(P) n P . Hence P = Ç̂ V = Q(rQlQ(P) H P ) = rQ /Q(P) since 
rQlQ(P) is a two-sided (therefore, left) ideal of Q. Then Q is a left 5-ring by 
[17, Proposition 5.1]. 
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Now suppose Q is a left S-ring. Then rQlQ{P) = P by [17, Proposition 5.1], 
so N = rQlQ{P) r\R = rBlQ{P) = rR[QlB(P)] = rBlB{P). Also N Q P, so 
IR(N) D lB{P). Hence N = rBlB(P) 2 rBlB{N) 3 N, so N = ra/B(iV). This 
completes the proof. 

Suppose i? has a classical left quotient ring, and let 7 be a left ideal of R. 
Then IT = {r £ R : ar £ I lor some regular element a of R\. See [8] for 
details regarding the operator T. I is called a closed left ideal of JR if 7 r = I. 

As an application of the preceeding theorem, we obtain the following 
result. 

THEOREM 3.4. Suppose R has a two-sided classical quotient ring Q which is 
leftArtinian. Then Q is quasi-Frobenius if and only if R satisfies 

(*) if I ^ P{R) is a closed left {right) ideal of R, then I is a left {right) 
annihilator in R. 

Proof. First assume Q is quasi-Frobenius. Then every left (right) ideal of Q 
is a left (right) annihilator. Let I C P{R) be a closed left ideal. Then 
QI = IQ{X) for some subset I Ç Ç . Since Q satisfies the descending chain 
condition on left annihilators, there exist gi, . . . , qn £ X such that QI = 
IQ{QI, • • • , On). Since Q is a classical right quotient ring of R, there exist 
xit b Ç R, b regular, such that q{ = xj)-1. Then I = IT = QI C\ R = 
lit&ib'1, . . . , xnb~l) = lB{xi, . . . , xn), so I is a left annihilator in R. Similarly, 
if I C P{R) is a closed right ideal of R, then 7 is a right annihilator in R. 

Now assume R satisfies (*). P{R) = P{Q) H R since Q is left Artinian. 
Therefore, P{R) is a closed left ideal and a closed right ideal, so P{R) is a 
left and right annihilator by (*). Hence lBrB{P{R)) = rBlB{P{R)) = P{R), 
so Ç is a left and right 5-ring by Theorem 3.3. P{Q) is therefore a left anni­
hilator and a right annihilator, so left and right annihilators can be lifted 
modulo P{Q). Also Q/P{Q) is semisimple Artinian. Therefore, if 7 is a left 
(right) ideal of Q such that 7 $£ P{Q), then 7 is a left (right) annihilator in Q. 
Now let 7 C P(<2) be a left ideal of Q. Then 7 H iî is a closed left ideal of i?, 
and 7 H £ C P{R). By (*), 7 Pi R = lB{X) for some subset X of P . Then 
7 = lQ{X), so 7 is a left annihilator in Q. Similarly, if J C P(Q) is a right 
ideal in Q, then / is a right annihilator. Thus Q is a left Artinian ring such that 
every left ideal of Q is a left annihilator and every right ideal of Q is a right 
annihilator, so Q is quasi-Frobenius. This completes the proof. 
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