ON THE MOTION OF PARTICLES IN GENERAL
RELATIVITY THEORY

A. EINSTEIN and L. INFELD

1. Introduction. The gravitational field manifests itself in the motion of
bodies. Therefore the problem of determining the motion of such bodies from
the field equations alone is of fundamental importance. This problem was
solved for the first time some ten years ago and the equations of motion for two
particles were then deduced [1]. A more general and simplified version of this
problem was given shortly thereafter [2].

Mr. Lewison pointed out to us, that from our approximation procedure, it
does not follow that the field equations can be solved up to an arbitrarily high
approximation. This is indeed true. We believe that the present work not
only removes this difficulty, but that it gives a new and deeper insight into the
problem of motion. From the logical point of view the present theory is
considerably simpler and clearer than the old one. But as always, we must
pay for these logical simplifications by prolonging the chain of technical
argument.

The subject matter is presented here from the beginning and the knowledge
of previous work is not assumed. To facilitate the reading for those who have
studied the previous papers we use here essentially the same notation as before.

Let us start with some general remarks.

All attempts to represent matter by an energy-momentum tensor are un-
satisfactory and we wish to free our theory from any particular choice of such
a tensor. Therefore we shall deal here only with gravitational equations in
empty space, and matter will be represented by singularities of the gravitational
field.

In Newtonian mechanics, particles are represented as singularities of a scalar
field ¢, which satisfies Laplace’s equation everywhere outside the singu-
larities. Because the classical equation is linear, the field can be decomposed
into partial fields, each part due to a single particle. Each particle s in a field
due to all other particles. The theory is completed by the equation of motion,
that is by putting the acceleration equal to the negative gradient of the field,
the proportionality factor being a universal constant. Thus classical physics
postulates the equations of motion independently of the field laws. The masses
of the sources of the field are assumed to be independent of time. The laws of
motion are supposed to be valid in an inertial system. Therefore space-time
appears as an independent physical entity. The conceptual weakness of such
a space-time background in the classical theory was already recognized by
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If we compare this state of affairs with that in general relativity theory, in
its original formulation, we see striking similarities and differences. Laplace’s
equation

Ap =0

is replaced by the gravitational equation

R = 0,

which, however, unlike the classical equation, satisfies the general relativity
principle. The classical principle of inertia becomes in relativity theory the
principle of the geodesic line valid for a particle with infinitely small mass.
True enough, the difficulty with the inertial system disappears in relativity
theory, as does the independent physical reality of space-time. Yet the equa-
tions of motion still appear independently of the field equations.

Our aim is to investigate to what extent the field equations alone contain the
equations of motion of particles; also to develop a method that will allow us
to find these equations of motion up to an arbitrary approximation.

Let us start with a simple remark: a linear law always means that the motion
of singularities is arbitrary. If to a world-line of a singularity with mass m,
there belongs a field F(;) and if to a world-line of a singularity with mass m.
there belongs a field F(), then the superposition of these two fields, that is
Fay+ F (s is also a solution of the linear field equations. In such a solution the
same two world-lines would appear together that before appeared singly.
Therefore the field with its linear laws cannot imply any interaction between
the singularities. Thus only non-linear field equations can provide us with
equations of motion because only non-linearity can express the interaction
between singularities.

But the argument cannot be reversed. Non-linearity is necessary but not
sufficient for the equations of motion to follow from the field equations.

The reason why the gravitational field equations do provide us with equa-
tions of motion lies not in their non-linear character alone, but also in the fact
that these equations are not independent from each other Indeed, among the
ten components four are free, this being due to the freedom of choice in the co-
ordinate system. The ten equations are valid, so to speak, only for six effective
functions. They would be inconsistent were it not for the four (Bianchi)
identities that they satisfy. This must be so for every relativistic system of
equations derived from a variational principle. 'These identities are (besides
the non-linearity) responsible for the equations of motion being determined
by the field equations.

The ideas leading to the equations of motion are not easy and are mutually
interwoven.

One of the essential ideas in this paper is the treatment of gravitational
equations by a ‘‘new approximation method.” In it we treat space and time
differently. We regard the changes of the field in time as small compared with
those in space. Only then do we arrive at a consistent, manageable set of
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equations that can be solved step by step. This idea is not new and was con-
tained in the previous papers.

The other important idea is the deduction of the equations of motion, which
are ordinary differential equations, from the field equations which are partial
differential equations. This idea, treated here differently than in the previous
papers, leads to the use of surface integrals taken around the singularities of
the field. These surface integrals will depend only on the motion of the
singularities and not on the shape of the surface.

These and other ideas will be treated in detail in this paper. To make them
clear we have decided to delegate all the more tedious calculations to the
Appendices. (If we refer, for example, to A.4, this means the Appendix be-
longing to Sec. 4.) But even so, many straightforward but long calculations
had to be omitted. This is especially true for the calculations that lead beyond
Newtonian motion. We included here a short section on this subject, just for
the sake of completeness. But, as in [1], so here we have to refer those who
would like to see the full calculations to the manuscript which is deposited at
the Institute for Advanced Study.

Finally we should like to thank Mr. Lewison for his critical study of our
previous papers, and Mr. Schild for a careful and critical reading of this
manuscript.

2. Notations: the gravitational equations. Since in the greater part of our
work, we shall have to separate space and time, our notation will not be the usual
four-dimensional one. We make the conventions: Latin indices take the values
1, 2, 3, and they refer to space co-ordinates only. Greek indices refer to both
space and time, running over the values 0, 1, 2,3. Repetition of indices implies
summation.

The expression

9%

2.1) 20 etc. stands for v etc.
x

At infinity the gravitational field takes the Galilean values 7,,, that is:

(2.2) Nmn= = Omn; Nom= 0 ; noo= 1.
We write:
(23) gw == ")l-w+ h“,.; glﬂ’= nuv_l_ hﬂv,

where £, represents the deviation of space-time from flat space and it is not
assumed to be small.
The #* can be calculated as functions of #,, by means of the relation

(2.4) 8.8 =8,

It turns out to be convenient to replace the &’s by 7’s which are their linear
combinations:
(2'5) 7uu = hpv - Jf nyv "7” h‘vp ’
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or more explicitly:

(2.6) Yoo = % hoo+ 3§ hss
(27) Yon = hon
(2.8) Ymn = Bmn — % Omalss + 3 dmnhoo.
This replacement is, of course, not very important but it does simplify the
calculations.

Thus we can, throughout, replace the &’'s by the v’s. The equations of the
gravitational field for empty space,

2.9) R, =0,

can be written (see A.2) in the following way:

(2.10) ®o0 + 2400 = 0

(2.11) Do + 240, = 0

(2.12) ®pn + 2Amn = 0,

where:

(2.13) Doo = — Yooss

(2.14) Pom = — Yomjss Yosjsm

(2.15) Dpn = — Ymnjss + Ymsinst Ynsims— OmnYrsirs
and:

(2.16) 2h00 = Yarjsr+ 24700

(2.17) 2Mom = Ymsis0— Yooimo+ 2A’om

(2.18) 2Amn = — Yom|on — Yonjom T+ 20maYos)os

4+ Ymnj00— SmnYooj00+ 2A’mn .

In these formulae, all the linear terms are written out explicitly, while A”,,
stands for all the non-linear terms in the v’s. The division of the linear expres-
sions into those belonging to &,, and those belonging to A,, may seem artificial
at this moment. In anticipation of further development, we shall remark here,
that, in the actual approximation procedure, by which we shall solve the gravi-
tational equations, these linear terms collected in A,, will behave like the non-
linear terms.

3. Lemma. We mentioned in the introduction that the differential equa-
tions of motion will be derived by forming surface integrals. The technique
of calculating such surface integrals will reappear many times in this paper and
it is based on a lemma to which we shall refer as the lemma. Here we shall give
its formulation and its proof.

We have a set of functions:

(3.1) Fag - - )kt

It is immaterial whether these functions of x* have tensorial character, or not.
The bracketed indices are Greek, or Latin, and they will not play any role in
our argument. But we do assume that these functions are skew-symmetric
in the indices %, {:

(32) F(. NISY 1 Al F(. o )k
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We now form an integral

(3.3) J. F(. . .)kz|1nde
(S2)

over an arbitrary two-dimensional closed surface that does not pass through the
singularities of the field. In (3.3)
3.4) NE= COS (x",?z)
are the components of the “normal unit” vector to the surface. The words
“normal,” and “‘unit” are used in the conventional sense to designate the
corresponding functions of the co-ordinates, which are implied by these terms
in Euclidean geometry. They have nothing to do with any particular metric.

Our lemma is:

(35) J F(. . .)kmnde = 0.
(S2)

We see that the integral (3.3) is certainly independent of the shape of the
surface, because

3.6) Fe. . o = 0,
and because of Green’s theorem. We can also write the integral (3.3) in the
form
.>
3.7 J curl,4dS,
(S2)
where

F(. . )23 = Al; F(. .« = Az; F(. e D12 = Aa.
But (3.7) and therefore (3.3) can be changed, by Stokes’ theorem, into a line
integral over the rim of the surface. If the surface is closed, the rim is of zero
length. Therefore, our lemma as expressed by (3.5) is proved.

4. Surface integrals. We treat particles of matter as singularities of the
field. Let us assume p particles and the knowledge of their world lines. Thus
we denote by

(4.1) B s =1,2,3,...,p
the world-line of the sth singularity. Here and later, the index written on the
top will always label the particular singularity.

The gravitational field, that is the v’s, will depend on the x*'s but also on the
£'s and their time derivatives. The equations that the 4’s fulfill are
4.2) ®,,+ 24,,= 0.

At an arbitrary moment x°, let us surround the sth singularity, and it alone,
by a closed surface. Then:

(4.3) f @t 20,0)mdS = 0,

where the s over the integral indicates here, and later too, that the integral is
to be taken on a two-dimensional surface surrounding the sth singularity and
it alone.
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We shall show that
S
4.4) J‘ ®,:mdS = 0.

Indeed it follows from the definition (2.14) and (2.15) of &, that it can be
written in the following form:

(4.5) Dy = Fiorun
(4.6) Fri= Yuyk— Yukit— OukYirjrt+ 0u0Ykrir -

But F(,)x: is skew-symmetric in k and /. Therefore (4.4) is fulfilled. From
it and from (4.3) we deduce:

4.7 J 20, dS = 0.
Also, because of the structure of ®,; we easily verify:
4.8) Dunin = 0,
therefore also:
4.9) Apnin = 0.

Equation (4.9) tells us that no surface integral of the form (4.7) can depend
on the shape of the surface. But equation (4.7) tells us more; namely, that
such an integral vanishes.

The 4p surface integrals in (4.7) can give us no relation between the space
co-ordinates of the field, because the surface is entirely arbitrary. They can
only give us relations between the co-ordinates of the singularities and their
time derivatives. Thus we may have at most 4p differential equations. Antici-
pating the later development, we may remark here that these equations will
determine 3p functions of time

B9,

that is, the motion of singularities.

5. The method of approximation. The problem before us is to solve our
field equations and to deduce the equations of motion. This we shall do by
a new approximation procedure. Let us assume a function ¢(x*, \) developed
into a power series in the parameter A (for small A):

(5.1) o(x*,\) = N + Ao + Ao +--- = X Ao,
0 1 2 =0 l

The indices below indicate the order (I in A\ is always the exponent, not
the index).

If the function ¢ varies quickly in space, but slowly with x° then we are
justified in not treating all its derivatives in the same fashion. The derivatives
with respect to x° will be of a higher order than space derivatives. We can
formalize the procedure by introducing an auxiliary time ,

(5.2) T = %0\,
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so that derivatives with respect to 7 can be treated on the same footing as the
space derivatives:

(56.3) pp=7— = — N = Aoy

We conclude: the “‘stroke differentiation’ of a quantity with respect to x° can
be replaced by the ‘“‘comma differentiation’” with respect to 7 if the power of A
with which this quantity is associated is simultaneously raised by one. To ex-
press this explicitly we use numbers under zeros, written after the comma, e.g.:

(5'4) )\2Z’Ymn|0= )\2l+l’)’mn, o Or: )\2l7mn100= )\21+27mn, 00 -
21 21 1 2l 2 2

From now on, all differentiations will be with respect to (7, x!, x?, x%) and they
will be denoted by commas:

(55) 7...(3=‘Y...,3;‘Y...|o=}\’y....g.

Thus we shall develop all functions that appear in the field equations in
power series in \. We start with the 4’s in the following way:

Yoo = Ayoo+ Ayoo+ XGZOO'{" e
2 4

(56) Yom )\3;’0m+ ASZOm'*" c.

]

Ymn = A4Zmn+ A62’17:.7;'*" °

Why do we start with different powers of A? This is an assumption, but it
can be justified heuristically. Assuming for a moment the usual energy
momentum tensor for matter, we have, for a quasi-stationary field, approxi-

mately:
Avoo = — 2p
d m
AYom = — 20—\
(5.7) dr
dx™ dx™
A mn — — 20 — — )\2v
i P dr dr
therefore
(58) Ymn™Y )\'Y()m’\’ )\27001

and it is pure convention that we start with A? for voo.

The other question suggested by (5.6) is: why do we omit the odd powers
of X in the developments of v¢o, Ymn, and the even powers in vo,? Indeed, we
could have introduced all powers in (5.6). A more thorough investigation
shows that our choice (5.6) means that what we are doing here is similar to
the procedure in electro-magnetic theory when we take not the retarded, but
the half-retarded plus half-advanced potentials [3].
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All the functions that will appear later are gained from the 4's by sum-
mation, multiplication, differentiation. Thus to every component, the fol-

lowing rule applies throughout: Any component having an {:\?e%} number of

zero suffixes will have only {:‘ii} powers of \ in its expansion.

6. Field equations and the approximation method. We go back to the
field equations
(6.1) &+ 24,,= 0

into which we introduce the 4’s in their power-series development. Thus the
(00) equation in (6.1) can be written:

(6.2) SN (@9 + 2A00) =
7 2 21

Now we cut up (6.2), and the other field equations, into equations for each
approximation step. We write them down in the following form:

(638.) q’oo + 2A00 =0
2]~2 21-2

(63b) Cbom+ 2A0m= 0
21—-1 2l-1

(6.3¢c) Pt 2Am.= 0.
2] 2]

Let us analyse more closely the structure of (6.3). Remembering (2.13) to
(2.15) we can write more explicitly:

(643) Do = — Yoo, rr
21-2 2l-2
(64b) Do = — Yom, rrt 'YOr mr
2]-1 2l-1
(64C) Spn= — 'Ymn,rr+ 'Ymr,nr+ Ynr, mr— 6mn7r8.r:
21 21 21 21 20
and:
(6.53) 2A00— Yrs, rs+ 2A 00
21-2  21-3 2]-2
(6.5b) 2Mom = — Y00, om+ Ymr,or+ 2A 0m
21—-1 21-21 2l1-21 2l-1
2Amn= — Yom,0n— Yon, om+ 26mn70r, or
(6 5C) 21 2l-11 2l-11 2]-11

+ Ymn, 00— OmnYo0, 00+ 2A mne
21-2" 2 20-3 2
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Let us now assume that:

(6.6a) Yoo ... Yoo
2 2l-4
(6.6b) Yom - -+ Yom
3 21-3
(6.6¢) Ymn « « « Ymn
4 21-2
are all known. Then v can be found from (6.3a). Indeed Ay contains only
21-2 21-2
terms already known, since ym» is known and A’ is non-linear and can there-
212 212

fore depend only on the known v's. The same is true for (6.3b) and (6.3c).
The unknown functions are contained in ®’s; the known functions in the A’s.
The 09, already found from (6.3a), appears as a known function in A¢y,. Simi-

2i-2 21-1
larly vom found from (6.3b) appears as known in An,,. Indeed we see now the -
21-1 21

reasons for our division of linear terms.
Thus our equations (6.3), if solved, will give us

(67) Y00y, Yom, Ymn,
20-2 21-1 2

and if such a procedure converges, we can determine the field to any approxi-
mation we wish.

The important question to consider is: are the equations (6.3) always
solvable?

7. The divergence condition. We go back to our equations (6.3). The
first of them, that is

(71) Doo+ 2A00 = 0
2-2  2-2
is, because of (6.4a) and (6.5a), a Poisson equation, where Agis known. There
212
is no difficulty in integrating this equation and finding v¢. Next we have
2-2
(6.3b), and because of (6.4b), we see:
(7.2) Bom, m= 0.
211
Thus the next three equations can be integrated only if
(7.3) AOm,m= O
2-1
But Aon is already known. Therefore we must be sure that our procedure
21-1

leads us to Ao satisfying (7.3). Similarly the last six equations (6.3c) lead us
21-1

because of
(7.4) ®pn,n= 0
21

to the integrability condition:
(7.5) Amn, o= 0.

a
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We shall prove that (7.3) and (7.5) are satisfied, if the field equations are
satisfied in all the previous approximations.

The tensor
(7'6) Gyv = Ry.v - %guvR
satisfies the Bianchi identity

B a 8 _ B a_
7.7) ‘ot {aﬁ} G, {N} Ge*= 0.

We assume that all field equations up to the order (2! — 2) are satisfied,
that is including

Doo + 2A0 = 0.
21-2 212

We know, that putting ®,,+ 2A,,= 0 is equivalent to putting R,,= 0. From
A.2 follows:

(78) cbuv'l" 2Auv= -2 (Rl-w_ % nnvnaﬂRaB)y

which means, that our ®,,+ 2A,, are a linear combination of the R,,. Thus,
if our field equations are satisfied, then we have:

JGoo =Gy =+ =G =0
2 4 21—2
Gom = Gomp = -+ = Gom = 0
(7.9) 30 5" 23
Gmn = Gmn = - = Gmn = 0.
2 4 21—2

Let us write down the zero Bianchi identity of the order (27 — 1). From the
left-hand side of (7.7) we have, putting v = 0, the following linear terms:
(7.10) - GOm,m+ GOO,O-

2l-1 2-2 1

The non-linear part contains the products of the G’s and the v’s. But because
of (7.9), both the non-linear part of the Bianchi identity and the second expres-
sion in (7.10) vanish. Thus the zero Bianchi identity, together with the field
equations give:

(7.11) Gom . m= 0.
21-1

Because of (7.8), (7.6) and (7.2) this means:

(7.12) Aom, m= 0.
2-1

Going on to the next approximation step, let us now assume that besides
(7.9), we have also:
(7.13) Gom= 0.

2—1
Putting into Bianchi identity (7.7) » = m, we have in the 2/ order, because of
(7.9) and (7.13):

(7.14) Gmn,n=10
2l

and therefore because of (7.4), (7.8):

(7.15) Amn.n= 0.

2l
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Thus the divergence conditions are satisfied in each approximation step,
though not identically. They are satisfied because of the Bianchi identities
and because of the previous field equations.

8. The surface condition and the equations of motion. We now approach
the most essential part of our argument. We are faced with the task of solving
the following system of equations:

(813) ‘I’oo + 2Aoo =0
20-2 20-2

(8.1b) ®om + 2A0m = O
21 21—-1

(8.1c) Bmn + 2Amn = O.
2 2]

We know that because of the Bianchi identities and because (as we assumed)
similar equations had been solved in the previous approximations, we have

(82) AOm,m= 0; Amn,n= 0.
21-1 2l

Let us also remember, that there is no difficulty in solving (8.1a) which is a
Poisson equation. But what about (8.1b) and (8.1c)?

Before we return to this fundamental question, we wish to discuss the start
of our approximation procedure which determines the character of our cal-

culations.
In (8.1) we put I = 2 and write the first two equations explicitly:
(833) goo.u =0
(83b) — Yom, ss + Yos,ms= Y00, 0m-
3 3 2 1

The character of the entire solution will depend on the choice of the harmonic
function we take as the solution of (8.3a). As we are interested in solutions
representing particles, we shall write:

b §Ss
J‘Yoo= 20; 0= % { —2my}
2 s=1 2

(8.4) s s s s
IV = (6 96t — 91 = ().

Here 7 is the “distance’ in space of a point from the sth singularity.

We leave it undecided, for the moment, whether %1 is a function of time,

or a constant. Now we introduce this v into (8.3b) and again obtain three
2
equations for the three functions yom. Butis (8.3b) always solvable? True,
3

the divergence of both sides vanishes. But this is not sufficient. The surface
integral of the left-hand side of (8.3b) vanishes, as follows from the lemma.
But then the surface integral of the right-hand side of (8.3b) must vanish too.
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If we calculate the surface integral around each singularity, we find (see A.4)

that it vanishes only if
8.5 4 0
(8.5) - -0,

PRI

S §
2 2

,0
1

that is if the m's do not depend on time. This is so, because
2

s s s . k
(8.6) Vo= — ¥ 1 (E"= ﬁ_)
dr

and because only expressions proportional to ™2 can give a contribution to
the surface integral. Thus, going back to (8.4), we have to assume that
»

.. m

1 2
8.7) m, m, m

are constant.

v w

These constants (8.7) can be positive or negative. We shall assume that rZz

are positive. Indeed, by taking the first particle and removing all others, we
1 . .

see that m is its gravitational mass, since for large r the field is that of a particle

with gravitational mass m. This is the same constant of integration that

appears in the Schwarzschild solution, since our field for one particle is that
of a Schwarzschild singularity when 7 is large. Thus we shall have to exclude
from our solution megative gravitational masses. But then we must also exclude
dipoles and poles of higher order.

Yet if we try to solve (8.1) we see (the details will be presented later) that

we cannot do so without adding certain poles and dipoles to yoo. This we shall
21-2

have to do, in order to insure the integrability of (8.1) in each approximation.
But then the solution of the total field will contain dipoles which are not
allowed, since they represent physically meaningless solutions. We shall have
to remove them after the total field has been calculated. This can be done by
restricting the motion of particles. That is, the condition that the dipole field
vanishes will give us 3p ordinary differential equations for the motion of p
particles. Thus the motion is undetermined in the approximation procedure.
It becomes determined after the approximation procedure is finished and the
dipole fields are removed.

In practice, we find solutions both for the field and for the equations of
motion only to a certain approximation, say 2n. We obtain the equations of
motion to the 2n approximation, by removing all the dipole fields to such an
approximation.

Although we have developed our field equations with respect to an arbitrary
parameter )\, this A can be absorbed by the actual equations of motion through

the change of scale in 7;n and 7, so that X is absent from the final form of the

equations.
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We have given a general outline of our treatment. Turning to the details,
let us see why (8.1) will not, generally, be integrable. We know, from the
contents of Sec. 4, particularly from (4.4) that the surface integrals of the &
functions vanish. Although this was proved for the total field it is equally
true in each approximation step, since the proof made use only of the structure
of the ®'s, which is the same for the total field, as for the field in each approxi-
mation. Thus we have:

S S
(8.8) J ®o,n,.dS =0 ; J &, m.dS = 0.
2-1 2
But then our equations (8.1) can be self-consistent, only if we have:
s S
9 J 20, dS = 0 ; J Ay dS = 0.
21-1 2

But the A’s in (8.1) are already known; they are functions of the known field
calculated in the previous approximation steps. Therefore we can calculate
the integrals (8.9) and find whether they vanish or not.

At this point it is convenient to introduce a new notation. Because of (8.2),
the surface integrals (8.9) will not depend on the shape of the surface, but only
on the singularities and their motion. Thus the surface integrals, even if they
do not vanish, can be functions of 7 only.

We write:
s M s
(8.10) 1 J 280m,dS = Co(r) = Co
41 21—-1 20—1 21-1
(8.11) 1 :

S S
— J 20 p1:dS = Cp(r) = Cnm
47 21 2 20—-1

and assume that we have calculated the C’s. If they vanish identically, and
if they vanish always as we proceed with our approximation, then our equations
are self-consistent.

Let us assume, however, that the C’s in (8.10) and (8.11) are not zero. Then
(8.1b, c) cannot be solved. There is nodifficulty in solving (8.1a). Thisequation
is of the form

(8.12) Yoo, rr= 2A00 ’
21—-2 21—-2

where the right-hand side is known. We see that the solution of this equation
is determined only up to an additive harmonic function. Thus we can add to
any solution either single “‘poles’ or ‘“‘poles” and ‘‘dipoles.”

By adding single poles we can insure the integrability of (8.1b). Then by
adding dipoles we can insure the integrability of (8.1c). We could have done
all that in one step, adding poles and dipoles, but the division into two steps
makes for a simpler presentation.

s s
After finding oo from (8.12), we calculate C, and, in general, find Co5= 0.
-2 21 2l-1
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We then replace in (8.1b):
(8.13) Yo by oo — L 4dmy

21-2 21-2 s 21-2
s

where m are certain functions of time to be determined soon, and ¢’s are the

functions defined in (8.4). Of course this change in v induces a change in

s 21-2
Co. Indeed,
2l-1
{ 2A0m changes now to
(8.14) 2-1
2AOm"' 2(42r12¢)’ 0my

as follows from (6.5b) because 'yoo appears in Ao,,. only as — v, mo. Now
-1 2-3 1

obviously the old surface 1ntegra1

S S
(8.15) 1 J' 200, dS = Co
47 21—-1 21-1
changes into A.4
(8.16) Co — 4m,
21—1 21-1

therefore it can be made zero by choosing

s S
(8.17) 4m = Co.
2l-1 2l—-1

Thus by adding a pole we can insure the integrability of (8.1b). The next step

is to insure the integrability of (8.1c). Thus we assume that v, Yom are known,
21-2 211

that (8.1b) is integrable and we have once more to return to oo looking for a
21—2

different solution of (8.1a) so as to insure the integrability of (8.1c) without
destroying the integrability of (8.1b).
We replace now our 7o (containing the additional poles) by

21-2
s

b s
(8.18) Yoo — 2 Sr ¥,-.

21-2 s=1 2]—-2

These are additional dipole solutions, and we assume that no other dipole
expressions are contained in yg. Again the S, are functions of 7 only, to be

21-2

determined later. The oo now contain the single pole solutions so as to
21-2
enforce the integrability of (8.1b). We can easily see what change in vyom is
21-1
induced by (8.18). The answer is, that yo, changes into
21-1
(8.19) Yom= > (Sm 30), o
-1 s 20-2

https://doi.org/10.4153/CJM-1949-020-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1949-020-8

MOTION OF PARTICLES 223

Indeed, if the old von satisfies the original equation (8.1b):
2-1

(8'20) 'YOm ss 'Y(ls ms= Yms, 0s™ Y00, mo+ 27’ 0m y
1 1 2l-2 1 2l— 2 1 2l-1

then v, vom with the additional expressions written out in (8.18) and (8.19)
21-2 2i-1

satisfy the equation too. This is so, because 2A’y, being non-linear can contain
21-1

neither o nor yom. Therefore the addition of dipoles does not affect the in-
2l-2  21—-1

tegrability of (8.1b).
Now the last and decisive step: we replace in (8.1c) v, Yom, by the new
21-2 21-1
expressions according to (8.18) and (8.19) and adjust the S’s so that the surface
integrals will vanish identically. This requires a somewhat more lengthy
calculation.

Written out explicitly, equation (8.1c) is:
;);mn , 88 '2Yms ,ns 'Yns . ms+ 8mn')’ra, rs

= = Yom,0n— Yon, 0m+ 26mn70r or+ Ymn, 00— 6mn700 00+ 2A mn

2-11  2-11 a-11  2-2'2 2-3 2
(8.21)
= 2Amn.
21
We introduce into (8.21)
$ s

(8.22) Yoo S,

2-2 5 2-2
(8.2) v Z (329).0

2-1 5 \2i-2

for the old v, Yom- We now obtain new expressions added to the old
21-2 21—-1

Amn.  The difficulty is, that now the contributions come not only from the
2

linear expressions, but also from A’s, which will contain terms of the type

Yoo - Yoo. The result of the calculations is given in A.8, and contains many
2-2 2

expressions of which we shall here write only the first three which arise from
the linear terms (the others, as we shall see, are unimportant). Instead of the
old 2A,., we have:

2

2Amn
2]
5 s S, 3
(8.24) + z (Smlﬁ, n+ Sn'p, m— amnST¢r r)
s 21 21 2l
+ ...

where the dots at the end indicate the omitted expressions. As we are here
discussing the problem of surface integrals, we are justified in omitting them
because they do not give any contribution to the surface integrals. We see
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too, that the expressions written out here have a vanishing divergence, and
this is true for the omitted termsalso. Calculating the surface integrals (A.4),
we find that the old surface integral

(8.25) iJmew=@
4r 2 21
changes into
(8.26) Cn— Sm .
2 2
Therefore it can be made zero, by choosing
S S
(8.27) Sm=Cn.
a2
Thus we can always, by adding dipole solutions in v, force the surface

21—2

integrals to vanish identically.

By proceeding in this way, we accumulate single poles and dipoles, and the
additional expressions in vy are:

? N S N N
(8.28) - g (4 v+ S d).
1 s=1\ 20-2 21-2

We violated our rule of not introducing dipoles. However, this was done
for ve0 only. We can, at the end of the approximation procedure, annihilate
all these additional dipole expressions by taking

s
(8.29) > aeS, = 0.
1 2-2
Differentiating this twice, we obtain, because of (8.27):
(8.30) XS, = T NCp= 0.
l 21 l 2

These are the 3p equations of motion. Thus the motion is determined, if
dipole solutions are rejected.
On the other hand, the m’s can be calculated from the Cy’s according to

S s
(8.17). Denoting the total coefficient at ¥ by — 4., we have:

S s s S
(8.31) M=Nm+ \Nm + \m + - - -
2 4 6
S s s
where m, m, . . . are functions of the original constants m and of known func-
4 6 2

tions of the time.
The equations (8.30) and (8.31) will contain only a finite number of terms
depending on the order to which we wish to carry out the actual calculations.

9. On the choice of a co-ordinate system. We shall now see that it is
possible to simplify our equations through the proper choice of a co-ordinate
system. Let us assume that

(91) 7*00 v Y *om ’ 'Y*mn
21-2  2-1 2!
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are solutions of our system (6.3), where the ®'s and A’s are defined by (6.4) and
(6.5). Then we can show that any

Yoo = Y*00
21-2  2-2

9.2) Yom = Y¥*om + G0, m
2l—-1 21—-1 2l-1

A
Ymn = ¥ mn + am,n+ Qn,m — 6mnar,r+ 5mnao, 0
21 2l 2l 2l 2l 2l-11

with ao, an arbitrary are also solutions of our equations. This can be shown
21-1 21
just by straightforward substitution in (6.4). A simple calculation shows that

all the a’s vanish from these equations. Thus we can, at each approximation
step, impose four conditions upon the field. Let us choose, as is usually done,
the following four co-ordinate conditions:

(933) Yoo,0™ Yor,r= 0
2]—-21 2l—-1

(93b) Yom, 0™ Ymr,r= 0.
2l-11 21

Indeed, if v* do not satisfy such a condition, then a's can be found that
ensure it. The equations for the a’s are:

(9.4a) @o,rr= Y*00,0— Y*or,r
21—-1 21-2 1 2l-1

(94b) Am , rr= 'Y*Om,O"' 'Y*mr,r-
2l 21-1 1 2l

With the co-ordinate condition (9.3) our system of equations is considerably
simplified. Equations (6.3) now become:

(9.52) Yoo,rr = Yo00,00 + 24’09
2l—-2 2l—-4 2 2l—-2

(95b) Yom,rr = Yom, o0+ 2A'0m
2l—-1 21-3 2 2l—-1

(9.5¢c) Ymn,rr= Ymn,00+ 20 mn,
21 21-2 2 21

which together with the co-ordinate conditions

(9.6a) Yoo,0 — Yor,r = 0
21-2'1 211

(96b) Yom,0™ Ymr,r= 0,
2l1-1 1 21

now form a symmetrical system of equations, where in (9.5) all the known
functions on the right-hand side are at least two orders lower than those on

the left.
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The surface integrals that must vanish and which give the equations of

motion are:
S
(9.72) J (‘YOm,oo— Yoo, om+ 2A'om) nmdS = 0
2=3" 2 21-31 21-1
(9.7b) J ('Ynm 0= Yno,om+ 2A’ nm) nmdS = 0.
2i-2' 2 21-11

We can deduce them from our old formulae, using the lemma, or directly,
differentiating (9.6), adding to (9.5) and using the lemma.

If, as in Sec. 8, we now introduce dipoles in order to satisfy (9.7b), we do
not violate (9.6a).

Sometimes it is more convenient to use other co-ordinate conditions. For
example, the one used in the actual calculations is:

(983) Y00,0— Yo0s,s= 0

2-31  21-1
(9.8b) Yman= 0.
21

The equations then are:

(9.92) Yoo,rr = 27 40
21-2 21-2
(ggb) Yom,rr = 2A,0m
2l-1 21—-1
(99C) Ymn,rr = — YOm,0n ™™ Yon, om+ omn‘YOO 00+ Ymn, 00+ 2A mn
2l 21-11 21-11 21-22 2l-2 2
= 2Amn
2

and the surface conditions are:

(9103.) J' 2A’0m—' 700,0m)nmds =0

2-1  21-21
(9.10b) J 2AnmtmdS = 0.
21

The question arises: to what extent does the co-ordinate condition influence
the equations of motion? We shall return to this problem in the last section
and we shall show that the equations of motion to the sixth order do not depend
on the choice of the co-ordinate system.
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10. The Newtonian approximation. We shall discuss now the first three
equations for = 2. The equations are:

(10.1) ;yoo," =0
(10.2) Yomrer = 0
3
(10-3) 'Ynm,rr = 2Anm.
4 4
The co-ordinate conditions that we accept are:
(10.4) Yor,r — Yoo, = 0.
3 2 1
(10.5) Ymr,r = 0.
4

The explicit form of A, is given in A.10.
4

The character of our entire solution will depend essentially upon the choice
of the harmonic function we take as the solution of (10.1). As we are interested
in solutions representing particles, we shall write:

s=1

[l -0

From (10.2) we see that v, is a harmonic function too, which must, however,
3

? s S
Yo=2¢; ¢ = 3 { - 27111[/}
(10.6) 2 2

satisfy the co-ordinate condition also. From (10.4) we have:
s S :T
(10.7) Yor,r = Y00,0= — 2{4"" ‘Pwi'}-
3 2 1 s 2 1

The constant m, which we identify with the gravitational mass of the par-
2

ticles is assumed to be positive. Therefore the exclusion of dipoles, together
with the field equations and the co-ordinate condition determine uniquely voy:
3

§S§S
(10.8) Yo=Y dmpir
3 K 2 1

To this yo, we could add, according to (9.2) the gradient of any function
3
and in this way obtain a general solution. But as our entire procedure consists

R
in employing only rational functions of (x’—- E'), any such addition would
introduce new singularities (not of the character of a single pole), or a non-
Galilean field at infinity. Thus we should regard o, in (10.8) as character-
3

izing the problem of particles, regardless of whether we introduce the co-
ordinate condition (10.4) or not.

https://doi.org/10.4153/CJM-1949-020-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1949-020-8

228 A. EINSTEIN AND L. INFELD

Just for the sake of simplicity, let us now restrict our consideration to fwo
particles and write (omitting the indices below m, o, fro:

e=f+¢
11 22
(10.9) f=—-2my; g=—2my
1 2
F=n" §={"
The next step then, since the surface integral (9.10a) vanishes for I = 3,
because
S S
(1010) J. (2A,0m“‘ ’YO0,0m) nmdS = _J 'YOO,OmnmdS =0,
3 2 1 2 1
is to determine
1 1 1
Cm = 4—'[ 2Amrnrd5
(10.11) 4 T4
2 1 2
Cn = ——J 2Amrn.dS.
4 4w 4

If we wish to finish our approximation procedure here, the equations of
motion up to the fourth, or as we shall call it, the Newtonian approximation,

are:
1

2
(10.12) Cn=0; Cn=0.
4 4

All we have to do now is to calculate the surface integrals, according to the
method outlined in A.4. The result of this particular calculation is given in

A.10. Itis:
1 1 1
Cn(r) = 4m{1'7'"‘+ - g, m} =0
4 2
2 2 (. 1 -
(10.13) { Gu(n) = 4M{§m+ 5 m} =0

§,m = &m for x*= n?

\ fom = fim for x*= ¢

The form (10.13) is actually independent of the variables x®. In the last
equations we see that g,m, say, is obtained by differentiating g with respect
to x® and then by replacing x* by #*. But the result will be the same if we
first replace x® by #* and then differentiate with respect to #° or {*. Thus:

. _ () _ og(r)
18 61)8 - ag_s
om
(10.14) gir)= — o rr=m"—{) "= ).

https://doi.org/10.4153/CJM-1949-020-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1949-020-8

MOTION OF PARTICLES 229

We can, therefore, think of our equations of motion as involving the differ-
entiation of functions depending only on the position of singularities, as is
characteristic of the theories based on the concept of action at a distance.
Indeed, we see that our equations are precisely the Newtonian equations of
motion, deduced here as the first approximation from the field equations. The
treatment of p particles (instead of two) does not add any new difficulties if
we deal with the Newtonian approximation only.

11. Transition to the next approximation. We wish to go now beyond
the Newtonian approximation. But then we must calculate yma, since Amn
4 6

depends on yms. The characteristic feature of this method is that generally,
4

if we wish to find the equations of motion to the 2/ approximation (inclusive)

then we do not need to calculate yn., because C, does not contain it. But
21 21

now, if we wish to go one step further we must find vy, for which the equations
4
are:

(11.1) Ymnrr = 2Amn.
4 4

This is ‘“‘the transition step” that we have to take before proceeding to the
next approximation. These equations are integrable only if we do assume
Newtonian motion. Otherwise we would have to add dipoles. Yet if we wish
to proceed only to the next approximation we may assume Newtonian motion
and additional expressions induced by the dipole fields are not necessary.

If in (11.1) we assume Newtonian motion, then (11.1) can be integrated,
because the surface integral of A, vanishes then. But if we do this, we intro-

4

duce Newtonian motion into Am,. This is admissible because any difference
6

between A calculated this way and A calculated with the proper motion is of
6 6

order A. Thus since we do not propose to go beyond A we may ignore the
8 6

additional dipole fields. It is for this reason that the previous special calcu-
lations in [1] were correct, but the general theory was not.
We shall now solve

(11-2) Ymn,rr = 2Amn = — Yom,0n — 70n,0m+ 20mn ®,00
4 4 3 1 3 1

- 2‘P‘P.mn - OmPn + '2' Omn P, P,s

assuming the Newtonian equation of motion, i.e. (10.13).

We can ignore the dipole expressions because we are interested only in the
equations of motion to the next approximation. But, for the same reason, we
are interested only in those expressions in Ymn which give a contribution to the

corresponding surface integral of Amn.
6
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An inspection of A, (A.12) shows that we need only the knowledge of yma
6 4

in the neighbourhood of the singularities, and we may ignore in it the terms

which do not become infinite as 7 — 0, since the surface integral due to these
terms must vanish (see A.12). On the other hand v,, which also appears in A
4 6

should and will be calculated in the entire space.

In the equation (11.2) we have, on the right-hand side “cross products,’” that
is, products belonging to different singularities. Because of them (11.2) can
only be integrated in the neighbourhood of the first singularity,say. The expres-
sion arising from the second singularity can be expanded into a power series
near the first singularity. Retaining all the expressions that may give some
contribution to the surface integral and those only, we have in the neighbourhood
of the first singularity:

yan = {FIE"= 1" "= 1™ = a2} o

+ { gl — ¢+ ™= ™= dmat = £E, o
(11.3) + EPfmfn+ EPEmen

— fm(x"— ™)

+ amnf + ang-

Here only the expression
= fm(x"=")g 5 g = g for x*=7*,

is due to the interaction terms. The two last expressions are the additive
harmonic functions (dipoles are excluded) and they are determined by the

co-ordinate condition
(114) Ymr,r = 0.
4

The result is:

(115) an= 2§-m§-n+ 6mnfy
F=10f0);g=2g0);r=0"=)n"—¢.

But, let us say once more, that all this is true only if the Newtonian motion

{amn= 27Im77"+ 6mng

is assumed.
Finally, as we mentioned before, v, can be calculated rigorously. The
result is: 4
11 2 2 7
(11.6) Yer= — 2m700— 2mr,00+ g ¢
4

+ of + Bg.

Here the a and B are determined so that near the singularity (11.6) will be
consistent with (11.3) for m = n = r. The result is:

(11.7) a = 24°°+ 3 g
B =20+ 3]

Thus our transition steps are accomplished.
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12. Beyond the Newtonian approximation. We write down the next field

equations:
(12.1a) Yoorr = 2{}00= - 3or0r
(12.1b) Yomrr = 21;,0m= @8 Yos,m = @,sm Y0s— 3€,00,m
(12.1¢c) Ymner = 2Ama.
6 6

The explicit expressions for A, are quoted in A.12. The solution of (12.1a)
6
is simple:
11 22
(12.2) Yoo = — 2 o*— dmy — 4dmy .
4 4 4

As we know from the general theory, the arbitrary harmonic functions have

to be determined in such a way as to make (12.1b) self-consistent, that is, the

corresponding surface integral must vanish.
The co-ordinate conditions, are here, as before,

(12.3a) Yor,r — Yoo, =0
5 41

(12.3b) Ymrr= 0.
6

Because of this, the conditions for solvability of (12.1b, ¢) are:

(124&) —1‘ 32A10m— 'YOO,Om%nmdS =0
4 5 4 "1

(12.4b) 1 J e dS = 0.
4 6

We have in (12.4a) the equations that determine m. The result of evaluating
4

the surface integrals in (12.4a), (see A.12) is:

r

1_.];,’}1{'s'a+l'}_l<7}t'ss_121)
m= ittt g & (=g \ it —mm -
1 .. 1. 1 .. 1
(12.5) ﬁ,=—%{§8§~+—f}=—(%g~8;=—7}u’%—)
4 2 2 2 r
1 1 2 2
m=m;m=m;r= ("= )n*— ).
\ 2 2

The next step, after the self-consistency of (12.1b) has been insured is to
calculate the vo,. We need them, because they enter into the next surface
5
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integral. Including only relevant terms that can influence the surface integral
we find near the first singularity:

1
')‘;Om‘_‘ - ’Z‘ rf,mf_r 7+ %f2 nm
+ 3 = 20— ) fim
(126) < - (xm_ nm)fg's(ﬁs_ g’-a)
+ F &= )l {2+ 2= 1)
+ 5 @ = )| f8e i+ FimET)
+ aOmf-
Again aon, is determined from the co-ordinate condition (12.3a) and the
result is: .
(12.7) aom= — 1°7° 9"+ Eq"— g™

Now the scene is set for the last and most difficult calculation:

1 1 1
(12.8) Cn=— J- 20 mn BmdS.
6 6

Some remarks about this calculation are made in A.12, and partial results
given. We obtain:

1 2 1
Cm= — 47}”% {[ﬁsﬁa+§ g-eg-a_ 4,&3;’-3_4@ _ 5&] _a_. (l)
6 2 r r | o™ \\r
8(Fm__ om ‘mi-8 _ Ap8ym 9 }_ _1_ ____ia_r__ -85y
+ [itEm— ™ + 37 4“1ana(,)+2an,an,anmn}.

Thus the equation of motion belonging to this stage of approximation is:
1 1
(12.10) MCm + NCr= 0.
4 6

e . 1 2
We can now re-absorb the \’s by substituting new units for r and m, m:
old 7 = X\ new 7; old mass = A\™%. new mass.

Preserving the old symbols for the new units we have for the equations of
motion of the first particle:

2 1
ﬁm_ 1%3531{:) - 7‘%!{[77"7].34" _g_g'-ag'-s_ 417'.9;‘-3_ 4ﬂ — 5@]__87" (1/’,)
Ui r r Jon
. . .. d
(12.11) + [45°@™— ™)+ 3970 — 450%™ e 1/r)

+ _l_ ___ﬂ___ g'-ag'-r }
2 In®dn"on™ )
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The equations of motion for the other particle are obtained by replacing

7;1‘7 'r%’" m g-y by 7%1 7}1, g‘v M
respectively.

These are the equations of motion of two particles. They can be integrated
and conclusions concerning perihelion motion of a double star can be drawn
from them [5]. The entire method can also be adapted for the case of a
charged particle in an electromagnetic field [4].

13. The equations of motion and the co-ordinate condition. The con-
tents of the last three sections are not new. Its presentation, however, is
different than that given before in [1] and [2], since it has been adjusted to the
new theory. There is one more question that we wish to answer and which
we did not treat before. It is possible to do so only now after the general
theory has been perfected. We ask: To what extent do the equations of
motion as formulated in (12.11) depend on the particular choice of the co-
ordinate system?

We reject any particular choice of co-ordinate system and write the first
two equations:

(13.1) %’oo+ 21;oo= - ';'00,rr= 0

(132) Som+ 2Aom= — 70m,rr+ Yor,mr— Y00,m0 = 0.
3 3 3 3 2 1

We assume that we start our approximation procedure with the same vgo
2
and vom functions as we did before. But from now on, while dealing with the
3

rest of the equations we shall look for gereral solutions not restricted by any
additional co-ordinate conditions.
Thus the equations that we wish to consider now are:

(13.3a) Bt 2Ama= 0
4 4

(13.3b) B0+ 2400 = 0
4 4

(13.3¢) Bom+ 2Aom= 0.
5 5

In the previous three sections we solved these equations, using special co-
ordinate conditions. Let us now call the special solutions that we obtained
there:

(13.4) Y*mns Y*00, Y*om.

4 4 5
Knowing them, as we do, we can find, the general solution of (13.3). The
procedure is similar to that outlined in Sec. 9, only slightly different, because
we have now a set of equations of order (2/), (27), and (2! 4+ 1), whereas before
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we had a set of order (21 — 2), (2 — 1), and (2!). But a straightferward sub-
stitution shows, that because of the linear expressions in (13.3), (and they alone
enter the argument), the general solution of (13.3) is:

(1353.) Ymn = 'Y*mn+ dm,n+ An,m— 5mnar,r
4 4 4 4 4
(13.5b) Yoo = Y*o0+ ar.r
(135(:) Yom = 7*0m+ aO,m+ am, 0
5 5 5 4 1

where a, are arbitrary. The question then is: If we substitute these new
expressions into the A’s do we change the integrals

(13.6) J‘ Amn,dS, J Ao, dS, ‘[ Apn dS?
4 5 6

As far as the first two integrals are concerned the answer is easy; A is not
4
changed; only linear expressions in A are affected, but the surface integral of
5

the additional expressions disappears because of the lemma. But it is different
with the third surface integral. In A new terms appear containing the a's.
6

They appear both through the linear and the non-linear expressions. But
these additional expressions—quoted in the last appendix—are such that their
surface integral vanishes. Thus in the sense explained here the equations of
motion do not depend on the choice of the co-ordinate system. This depen-
dence would appear probably in the next approximation steps (1;), but it does

not enter into the surface integral of A. This is a satisfying result, because it
6

is difficult to see the meaning of our co-ordinate conditions

Ymr,r= 0
4

(13~7) Yor,r— Y00,0= 0
5 4 1
Ymr,r= 0
6

and it is good to know that our equations of motion are independent of it.
This result is general. If we have a system

(I)mn + 2Amn =0
2! 21

(13.8) Pop + 2400 = 0
21 2!

Bom + 2A0m = 0,
2141 2141

then the surface integral of A, is independent of the co-ordinate conditions in-
2142

troduced in this particular approximation stage. This is so, because the a’s
2

combine with the ¢’s in the same way in each approximation step.
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APPENDICES
A2
The field equations are:

R P T2 P T P4 P ek P £ A2

Introducing here the &'s as defined in (2.3) and splitting (A.2, 1) into linear
and non-linear terms we have

(A2, 2a) Roo= — % hoojss+ Rosjos— F Bssppo + Lo
Ryn= — % h0n|ss+ % hOs[ns

(A2, 2b) + % hns|03_ % hsa|n0+ L’Dn
Rpn= — % hmnlss + % hmslns + % h'nslms - % h"”"‘"
(A2, 2C) + % hmnwo - ’%’i hm0|n0 - % hnO[mO

+ %h00|mn+ L,mn-
Here L',, are the non-linear expressions. We form now:
(A'21 3) - 2(va— %npvnaﬂRaﬂ) = 0'
Substituting the 4’'s for the &’s, we see that (A.2, 3) written out is (2.10)—

(2.18), where
(A2, 4) Aluv = Lluv - % Nuv naﬂLaﬂ .

A4

In calculating the surface integrals we need to take into account only expres-
sions that go to infinity like 72, because only such expressions will give finite
contributions. Since all the field functions are finite (outside of the singu-
larity), and since the contributions do not depend on the shape of the surface,
we may ignore all other expressions. But we have to keep the surface fixed,
because in our calculations a complicated expression whose surface integral
does not depend on the shape of the surface, is split into partial expressions
with non-vanishing divergence. Thus in our calculations the surface is always
a two-dimensional ‘‘sphere’” with radius shrinking to zero. Let us assume, for
the sake of simplicity, that the space co-ordinate of the singularity is (0, 0, 0).
We shall first give some examples of the surface integrals formed around such
a singularity.

Example 1. We calculate:

ro
VsnedS; ¢ =171 rP= x%°,
We have: ’
N 0 xexs .
‘I/,snsds = - J- -—;—72 sin 0d0de = — 4.
J r
Example 2. We calculate:
ro 0 ,.8,.7
¥,sm,dS = — J ¥ Y y2sin 6d6de = — 4_7"5",
o 7’4 3
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Example 3. We calculate:
0
J ¥, matn x(r)dS.

To find such a surface integral we expand x(r) as a power series in the
neighbourhood of the singularity:

x = x(0)+ x,s(0)xs+ . .
The only contribution is from the second expression, that is, we have to
calculate:

0 0 xmxe .
X,S(O)J’ 'P,mnnnxads = - x,s(O) J‘ ‘—4 72 Sin oded(P
r
+ 3x,:(0) J i 7% sin 6d6d¢
rt

81r
3 X,m (0)

In the course of our calculations we shall have to find more complicated
surface integrals and the following table will prove to be useful:

Table of Surface Integrals

1 o
I. Z—' ll/'nnnds = - 1.
m J
1 [°
II. y V. s1ndS = — % 84n.
™ J
1 f°
III. Er xrlp,nsnn = % 61‘3 .
1 ro
Iv. " Y mendS = — 1= {26, 0ms— 36rmOns— 38,5 0mn} -
T J
1 [°
V. y XY rsMndS = % Ons.
T J
1 [°
VI . XY msMadS = O.
™ J
1 ro
VIIL " XY mrifa= 0.
T J
r0
VIII. % X" %Y i MndS = & dmsdiy — £ Bmidrst Omrdis).
T J
A8
The linear terms of (8.26) give the following contribution to 212\lmn:
b4 s s s
(A-Sv 1) z { ¢n+ Sn "l’m" 6mnSr ‘I’_r} y 00 -
22 2
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The non-linear terms can be found in the following way: Inspecting the
terms in An,(A.12, 3) we see products of v and g or, as it is there called 2¢.
8 4 2

Thus, if we put there the expression in (8.18) in place of e and write for
4

brevity:

(AS: 2) (Sr‘p) = Z 519:2¢

we get five new terms. Thus with the abbreviation (A.8, 2) we have in every
approximation the following additional terms:

{(Sm'l’).n'*‘(sn‘l’).m— 5mn(sr¢),r},oo
(A8, 3) + ‘P(Sr‘l’),rﬂm+ % ‘P,n(sr‘l’).rm
+ ‘% ﬁp,m(sr‘l’),m— % 5mn¢,a(sr‘p),u+ ¢,mn(srl//),r .

Only three of the linear terms give us a contribution to the surface integral.
It is more difficult to see that the non-linear terms do not give any contribution,
since it requires some knowledge of how to deal with surface integrals which
is outlined in A.4, and which we shall here assume. We can write the non-
linear terms in (A.8, 3), in the following way:

{0.ma(S)} .= {@,mr(Sat)} .-
+ 0. ma(Sa¥),r
(A8,4) + 3 {0.n(S),m}.r— 3 {0.1(Su¥), m},-
+ ’%‘ (o,r(sn‘l/).mr
- % 6mn‘P.r(sa‘l’),"'

These are the non-linear expressions, and their divergence vanishes because
¢ is a harmonic function. The expressions written out in pairs in (A.8, 4) do
not give any contribution to the surface integrals, because of our lemma in
Sec. 3. Thus the only contribution could come from the terms:

(A'Sv 5) % ‘P.asn\b,ms_ ‘g' 6mn‘P,sSr‘I’,ra .

Here only the “‘cross products’ could give contributions and we find with
the help of the table in A.4, that the result is zero.

A.10
In the ] = 2 approximation we have:
( Yoo = 20 = 2f + 2g

'gOn = — 2fi"— 2g§:"= };On
’2100 =¢o=f4+g

(A.10,1) 1 50 = — b= — o
2

A h0n= Yon
3 3 3

Bmn= — B™ = dpno.
\ 2 2
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A straightforward calculation gives:

2Aoo = 0
2
20om= — Y00, m0
(A.10,2) 3 2 1
2Amn= — Yom,0n— Yon,om+ 20mn @, 00
4 301 3 1 2

= 200, mn— O,m @2t 3 Omn0,s0,5.
The contributions to the surface integrals are (for the first singularity):

— Yom,on - 4 1}Lﬁm.41r
— Yon,0m — 4 7}17'7'"‘.4#
20mn @, 00 - - %7;15}"'.4#
— 200, mn =  §mg mdr
= P,m@,n — — 8 mg mdr
3 0mn0e0. —  2MEmdr
(m = m).
2
A.12
A straightforward calculation of A, A, A gives
(A.12,1) 21}0(,: — 3% 0.0 e

(Alz, 2) 20 om = P,sVos,m — P,smY0s — 3¢,0‘P,m
5 3 3
20mn = — Yom, on "/0n,0m+ 6mn700,00+ Ymn, 00— Y00, mn
6 5 5 4 4 4
= @Yss,mn™" @, mnY00 " <P,mn'Yss+ P, msYns
4 4 4 4
+ @nsYms™ 6mn<{’,sr'¥sr— 2‘P,sZmn,s+ ‘P,sl’ms,n
4 4
+ So.sz’ns'm"' 'lf ‘P.m’Zss.n- 'lf ‘P.nZss,m_ '% ¢,n2’00,m
- %‘ ‘P,m;YOO,n"l‘ ‘% 6mn‘P,a;Yrr,s+ % amn‘P.s;YOO,a
= Yos Yon,ms ™ 'YOs'YOm,ns"' 2708703.mn
3 3 3 3 3 3
(Alzv 3) + 'lé‘amn'YOs.r'YOr,s— % 6mn'YOs,r'YOs,r+ Yos,mY0s,n
3 3 3 3 3 3
+

Yom,sYon,s ™ @,0nY0m ™ <P,0m70n+ 26mn703 @,0s
3 3 3 3 3

@,0Y0m,n™ L,0Y0n,m™ @,2Ym, 0™ @ ,mYen,0
3 3 3 3

+ 2¢Yom,0n+ 2¢g0n,0m°‘ 28mne@ .00

3
+ 2000, mn— 0O,mP,nt 3 dmno@,s0,s
+ % dmne,00,0
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The surface integral (12.4a) for s = 1 is, because of (12.2), and (12.1b):

1 1
4 j (‘P,r'YOr.m— @, rmYon— % ¢,0‘P,m+ % ‘P‘P,Om"" 4(”“”) .Om)nmds = 0.
™ 3 3 4

The contributions of these five expressions are respectively:
1

4m o . 1. .
1) - - 'g- g,s8°— 4mg s 71°
2 8_7}1_ 5 8
( ) - - 3 guag
~ & 1. .
3) — 37}" g2+ mg.sn’
@) — omg ¢ 7*
(B) > — 4m.
4
Therefore:
1 1. . 1. ., 1. .. 1. .o 1. -
- 4114 = mg,{*+ mg ' = 2mg,s°— mg,s1°+ mg

— m(2i* i+ B).o.
From the last equation (12.5) follows immediately.

The last step is to calculate the surface integrals due to A. Here a skilful
6

use of the lemma may save the calculation of many surface integrals. Indeed,
2Amn can be written in the following form:
6

2Amn = (ﬁa,nzsm_ ¢.san).s+ (SO'st.n_ ﬂa;Ymn,s).a

+ (6ma¢.r7rn_ 6mn‘P.rer),s+(6mn‘P,ser— 6ms¢.n1n‘).s
4
+ % (5mn<P'Yrr,a"’ 6ms¢7rr,n),s+(6mn703,0"" 6m370n,0),3
4 4 5 5
+ % (705.m70n_ 'YOn,m'YOs).s'l"(amnSo.O'YOs“ 6ms‘P,O'YOn),s
3 3 3 3 3 3
+ ('YOn'YOm.s"‘ 70370m,n).s+ %(6mn703,r701‘"’ 6ms'YOn,r')’Or),s
3 3 3 3 3 3 3 3
+ (6m370r.n70r_ 6mn70r,s'¥0r),s
3 3 3 3
- ZOm,On"' 7mn.00+ zOSzOS,Wm [al+ a2+ a3]
4
- '% amn'SYOs,r;YOs.r_ (Sa,n'g’()m) ,0 [a4+ aa]
- (so.mgOn) .o+(¢“§0m.n) .o+(¢;>'0n.m) 0 lae+ a7+ asg)
- % Omn® 00,0~ % ¢Zss.mn [as+ a1o]
+ '15 @ nYss,m+ ‘12‘ ¢.nZOO.m [all+ a12]
4
-+ 'lf ©,mYoo,n— ‘é‘amnﬂa.s'yoo,s [a13+ a14]
4 4
— 00,0050 — 2¢¢,m¢.n [a.15+ alG]
+ ”111‘ ©P,5¢,50mn - [a”]
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Because of the lemma we have to find now the surface integrals of only 17
expressions denoted successively by a1, az, . . . , a17. The result of this calcu-
lation is summarized in the table. Only ten types of expressions (or their
equivalents) appear in the result. The table tells us what is the contribution
of each of the a’s to the final result. The only a that does not give a contri-
bution is a;= Zmn,OO-

A.13

The additional expressions in A, induced through rejection of the co-
ordinate condition are: 6

2 (5mnao,ro— 5mrdo.no).r
+ (‘P.man,r_ ‘P,mar.n).r
+ (@n@m,r— @,r@m,n),r
+ (‘P.nas.m_ ¢.aan.m).s
— 2(0mn @,50s,r— Omr @,50s,n) ,r
+ 2(00mn@,58r,r— Oms @, nlr,r) 1

They are written in such a way, that the vanishing of each line is evident,
because of the lemma.
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