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On the Curves Associated to Certain Rings
of Automorphic Forms
Kamal Khuri-Makdisi

Abstract. In a 1987 paper, Gross introduced certain curves associated to a definite quaternion algebra
B over Q; he then proved an analog of his result with Zagier for these curves. In Gross’ paper, the
curves were defined in a somewhat ad hoc manner. In this article, we present an interpretation of these
curves as projective varieties arising from graded rings of automorphic forms on B×, analogously to
the construction in the Satake compactification. To define such graded rings, one needs to introduce
a “multiplication” of automorphic forms that arises from the representation ring of B×. The result-
ing curves are unions of projective lines equipped with a collection of Hecke correspondences. They
parametrize two-dimensional complex tori with quaternionic multiplication. In general, these com-
plex tori are not abelian varieties; they are algebraic precisely when they correspond to CM points on
these curves, and are thus isogenous to a product E × E, where E is an elliptic curve with complex
multiplication. For these CM points one can make a relation between the action of the p-th Hecke
operator and Frobenius at p, similar to the well-known congruence relation of Eichler and Shimura.

1 Introduction

Algebraic geometry on modular curves plays an essential role in most of the arith-
metic properties of modular forms on the upper half-plane H. For instance, given
a cuspidal weight 2 Hecke eigenform f ∈ S2

(
Γ0(N)

)
, it is well-known that one

can find a corresponding �-adic Galois representation ρ f ,� : Gal(Q/Q)→ GL(2,Q�)
on a subspace of the étale cohomology group H1

(
X0(N),Q�

)
of the modular curve

X0(N). Underlying this well-known construction are the following facts (see Chap-
ters 6 and 7 of [S]):

1. The space of cusp forms S2

(
Γ0(N)

)
is isomorphic to the space of holomorphic

differentials on the Riemann surface X0(N). For general weight k, the space of
cuspforms Sk

(
Γ0(N)

)
and the space of all modular forms Mk

(
Γ0(N)

)
are

spaces of holomorphic sections of some line bundle on X0(N). Moreover, the
structure of X0(N) as a complex algebraic curve is captured by the multiplicative
structure of the graded ring R of all modular forms on Γ0(N): namely, R =⊕

n≥0 Mn

(
Γ0(N)

)
.

2. The Riemann surface X0(N), initially defined analytically as a compactification of
Γ0(N) \H, is in fact an algebraic curve defined over Q, or, in more general con-
texts, over a number field (this is what allows us to look for Galois representations
in its étale cohomology); furthermore, Hecke operators arise from algebraic cor-
respondences on X0(N), which are also defined over Q. Essentially, this is saying
that the graded ring R comes from a graded Q-algebra, or that there is a rational
structure on Mn

(
Γ0(N)

)
compatible with multiplication of modular forms.
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3. In addition to being an algebraic curve, X0(N) has an interpretation as a moduli
space for elliptic curves with a distinguished cyclic subgroup of order N , whence
one can get a finer version of fact 2 above. Importantly, one can then understand
the reduction of X0(N) modulo a prime p (say p � N), and determine the effect
of a Frobenius element Frob p on H1

(
X0(N),Q�

)
.

4. In particular, one has the Eichler-Shimura congruence, relating Frob p to the re-
duction modulo p of the Hecke operator Tp. This allows us to relate the trace of
ρ f ,�(Frob p) to the eigenvalue of f under Tp.

For automorphic forms on more general groups than GL(2), partial analogs of
facts 1–4 above still hold when the symmetric space of the group in question is Her-
mitian; this is the case of Shimura varieties. (The analog of fact 4 needs a bit more
than a congruence, and is usually expressed in terms of counting points on a Shimura
variety over a finite field.) The known arithmetic results for automorphic forms on
groups whose symmetric spaces are not Hermitian generally rely on transferring the
automorphic forms to groups with Hermitian symmetric spaces, in ways predicted
by Langlands functoriality. An example of this occurs in the case of forms on an inner
form of PGL(2) attached to a definite quaternion algebra B, as recalled below.

In this article, we present analogs of facts 1 and 2 above for automorphic forms on
groups G with G(R) compact, so their symmetric space consists of a point. Nonethe-
less, we can define a certain graded ring R of modular forms on G, and take X =
Proj R as our analog of the Satake compactification of a modular curve. The result-
ing variety X is then defined over Q (no larger number field is needed), and the Hecke
operators are correspondences on X. The graded ring R arises from the tensor prod-
uct operation on finite-dimensional representations of G, and the underlying rational
structure on R comes from a rational structure on the spaces of “algebraic modular
forms” defined in [G2]. Our construction of R and of X suggests that one wants to re-
place the one-point symmetric space G(R)/G(R) by the flag variety Y = G(R)/T(R),
where T(R) is a maximal torus of G(R). The variety X is then a finite union of quo-
tients of Y by finite groups; the arithmetic complexity of X seems to lie in its con-
nected components (in H0(X)), rather than in its higher cohomology. Hence the
mere fact that X is defined over Q does not provide us with a ready-made source of
Galois representations that might be attached to automorphic forms on G. The hope
remains, though, that some deeper construction will work, especially if we can find
an appropriate analog of facts 3 and 4.

We do in fact establish loose but intriguing analogs of facts 3 and 4 in the special
case where G is the inner form of PGL(2) corresponding to a definite quaternion al-
gebra B over Q. In this case, corresponding to a fixed “level” of automorphic forms
on G, we obtain a curve X, defined over Q, such that X(C) is essentially a union
of finitely many projective lines P1(C). This type of curve X was originally intro-
duced by B. Gross in [G1], using an ad hoc construction; its arithmetic has also been
exploited in recent papers by M. Bertolini and H. Darmon, for example in [BD].
We hope that our definition of X as the projective variety attached to a graded ring
of automorphic forms will shed light on the structure of X, as will our analogs of
facts 3 and 4. Our analog of fact 3 is the fact that X has an interpretation as “mod-
uli” for a non-algebraic problem: namely, the complex points of X parametrize two-
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dimensional complex tori with endomorphisms by an order O in our definite quater-
nion algebra B. These complex tori are rarely abelian varieties, in marked contrast to
the situation that would have arisen had B been indefinite: in that case, all complex
tori with endomorphisms by O would have been abelian varieties, and their moduli
space would have been a Shimura curve attached to B. In our case, where B is definite,
a special case of a theorem of Shimura implies that a two-dimensional complex torus
with an O-action is an abelian variety if and only if it is isogenous to E × E, where
E is an elliptic curve with complex multiplication. Thus only the CM-points of X
parametrize abelian varieties; however, the CM-points with CM-field K are always
defined over K, even though the corresponding abelian varieties are typically defined
over a nontrivial abelian extension of K. This even further reinforces the difference
between X and a more traditional moduli space.

As for the analog of fact 4, we can show an analog of the Eichler-Shimura congru-
ence precisely for the CM-points of X. Namely, if x is a CM-point corresponding to
the abelian variety A (isogenous to E × E), then Tpx is a collection of p + 1 points
corresponding to abelian varieties A0, . . . ,Ap; when we reduce all these abelian vari-
eties modulo a prime above p, we get that the effect of Tp is the same “modulo p” as
that of the combination of Frob p and its transpose (see Theorem 4.22). Note that the
analog of the diamond operator 〈p〉 does not appear, or rather is trivial in our setting,
because we deal with a situation for X similar to that of X0(N). It is well-known that
one can pass indirectly from a Hecke eigenform on G to a Galois representation: first
produce a related Hecke eigenform on GL(2), by the Jacquet-Langlands correspon-
dence (due in this case to Eichler and to Shimizu); then from the resulting modular
form on GL(2), pass to a Galois representation as usual. In the context of a larger
group than G, however, the analogs of both the transitions from G to GL(2) and
from modular forms on GL(2) to Galois representations are problematic, to say the
least. Although this author does not currently see how to use these analogs of facts 1–
4 to directly produce Galois representations from Hecke eigenforms on G, the results
in this paper were originally motivated by the hope that this example might be a use-
ful test case for seeking a direct construction of Galois representations from algebraic
modular forms, as conjectured in [G2].

Acknowledgements I would like to acknowledge several useful conversations with
B. Gross and H. Darmon. I am also grateful to E. Goren for some comments on an
earlier draft of this article. The results in this article were almost all obtained, and the
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as well as the CICMA group in Montréal, for their hospitality during the 1998–99
academic year, during which I completed this article and greatly benefited from the
special year in number theory there and at the Centre de Recherches Mathématiques
at the Université de Montréal.

Notation

We write A for the ring of adeles of Q, and A f for the finite adeles; so A = R × A f .
Then A× is the group of ideles of Q, and generally R× is the group of units of a ring
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R; we also write M(n,R) for the algebra of n × n matrices with entries in R. If G is
an algebraic group over Q, we write G(A) = G(R)× G(A f ) for the adelization of G,
and view G(Q) as a discrete subgroup of G(A). We also write G(Q) f for the image
of G(Q) under the projection G(A) → G(A f ). If R is a Q-algebra, we write RA for
the adelization R ⊗Q A of R. For example, K×A is the group of ideles of an extension
K of Q. Given a commutative ring R, we write Rp, with p a prime, for the p-adic
completion Rp = R⊗Z Zp of R. We view Rp as a subset of RA.

2 Rings of Automorphic Forms

Our first goal in this section is to define a product structure on some spaces of au-
tomorphic forms. Take G a connected reductive group over Q (the reader is invited
to generalize this theory to totally real number fields), and assume throughout that
G(R) is compact. Automorphic forms on G are certain functions on G(A) (really, on
G(Q) \ G(A)) that can be classified by their “level” and “weight” as follows. Here we
borrow some ideas from the recent article [G2].

Definition 2.1

1. A level is an open compact subgroup U of G(A f ), and a weight is an irreducible
complex representation W of G(R). Note that as G(R) is compact, W is finite-
dimensional.

2. The space of automorphic forms on G of level U and weight W is the space

AW (U ) = HomG(R)

(
W, L2

(
G(Q) \ G(A)/U

))
.(2.1)

This definition is analogous to Scholies 2.1.2 and 2.1.3 in [D]. In the setting there,
G is SL(2) and W is a “weight k” discrete series representation of SL(2,R); then
AW (U ) is the space of classical holomorphic modular forms of weight k and level
corresponding to U .

Lemma 2.2 Let W ∗ be the representation contragredient to W . Then AW (U ) can
be identified with the space of functions f : G(Q) \ G(A)/U → W ∗ that are G(R)-
equivariant, in the sense that

f (gg∞) = g−1
∞ f (g), whenever g ∈ G(A) and g∞ ∈ G(R).(2.2)

Proof An f satisfying (2.2) above corresponds to the G(R)-homomorphismϕ from
W to L2

(
G(Q) \ G(A)/U

)
, sending w ∈W to ϕw ∈ L2

(
G(Q) \ G(A)/U

)
given by

ϕw(g) = 〈 f (g),w〉. Note thatϕw is in L2 because of two facts: first, for fixed g ∈ G(A)
and varying g∞ ∈ G(R), the function ϕw(gg∞) is a matrix coefficient of G(R), and
hence is C∞; second, G(Q) \G(A)/U has only finitely many connected components,
which are all compact (see for example the following lemma).

From now on, the letters U , W , and W ∗ will refer to a level, a weight, and its
contragredient representation, as defined above.
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Lemma 2.3 Using the weak approximation theorem, choose a finite set of represen-

tatives for G(Q) f \ G(A f )/U , such that G(A f ) =
⊔k

i=1 G(Q) f giU . Define Γi =
G(Q) ∩ giU g−1

i ; note that Γi is a finite group, as it embeds discretely into the compact
group G(R). Then

AW (U ) ∼=
k⊕

i=1

(W ∗)Γi .(2.3)

Here (W ∗)Γi refers to the vectors in W ∗ invariant by Γi .

Proof View a form f ∈ AW (U ) as a W ∗-valued function on G(Q) \ G(A)/U , sat-
isfying (2.2). The function f is determined by its values on g1, . . . , gk; furthermore,
requiring f to be simultaneously invariant by G(Q) on the left and by U on the right
is equivalent to requiring each value f (gi) to be invariant under Γi . Thus, the iso-

morphism of (2.3) simply sends f to the tuple
(

f (gi)
) k

i=1
.

Remark 2.4 We are being somewhat cavalier with our notation concerning repre-
sentatives of double cosets. When we write g ∈ G(Q) \ G(A)/U , for example, we
usually mean that g is an element of G(A), viewed as a representative of the double
coset G(Q)gU in G(Q) \ G(A)/U . Of course, we shall only put the representative g
to uses where the choice of representative is immaterial.

We now wish to define a multiplication of automorphic forms. Let f ∈ AW (U )
and f ′ ∈ AW ′(U ) be forms of the same level but possibly different weights. As in the
case of modular forms, the product f f ′ should still have level U , but the weight of
the product should be the “sum” of the weights W and W ′, in some suitable sense.
With hindsight and with the guidance of Remark 2.1.4 in [D], we make the following
definitions.

Definition 2.5 Let λ and λ ′ be the highest weights (in the sense of representation
theory) of the irreducible representations W and W ′ of G(R). Then define the sum
of W and W ′ to be the irreducible representation W ′′ of G(R), with highest weight
λ+λ ′. Note that W ′′ occurs inside W ⊗W ′, with multiplicity one; similarly, (W ′ ′)∗

occurs inside W ∗ ⊗ (W ′)∗.
We shall often write W =Wλ, W ′ =W ′

λ ′ , and W ′′ =Wλ+λ ′ .

Definition 2.6 Let W ′′ be the sum of W and W ′, as above. Take f ∈ AW (U ) and
f ′ ∈ AW ′(U ). Then define the product f f ′ ∈ AW ′ ′(U ) in either of the following
two equivalent ways:

1. View f as a W ∗-valued function on G(Q) \ G(A)/U , and similarly for f ′. Then
define, for g ∈ G(Q) \ G(A)/U ,

( f f ′)(g) = pr
(

f (g)⊗ f ′(g)
)
,(2.4)

where pr : W ∗ ⊗ (W ′)∗ → (W ′′)∗ is the projection.
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2. View f as a G(R)-homomorphism from W to L2
(

G(Q) \G(A)/U
)

, sending w ∈
W to ϕw ∈ L2; similarly for f ′, sending w ′ ∈ W ′ to ϕ ′w ′ ∈ L2. First define
f ⊗ f ′ : W ⊗W ′ → L2 by

[( f ⊗ f ′)(w ⊗ w ′)](g) = ϕw(g)ϕ ′w ′(g).(2.5)

Then define

f f ′ = ( f ⊗ f ′) ◦ i,(2.6)

where i : W ′′ →W ⊗W ′ is the injection.

At this point, f f ′ is only defined up to a constant factor, since pr and i are. We
shall make the product well-defined, in such a way as to obtain a graded ring of
automorphic forms. Then the projective variety associated to this graded ring should
be analogous to the Satake compactification of a Shimura variety. The simplest way
to obtain such a graded ring is to fix a (nontrivial) representation W =Wλ of G(R),
with highest weight λ �= 0. For an integer n ≥ 0, let Wnλ be the representation of
G(R) with highest weight nλ. Thus, the product of a form of weight Wnλ with a form
of weight Wmλ is a form of weight W(m+n)λ. We now invoke the following well-known
fact.

Lemma 2.7 Let Oλ be the orbit of a highest weight vector of Wλ (under the complexi-
fication G(C) of G(R)). Write Oλ for its Zariski closure in the affine space Wλ. Then the
coordinate ring C[Oλ] of Oλ decomposes under the action of G(C) into

C[Oλ] ∼=
⊕
n≥0

W ∗
nλ.(2.7)

Here the action of g ∈ G(C) on ϕ ∈ C[Oλ] is given by gϕ(x) = ϕ(g−1x), for x ∈ Oλ.
More precisely, Oλ is the zero set of a homogeneous ideal in the affine algebra C[Wλ],

and hence C[Oλ] is a graded ring. Then the degree n part of C[Oλ] is exactly W ∗
nλ.

Proof See Proposition 2.5 of [BK] and the references cited there.

Proposition 2.8 Fix a weight Wλ as above. Then:

1. The direct sum R =
⊕

n≥0 AWnλ(U ) is a graded ring under the multiplication de-
fined above.

2. The multiplication in R can be explicitly seen as follows: as a (graded) vector space,
R is isomorphic to the space of functions f : G(Q) \ G(A)/U → C[Oλ] satisfying
(2.2); the grading on R comes from the grading on C[Oλ]. Then, for f , f ′ ∈ R and
g ∈ G(A), ( f f ′)(g) = f (g) f ′(g), where the multiplication on the right is in the
ring C[Oλ].
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3. Let g1, . . . , gk and Γ1, . . . ,Γk be as in Lemma 2.3. Define the projective variety
Yλ = Proj C[Oλ]. The variety Yλ inherits an action of G(R) from its affine cone Oλ.
Then

Proj R ∼=
k⊔

i=1

Γi \ Yλ.(2.8)

Proof The first two statements follow immediately from the previous definitions,
especially (2.4) and Lemma 2.7. As for the third statement, Lemma 2.3 identifies R

with the product of graded rings
⊕k

i=1 C[Oλ]Γi . Thus Proj R is the disjoint union of
varieties Proj C[Oλ]Γi , which are just the quotients Γi \ Yλ.

We remark that the above proposition can be generalized to produce rings of auto-
morphic forms with more esoteric gradings. For example, one could turn the direct
sum
⊕

all W AW (U ) into a ring with a grading by the set of all irreducible represen-
tations of G(R). Analogously to the second assertion of Proposition 2.8, this ring
structure would come from a ring structure on

⊕
all W W , which can be viewed as the

coordinate ring of a quotient G(C)/N . (Here N is the unipotent radical of a Borel
subgroup of G(C).)

Coming back to the more prosaic graded rings of Lemma 2.7 and Proposition 2.8,
we note that Yλ is a generalized flag manifold associated to the group G(C). To see
this, let wλ ∈Wλ be a highest weight vector of Wλ, with respect to a system of positive
roots for G(C); then Yλ is the quotient G(C)/Pλ, where Pλ is the parabolic subgroup
of G(C) consisting of elements stabilizing the line Cwλ. For “generic” λ (i.e., λ not
on a wall of the Weyl chamber), Pλ is the Borel subgroup of G(C) associated to our
choice of positive roots. In that case, Yλ is the usual flag variety, and we can construct
the variety Proj R in a more concrete way, that does not depend on the choice of
generic λ. This is reminiscent of the construction of modular varieties and more
general Shimura varieties, except that here we take a quotient by a compact real torus
instead of by a maximal compact subgroup of G(R).

Definition 2.9 Let T(R) be a maximal torus of G(R), and define Y = G(R)/T(R).
Recall that Y is isomorphic to the flag variety of G(C), and is in particular a complex
manifold. Also define

X(U ) = G(Q) \ G(A)/U T(R).(2.9)

Proposition 2.10 Define gi and Γi as in Lemma 2.3, and let R be the graded ring
of automorphic forms defined in Proposition 2.8. Assume that λ in that proposition is
generic in the sense of the discussion preceding Definition 2.9. Then

X(U ) ∼=
k⊔

i=1

Γi \ Y ∼= Proj R.(2.10)

Proof Use the decomposition G(A) =
⊔k

i=1 G(Q)giU G(R).
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Remark 2.11 The graded ring R arises from a natural projective embedding of
X(U ). To see this, use the theorem of Borel-Weil to construct a holomorphic line
bundle Lλ on Y , such that H0(Y,Lλ) is isomorphic to W ∗

λ . Let L be the correspond-

ing line bundle on the orbifold X(U ) =
⊔k

i=1 Γi \ Y . Thus the global sections of L

on each connected component Γi \ Y are just (W ∗
λ )Γi . Then we obtain the following

corollary of Proposition 2.10.

Corollary 2.12 Let X(U ) and L be as above, assuming that λ is generic in the sense
used above. Then L is very ample on X(U ), and defines the projective embedding of
X(U ) associated to the graded ring

⊕
n≥0 AWnλ(U ).

Proof This is just saying that the space of global sections H0(X(U ),L⊗n) is isomor-

phic to
⊕k

i=1(W ∗
nλ)
Γi , and hence to AWnλ(U ). We incidentally remark that even if λ is

not generic, one can still obtain the AWnλ(U ) as global sections of L⊗n, for a possibly
nonample L.

We now show that X(U ) can be defined over Q. Interestingly, one does not need
to pass to a larger number field. The point is that if W comes from a rational rep-
resentation of G(Q), then AW (U ) has a rational structure. This observation is due
to B. Gross in [G2]. We shall see later in this article that it seems nontrivial to get
number-theoretic information out of this rational structure.

Definition 2.13 Let WQ be an absolutely irreducible rational representation of
G(Q). View WQ as a subset of its complexification W = WQ ⊗Q C. Further view
forms in AW (U ) as functions from G(Q) \ G(A)/U to W ∗. Then define the space
AW (U ,Q) of Q-rational forms in AW (U ) by

AW (U ,Q) = { f ∈ AW (U ) | f (g) ∈W ∗
Q for g ∈ G(A f )}.(2.11)

One actually only needs to check that f (g1), . . . , f (gk) ∈ W ∗
Q for the elements gi ∈

G(A f ) defined in Lemma 2.3. It is clear that

AW (U ,Q) ∼=
k⊕

i=1

(W ∗
Q)Γi .(2.12)

(The action of Γi on W ∗
Q is well-defined, as Γi ⊂ G(Q).)

Proposition 2.14 In the situation of Definition 2.13, assume furthermore that W =
Wλ with a highest weight λ that is generic in the sense used before.1 Then RQ =⊕

n≥0 AWnλ(U ,Q) is a graded ring, and Proj RQ is a model for X(U ) defined over Q.

1Such a WQ exists. For instance, let G have N positive roots, and take λ = 2ρ to be the sum of these
positive roots. Then Wλ is a constituent of the N-th alternating power of the adjoint representation of G,
which is defined over Q.
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Proof This merely amounts to noting that the projection from Wnλ ⊗ Wmλ to
W(m+n)λ is defined over Q. Alternatively, one can use the fact that Oλ is a Q-rational
subvariety of Wλ, whence Yλ is defined over Q. This follows from a theorem of
Kostant (Remark 2.6 of [BK]), that states that the ideal defining Oλ is generated by
quadratic polynomials that are the complement of the rationally defined subspace
W ∗

2λ of Sym2 W ∗
λ .

Note that Yλ has no Q-rational or even R-rational points, despite the fact that it
is defined over Q. Indeed, the existence of an R-rational point of Yλ would imply the
existence of an R-rational highest weight vector in Wλ, which is impossible because
G(R) is compact. However, H. Darmon has pointed out to me that the quotients
Γi \ Yλ may well have rational points.

We conclude this section with some remarks on Hecke operators in this formal-
ism. As usual, given t ∈ G(A f ), we can define the action of the double coset UtU on
AW (U ) as follows. Write UtU =

⊔r
i=1 tiU , with ti ∈ G(A f ). Viewing f ∈ AW (U ) as

a W ∗-valued function on G(Q) \ G(A)/U , we define

f |UtU (g) =
r∑

i=1

f (gti), for g ∈ G(A).(2.13)

In particular, if W is the complexification of a rational representation WQ, then UtU
actually acts on AW (U ,Q). Moreover, the Hecke operator UtU comes from a cor-
respondence on X(U ), in a way that is familiar from the case of modular curves.
Namely, let U ′ = U ∩ tUt−1. Then we define two maps p1, p2 : G(Q) \G(A)/U ′ →
G(Q) \ G(A)/U by

p1(g) = g, p2(g) = gt.(2.14)

The map g �→
(

p1(g), p2(g)
)

induces a map X(U ′) → X(U ) × X(U ), which is the
desired correspondence. Namely,

f |UtU = p1∗p∗2 f ,(2.15)

where p∗2 is the pullback along p2, and p1∗ is the trace (pushforward) along p1. Equa-
tion (2.15) makes sense from both perspectives of regarding an automorphic form as
a function on G(Q) \ G(A)/U or as a section of an orbifold line bundle on X(U ).

3 Automorphic Forms on Definite Quaternion Algebras

We now specialize the setup of Section 2 to the case where G is the inner form of
the group PGL(2,Q) associated to a definite quaternion algebra B over Q. In other
words, for any Q-algebra A,

G(A) = (B⊗Q A)×/A×.(3.1)

We shall also have use for the group G̃ which is the corresponding inner form of
GL(2,Q); i.e., G̃(A) = (B ⊗ A)×. The varieties associated to rings of automorphic
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forms on G are certain curves of genus zero that were first introduced in [G1], which
is a convenient source for many of the facts that we state below.

We first specify the Wλ, Oλ, and Yλ (in the notation of Section 2) that will be
relevant in our case. Since B is definite, G(R) ∼= H×/R×, where H is the set of
Hamilton quaternions. Thus G(R) ∼= SU(2)/{±1} ∼= SO(3). For n ≥ 0, write
Wn = Symn C2, where W1 = C2 is the standard representation of SU(2). Thus the
irreducible representations of G(R) are the W2n. We shall take Wλ to be W2, which is
the three-dimensional adjoint representation of G(R); hence Wnλ =W2n. Note that
these representations are all self-dual; we shall therefore not distinguish W2n from
W ∗

2n. We easily obtain the following proposition.

Proposition 3.1

1. The representation Wλ =W2 comes from the rational representation WQ of G(Q) =
B×/Q× acting by conjugation on the space {x ∈ B | tr x = 0}. Here, tr = trB/Q is
the reduced trace in the quaternion algebra.

2. We can give a rational model for Oλ as follows: for any Q-algebra A,

Oλ(A) = {x ∈ B⊗Q A | tr x = 0,N x = 0},(3.2)

where tr and N are the reduced trace and norm from B⊗Q A to A. Similarly,

Yλ(A) =
(
Oλ(A)− 0

)
/A×.(3.3)

3. The corresponding projective variety Yλ is a Severi-Brauer variety, in that Yλ(C) ∼=
P1(C), but Yλ has no rational, or even real, points.

Proof

1. This is well-known. For instance, B splits over C, so Wλ is the adjoint representa-
tion of PGL(2,C) on the set of complex matrices of the form

(
a b
c −a

)
.

2. This is also standard. Over C, a highest weight vector is
(

0 1
0 0

)
, and its orbit is the

set of
(

a b
c −a

)
with−a2 − bc = 0.

3. Using (3.2), Yλ(R) is easily seen to be empty, because B is definite, whence B ⊗Q

R ∼= H, whose norm form is anisotropic. As for Yλ(C), note that it is the curve in
the projective plane given by−a2 − bc = 0, which is just the duple embedding of
P1 into P2, sending [s : t] to [a : b : c] = [st : s2 : −t2].

As in Section 2, we can also construct Y (C) = Yλ(C) = P1(C) as the quotient
G(R)/T(R). Viewing G(R) as SU(2)/{±1}, we can take T(R) to be the image of
the subgroup of diagonal matrices in SU(2). We note an immediate corollary to the
proof of Proposition 3.1.

Corollary 3.2 If K is any field over which B splits (for example, if K is an imaginary
quadratic field contained in B), then Yλ(K) ∼= P1(K).
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We now proceed to apply the formalism of Section 2. Take a “level” U ∈ G(A f ),
and define g1, . . . , gk and Γ1, . . . ,Γk as in Lemma 2.3. We thus obtain a ring of au-
tomorphic forms R =

⊕
n≥0 A(W2n,U ). We then obtain a curve X(U ) = Proj R,

which is defined over Q. We also obtain the following isomorphism, also defined
over Q:

X(U ) ∼=
k⊔

i=1

Γi \ Y.(3.4)

In [G1], Gross originally defined X(U ) by (3.2), (3.3), and (3.4), but without intro-
ducing a ring of automorphic forms.

Note that X(U )(C) is the disjoint union of quotients of P1(C) by finite groups;
each such quotient is again isomorphic to P1(C), by Lüroth’s theorem. Some orb-
ifold problems appear due to our having taken quotients by finite groups. Namely,
the line bundle Lλ in Remark 2.11 is O(2) on P1(C), but passing to the quotient by
Γi introduces certain “corrections” at the fixed points of the action of Γi . (This is
similar to the situation with elliptic points on modular curves; see Proposition 2.16
of [S]). At any rate, for sufficiently high level (i.e., small U ), the groups Γi are all
trivial. Thus, the complexity of X(U ) is more combinatorial than geometric. The
combinatorics mainly involve the number k of connected components of X(U ), and
their interaction with the Hecke correspondences. We shall now rephrase this combi-
natorial complexity in terms of more classical language, involving orders and Brandt
matrices in the quaternion algebra B. Much of the following is adapted from [G1]
and [P].

We first restrict ourselves to a particular kind of U . Let O ⊂ B be an order; O

need not be maximal. Then define a level Ũ in G̃ by Ũ =
∏

p Ũ p ⊂ G̃(A f ), where

Ũ p = O×p ⊂ G̃(Qp). Here for convenience we have written Op to mean O⊗ZZp. Note

that Ũ contains Ẑ× =
∏

p Z×p ⊂ A×f , and in fact Ũ = Ô×, where Ô = O ⊗Z Ẑ =∏
p Op. We shall similarly write Bp = B ⊗Z Zp, and B̂ = B ⊗Z Ẑ = B ⊗Q A f . Then

G̃(Qp) = B×p , and G̃(A f ) = B̂×.

Definition 3.3 For O and Ũ as above, we define U to be the projection of Ũ to
G(A f ); thus U = Ô×/Ẑ×.

We also recall (in stages) the definition of a proper O-ideal.

Definition 3.4

1. Let L ⊂ B be a lattice; i.e., L ∼= Z4. Given x̂ ∈ B̂×, define x̂L ⊂ B to be the unique
lattice such that (x̂L)p = x̂pLp ⊂ Bp for all p. Here x̂p is the projection of x̂ to B×p .
Similarly define Lx̂. Typically, L will be a left or right ideal for O.

2. A proper O-ideal I ⊂ B will be a lattice of the form I = x̂O, where x̂ ∈ B̂×. Thus
I is a (possibly fractional) right O-ideal, such that O = {x ∈ B | Ix ⊂ I}.

3. The left order of a proper O-ideal I is O′ = {x ∈ B | xI ⊂ I}. Thus if I = x̂O,
then O′ = x̂Ox̂−1 in the sense of part 1 of this definition.
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4. Two proper O-ideals I and J are said to be equivalent iff there exists x ∈ B× with
J = xI. The left ideals of I and J are then conjugate by an element of B×.

5. Note that the equivalence classes of proper O-ideals are parametrized by the dou-
ble cosets of B× \ B̂×/Ô×. Namely, the double coset B×x̂Ô× corresponds to the
equivalence class of the ideal x̂O.

Henceforth an ideal in B will always mean a proper (possibly fractional) right O-
ideal, unless otherwise mentioned.

Lemma 3.5 Let O, U , and Ũ be as above. Then the set of equivalence classes of O-
ideals is canonically in bijection with G(Q) f \ G(A f )/U .

Proof Use the facts that A×f = (Q×) f Ẑ×, and that Ũ contains Ẑ×. Then G(Q) f \

G(A f )/U can be identified with G̃(Q) f \ G̃(A f )/Ũ , which is just the double coset

space B× \ B̂×/Ô×.

Lemma 3.6 In the situation of Lemma 3.5, choose representatives x̂1, . . . , x̂k ∈ B̂×

for the double cosets in B× \ B̂×/Ô×. Thus the ideals Ii = x̂iO, for 1 ≤ i ≤ k, are a
set of representatives for the classes of ideals in B. Define Γ̃i = B× ∩ x̂iŨ x̂−1

i ⊂ G̃(Q),
analogously to Lemma 2.3. Then:

1. The finite group Γ̃i is the group of units in the left order of Ii . Explicitly, Γ̃i =
{x ∈ B× | xIi = Ii}.

2. Let gi be the projection of x̂i to G(A f ). Then the corresponding Γi , in the notation of
Lemma 2.3, is the projection of Γ̃i to G(Q). Thus Γi = Γ̃i/{±1}.

Proof Easy.

We now turn to Hecke operators. For almost all p, B and O are unramified at p;
this means that there exists an isomorphism Bp

∼= M(2,Qp), so that Op corresponds
to M(2,Zp). Let tp ∈ Op correspond to the matrix

(
p 0
0 1

)
∈ M(2,Zp). We can view tp

as an element of G̃(Qp) ⊂ G̃(A f ), or by projection as an element of G(Qp) ⊂ G(A f ).

Definition 3.7 Let B and O be unramified at p, as above.

1. Define the Hecke operator Tp by the double coset UtpU . As the following propo-
sition shows, this definition is independent of the choice of isomorphism Bp

∼=
M(2,Qp).

2. Let Tp be as above, and choose g1, . . . , gk as in Lemma 3.6. Identify f ∈

A(W2n,U ) with the tuple
(

f (gi)
) k

i=1
∈
⊕k

i=1 W Γi
2n . View such a tuple as a column

“vector” whose i-th component is an element of W Γi
2n . Write the action of Tp on

A(W2n,U ) as a matrix Bp,n = (bi j)k
i, j=1, where bi j ∈ HomC(W

Γ j

2n ,W
Γi
2n). One calls

Bp,n a Brandt matrix.
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Proposition 3.8 The entries bi j of Bp,n are given as follows: let I1, . . . , Ik be, as in
Lemma 3.6, representatives of the ideal classes of O, compatible with our previous choice
of g1, . . . , gk. To calculate bi j , enumerate the subideals Lν ⊂ Ii satisfying the following
conditions:

1. Ii/Lν ∼= (Z/pZ)2,
2. Lν is in the same class as I j ; so Lν = γνI j for some γν ∈ B×.

Then, for w ∈W j
2n,

bi j(w) =
∑

all ν as above

γνw.(3.5)

Note that γνw is well-defined, and that
∑
ν γνw ∈ W Γi

2n, because left multiplication by
a unit of Oi permutes the Lν ’s. More prosaically, {γν} are a set of representatives of the
orbits of O×j , acting by right multiplication on the set

{γ ∈ IiI
−1
j | N(γ) = p N(Ii)/N(I j)}.(3.6)

Proof This is standard; compare with Definition 2.13 of [P]. Essentially, define
f ∈ A(W2n,U ) by f (g j) = w and f (g j ′) = 0 for j ′ �= j; then bi j(w) = (Tp f )(gi).
To compute this last quantity, think of f as a function on G̃(Q) \ G̃(A)/Ũ , invariant
under the center A×. The operator Tp then acts via the double coset Ũ tpŨ =

⊔
ν tνŨ ,

and we must evaluate

bi j(w) = (Tp f )(x̂i) =
∑
ν

f (x̂itν).(3.7)

The point is that the collection of ideals Lν , where Lν = x̂itνO, ranges over all subide-
als of Ii = x̂iO, with Ii/Lν ∼= (Z/pZ)2. Only the ideals Lν which are in the same class
as I j contribute nonzero terms to the sum in (3.7).

As is well known, the Hecke operators Tp (which we are only considering for those
p where B and O are unramified) can be simultaneously diagonalized on A(W2n,U ).
Furthermore, the Jacquet-Langlands correspondence (which originated in the set-
ting of definite quaternion algebras with Eichler and Shimizu) implies that if f ∈
A(W2n,U ) is a simultaneous eigenform of all Tp’s, then there exists a classical mod-
ular form f̃ (of weight 2n + 2) on GL(2), with the same Hecke eigenvalues as f .
One can then pass to the Galois representation attached to f̃ to obtain the following
well-known theorem.

Theorem 3.9 Given f ∈ A(W2n,U ) that is a simultaneous eigenform of all Tp’s,
with Tp f = λp f , and given a prime �, there exists a representation ρ f ,� : Gal(Q/Q)→
GL(2,Q�), with the property that for almost every p, ρ f ,�(Frob p) has characteristic
polynomial x2 − pnλpx + p2n+1. Here Frob p is a Frobenius element at p. The factor of
pn is due to our choice of normalization for the Hecke operators.
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This theorem suggests the following question: is there some way to produce the
representation ρ f ,� directly from f , without using the Jacquet-Langlands correspon-
dence to first pass to a form f̃ on GL(2)? This author is not aware of any such way.
However, the curve X(U ) has certain features, analogous to some of those features of
a “classical” modular curve that play an essential role in the passage from a “classical”
modular form ρ f ,� to a Galois representation. The rest of this paper is a discussion of
these features of X(U ) that are analogous to features of a modular curve.

The first feature is that a modular curve is in fact defined over a number field
(frequently over Q), and hence one can get Galois representations on appropriate
étale cohomology groups (H1) of modular curves. This feature carries over partially
to X(U ). As we have seen, X(U ) is indeed defined over Q, but its interesting arith-
metic information is almost entirely encoded in its connected components, i.e., by
H0. However, H0(X(U )) does not have an interesting Galois action. The Q-rational
structure on X(U ) may in some sense be the wrong one.

The second feature of a modular curve is that it is in fact a moduli space (for el-
liptic curves with extra structure, as is well-known), whence one can understand the
reduction modulo p of a modular curve X ′ by reducing the corresponding moduli
problem modulo p. This yields information about the Galois action of a Frobenius
element Frob p on a suitable H1(X ′), and in fact the Eichler-Shimura congruence
relates the p-th Hecke operator on X ′ to Frob p. In the case of X(U ), we shall in-
terpret the complex points of X(U ) as parametrizing certain complex tori that are
generally not abelian varieties. Thus X(U ) is not a moduli space in the usual sense,
and it is not clear what the reduction of X(U ) modulo p should be. Nonetheless,
some of the complex points of X(U ) are analogous to “CM-points” and do indeed
correspond to abelian varieties. For these points, we shall indeed prove an analog of
the Eichler-Shimura congruence.

4 Complex Tori with Quaternionic Endomorphisms

As promised at the end of Section 3, we now interpret the complex points of X(U )
as a kind of moduli space that does not parametrize algebraic objects. We keep the
notation and assumptions of Section 3.

Definition 4.1 A two-dimensional complex torus with a proper O-action is a com-
plex torus A ∼= C2/L such that O acts on A on the right by holomorphic endomor-
phisms, in such a way that L is isomorphic to a proper O-ideal. Explicitly, this means
that the action of O on A is given by an (injective) homomorphism i : O→ M(2,C),
such that:

1. For γ ∈ O, L · i(γ) ⊂ L. (Here we view elements of C2 as row vectors.) The
homomorphism i gives us the action of O on A.

2. The structure of right O-module that is induced on L makes L isomorphic to a
proper right O-ideal.

In anticipation of the following proposition, fix an element J0 ∈ BR
∼= H such

that J2
0 = −1. Left multiplication by J0 is thus a complex structure on BR, and right
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multiplication by an element of BR is linear with respect to this complex structure.
Our choice of J0 also defines a choice of maximal torus T̃(R) ⊂ G̃(R), namely the
centralizer of the regular semisimple element J0. Let T(R) be the projection of T̃(R)
to G(R); it is a (one-dimensional) maximal torus of G(R).

Proposition 4.2 The complex points of X(U ) parametrize the isomorphism classes of
two-dimensional complex tori with a proper O-action on the right.

Proof Let x ∈ X(U ) ∼= G(Q) \ G(A)/U T(R) ∼= G̃(Q) \ G̃(A)/Ũ T̃(R). (Here the
second isomorphism follows from the fact that A× = Q×Ẑ×R×.) This last double
coset space is B× \ (B̂× × BR

×)/Ô×T̃(R); thus, pick a representative for x and write,
by abuse of notation, x = x̂xR with x̂ ∈ B̂× and xR ∈ BR

×. If we like, we may assume
that x̂ is one of the representatives of B× \ B̂×/Ô× chosen in Lemma 3.6, so x = x̂i

for some i.
The point x then corresponds to the complex torus Ax = BR/x̂O, where the com-

plex structure on BR is given by left multiplication by Jx = xR J0xR
−1. Note that if

x̂ = x̂i , then the lattice x̂O is the ideal Ii . The action of O on Ax arises from right mul-
tiplication on BR (which preserves x̂O), and this action commutes with the action of
Jx, whence this action is holomorphic. We now show that the isomorphism class of
Ax depends only on the class of x in the double coset space. On the one hand, right
multiplying x by an element of Ô×T̃(R) does not change Ax at all. On the other hand,
left multiplying x by an element γ ∈ B× gives rise to an isomorphism of complex tori
with endomorphisms by O:

Aγx = BR/γx̂O
γ·
−→ BR/x̂O = Ax,(4.1)

where the complex structure on Aγx is given by Jγx = γ Jxγ
−1, and the map indicated

by γ· is left multiplication by γ on BR.
Conversely, every complex torus with a proper O-action arises in this way, for a

unique double coset B×xÔ×T̃(R).

Remark 4.3 We have chosen to parametrize complex structures on BR as conju-
gates of J0 by elements of G̃(R)/T̃(R). As usual, one can eliminate the choice of J0

and T(R) by viewing a complex structure as a homomorphism from C to BR. This
identifies P1(C) with Hom(C,BR), instead of with G(R)/T(R). This latter identifica-
tion is more canonical and will be taken up again in Proposition 4.12.

Remark 4.4 As seen in Section 3, the connected components of X(U ) correspond
to the different ideal classes I1, . . . , Ik of O. In terms of the moduli space interpre-
tation of Proposition 4.2, each connected component parametrizes tori C2/L, where
L is isomorphic to a particular Ii . Furthermore, the connected component corre-
sponding to Ii is isomorphic to Γ̃i \ P1(C), with Γ̃i as in Lemma 3.6. Points on
this connected component correspond to different complex structures on BR/Ii , by
a correspondence virtually identical to that in Proposition 4.2. Namely, an element
of P1(C) gives a complex structure on BR, and hence on BR/Ii . If two such complex
structures differ by the action of an element γ ∈ Γ̃i = O×i , this gives rise to an
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isomorphism between the two different complex stuctures on BR/Ii , analogously to
(4.1).

Remark 4.5 An analog of the construction in Proposition 4.2 works even if B is an
indefinite quaternion algebra. In that case one obtains the standard construction and
moduli interpretation of Shimura curves. An interesting case is when B = M(2,Q)
is split, and O =

{(
a b

Nc d

)
| a, b, c, d ∈ Z

}
. This yields the modular curve X0(N) as

a parameter space for complex tori with an action of O. It turns out that such tori
have the form E × E ′, where E and E ′ are elliptic curves with a cyclic N-isogeny be-
tween them, thereby recovering the usual moduli interpretation of X0(N). In the case
of Shimura curves, the complex tori that they parametrize all end up being abelian
varieties, in contrast to the situation with the curves X(U ); see Proposition 4.9 below.

We now describe the “moduli” interpretation of the Hecke operator Tp on X(U ).
As before, we assume that B and O are unramified at p. It is most convenient to
view Tp as a correspondence, or, in other words, as a multiple-valued function: given
x ∈ X(U ), Tpx will be a formal sum of (p + 1) points on X(U ). (The number p + 1
is the degree of the correspondence Tp, namely the number r in (2.13), or the degree
of the map p1 in (2.14).)

Proposition 4.6 Let x ∈ X(U ) correspond to A = Ax, which we view as C2/L. Then
Tpx is the formal sum of the points xν corresponding to tori C2/Lν , where Lν ranges over
all O-submodules of L such that L/Lν ∼= (Z/pZ)2. In other words, the xν correspond to
complex tori Aν with an O-equivariant isogeny Aν → A, whose kernel is isomorphic to
(Z/pZ)2.

Proof Take a representative x = x̂xR as above, thus identifying L with x̂O. The dou-
ble coset defining Tp is Ũ tpŨ =

⊔
ν tνŨ , and the desired points Aν are represented

by xν = x̂tνxR. Thus Aν = BR/Lν where Lν = x̂tνO (the complex structure on BR is
given by xR, and is the same as for A). But we have seen in the proof of Proposition 3.8
that the Lν range over the subideals of L such that L/Lν ∼= (Z/pZ)2.

Remark 4.7 Such subideals Lν satisfy pL ⊂ Lν ⊂ L. View Lν/pL as an O-sub-
module of L/pL; one sees that Lν/pL is also isomorphic to (Z/pZ)2. Now L/pL
is a right module over O/pO, and L is locally free of rank one over O, so L/pL ∼=
O/pO as an O/pO-module (e.g., pass to the completion at p). Moreover, O/pO ∼=
M(2,Z/pZ), since Op

∼= M(2,Zp). Thus, the Lν that we want to enumerate cor-
respond to right ideals of M(2,Z/pZ) that are two-dimensional over Z/pZ. These
right ideals have the form L(a,b) =

{
( a b )

( x
y

)
| x, y ∈ Z/pZ

}
, and the map associ-

ating L(a,b) to (a : b) ∈ P1(Z/pZ) is a bijection.

We also remark that we can list the complex tori Aν as being obtained in the fol-
lowing way:

Proposition 4.8 Let A[p] = {a ∈ A | pa = 0} be the group of p-torsion points of A.
Then O/pO acts on A[p], and the situation is isomorphic to having M(2,Z/pZ) act on
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M(2,Z/pZ) by right multiplication. Let {Cν}ν list the O-submodules of A[p] such that
Cν ∼= (Z/pZ)2; the Cν are enumerated essentially by the same L(a,b) as in Remark 4.7.
Then the Aν of Proposition 4.6 are the quotients A/Cν .

Proof Instead of taking Aν = BR/Lν as in Remark 4.7, we take the isomorphic
complex torus Aν = BR/p−1Lν , which is now a quotient of A by precisely a subgroup
Cν of A[p] as above.

We now turn to the question of when a complex torus A with a proper O-action is
actually an abelian variety. A special case of a theorem by Shimura implies that only
those A that have “complex multiplication” are abelian varieties.

Proposition 4.9 Let A = C2/L have a right action of O by holomorphic endomor-
phisms. Then A is an abelian variety if and only if it is isogenous to E× E, where E is an
elliptic curve with complex multiplication by an imaginary quadratic field K that splits
B. In other words, B ⊗Q K ∼= M(2,K) ∼= (End A) ⊗Z Q. Viewing A as BR/L for an
O-ideal L, such an A is an abelian variety if and only if the complex structure J is left
multiplication by an element of BR of the form J = ζ/(N ζ)1/2, where ζ ∈ B× satisfies
tr ζ = 0. (The symbols N and tr denote the reduced trace and norm from B to Q.) In
that case, K = Q(ζ), and the complex structure on BR is inherited from the K-vector
space structure on B, where K acts on B by left multiplication.

Proof This is a special case of [S2, Proposition 15]. For the reader’s convenience,
we sketch the proof. View A as BR/L with a complex structure J, where L is a lattice
in B (hence L is commensurable with O). The complex torus A is an abelian variety
iff we can find a skew-symmetric form E : BR × BR → R, such that

1. E(γ, δ) ∈ Z if γ, δ ∈ L,
2. E( Jx, x) is a positive definite quadratic form,
3. E( Jx, Jy) = E(x, y) for x, y ∈ BR.

Now skew-symmetric forms on BR are of the form E(x, y) = tr(ηxy − ζxy), where
η, ζ ∈ BR have trace 0, and x is the conjugate of x ∈ BR. Condition 1 implies
that η, ζ ∈ B and are “sufficiently integral.” Condition 2 both forces ζ �= 0, and
requires tr(−ζ J) to be a sufficiently large positive number, so that the term tr(−ζ Jxx)
can overcome the contribution of the indefinite term tr(−ηx Jx). Condition 3 forces
J to commute with ζ ; since ζ �= 0, J must belong to R(ζ), which is a copy of C
inside BR. Since tr J = tr ζ = 0 and N J = 1, we conclude that J = ζ/(N ζ)1/2.
Furthermore, K = Q(ζ) splits B because it is a maximal subfield of B. Letting K act
on B by left multiplication, we see that B is isomorphic to K2 as a K-vector space. This
isomorphism gives rise to an isomorphism BR

∼= C2, compatible with the complex
structure induced by J. Let OK be the ring of integers of K. The lattice L ⊂ B is
commensurable with the lattice corresponding to OK ⊕OK ⊂ K2 ∼= B, and therefore
our torus BR/L is isogenous to E × E, where E is the CM elliptic curve C/OK .
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Definition 4.10 We call a CM-point of X(U ) any point x ∈ X(U ) correspond-
ing to an abelian variety as described in Proposition 4.9. We also call the K in that
proposition the CM-field of x.

Remark 4.11 A CM-point x ∈ X(U ) also comes with a specific identification of
K as a subfield of C, i.e., with a CM-type of K. Namely, the choice of J ∈ BR gives
an embedding of R-algebras q : C → BR, with q(i) = J; then K = B ∩ q(C), and q
induces an embedding of K into C.

Proposition 4.12 The CM-points of X(U ) with CM-field K are precisely the points
that are defined over K.

Proof Here we must reexpress X(U ) (and the complex tori it parametrizes) in a
way that does not involve a choice of J0 or even of T(R); rather, we must capture
the way in which X(U ) is defined over Q. We do this separately on each connected
component of X(U ), following the method on page 131 of [G1]. The connected com-
ponent corresponding to Ii is then Γi \ Y (see (3.4)). This component parametrizes
complex structures J on BR, or rather on BR/Ii , up to replacing J by γ Jγ−1 with
γ ∈ Γi = O×i /{±1}. This parametrization arises through a G(R)-equivariant bi-
jection between the set of complex structures on BR and Y (C), given as follows. As
in Remarks 4.3 and 4.11, a complex structure on BR is given by a homomorphism of
R-algebras q : C → BR. There then exists a unique (complex) line � in the complex
vector space B⊗Q C, such that

q(z)xq(z)−1 = (z/z)x, for x ∈ � and z ∈ C;(4.2)

viewing the line � as a point in projective space, � is the point of the projective variety
Y (C) that corresponds to our original q. (The fact that � ⊂ Oλ(C) is clear upon
choosing an isomorphism B ⊗Q C ∼= M(2,C), with respect to which q(z) = ( z

z );
then � is the span of

(
0 1
0 0

)
, which has zero trace and norm, as required by (3.2).)

Now to prove the proposition, note that by Proposition 4.9, a complex structure that
gives CM by K (viewed as a subfield of C by Remark 4.11) corresponds to a q that
originates from a homomorphism q ′ : K → B of Q-algebras. This is equivalent to
saying that the line � comes from a (K-)line � ′ ⊂ B ⊗Q K satisfying (4.2) for x ∈ � ′

and z ∈ K. Hence � ′ corresponds to a point of Y (K), which is what we wanted to
show.

Remark 4.13 The result in Proposition 4.12 stands in contrast to the usual situa-
tion with Shimura curves, where CM-points with CM-field K are in fact defined over
an abelian extension of K. For Shimura curves, this reflects the fact that an abelian
variety isogenous to E×E, for a CM elliptic curve E, is defined over some abelian ex-
tension of K. In contrast, the analogous points of X(U ) are defined over K itself; this
seems to reflect the fact that the period matrix of the corresponding abelian variety
is K-rational. In this sense, the rational structure on X(U ) does not seem to have a
direct relation with moduli questions, and so it is not clear how to relate this rational
structure to the Galois representations ρ f ,� attached to automorphic forms on X(U )
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(via Theorem 3.9). One could try to describe a different Galois action on these CM-
points, via conjugating the associated abelian varieties; see Proposition 4.15 below.
This would still not carry enough information to reconstruct ρ f ,�; I am indebted to
B. Gross for this observation. Indeed, the Galois action on such CM abelian vari-
eties will factor through Gal(L/Q), where L is the maximal abelian extension of the
compositum of all (imaginary) quadratic fields K; as Gal(L/Q) is an inverse limit of
solvable groups, it does not have any quotients isomorphic to GL(2,Z�), and yet ρ f ,�

usually has an image isomorphic to GL(2,Z�).

Remark 4.14 We note that Corollary 3.2 implies that there are infinitely many CM-
points with CM-field K, as they are parametrized by the points of several copies of
quotients of P1(K) by finite groups.

We now turn to the last topic of this article, which is a generalization of the Eichler-
Shimura congruence relation to the CM-points on X(U ). As mentioned in the in-
troduction and at the end of Section 3, this congruence is one of the crucial steps in
attaching Galois representations to classical modular forms, and to modular forms on
indefinite quaternion algebras. The fact that an analog of this congruence also holds
in our setting of definite quaternion algebras is evidence that one might yet be able
to find a way to produce Galois representations directly from X(U ), despite the fact
that Remark 4.13 seems discouraging. We first give a direct proof of a weaker version
of the analog of the Eichler-Shimura congruence, using the theory of complex mul-
tiplication. Although we do not need this weaker version (Theorem 4.20) to prove
the full analog (Theorem 4.22), we include it because it is reminiscent of Shimura’s
own proof of the Eichler-Shimura congruence in Theorem 7.9 of [S], which proceeds
by showing that for a modular curve X ′, there are infinitely many CM-points on the
Hecke correspondence Tp ⊂ X ′×X ′ whose reduction modulo p lies on the graph of
the Frobenius map. In contrast, our proof of the more general Theorem 4.22 is less
direct, and invokes the Eichler-Shimura congruence for modular curves.

Our first step in proving Theorem 4.20 is to describe what the theory of com-
plex multiplication says about CM-points on X(U ). This follows the formulation in
Theorem 5.4 of [S]. Write Kab for the maximal abelian extension of K, and write
K×A for the set of ideles of K. A homomorphism q : K → B gives rise to another
homomorphism, also written q : K×A → B×A , B×A being the adelization of B×, i.e.,
B×A = G̃(A). We allow elements of B×A to act on lattices in B via the projection
B×A = B×R × B̂× → B̂×, as in Definition 3.4.

Proposition 4.15 Let A be a two-dimensional abelian variety with a right O-action,
as in Propositions 4.9 and 4.12, so A has CM by an imaginary quadratic field K, viewed
as a subfield of C. Fix an isomorphism ξ : BR/I → A for an O-ideal I, such that the
complex structure on BR arises from a homomorphism q : K → B. We also write ξ for
the isomorphism ξ : B → Ator, where Ator is the set of torsion points of A. Let σ be an
automorphism of C whose restriction to Gal(Kab/K) is given by the idele s ∈ K×A . Then
there is an isomorphism ξ ′ : BR/q(s−1)I → Aσ , such that the action of σ on the torsion
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points makes the following diagram commute:

B/I
ξ

−−−−→ Ator

q(s−1) ·

�
� σ

B/q(s−1)I
ξ ′

−−−−→ Aσtor.

(4.3)

Here q(s−1) ∈ B×A . Left multiplication by q(s−1) maps B/I to B/q(s−1)I via the decom-
position B/I ∼=

⊕
p Bp/Ip, as in Section 5.2 of [S].

Remark 4.16 The fact that Aσ also has CM by K is clear. Indeed, A has CM if and
only if the rational endomorphism algebra End A⊗Z Q is isomorphic to M(2,K); the
structure of this endomorphism algebra is unaffected by σ.

Remark 4.17 In this and in our subsequent discussion, we do not assume anything
about the field of rationality of isomorphisms or isogenies between abelian varieties;
for our purposes, ξ and ξ ′ are only defined over C.

Proof of Proposition 4.15 Take an isogeny E × E → A, where E is an elliptic curve
with complex multiplication by K. Hence A is isomorphic to E×E/C , where C is the
finite kernel of this isogeny. We then obtain that Aσ is isomorphic to Eσ × Eσ/Cσ ,
which we calculate by the usual theory of complex multiplication. This involves re-
alizing E as C/a for some lattice a in K; thus A is isomorphic to C ⊕ C/(a ⊕ a,C),
where (a ⊕ a,C) is the lattice generated by a ⊕ a and a set of representatives for C ,
which we shall again write as C . Note that C ⊂ K ⊕ K, since C is a torsion subgroup
of E×E. Now our original isogeny E×E→ A arises from a map C⊕C→ BR, which
in turn arises by extension of scalars (from Q to R) of an isomorphism K ⊕ K → B.
This isomorphism takes the lattice (a ⊕ a,C) to I; given α ∈ K, this isomorphism
also carries multiplication by α on K ⊕ K over to left multiplication by q(α) on B.

We now invoke Theorem 5.4 of [S]. Then Eσ is isomorphic to C/s−1a, and the
action of σ on torsion points in Etor is given by a diagram analogous to (4.3). Thus
Aσ is isomorphic to the quotient of C⊕ C by the lattice (s−1a⊕ s−1a, [s−1]C). Here
[s−1]C is a set of representatives in K ⊕ K for the result of multiplying C ∈ K ⊕
K/a ⊕ a by s−1 and obtaining a new set of points [s−1]C ⊂ K ⊕ K/s−1a ⊕ s−1a,
as in Section 5.2 of [S]. Working inside K ⊕ K, one checks the equality of lattices
(s−1a⊕ s−1a, [s−1]C) = s−1(a⊕ a,C) (this is straightforward but not quite as trivial
as the notation suggests). In terms of our isomorphism between K ⊕ K and B, the
lattice (s−1a⊕ s−1a, [s−1]C) then corresponds to q(s−1)I. We similarly obtain (4.3).

Corollary 4.18 Let A ∼= BR/I be as in Proposition 4.15. Then the field of moduli of
A, equipped with its endomorphisms, is the ring class field over K corresponding to the
order O′K = q−1(O′), where q : K → B is the inclusion of Proposition 4.15, and O′ is
the left order of I.

https://doi.org/10.4153/CJM-2001-005-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2001-005-5


118 Kamal Khuri-Makdisi

Proof Since we are also considering the endomorphisms of A, which are an order in
M(2,K), the field of moduli in question contains K. Thus the field of moduli is the
class field corresponding to those s ∈ K×A which satisfy the following two properties:
first, q(s−1)I = γI for some γ ∈ B; second, conjugation by γ (as in (4.1)) preserves
the complex structure on BR. This means that conjugation by γ preserves the K-
structure on B induced by q; hence γ = q(α) for some α ∈ K. In other words, I is
stable under left multiplication by q(sα) ∈ B×A ; hence our set of s is K×(Ô′K )× ⊂ K×A ,
which is exactly the open subgroup corresponding to the ring class field of O′K .

Remark 4.19 In particular, the field of moduli of A as above is the Hilbert class
field of K if and only if O′K is the full ring of integers of K. In all cases, q as above gives
what is called an optimal embedding of O′K into O′.

We can now prove our weak form of the congruence of Eichler and Shimura, es-
sentially only for half the primes (essentially, those that are split in K, or, equivalently,
those where the abelian variety is ordinary).

Theorem 4.20 Let x ∈ X(U )(K) correspond to an abelian variety A with both a right
O-action and CM by K; use the notation and assumptions of Proposition 4.15. For
almost every prime p that is split in K, let σ be a Frobenius element above p. Then
Aσ corresponds to one of the points xν in the formal sum of points Tpx described in
Proposition 4.6. In other words, if Aσ corresponds to the point x ′ ∈ X(U )(K), then the
pair (x, x ′) lies on the correspondence Tp, viewed as a correspondence on X(U )×X(U ).

Proof Write A = BR/I for an O-ideal I, and assume that O is unramified at p,
as in Definition 3.7, so that Tp makes sense. Let O′K be as in Corollary 4.18, and
assume that p does not divide the conductor of O′K ; i.e., writing K ′ for the ring class
field of O′K , we are requiring p to be unramified in K ′. All in all, we have excluded
finitely many p (note that the set of excluded p depends on O′K , which depends on
x). Now p is split in K, with p = pp, so our Frobenius element σ is either Frob p or
Frob p, these two Frobenius elements being inverse to each other in Gal(K ′/K). We
can then choose an element s ∈ K×A representing σ, by taking s to be a uniformizer in
one of the completions K×p (if σ = Frob p) or in K×

p
(if σ = Frob p), both viewed as

subgroups of K×A . In both cases, q(s−1) is an element of the p-adic completion O′K⊗Z

Zp
∼= Zp × Zp, and the norm of q(s−1) is p−1. Thus q(s−1)I is an O-ideal containing

I, with q(s−1)I/I ∼= (Z/pZ)2. (In coordinates, we can choose an isomorphism Bp
∼=

M(2,Qp) such that O′p corresponds to M(2,Zp), and O′K⊗Z Zp ⊂ O′p corresponds to
Zp × Zp, embedded diagonally into M(2,Zp). The idele s then corresponds to either
(p, 1) or (1, p) in Kp = Kp × Kp

∼= Qp × Qp.) We then invoke Proposition 4.8 and
conclude the theorem.

Remark 4.21 If (x, x ′) is any pair on the correspondence Tp, then x corresponds to
an abelian variety with CM-field K if and only if x ′ does as well. This is clear from the
fact that the complex tori corresponding to x and to x ′ are isogenous. Alternatively,
one can show directly that x ∈ X(U )(K) if and only if x ′ ∈ X(U )(K).
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We now give the general proof of the analog of the Eichler-Shimura congruence,
without needing to restrict ourselves to p split in K. We shall also obtain our results
for all p where O is unramified, so the finite set of “bad” p is independent of the
CM-point x, and even of the CM-field K.

Theorem 4.22 Let x ∈ X(U )(K) be as in Theorem 4.20, corresponding to an abelian
variety A. Take a prime p where O is unramified, and write Tpx as the formal sum
of p + 1 points Tpx =

∑p
ν=0 xν ; call the corresponding abelian varieties A0, . . . ,Ap.

Choose a prime P of Q above p, and write A for the reduction of (a good model of) A
modulo P; similarly, write Aν for the reduction of Aν . Then we can reorder the Aν so
that we obtain isomorphisms (defined over the algebraic closure of Z/pZ):

A
Frob p ∼= A0, A

(Frob p)−1
∼= Aν , for 1 ≤ ν ≤ p.(4.4)

We shall use the following lemma:

Lemma 4.23 With A as above, there exists an elliptic curve E with CM by K, and an
isogeny ϕ : E × E→ A, such that

1. kerϕ has order prime to p, whence ϕ induces an isomorphism E[p]× E[p] ∼= A[p]
on the torsion points of order p.

2. The resulting right action of O/pO on E[p] × E[p] is compatible with an iso-
morphism O/pO ∼= M(2,Z/pZ), with

(
a b
c d

)
∈ M(2,Z/pZ) sending (P,Q) ∈

E[p]× E[p] to (aP + cQ, bP + dQ).

Proof of Lemma 4.23 View A as BR/I for an O-ideal I, with the complex structure
coming from q : K → B. As before, write O′K = q−1O′ = {α ∈ K | q(α)I ⊂ I}. We
shall show that we can take E = C/O′K .

We claim that I/pI is isomorphic as an O′K -module to O′K/pO′K ⊕ O′K/pO′K , with
the right action of O/pO corresponding to the right action of M(2,Z/pZ), analo-
gously to (2) above. This is not hard, but takes some care. Choosing an isomorphism
of O/pO with M(2,Z/pZ), we know that I/pI is isomorphic to M(2,Z/pZ) as a
right M(2,Z/pZ)-module, and that O′K/pO′K acts on the left of I/pI by left multi-
plication via a homomorphism ι : O′K/pO′K → M(2,Z/pZ). (Caution: ι is not quite
the map induced from q. In essence, the p-adic completion Ip of I can be written as
Ip = γpOp, where without loss of generality γp ∈ Op

∼= M(2,Zp). Then ι is the
conjugation of q by γp.) By our choice of O′K , O′K/pO′K acts faithfully on I/pI, so ι is
an injection. Hence ι gives V = (Z/pZ)2 (viewed as column vectors) the structure
of a faithful O′K/pO′K -module. We wish to show that V is isomorphic to O′K/pO′K ,
from which our claim will follow: indeed, I/pI ∼= M(2,Z/pZ) decomposes into a
direct sum of two copies of V (the two columns of a matrix) under the left action
of O′K/pO′K , and the right action of O/pO on V ⊕ V is similar to (2) above. Now
to see that that V ∼= O′K/pO′K , note that O′K/pO′K is two-dimensional over Z/pZ, so
O′K/pO′K

∼= (Z/pZ[t])/
(

f (t)
)

, where f (t) is a quadratic polynomial. The fact that ι
is injective means that f is the minimal polynomial of the linear transformation ι(t)
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on V . Since V is also two-dimensional, we conclude that f is also the characteris-
tic polynomial of ι(t). Thus V is a cyclic module for the linear transformation ι(t),
with minimal polynomial f , whence V ∼= (Z/pZ)[t]/( f ) ∼= O′K/pO′K , as desired.
(We remark that this proof seems more satisfying than a case-by-case proof that uses
the fact that O′K/pO′K is isomorphic either to the ring Z/pZ× Z/pZ, or to the finite
field with p2 elements, or finally to (Z/pZ)[t]/(t2)—this last case occurring when p
divides the conductor of O′K .)

We now conclude the proof of the lemma. We have produced an isomorphism
ϕ : O′K/pO′K ⊕ O′K/pO′K → I/pI, which satisfies an analog of property (2) above.
Lift ϕ to an injective homomorphism of O′K -modules ϕ0 : O′K ⊕ O′K → I (simply lift
the images ϕ(1, 0) and ϕ(0, 1) to I; the resulting homomorphism is injective because
it extends to an isomorphism K⊕K → B, and to an isomorphism C⊕C→ BR). Since
ϕ is an isomorphism, the cokernel of ϕ0 has order prime to p. The homomorphism
ϕ0 then induces a map ϕ : C/O′K × C/O′K → BR/I, which one easily checks has
properties (1) and (2) above.

Proof of Theorem 4.22 We use Lemma 4.23 to reduce our statement about A to
the Eichler-Shimura congruence for E itself. Take ϕ : E × E → A as in that lemma.
Following Proposition 4.8, we list the O-stable subgroups Cν of A[p] with Cν ∼=
(Z/pZ)2. Passing from A[p] to the isomorphic group E[p]×E[p], we see that as �ν ⊂
E[p] varies among the p + 1 “lines” (�ν ∼= Z/pZ) in the “plane” E[p] ∼= (Z/pZ)2,
Cν varies among the subgroups �ν ⊕ �ν ⊂ E[p] × E[p]. This last statement follows
essentially from (2) of Lemma 4.23. Write C = kerϕ; we thus see that the Aν are
isomorphic to the quotients E×E/(�ν ⊕ �ν,C), where (�ν⊕ �ν ,C) is the subgroup of
E[p]×E[p] generated by �ν⊕�ν and C . Now invoke the Eichler-Shimura congruence
for E and for points of E, or rather for the modular curve X1(N): if P ∈ E[N] is a
torsion point of order N prime to p, then for one choice of ν, say for ν = 0, we have
the following isomorphism after reducing modulo P:

(
(E/�0), P0

)
∼= (E

Frob p
, P

Frob p
),(4.5)

where P0 is the image of P in E/�0. By the notation in (4.5), we mean that the isomor-

phism between (E/�0) and E
Frob p

carries the reduction P0 of P0 to P
Frob p

, which is the
result of applying Frob p to the reduction P of P. The Eichler-Shimura congruence
also implies that for the other ν, we have isomorphisms

(
(E/�ν), Pν

)
∼= (E

(Frob p)−1

, p · P
(Frob p)−1

), for 1 ≤ ν ≤ p.(4.6)

Here Pν is again the image of P in E/�ν , and we have taken the p-th multiple of P on
the elliptic curve before reducing modulo P. We note that analogs of (4.5) and (4.6)
hold if we simultaneously take several torsion points P,Q,R, · · · ∈ E[N].

Now A0 is isomorphic to (E/�0)×(E/�0)/C0, where C0 is the image of C in E/�0×
E/�0. Writing a typical element of C as (P,Q) ∈ E × E, and using (4.5), we conclude

that A0 is isomorphic to E
Frob p

× E
Frob p
/C

Frob p
, which in turn is isomorphic to

A
Frob p

. Of course, the fact that C has order prime to p is essential here. Similarly, we
obtain the statement (4.4) about Aν for 1 ≤ ν ≤ p, by using (4.6) and the fact that
p ·C = C .
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