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Abstract

A Littlewood—Paley operator associated with the reflection part of the Dunkl operator is introduced and
proved to be of type (p, p) for 1 < p < oo, based on boundedness of a generalised vector-valued singular
integral. This fills a gap for 2 < p < oo concerning the boundedness of a g-function in the Dunkl setting.
The paper also supplies new proofs for 1 < p < oo on the (p, p) boundedness of various g-functions
associated with the Dunkl operator.
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1. Introduction

The harmonic analysis of the one-dimensional Dunkl operator and Dunkl transform
was developed in [3, 4]. The Littlewood—Paley g-functions in the Dunkl setting on the
line were studied in an earlier paper [6], where their boundedness in norm was proved
in several cases. The Dunkl operator and Dunkl transform considered here are the
rank-one case of the general Dunkl theory, which is associated with a finite reflection
group acting on a Euclidean space. The Dunkl theory provides a useful framework for
the study of multivariable analytic structures and has gained considerable interest in
various fields of mathematics and in physical applications (see, for example, [2]). For
the classical theory of the Littlewood—Paley g-functions, see [7-9, 11].

Assume that A is a fixed nonnegative number. As in [3], for 1 < p < co, we denote
by LZ (R) the space of measurable functions f on R satisfying

I f||§,; =cy f If ()P Ix* dx < oo with ¢! = 271204 + 1/2).
R
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2] Littlewood—Paley functions 127
The Dunkl operator on the line R involves a reflection and is defined by

A
(D) = f'(x) + (@) = f=x)),

and the Dunkl transform of a function f € L} (R) is defined by

(Faf)E) = ca f FOEA(=ixé)x*' dx  for £ €R,
R
where E, is the Dunkl kernel

E\(z) = jac1p2(iz) + Jaripliz) forzeC

_*
24+ 1
and j,(z) is the normalised Bessel function

a(z) = (—=1)'T(a + 1) (5)2”

ry n'n+a+1)\2

Jo(2) =2T(a + 1)

The Dunkl transform .%, was studied in [5] from the viewpoint of the signed
hypergroup.
The operator Ay = D? + (92 is called the A-Laplacian. It can be written explicitly, for
a given C? function u on the half plane R2 = {(x,y) : x € R,y € (0, )}, as
6214 62 200u A

(Au)(x,y) = T2 T T o 2 Mey) —u(=x.y).
y x ox X2

If Aju = 0, then u is said to be A-harmonic on R2.
For f € LY(R), 1 < p < oo, the associated Poisson integral, which is called the A-
Poisson integral in [3], is defined by

uf(x,y)=(Pf)(x,y)=CAfRf(t)P(x, —t, et dr - for (x,y) € RS, (1.1)

where P(x,t,y) is the A-Poisson kernel given by (cf. [3])

Dy + )1 = sH!

P(x,t,y) = —
*1,) ey Jog 02 + X% + 12 + 2xts)t]

(1.2)

The A-Poisson integral us(x,y) of f € L’A’(R) for 1 < p < o0 is A-harmonic on Ri.
For f € L; (R), 1 < p < oo, there are several possible g-functions of the Littlewood—
Paley type, such as

2 1/2 2 1/2
y@),&mm—]‘—vaﬂ

gl(f)(X)—f —(xy)
and

172
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where V = (d,,d,) is the gradient vector. In the Dunkl setting, the more apt
substitutions for g, and gy are
1/2

o0 172 )
e = fo Des (s Pydy)  and o, (N0 = fo Ve y)Pydy)

where V, = (Dy, ,) is the A-gradient vector. Based upon a vector version of the
multiplier theorem for the Dunkl transform, the boundedness of the operators g;, gp
and gy, in LY (R) was proved in [6] for 1 < p < co, but that of the operator gy in L} (R)
was only proved for 1 < p <2. One of the contributions of the present paper is to fill
in the gap for the operator gy, that is, to show that ||gv(f)||u; < ||f||,_:; for1 < p < oo.

For this purpose, we need to consider an operator associated to the reflection part
of the Dunkl operator D, that is,

2o = fo

We shall also consider the operator

=~ 12
g, () = ( fo VAR (x, y) dy) .

It is not difficult to see that there are close relationships between these g-functions
81(f), 8x(f), gv(f), p(f), 8v.(p)» o(f) and ga,(f); moreover g1(f), gp(f) and gv,(f)
are also closely related to the generalised Hilbert transform in the Dunkl setting. These
relationships will be stated in Section 2. The boundedness of the operator gy in
L;’(R) for 1 < p < co will be proved in Section 3, based on a lemma about vector-
valued singular integrals. The boundedness of gy together with that of gy, implies the
boundedness of gy in Lg(R) for all 1 < p < co. In Section 4, we give a new proof
for all 1 < p < oo of the (p, p) boundedness of various g-functions associated with the
one-dimensional Dunkl operator, without using the vector version of the multiplier
theorem for the Dunkl transform. Our proof seems to be more fundamental.

Throughout the paper, A denotes a positive number independent of variables and
functions, which may be different on different occurrences. Also, U < V means that
U < ¢V for some positive constant ¢ independent of variables and functions.

u(x’)’) - u(_x9y) 2 d 172
— )

2. Several lemmas
Lemma 2.1. Assume that 1 < p < co and f € LY(R). Then:
(1) gp(f) < g:(f) +A80(f),  &:(f) < gp(f) + Ago(f);
(i) gv()? =gi(NH* + 8N gv. (N = g1(H* + ()
(i) gv,(f) < gv(f) + Ago(f), gv(f) < gv,(f) + Ago(f); and
(iv)  ga,(f)* = 2gv(f)* + Ago (/)™
Proor. Parts (i) and (ii) follow from the definitions. Since

Ou(x,y) u(x,y) — u(=x,y) N ﬂz(u(x’ y) — u(—x,y) )2
ox X X ’

IV au(x, )I* = [Vux, y)I* + 22
2.1
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integrating over (0, co) with respect to y dy yields the first inequality in part (iii) and
the second one follows similarly. Finally, part (iv) is a consequence of the identity

u(x, J’) - M(—X, J’) )2

Aul(x,y) = 21Vu(x, )P + a(
X

2.2)

(]

Lemma 2.1 shows that ga,(f) is essentially the largest of these g-functions. To state
further relationships between them, we need the A-Hilbert transform .77, an analogue
of the classical Hilbert transform. From [3], the A-Hilbert transform 57, f of a function
f is defined as the limit of v¢(x,y) = (Qf)(x,y) as y — O+, the conjugate A-Poisson
integral of f, which, together with the A-Poisson integral us(x,y) = (Pf)(x,y), satisfies
the generalised Cauchy—Riemann equations

Dxuf—ayvf =0, ayuf+Dva =0. (2.3)

The conjugate A-Poisson integral v¢(x,y) is given explicitly by (cf. [3, (46) and (47)])

Vf(x,y)=(Qf)(x,y)=CafRf(t)Q(x,—f,y)ItI“dt for (x,y) € RZ,

where Q(x, —t,y) is the conjugate A-Poisson kernel

A1+ 1/2) ! (x—=0)(1 + s)(1 - S2)’l_1
O, ~1,y) = ——1p SR 1
274127 ) (02 + X2+ 12 = 2xts)t*

ds forx,teR,y e (0,).

The following proposition contains part of [3, Theorem 5.6 and Corollary 6.2].

ProrosiTiON 2.2. For f € L‘j (R), 1 < p < oo, the A-Hilbert transform F€,f exists almost
everywhere, and the mapping f — JOf is (p, p) bounded for 1 < p < oo and weakly-
(1, 1) bounded. Furthermore, if 1 < p < oo,

(ON)(x,y) = [PIGHIxy)  for f € Li(R), (2.4)

For f € Lfl’(R), 1 < p < oo, from (2.4), we have v(x,y) = usr(x,y). By (2.3),
Dyuyps — Oy =0 and Oyup s + Dyvyrr = 0, which, in conjunction with (2.3),
implies that Dyvysr = —Dyuy and 0yvy,r = —Oyuy. In view of the continuity
and integrability, the last two equations lead to vz r(x,y) = —us(x,y) and, again
by (2.4), uﬁffff(x’ y) = —ug(x,y). Therefore ,%”ff = —f, and then, for 1 < p < oo, by
Proposition 2.2, there exists a constant A, > 0 so that

Ay <UAafllp < Aplifll  for f € LIR).
Lemma 2.3. Assume that 1 < p < co and f € LE(R). Then:

i) go(H) =g1(F0f), 81(f) = gp(Jf); and
() gv,(f)? = g1(N)* + g1(JaSf)? = gp(N)* + gn(FOL)™

Proor. From (2.4), v¢(x,y) = uses(x,y). Consequently, from (2.3), Dyus = Oyt ¢
and Oyus = —Du 5, r. The lemma follows. o
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From Lemma 2.3, the operators gv,, gp and g; have equivalent norm estimates.
Lemuia 2.4. If F(x,y) € C2(R2) N C(R2), F(x,0) € L\(R) and
F(x,y) = o((x + )7, IVF( )l = o((x +y)™7)  as|xl +y — oo,

then
f f YALF(x, y)x* dxdy = f F(x,0)|x]*! dx. (2.5)
R2 R

Proor. Let Q be the half-disc {(x,y) : x> + y> <N,y > 0} for N > 0. If u,v € C2(Q),
then, from [3, (38)],

ff(VAM — ulA )| dxdy = f leu(v@ - uﬂ)ds,
Q 90 on on

where d/0n denotes the directional derivative of the outward normal. We take
u= F(x,y)and v =y, so that

N
f f YA (x,y)|x* dx dy = f F(x,0)x*' dx
Q -N

oF
+ N2 f [Na—(N cos 0, N sin@) — F(N cos 6, N sin §) ||cos8|** sin 6 d6.
0 r

Letting N — oo and using the assumptions, yields (2.5). O
Lemma 2.5. If f € D(R), the space of C* functions on R with compact support, then
up(x,y) = O + )77, [Vup(x y)l = O(x +y) 7' 72)  as|x] +y — .

Proor. The two estimates are essentially contained in [6, Proposition 4]. Indeed, if we
assume that supp f C [-A, A] for some A > 0, then, for |x| > 24, |f| < A, from (1.2),

P(x,1,y) = O((x] + y)*™h,

0
]6—P(x, £) = O((x] + 7)),
X

+ ’%P(x, t,y)

Thus the desired estimates follow. O
LemMa 2.6. If ¢ € CY(R) and ¢(x) = o(|x|7>Y) as x — oo, then k(D(ﬁ)(x)lxlu dx =0.
Proor. If A = 0, the result is trivial. If A > 0, we write ¢ = ¢, + ¢,, where

Pe(x) = (P(X) + B(—=X))/2,  Po(x) = ($(x) — p(—x))/2.
It is obvious that [ (Dg.)(x)lx*'dx = [, ¢/,(x)|x/*' dx = 0. Moreover,

f (Do) (X)Ix* dx =2 f w(¢;(x) - 21¢o(x))x2* dx=2 f m(x%a(x))' dx=0.
R 0 X 0

The lemma is proved. O
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3. Boundedness of the operator g
TuEOREM 3.1. Assume that A > 0. The operator g is bounded on Lf; R) for1 < p < oo.

We need a lemma on boundedness of a variant of vector-valued singular integrals.
The difference from the usual case is that the singularity of the kernel K(x, t) occurs
on both diagonals x = +7. We begin with the scalar-valued form, which follows from
[1, Theorem 3.1].

Lemva 3.2. Suppose that T is a bounded linear operator on L3(R) and there is a
measurable function K on R? so that, for f € Lﬁ(R) with compact support, (T f)(x) is
given by the expression

(Tf)(X)=CafRK(x,t)f(t)|tludt (3.1)

if both x,—x ¢ supp f and both integrals [, K(x,0)f(O\(** dt and [ K(z, ) f(0)|t** dt
converge absolutely for almost all x in the range. If there are constants ¢ > 1 and A > 0
so that the kernel K satisfies

f (K(x, 1) = K(x, )] + |K(t, x) = K(Z', ) x* dx < A (3.2)
xl=lel [>clt—1'|

forallt,t e Rwitht# 1, then T extends to a bounded operator from Lg (R) into itself
for1l < p < oco.

Although, from the perspective of domains of integration, the assumption in (3.2)
is weaker then that in the usual case, the proof of the lemma proceeds by the same
pattern as in [10, pages 20-22]. Indeed, by interpolation and duality, it suffices to
show that the mapping f +— T f is of weak-type (1, 1). Taking the Calder6n—Zygmund
decomposition for f € L/ll(R) at a given height as f = g + b, where b = }}; by, with
supp by C I, the only modification of [10, pages 20-22] is, in evaluating (Th)(x), to
integrate each |[(Thy)(x)| over (cly)¢ N (—cly)¢ instead of (cI}); and then, invoking the
cancellation of by, the condition (3.2) is applicable.

We shall apply the vector-valued analogue of the operator 7 described in
Lemma 3.2, for which, under similar assumptions and with the symbols | - | denoting
the norms in related Banach spaces, the proof goes through without difficulty. The
details of such a transplantation for convolution-type operators are given in [9, pages
45-438].

Lemmva 3.3. Let H and H, be two separable Hilbert spaces. Suppose that T is a
bounded linear operator from Li(R, H,) into Lﬁ(R, H,) and there is a measurable
function K from R* to B(H;, H,) (the space of bounded linear operators from
H, to H>) so that, for f € Lﬁ(R, Hy) with compact support, (Tf)(x) has the
expression (3.1) if both x,—x ¢ supp f and both the integrals fR K(x, ) f@lt/** dt and
L‘{ K(t, x)f()|t|** dt converge in the norm of H, for almost all x in the range. If there
are constants ¢ > 1 and A > 0 so that the kernel K satisfies the condition (3.2) for
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all t,t e R with t # ¢, then T extends to a bounded operator from Lﬁ(R, H,) into
LY(R,H>) for 1 < p < 0.

Proor oF THeorREM 3.1. We first show that g is of type (2,2). Indeed, for f € Z(R),
by Lemma 2.5,

u;(x, y) = O((|x| + y)—4a—2)’
VuG(x, 9] = 2l G, )| Vg (x, 9] = O(lx] + )™,

as x| + y — oo; and then, by Lemma 2.4, ||gAA(f)||L§ = ||f||L3. But from Lemma 2.1(iv),

8o(N)(x) < A7 2ga, (), so that llgo(Hll 2 < 211 £l .
We now define | to be the space of complex numbers and 7, to be the L?-space

H, = {¢ Pl = (fooo lp()Py dy)l/z < °°}-

Thus B(Hi, H,) is isomorphic to H,. The associated operator T is given by

(TF)(x) = w

We shall rewrite T f in terms of a kernel function K. In fact, from (1.1),
(T f)x) = ca fR FOK,(x, )l dt,
where
K, (x,0) = %[P(x, —t,y) — P(—x,—t,y)].

It follows from (1.2) that

124 (! s(1 = g1
Kiwn= L2 [ o
-1

s
X 7IC, +x2 4+ 12 = 2xts)t+l 7

and then integrating by parts gives

1 o
&@ﬁzzignjlgz)MIS) d (33)

s.
+ X2 + 2 = 2xts)M2

In order to apply Lemma 3.3, we need to verify that K, (x, 1) satisfies the required
estimates. These are contained in the following lemma.

Lemwma 3.4. There is a constant A > 0 such that, for all t,t’ e Rwitht #1,

f Ky (x, 1) = Ky (x, £)go,|xI* dx < A, (3.4)
[ |xI=1e [>5]e='|

f Ky (2, x) = Ky(t', X)lg, | x> dx < A. (3.5)
[1x]=el |>5]e=1']
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(8] Littlewood—Paley functions 133
Proor. We put A (x,t,s) = y? + x* + 2 — 2xts. We claim that, for | |x| — |¢]| > 5|t — 7,
se(=1,1),

%Ay(x, 1,8) S Ay(x, 1, 5) S 2A4(x, 8, 5). (3.6)
Indeed, since

IAy(x,1,8) — Ay(x, 1, ) < |t = £|(Jt = 7] + 2|t — xs]),

It — 1] <57 Ay(x, 1, )% and |t — xs| < Ay(x, 1, 5)!/2, it follows that

IA(x, 1, 8) = Ay(x, 7', ) < A (x,1, ),
so that (3.6) is concluded. Direct calculation shows that
Ay(x, t s)/l+5/2 ’

and then, from (3.3), applying the mean value theorem in ¢ and using (3.6) and (3.7),

%[n\y(x, 0 Bl | S (3.7)

ple = 11y + b + 1) o
0= K(’”)'~f T Q=P + 2 e '

Now making the substitution p = 2|xt|(1 — s)/[y* + (|2 — |£])?],

N SR ) f
K,(x,t) - Ky(x,1)| )
K00 = KOS foiars e Jy 1 o

where M = 2|xt|/[y* + (|x| — |f))*]. Since fOMpﬁ(l +p) 2 dp < [M/(M + DY, it
follows that

(] + 1)~

IKy(x, 1) — Ky(x, 1) S 02 + (ol — 12T

|t =7

Thus
, =1 (7 ydy 1z
1Ky 00, 1) = Ko bt S 5 |+|t|>24(fo w+<|x|—|z|>2]3)
=] )
S - )2

and so (3.4) is concluded.
We prove (3.5) similarly, since (8/0x)[tA,(x, ¢, 5)~12] satisfies the same estimate as
in (3.7). O
We return to the proof of Theorem 3.1. By Lemma 3.4, the operator T satisfies the
conditions in Lemma 3.3 so that 7 extends to a bounded operator from Lf; (R, H,) into
L"(R,H,) for 1 < p < co, which is equivalent to the boundedness of g in L/ (R). The
proof of Theorem 3.1 is complete. o

4. Boundedness of the g-functions

THEOREM 4.1. For 1 < p < oo, the g-functions g1, gx, &p, &v, 8&v, and g, are all
bounded operators on LZ (R).
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By Lemma 2.1 and Theorem 3.1, the proof of the theorem is reduced to proving the
following two claims.

(i)  gvis bounded on LA(R) for 1 < p < 2.
(i) gy, is bounded on Li(R) for 2 < p < co.

4.1. Boundedness of gy on L‘; (R)for 1 < p <2. Suppose, first, that f € Z(R) and
is nonnegative. The positivity of the A-Poisson integral u(x,y) follows immediately
from (1.1) and (1.2) . A direct calculation shows that

Adi(x,y) = p(p = Dl (e, »IVu (e, I + U, ),
where

Ap ,_ A
Uy = S5 g (ey) = uy(=x.3)) = S 0ey) — wf(=x ). (@.1)

or, equivalently,

2—
- DY P e WAL, y) = Ux, )]

Vuy (x, )P =

Observe that
gv () = ﬁ fo i W0 VA (x, ) = U(x,y)ly dy
= p(p]— D

where (P* f)(x) = SUpPy lus(x,y)| is the A-Poisson maximal function and

(P*)* P (0)I(x), 4.2)

I(x) = fo [Awdf(x,y) = UCx, )y dy.

The integrand in /(x) is nonnegative, and the integrability of U(x,y) over R? with
respect to y|x|** dx dy follows from Lemma 2.5. Hence

f 1(x)|x dx = f f yAul(x, y)|x dx dy — f y f U(x, y)|x* dx dy.
R R2 f 0 R

Since the second term in (4.1) is odd in x € (—c0, o),

A _
f UGx )l dx = f S e ), y) = up(-x D dx
R R ’

1 A 5 B
= 5 j[; x—l;(l/l; l(x’ y) - u; 1(_x, y))(uf(x, y) — uf(—x, y))|x|2/1 dx
>0.

Thus [ 10X dx < [[, yAwd(x, )l dxdy and, by Lemma 2.5, F(x,y) := u}(x,y)
satisfies the conditions in Lemma 2.4, so that

f IO dx < f | (O)IP|x[** dx. 4.3)
R R

https://doi.org/10.1017/5S0004972717000223 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972717000223

[10] Littlewood—Paley functions 135

If p =2, then, from (4.2) and (4.3), ||8V(f)||L§ < 2‘1/2||f||L§. If 1 < p <2, applying
Holder’s inequality to (4.2) gives

1 QC=p)/2y 172
y < p* PN,
||gV(f)”L’! = ( I)H f”y; “ ”Li

and then, by (4.3) and [3, Theorem 3.8, lgv(/)llzy < /1, "I = 111l

For general f € L’;(R), 1 < p <2, one may decompose f as a sum of its positive
and negative parts, and use a density argument.

4.2. Boundedness of gy, on LZ (R) for 2 < p < co. Again we first consider the
case for nonnegative f € Z(R). Assume that p > 4 and let g be the number so that
1/g+2/p=1;thus 1 < g < 2. Then

les, (M = supes [ g, (PGP0 dx @)

taken over all nonnegative ¢ € Z(R) satisfying ||¢|| < 1. If we define

J(f,9) =, fR gv, (/)0 p(x)|x* dx,
then
J(f, ¢) = 4ca fo y fR IV s (x, 29) P x** dx dy. (4.5)

Since D,uy and dyuy are A-harmonic, it follows from (2.2) that Ay(|V us(x, y)I*) > 0,
and so, by [3, Theorem 4.7], |V us(x, y)|* is A-subharmonic on R3. Furthermore, from
Lemma 2.4, sup ., ca fR IV aus(x, y)P|x** dx < oo, and then, by [3, (45)],

Vaup(x, 29 < ¢ f Vw8, )P PCx, =1, )l de - for (x,y) € RS
R

Thus, from (4.5),
J(f, ¢) <4c3 f y f f IV a1t (t, V)P () P(x, —t, Y|t x/* dx dt dy
0 R JR

=4cAf yfIVAuf(t,y)I2u¢(t,y)It|“dtdy,
0 R
and, applying (2.1),
I, 0" < I (f. 9" + AL(f.9)' 2, (4.6)

where

Ji(f, ¢) = 4cy fo y fR IV (x, y)Pug(x, y)|x** dx dy,

lo'e} 2
h(f,8) = dey f y f
0 R

u(x, y) — u(=x,y)

e ug(X, y)lxl“ dxdy.
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For Jy(f, ), we apply Holder’s inequality and then Theorem 3.1 and
[3, Theorem 3.8] to obtain

B(f.9) < 4 fR S0 (P A dx < g0l AP By < 1A, (47)

The evaluation of Ji(f, ¢) is more difficult. First, for hy, hy € C*(R2), direct
calculations show that

A(hihp) = hiAghy + oAk + 2(Vhy, Vhy)
5 (53) = Iy (=) 3) = ().
Now we take /1y = uy(x, y)z, hy = ug(x,y) so that Ayhy = 0, and then, by (2.2),
1y (X, V)V (6, I = 3A0 (5 (x, )1 (x,y)) = V(x, y), (4.8)
where

A
V(x,y) = (Vup(x,3)%, Vig(x, y)) + 72 W y) —up(=x, V) ug(x, )

Pl
+ 5, Y = (=X, Y ) ug (X, y) = ug(=x, ).
We note that

A ,y) — u(—x, 2 .
IV <20 it )] Dt + 5 (“E 2D gy
s, ) — ttg(—x, )

k]

/l ’ - A
+SUP N + (P*f)(—xﬂ'uf(x . xuf( -

X

and hence

4ca f y f [V (x, )l x>t dx dy
0 R

< 8¢y fR (P* ) (0gy(ND)gv(@) x> dx + 22¢, j}; 2o(N* (P ) ()™ dx

+24c) L [(P* )(x) + (P* /(=020 (N (0go(@)(x)|x* dx.

Applying Holder’s inequality to each term above and then Theorem 3.1 and [3,
Theorem 3.8],

4cy f y f V)l dx dy < 8P fllsllgy(Dllzllgs (@)l
0 R ! !

+ 22180 IP* Blus + 4P Fluz ol g0 (@l

< lgy(Alzg Il + 1A, (4.9)
Incorporating (4.8) and (4.9) into the expression of Ji(f, ¢),
Ji(fs0) < 13(f, o)+ llgv (Dl Lf Nl + IIflligL (4.10)
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where
J3(f. ) = 2¢, f y f Aa(ur(x, y) ug(x, y)|x*! dx dy.
0 R

To estimate J5(f, ¢), note that, for y > 0, D, (us(x, y)*us(x,y)) = o(|x| 1) as x — oo
by Lemma 2.5, and then, by Lemma 2.6, fR D)z((uf(x, y)2u¢(x, y)Ix[** dx = 0. Thus

M
J3(f.9) =1lim 2c f y f 05 (up(x, y) ug(x, )x* dx dy,
€ € R

where the limit is taken as € — 0+, M — +oco0. Changing the order of the integration
and integrating by parts with respect to y,

M
Ix*dx. (4.11)

0
Ju(fy =t 2 [ [y g = s

From (1.2), y|0,P(x, —t,y)| is dominated by a multiple of P(x, —t,y), so yl0yus(x,y)|

does not exceed (P*f)(x) up to a multiple, and this is also true for ¢. Hence the

integrand in (4.11) is dominated by a multiple of (P*f)(x)*(P*$)(x). Proceeding as

in (4.7) or (4.9), |J3(f,9)| S || flli,,. Substituting this into (4.10) and then substituting
A

the result and (4.7) into (4.6) yields
I(F.9) < gyl ez + A1 (4.12)

By Lemma 2.1 and Theorem 3.1,

lgv(Dllzr < llgw, (Dllzz + Allgo(Nlez < g, (Hllzz + 1.
Incorporating this into (4.12) and invoking (4.4),

lgw, (DI, < gw, (Pll 1 f s + 1AL, )

and thus [Igv, (llzz < [1f1l2-
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