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Hiraku Atobe and Alberto Minguez

ABSTRACT

In this paper, we give an explicit computable algorithm for the Zelevinsky—Aubert
duals of irreducible representations of p-adic symplectic and odd special orthogonal
groups. To do this, we establish explicit formulas for certain derivatives and socles. We
also give a combinatorial criterion for the irreducibility of certain parabolically induced

representations.
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1. Introduction

Let F' be a local non-Archimedean field. In 1980, Zelevinsky [Zel80] defined an involution 7 +— 7
on the Grothendieck group of finite-length smooth representations of GL, (F') and conjectured
that this involution should preserve irreducibility. Assuming this conjecture, in 1986, Moeglin and
Waldspurger [MW86] studied the involution and gave an algorithm for computing the Langlands
(or Zelevinsky) data of 7 for every irreducible representation 7 of GLy,(F'). Later, another explicit
formula was given by Knight and Zelevinsky [KZ96].

Motivated by the Alvis—Curtis duality for finite groups [Alv79, Alv82, Cur80], Kato [Kat93]
defined an involution on the Grothendieck group of smooth finite-length Iwahori-fixed represen-
tations of a split reductive group over F. In 1996, Aubert showed that Kato’s involution could be
extended to the category of finite-length smooth representations of any reductive group G and
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THE EXPLICIT ZELEVINSKY—AUBERT DUALITY

proved that it indeed preserves irreducibility. Furthermore, using different approaches, Schneider
and Stuhler [SS97], as well as Bernstein, Bezrukavnikov and Kazhdan [Ber92, BBK18, Bez04],
defined involutions on the category of smooth representations of G. For irreducible representa-
tions of GL,,(F), all these involutions coincide (up to the contragredient and up to a sign) with
the involution defined by Zelevinsky.

For simplicity, when restricted to the set of irreducible smooth representations of a reductive
group G, this involution is commonly known as the Zelevinsky—Aubert duality, and it is the main
topic of this article. This duality has many interesting applications to Koszul duality (see [MR15])
and to the Langlands program (see for example [Tad18] or [Wall8]). One important property of
the Zelevinsky—Aubert duality is that it does not preserve the fact of being tempered. For this
reason, in the proof of Arthur’s local classification, the first step beyond tempered representations
is to consider the Zelevinsky—Aubert dual of tempered representations [Art13, § 7]. However, one
expects that the duality will preserve unitarity, so it should be an important tool for determining
the unitary dual of classical groups [Tad22].

Our goal is to extend the result of Meeglin and Waldspurger to the Zelevinsky—Aubert dual-
ity, that is, we give an algorithm for computing the Langlands data of 7 in terms of those of
m, for every irreducible representation m of G. As we will use the endoscopic classification of
Arthur [Art13] and Moeglin’s construction of the local packets [Maegll], we focus on the case
where F' is a local non-Archimedean field of characteristic 0 and G is either a symplectic or an
odd special orthogonal group.

There have been several attempts to explicitly describe the Zelevinsky—Aubert duality. There
are some partial results due to Mceglin [Mceg06], Mati¢ [Mat17, Mat19], Jantzen [Janl8a] and
the first author of the present paper [Ato22b]. In order to explain the novelties of the present
article, let us introduce some notation.

Let G be a connected algebraic reductive group defined over F. Fix a minimal parabolic
subgroup Py of G. We denote by Indg the normalized parabolic induction and by JaLCICSv its left
adjoint functor, the Jacquet functor.

Let IT be a smooth finite-length representation of G. We consider the virtual semisimple
representation

D () = 3 (~1)4m Av [nd§ (JacE (1)),
P
where P = M N runs over all standard parabolic subgroups of G and Aj; is the maximal split
torus of the center of M. Then Aubert [Aub95] showed that if 7 is irreducible, there exists a sign
€ € {1} such that @ = e¢- Dg(m) is also an irreducible representation. We call the map m — 7
the Zelevinsky—Aubert duality.
This map has the following important properties.

(1) The dual of 7 is equal to 7, i.e. the map 7 +— 7 is an involution.
(2) If 7 is supercuspidal, then & = 7.
(3) The duality commutes with Jacquet functors (see (2.1)).
Let us now restrict ourselves to the case where G = G, is either the split special orthogonal
group SOa;,11(F) or the symplectic group Spy,, (F') of rank n. In this case, when 7 (respectively ;)

is a smooth representation of G, (respectively GLg4, (F')), with di +---+d, + ng =n, we
denote by

TIX - X Tp X T

the normalized parabolically induced representation of 7y X ---X 7. K7 from the standard
parabolic subgroup P of G,, with Levi subgroup isomorphic to GLg, (F') x - -+ x GLg, (F) X Gp,.
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Given an irreducible representation w of GG, and a supercuspidal non-self-dual representation
p of GL4(F'), there exists a unique k£ > 0 and a unique irreducible representation my of Gy, with
n = dk + ng, such that

e 7 is a unique irreducible subrepresentation of

P X e X pXT; (1.1)
k times

e [ is maximal, in the sense that for every irreducible representation 7(, of G,,_4, 7o is not a
subrepresentation of p X 7.

We call g the highest p-derivative of m and denote it by D;nax(ﬂ). An important consequence
of the commutativity of the Zelevinsky—Aubert duality with Jacquet functors is that

Dy (m)” = D (%), (1.2)

where p¥ denotes the contragredient of p.
We can now describe the main idea of the algorithm for explicating the Zelevinsky—Aubert
dual of an irreducible representation m of G,. It is a two-step procedure as follows.

Step 1. If there exists a supercuspidal non-self-dual representation p of GLg4(F) such that
DyX(m) # m, then we give an explicit formula for the Langlands data of DJ'**(7) in terms
of those of 7. By induction we can compute the Langlands data of D*** (7). We finally give an
explicit formula for the Langlands data of # in terms of those of DJ'**(m)” = DI ().

Step 2. Assume finally that for all supercuspidal representations p of GL4(F') such that 7 is a
subrepresentation of p x 7wy for some irreducible representation my of G,_4, we have that p is
self-dual. Then the following hold.

o If 7 is tempered, then 7 is ‘almost supercuspidal’, and we can compute its Zelevinsky—Aubert
dual explicitly (see §5.3, in particular Proposition 5.4).

e If 7 is not tempered, then we show that there exists a supercuspidal self-dual representation
p of GL4(F') such that 7 is a unique irreducible subrepresentation of

A0, —1] x - x A0, —1] 17

k times

for some irreducible representation my of Gy,,, with n = 2dk 4 ng, and some positive integer
k maximal as above, where A,[0, —1] is a Steinberg representation (see §2.3 for a precise
definition). We call my the highest A,[0, —1]-derivative and denote it by DR, 1] (7). Similar
to (1.2), this derivative satisfies a formula

ngﬁ)u—ll ()= Dgl,?[)((),u (%),

where ?j’é 1] (7r) is the highest Z,[0, 1]-derivative of 7t (see §3.4). As in Step 1, this allows us
to compute by induction the Zelevinsky—Aubert dual of 7. The precise algorithm is explained
in §4.

Let us first remark on the self-duality condition on p. When p is self-dual, a representation
of the form (1.1) may have several irreducible subrepresentations and there is no simple way
of distinguishing them. The same problem was already observed by Jantzen [Jan18a]. For these
reasons he just considered what is called the half-integral case.

This also explains one of the differences between the case of GL,,(F') and the case of classical
groups that we treat in this article. In the former case, induced representations of the form p x m,
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with p supercuspidal, always have a unique irreducible subrepresentation. The second difference
is that for GL, (F) it is much easier to explicate the Langlands data of this subrepresentation
in terms of those of m. However, the most intricate part of this article is to explicitly describe,
in terms of Langlands data, the correspondence 7 < D®®*(r) for 7 either supercuspidal non-
self-dual or of the form Z,[0,1]; see Theorems 7.1, 7.4 and 8.1. To explicate these formulas, we
use matching functions as in [LM16] and A-parameters. These results are interesting in their
own right. In particular, we get a combinatorial criterion for the irreducibility of parabolically
induced representations of the form p x my with p non-self-dual supercuspidal and 7 irreducible;
see Corollary 7.2. Moreover, the explicit formulas established in this paper are used in [Ato22a]
to make Moeeglin’s construction of local A-packets more computable.

The paper is organized as follows. In §2, we recall some general results on representation
theory of p-adic classical groups. In § 3, we define p-derivatives and other derivatives, and we prove
some general results about them, in particular their compatibility with the Zelevinsky—Aubert
duality. In § 4 we give our algorithm for computing the Zelevinsky—Aubert dual using derivatives
and socles. We will prove explicit formulas for these derivatives and socles in several situations
in §§6-8. To do this, we review Arthur’s theory of endoscopic classification in § 5 and the theory
of matching functions at the beginning of §6.

2. Notation and preliminaries

In this section we introduce some notation, in particular the functors of induction and restriction,
Tadi¢’s formula and Jantzen’s decomposition.

2.1 Notation

Throughout this article, we fix a non-Archimedean locally compact field F' of characteristic zero
with normalized absolute value |- |. Let G be the group of F-points of a connected reductive
group defined over F', with the usual topology. We will only consider smooth representations of
G, that is, representations such that the stabilizer of every vector is an open subgroup of G,
and we write Rep(G) for the category of smooth complex representations of G of finite length.
Denote by Irr(G) the set of equivalence classes of irreducible objects of Rep(G). Let Z(G) be
the Grothendieck group of Rep(G). The canonical map from the objects of Rep(G) to Z(G) will
be denoted by 7+ [].

For 7,7" € Rep(G) we write m — 7’ (respectively m — ') if there exists an injective
(respectively surjective) morphism from 7 to 7.

Fix a minimal F-parabolic subgroup Py of G. A parabolic subgroup P of G is said to be
standard if it contains Fy. Henceforth, the letter P will always denote a standard parabolic
subgroup of G with an implicit standard Levi decomposition P = MU. Let 3 denote the set
of roots of G with respect to Py, and let A be a basis of ¥. For ©® C A let Pg denote the
standard parabolic subgroup of G corresponding to © and let Mg be a corresponding standard
Levi subgroup. Let W be the Weyl group of G.

Let 7 be a representation of M, regarded as a representation of P on which U acts trivially.
We denote by Indgv' the representation of G parabolically induced from 7. (We will always mean
the normalized induction.) We view Ind]G_—; as a functor. Its left adjoint, the Jacquet functor with
respect to P, will be denoted by J acg.

An irreducible representation 7w of G is said to be supercuspidal if it is not a composition
factor of any representation of the form IndIG;(T) with P a proper parabolic subgroup of G and
T a representation of M. We write ¢’ (G) for the subset of Irr(G) consisting of supercuspidal
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representations. For any 7 € Rep(G), we denote by 7" the contragredient of m. (The sets Irr(G)
and %' (G) are invariant under v.)

Let II be a smooth representation of G of finite length. The socle of 11 is the largest semisimple
subrepresentation of II. It is denoted by soc(II). We say that II is socle irreducible (SI) if soc(1I)
is irreducible and occurs with multiplicity one in [IT].

2.2 The Zelevinsky—Aubert duality
We consider the map

Dg: Z(G) — Z(G)
T — Z dlmAM IndG(Jacp( ))}

where P = M N runs over all standard parabolic subgroups of G. Aubert [Aub95] showed that if
7 is irreducible, then there exists a sign € € {£1} such that # = e - Dg(7) is also an irreducible
representation. We call the map

Irr(G) — TIrr(G)
T

the Zelevinsky—Aubert duality.
It has the following important properties.

(1) For any 7 € Irr(G), the dual of 7 is equal to m, that is, the map = — 7 is an involution
[Aub95, Théoreme 1.7(3)].

(2) If m € €(G), then 7 = m [Aub95, Théoreme 1.7(4)].

(3) Let ® C A and consider the standard parabolic subgroup P = Pg with Levi decomposition
P = MN. Let wp be the longest element in the set {w € W | w™1(©) > 0} and let P’ be the
standard parabolic subgroup with Levi subgroup M’ = w~!(M). Then we have (cf. [Aub95,
Théoréme 1.7(2)])

Jac§ o D = Ad(wp) o Dypr o Jac$,. (2.1)

2.3 Representations of general linear groups
Set Trr%Y := |, 5 Irr(GL,, (F)), and let €S € Irr®" be the subset of supercuspidal representa-
tions of GL,,(F) for every n > 0. We write Z5L := @, ., Z(GLy(F)).

Let dy, ..., d, be some positive integers. Let 7; € Rep(GLy, (F)) for 1 < i < . It is customary
to denote the normalized parabolically induced representation by

GLay 4 +dy (F)(

Ty X -+ X 7 i=Indp X---X7).

This product induces a Z-graded ring structure on 2. We denote the multiplication by m. If
T=-=17 =7, we will write 7" =7 x --- X 7 (r times).

The Jacquet functor for GL,(F') along the maximal parabolic subgroup Pg,,—q) with Levi
subgroup isomorphic to GLg(F) x GL;,—4(F') is denoted by Jac(gm,—q) = Jacgg;’”( ) Tt induces

a co-multiplication, that is, a ring homomorphism

m*: %GL N %GL ® ,@GL

r= (X B,

n>0 “ni+ng=n
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We finally take
M*- %GL _ %GL ® %GL

to be the composition M* = (m ® 1) o (¥ @ m*) o s o m*, where s: Z°" @ #° — 75V @ G-
denotes the transposition s(}°. 7, @ 7/) = >, 7/ @ 7.

If 7 € IrrSL there exist p1,. .., pr € €L such that 7 is a subrepresentation of p; X - -+ X p..
The set scusp(w) = {p1,...,pr} is uniquely determined by 7 and is called the supercuspidal
support of 7.

For 7 € Rep(GL,(F)) and a character x of F*, we denote by 7 -x the representation
obtained from 7 by twisting by the character x o det. If p € €L, we denote by Z, = {p| - |* |
a € Z} the line of p.

A segment [x,y], is a sequence of supercuspidal representations of the form

p‘ : |m7 p’ ' ‘xilr 7p‘ ' ’yv
where p € €° and z,y € R withz —y € Z and = > v.

One can associate with a segment [z,y], two irreducible representations of GLgx;—y11)(F).
We denote by A, [z, y] the Steinberg representation of GLg(g—y+1)(F), i.e. the unique irreducible
subrepresentation of

ol pl [
and we also write Z,[y, z] for its unique irreducible quotient. For example, when p = 1oL, (r)
we have Z,[—(n —1)/2,(n —1)/2] = 1qL,,(r)-

The Steinberg representation A,[z,y] is an essentially discrete series, and all essentially
discrete series are of this form [Zel80, Theorem 9.3]. By convention, we take A,[z,z + 1] =
Zplx + 1, ] to be the trivial representation of the trivial group GLo(F').

If the segments [z1,y1]p, - - -, [r, Yr)p, are such that x; > y; and 21 +y1 < -+ < 2, + ¥y, then
the socle (Langlands subrepresentation)

L(Apl [Jfl,yl], e '7Apr[x7“7y7’]) = SOC(Apl [xlvyl] XX Aﬂr[xrvyT])

isirreducible. When p1 =---=pp,z1 < - <zp, 1 < --- < yrand 21 = --- = x, mod Z, we call

it a ladder representation. As a special case, when z; =x1 +¢—1 and y; =y; +49—1 for 1 <

i <r, the ladder representation L(A,[z1,y1],...,Ap[z,, yr]) is also called a Speh representation.
The Jacquet modules of A,[z,y] and Z,[y, x| are given by

Jac (g a(a—y) (Dplz, y]) = pl - [* R A [z — 1,9],
Jac(d,d(:c—y))(Zp[ya ZE]) = P| : ‘y X Zp[y +1, ZL‘],

respectively (see [Zel80, Propositions 3.4 and 9.5]). For Jacquet modules of ladder representa-
tions, see [KL12, Theorem 2.1].

2.4 Representations of classical groups
In this paper, we let G,, be either the split special orthogonal group SOg,,+1(F') or the symplectic
group Sp,, (F) of rank n. Set Trr® := |J, o Irr(Gy,) and ZC == @,,~, #(G,,), where the union
and the direct sum are taken over groups of the same type. Let € C Irt® be the subset of
supercuspidal representations of G, for every n > 0 of the same type.

Fix a rational Borel subgroup of G,. Let P be the standard parabolic subgroup of G,
with Levi subgroup isomorphic to GLg, (F) X - -+ x GLg, (F) X Gy,. Let 7 € Rep(Gp,) and
let 7 € Rep(GLg,(F)) for 1<i<r. We denote the normalized parabolically induced
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representation by
TL X oo X Ty xw::lndg"(ﬁ@---&nﬁw).
As in the case of general linear groups, the Jacquet functors give rise, at the level of Grothendieck
groups, to a map
,U*: %G _)%GL®%G
n
H(Gp) > Z[Jacpg(w)],
k=0

where Py is the standard parabolic subgroup of G,, with Levi subgroup isomorphic to GLy(F") x
Gk The geometric lemma at the level of Grothendieck groups is commonly known in this case
as Tadié’s formula.

PROPOSITION 2.1 (Tadi¢’s formula [Tad95]). For 7 € ZS* and © € %%, we have
(T xem) = M(7) % p ().
We will also use the MVW-functor [MVWS&T]. It is a covariant functor
MVW: Rep(G,,) — Rep(G»)
M — IMVW
satisfying the following properties:

o if 7 € Irr(G,,), then ™YW is isomorphic to 7¥;
o (7 xm)MVW =2 75 aMVW for any m € Rep(Gh,,) and any 7 € Rep(GLy(F)) with n = ng + d.

The Zelevinsky—Aubert duality extends by linearity to a map DY : #° — #%. With this
notation, the compatibility of the duality with Jacquet functors in (2.1) stands:

o DY =d%op*, (2:2)
where
d%: #°" @ #¢ — % @ %

AV ~
E T QT — E 7, ® ;.
7 )

Let [z1,y1lp1s-- -, [@r, Yr]p, be some segments with p; € €(GLg,(F)) being unitary for 1 <
i <r, and let memp be an irreducible tempered representation of Gy,,. A parabolically induced
representation of the form

API [3317?/1] X X Apr [J:Tayr] N Ttemp

is called a standard module if 1 +1y1 < --- <z + y < 0.

The Langlands classification says that any standard module is SI, and that any irreducible
representation 7 of Gy, is the unique irreducible subrepresentation (Langlands subrepresentation)
of a standard module A, [z1,y1] X -+ X Ap, [, Yr] X Temp With n =ng + > ., di(z; —y; + 1),
which is unique up to isomorphism. For more details, see [Kon03]. In this case, we write
=LAy [z, 1], Ap.[Tr, Yr]; Tremp) and refer to (A, [x1,y1], ... Ap.[Tr, Yr]; Tremp) as the
Langlands data of .

386

https://doi.org/10.1112/S0010437X22007904 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007904

THE EXPLICIT ZELEVINSKY—AUBERT DUALITY

2.5 The Jantzen decomposition
If 7 € Irr(Gy,), there exist p1,...,pr € €Sl and o € €% such that 7 is a subrepresentation of
p1 X -+ X pp X 0. The set

scusp(w) = {p17 <y Pry p\l/’ S 7P>/7O-}

is uniquely determined by 7 and is called the supercuspidal support of w. For o € €, we put
Irr, == {7 € Iit% | o € scusp(m)}.
In this paragraph, we fix a supercuspidal representation o € €©.

DEFINITION 2.2. Recall that Z, = {p| - |% | a € Z} is the line of p for p € ECL.

e We say that p is good if Z, = Z,v and p’ x o is reducible for some p' € Z,.
e We say that p is bad if Z, = Z,v and p’ x o is irreducible for all p’ € Z,.
e We say that p is ugly if Z, # Z,v.

Every supercuspidal representation is either good, bad or ugly.
Remark 2.3. Tt is known that

e the notions of good and bad are independent of o;
e if p| - |* is good or bad with p’ unitary and z € R, then p’ is self-dual and z € (1/2)Z;
o if p/| - |7, /| - |*2 are both good or both bad, then z1 — 29 € Z.

See Remark 5.1 below.
DEFINITION 2.4.

(1) We say that two good (respectively bad) supercuspidal representations p and p’ are line
equivalent if Z, = Z,. We denote by ¢804 (respectively €P29) a set of representatives of
good (respectively bad) representations under this equivalence relation.

(2) Similarly, we say that two ugly representations p and p" are line equivalent if Z,U Z,v =
Ly L oV We denote by €85 a set of representatives of ugly representations under this
equivalence relation.

DEFINITION 2.5. Let 7 € Irr,.
(1) If
scusp(m) C ( U Zp> u{o},

pe(b//good

we say that 7 is of good parity. We write Irr8°°? for the set of such representations.
(2) If scusp(m) C Z, U {o} for some bad representation p, we say that 7 is of bad parity (or of
p-bad parity if we want to specify p). We write Irr??*d for the set of such representations.
(3) If scusp(m) C (Z,UZ,v)U{c} for some ugly representation p, we say that 7 is ugly (or
p-ugly if we want to specify p). We write Irr2™"8Y for the set of such representations.

Ugly representations are easy to deal with owing to the following proposition, which reduces
every problem to a similar problem for general linear groups.

PROPOSITION 2.6. Let 7 € Trr?™"8Y . Then there exists an irreducible representation T of GLy, (F)
with scusp(7) C Z, such that @ = 7 x o (irreducible induction).
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Proof. We can write
e p - [T pl - [T Y] [TV X x Y| [T

for some x;,y; € Z. There exist irreducible subquotients 71 of p|-|*1 x --- X p|-|[*" and 75 of
PV |7¥ x -+ x pVY] - |7¥ such that this inclusion factors through m < 71 X 75 X 0. As p is ugly,
we can apply [LT20, Lemma 6.2] to 72 X ¢ and see that 79 X ¢ is irreducible. Hence m < 71 X
7, x 0. Take an irreducible subquotient 7 of 71 x 75/ such that m < 7 x ¢. Then by [LT20,
Lemma 6.2] again, we conclude that 7 x o is irreducible. O

Remark 2.7. More precisely, by the Langlands classification, one can take 7 and 75 in the proof
of this proposition so that

T = L(Ap[xll, Y1l Ap[zﬁn/, y]), To= L(A,v [, y]l, ..., Apv [z, yln])
with 2 +yf < <al,+y/, <0 and af +y{ <--- <2, +y/ <0. Then since 7 =
LA =y, =2, o, Ap[—yY, —2]) and 7 =soc(r1 X 75/ X o) < soc(mi X 75') X 0, one can
take 7 to be

7= soc(my X 7o) = L(A,[z1, Yi], - o Dplas, yil, Ap[—yin, =], o A=y, —21]).

Let 7 € Irr,. Then Jantzen [Jan97] defined representations 78°°4 € Iryg0°d, grbad ¢ Typp-bad
and 778 € TrrP U8l as follows:

e 78°°d ig the unique representation in Irr%""d such that 7 <— 7 x 78°°d with no good
representations in scusp(7);

e if p is a bad supercuspidal representation, then 77”24 is the unique representation in Irrg'bad
such that 7 < 7 x 773 with scusp(r) N Z, = 0;

e if pis an ugly supercuspidal representation, then 7" is the unique representation in Irrg'ugly
such that 7 < 7 x 78 with scusp(7) N (Z, UZ,v) = 0.

The following theorem is a special case of Jantzen’s decomposition.
THEOREM 2.8 [Jan97, Theorem 9.3]. The map

v: Irr, — Irr%OOd U < |_| Irr bad) U ( I_l Irr(;rugly>

pEGPad pEEusly
T — (ﬂ_good’ {ﬂ_p—bad}m {,ﬂp—ugly}p)
is bijective. Moreover, it commutes with the Zelevinsky—Aubert duality in the sense that
W(F) = (709, e, (e,
In practice, this theorem enables us to reduce the problem of making the Zelevinsky—Aubert

duality explicit to the case where the representation is either ugly or of good or bad parity.

3. The theory of p-derivatives

Let d >0 be an integer. In this section, we fix p € €(GL4(F")). We recall the definition of
p-derivatives in [LT20] and introduce the notions of A,[0, —1]-derivative and Z,[0, 1]-derivative.
One should not confuse these notions with the Bernstein—Zelevinsky notion of derivatives.
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3.1 Definitions
We treat first the case of general linear groups. For 7 € Rep(GLy(F')), define semisimple

representations Lgk)(T) and Rﬁ,k) (1) of GLj,_gx(F') so that

[Jac(dk,n—dk)(T)] = ,0 X L ZTZ X T,
[Jac(,—ar,ar)(T)] = ng)(T) X " + Zgg X7,

where 7; and 7/ are irreducible representations of GLg,(F) which are not isomorphic to p*. We call
ng) (1) (respectively R,(,k)(r)) the kth left p-derivative (respectively the kth right p-derivative)
of 7.

DEFINITION 3.1.

(1) If L ( ) # 0 but L(k+1)( ) =0, we say that Lgk) (1) is the highest left p-derivative. We
deﬁne the highest right p-derivative similarly.
(2) When LEJI)(T) =0 (respectively Rl()l)(’l') =0), we say that 7 is left p-reduced (respec-
tively right p-reduced).
Similarly we now treat the case of G,. Again let kK > 0, and now let Py be the standard
parabolic subgroup of G, with Levi subgroup of the form GLgi(F') X Gp—gx. For I € Rep(G,,),
define a semisimple representation D(k) (IT) of Gn_dk so that

[Jact (ID)] = p* ® DS Z 7 K1L;,

where 7; is an irreducible representation of GLg(F') which is not isomorphic to pk. We call
D,()k) (IT) the kth p-derivative of II.

DEFINITION 3.2.

(1) If D,(;k) (IT) # 0 but D,()k+l)(H) = 0, we say that D,()k) (IT) is the highest p-derivative.
(2) When DE,I) (IT) = 0, we say that II is p-reduced.

3.2 The non-self-dual case

If 7 is irreducible and p is not self-dual, then the highest p-derivative Df,k) (m) is irreducible
and 7 is isomorphic to the unique irreducible subrepresentation of p* x D,()k) (m) (see [Janl4,
Lemma 3.1.3] and [Ato22b, Proposition 2.7]). Using these properties, we can show the following.

PROPOSITION 3.3. Let m be an irreducible representation of G,, and r a non-negative integer. If
p is not self-dual, then p” x 7 is SL.

Proof. Consider the highest p-derivative ng) (7). If " < p" x 7, then 7’ — pFF7 x Df,k) (). In

(k+r)( "= ng) (7). However, since

ng—i-r) (pk—i-'r 1 ng) (7[')) _ ng) (7[')

particular, D

by Tadié¢’s formula (Proposition 2.1), we see that 7’ is determined uniquely. Hence soc(p” x )
is irreducible and satisfies

Dg”r) (soc(p" xm)) = D/()k+r) (pf xm) = ng) (7).

These equations imply that soc(p” x ) appears with multiplicity one in [p" % 7]. O

389

https://doi.org/10.1112/S0010437X22007904 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007904

H. ATOBE AND A. MiNQUEZ

We set
r 1 1 T
Sg)(ﬂ') :S,g)o--.osg)(ﬂ) = soc(p” x )
| ——
r times

for any m € Irr(Gy,).

3.3 The self-dual case

Recall from [Ato22b, Proposition 2.7] that the highest p-derivative D,()k)(ﬂ') of an irreducible

representation is isotypic, i.e. ng) (m) = m -7y with some irreducible representation 7y and a

certain multiplicity m > 0. In this case, we have 7 < p¥ x 7, but soc(p* x 7o) can be reducible.
We give a criterion for p” x 7 being SI.

PROPOSITION 3.4. Suppose that p is self-dual. Let w € Irr(G,,), and let r be a positive integer.
The following are equivalent:

(a) p" xmis SI;

(b) p" x 7 is irreducible;

(¢) p" x m has an irreducible subquotient 7’ such that D,()k+r) (') =2"- Dgf) (m), where Dl(;k)(ﬂ')
is the highest p-derivative of .

Proof. We use here the MVW-functor; see § 2.4. As we assume that p is self-dual, if an irreducible
representation 7’ satisfies 7’ < p” x 7, by taking the MVW-functor and the contragredient
functor we have p" x 7 — 7',

Now we assume that soc(p” x m) is irreducible but p” x 7 is reducible. The above remark
implies that the quotient (p" x 7)/soc(p” x 7) has an irreducible quotient isomorphic to
soc(p” x m). This means that soc(p” x ) appears with multiplicity greater than one in [p" X 7].
Hence (a) implies (b). As the opposite implication is obvious, (a) and (b) are equivalent.

Note that D,()kJrT) (prxm)=2"" ng) (7). In particular, (b) implies (c¢). On the other hand,
let 7’ be an irreducible subquotient of p” x 7 such that D,()]Hr) (') =2"- Df,k) (7). Then 7’ must
be a subrepresentation of p” x 7, and (p” x 7) /7’ has no irreducible quotient. Hence 7/ = p" x 7
so that p” x 7 is irreducible. g

3.4 A,[0, —1]-derivatives and Z,[0, 1]-derivatives

In the case where p is self-dual, p-derivatives are difficult. Therefore, we define some other
derivatives in this paragraph. These will be key ingredients in making the Zelevinsky—Aubert
duality explicit. In this subsection we assume that p € €(GL4(F)) is self-dual.

Let IT € Rep(G,). Define the A,[0, —1]-derivative D@[O ) (IT) and the Z,|0, 1]-derivative

D(ka)[o,l] (IT) by the semisimple representations of G,,_ogr satisfying

[J acg;ik

k k
(m)] = 2,0, -1 @ DY _ () + Z,0, 1R DY) | (m) + Y B,
where 7; € Irr(GLagy(F)) such that 7 2 A,[0, —1]%, Z,[0, 1]*.
Typically, when the supercuspidal representation p is clear from the context, we will

write [0, —1]-derivative for short instead of A,[0, —1]-derivative, and [0, 1]-derivative instead
of Z,[0,1]-derivative. We also write D[(O,)_H(H) = D(AZ[O,—I](H) and D[(o,)l](H) = D(Zp)[o,l](H)‘
Similar to Definition 3.2, we define the notion of highest [0, —1]-derivative (respectively highest

[0, 1]-derivative) and the property of being A,[0, —1]-reduced (respectively Z,[0, 1]-reduced).
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LEMMA 3.5. Fix p € €(GL4(F)) and € € {£1}. Let w € Irr(G,,). Suppose that w is p|- |-
reduced. Let D,()ko)(ﬂ) = m - o be the highest p-derivative of w (with multiplicity m > 0) and let
T o= D(kl)(ﬂ'()) be the highest p| - |*-derivative of my. Then the following hold:

ol
(1) ko > ki;
(2) D[(éﬁd) (m) is the highest [0, €]-derivative;
(3) D[(éﬁd) (m) is p| - |*-reduced.

Proof. Note that 7 < p¥o x (p| - [*)** x 7. If k1 > ko, then no irreducible subquotient of p¥o x
(p| - |9)F is left p| - |*-reduced. Since 7 is p| - |*-reduced, we must have kg > k; and

Z,00,1)7 x pFo=kse . ife=1,
m —
A0, —1)k x pFoF1 sy if e = —1.

Now we claim that m; is p-reduced. This is trivial when k4 = 0. If k1 > 0 and m; is not
p-reduced, since m is p-reduced, we can find a representation 7} # 0 such that

A (1,0l x 7 ife=1,
™™ —
Z,—1,0] x 7 ife=—1.

(1)

Since m < p*0 x 7, this implies that D () # 0, which is a contradiction, so we obtain the

pl-l°
claim.
Since m is p-reduced and p|-|*reduced, we see that D[%)d (p*=F x 1) =0 by Tadié’s
formula (Proposition 2.1). Hence D[((]f 161) (7) is the highest [0, €]-derivative. Since it is a subrepre-
sentation of [p*0~*1 x 7], we see that D[(éﬂe]) (m) is p| - |*-reduced. O

In the next proposition, we will use the following simple lemma on representations of general
linear groups.

LEMMA 3.6. Let k > 0 and let 7 € Rep(GLagx(F')). Suppose that

e 7 is left p| - |'-reduced (respectively left p| - |'-reduced);
e [7] contains A,[0,—1]* (respectively Z,[0,1]%).

Then there is a surjection T — A,[0, —1]* (respectively 7 — Z,[0,1]%).

Proof. We may assume that all irreducible constituents of 7 have the same supercuspidal sup-
port. They are all left p|-| !-reduced (respectively left p|-|'-reduced), as is 7. By [Zel80,
Example 11.3], the irreducible representations of GLogi(F') which have the same supercus-
pidal support as A,[0, —1]% (respectively Z,[0,1]¥) are of the form A,[0,—1]% x Z,[-1,0]"
(respectively A,[1,0]* x Z,[0,1]°) for some a,b >0 with a+ b= k. Among them, A,[0, —1]*
(respectively Z,[0,1]¥) is characterized as the only left p| - |~*-reduced (respectively left p| - |-
reduced) representation. Therefore, we have 7 — A,[0, —1]* (respectively 7 — Z,[0,1]%). O

Now we can prove the irreducibility of the highest [0,41]-derivatives of pl| - |*!-reduced
irreducible representations.
PROPOSITION 3.7. Let 7 € Irr(G,,). Suppose that m is p|-| '-reduced (respectively p|-|'-
reduced). Then the highest [0, —1]-derivative pW

0,1
DE(I;)I] (m)) is irreducible. Moreover, A,[0,—1]" x 7w (respectively Z,[0,1]" x ) is SI.

]<7T) (respectively the highest [0, 1]-derivative
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Proof. We prove the assertions only for [0, 1]. By the previous lemma, there exists an irreducible

subrepresentation of g 1) of the highest [0, 1]-derivative D[(Ok )1] (m) such that

Jacr () — Z,[0,1]F R m

or, equivalently,
T Z,[0,1]% x mo.
‘1

Since 7 is p| - |*-reduced, so is mp. Hence, by Tadi¢’s formula (Proposition 2.1) for

[Jachr (Z,[0,1]F x mo)],

we see that

D

[071](Zp[0, 1]k X ) = To.

?FhSeIrefore, 0 # D[((i)” (m) C mp so that D[(éi)” (m) = mo. Moreover, this implies that Z,[0,1]% x mo
is SI.

When 7’ is an irreducible subrepresentation of Z,[0,1]" x 7, we have 7’ C soc(Z,[0,1]
x 7). In particular, 7’ is unique and appears with multiplicity one in [Z,[0, 1]¥*" x 7] and
hence in [Z,[0,1]" x ©r]. Therefore, Z,[0,1]" x 7 is SL O

k+r

For simplicity, we set

(r) _ g
5[071}(77) =S

ZP[OJ](?T) = s0c¢(Z,[0,1]" x )

for an irreducible representation 7 of G, which is p| - |!-reduced.

The highest [0, —1]-derivatives are easy in a special case.

PROPOSITION 3.8. Let m = L(A,, [z1,y1], ..., Ap, [y, Yr]; Ttemp) be an irreducible representation

of G,,. Suppose that 7 is p| - |*-reduced for all z # 0 and that there exists i € {1,...,r} such that
(k)

0 —1] () of w is given by

pi = p. Then min{z; | p; = p} = 0, and the highest [0, —1]-derivative D

k
D[(o}—u (m) = L(Ap [21,91], - - -, Ap,[2r5 Yrl; Tremp)

with
Z; =

x; otherwise.

In particular,
k={ief{l,....;r} | pi=p, ;i =0} > 1.

Proof. With x := min{x; | p; = p}, we see that 7 is not p| - |*-reduced. Hence we must have
x = 0. Moreover, we note that if p; = p and x; = 0, then y; < —1 since x; + y; < 0.

We remark that DE,Z) (Ttemp) 1s tempered since p is self-dual (see [Ato20, Theorem 4.2(1)
and (4)]), so Df;l)(wtemp) is p|-|t-reduced by Casselman’s criterion (see e.g. [Kon03,
Lemma 2.4]). Hence by Lemma 3.5, with k& as in the statement, D[((’i)_l](w) is the highest
[0, —1]-derivative.
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Set 7 1= L(A, [z1,y1],- .., Ap,[2r,yr]). Then ™ — 7 X Tiemp. Since min{x; | p; = p} = 0 and
y; < 0, we see that 7 — A,[0, —1]% x 7/ with 7/ := L(A,, [z1,91], - -, &), [2r, yr]). Hence
T — A0, —1]F x 7’ % Ttemp-
By the Frobenius reciprocity, we have a non-zero map
Jacgr (m) = A0, —1]F R (7 X Tiemp),
which must factor through a non-zero map

A,U[O ] & D[(()) }( ) - Ap[o’ _1]k ‘E (T/ X 7Ttemp)'

Since D[((]; )71} (m) is irreducible by Proposition 3.7 and since 7' X Temp is SI, we deduce that

k
DY (7) = 50c(7’ X Tremp)-
This completes the proof. O
3.5 The Zelevinsky—Aubert duality and derivatives
We deduce the following compatibility between derivatives and duality.

PROPOSITION 3.9. Let w € Irr(G,,) and p € € (GL4(F)).
(1) If D,()k) (m) is the highest p-derivative, then

(2) If p is self-dual, 7 is p| - |~ ‘-reduced and D(k)[ ) (m) is the highest A,[0, —1]-derivative,
then
(k) k)
Dy 0,1 ()= D 10,1 (7)-

Proof. This is a consequence of the commutativity of the Jacquet functor with the duality;
see (2.2). O

4. The algorithm

In this section we give an algorithm for computing the Zelevinsky—Aubert dual of an irreducible
representation m. Thanks to Jantzen’s decomposition (see §2.5), we can reduce 7 to the case
where 7 is either ugly or of good or bad parity. Then we proceed as follows.

Algorithm 4.1. Assume that we can compute 7y for all irreducible representations of G, for
ng < n. Let w be an irreducible representation of G,,.

1) If there exists p € ¥CF such that p is not self-dual and such that DY (r) is the highest
P P P
p-derivative with k > 1, then
. k "
T = S;v) (DE,k) (m)).
2) Otherwise, and if 7 is not tempered, one can find p € €S such that p is self-dual and
( p p

Dg[m_” (m) is the highest A,[0, —1]-derivative with £ > 1. Then

- (k) (k) ~
= Szp[o,l] (DAP[O,—I] (7))

(3) Otherwise, and if 7 is tempered, one can use an explicit formula for 7 (Proposition 5.4
below).
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In order to run the algorithm, we need the following formulas.

e Explicit formulas for the highest p-derivative D,(;k) (7) and for the socle S ék) () for any p € €L
which is not self-dual: these are given in Proposition 6.1 if p is ugly or if the exponent of p is
negative, and in Theorem 7.1 (respectively Theorem 7.4) if the exponent of p is positive and
p is in the good (respectively bad) case.

e Explicit formulas for the A,[0, —1]-derivative DX:)[O =

is self-dual and 7 is non-tempered and p| - |*-reduced for all z # 0: these are established in
Proposition 3.8 for the A,[0, —1]-derivative and in Theorem 8.1 for the socle, respectively.

e An explicit formula for # when 7 is tempered such that 7 is p| - |*-reduced for all z # 0: this
is given in Proposition 5.4.

(m) and the socle S(ZIZ)[O,I} (m) when p

In the rest of the paper, we will prove all these formulas.

5. The endoscopic classification

In §§ 7.1 and 8.3 below, we will give explicit formulas for several derivatives and socles in the good-
parity case. In these formulas, certain special irreducible representations m4 play an important
and mysterious role. These special representations w4 are of Arthur type, and the mystery comes
from Arthur’s theory of the endoscopic classification [Art13]. In this section, we review his theory.

5.1 A-parameters
We denote by W the Weil group of F. A homomorphism

’(/J: WF X SLQ(C) X SLQ((C) — GLH(C)
is called an A-parameter for GL,, (F) if

e )(Frob) € GL,(C) is semisimple and all its eigenvalues have absolute value 1, where Frob is
a fixed (geometric) Frobenius element;

e |Wp is smooth, i.e. has an open kernel;

e |SLy(C) x SLy(C) is algebraic.

The local Langlands correspondence for GLg(F') asserts that there is a canonical bijection
between the set of irreducible unitary supercuspidal representations of GLg(F') and the set of
irreducible d-dimensional representations of Wr of bounded image. We identify these two sets
and use the symbol p for their elements.

Any such irreducible representation of Wp x SLy(C) x SLg(C) is of the form pX S, X Sy,
where S, is the unique irreducible algebraic representation of SLa(C) of dimension a. We write p X
S, =pK S, K5 and p=pKX S; K Sy for short. For an A-parameter 1, the multiplicity of p X
Sa B Sy in 1) is denoted by my(p XS, B Sp). When ¢ = @,c; pi WS, K S, is an A-parameter
of GL,,(F), we define 7, by the product of Speh representations (see §2.3)

ai—bi ai—i-bi ai+bi ai—bi
= X LA, — 1,..., A, -1,— .
T e ( ”’[ > 2 ] ’ "1[ 2 T2 D

Now we consider a split odd special orthogonal group SOsg,4+1(F') or a symplectic group
Spa, (F). We call ¢ an A-parameter for SOg,y1(F') if it is an A-parameter for GLa,(F) of
symplectic type, i.e.

v: Wp X SLQ(C) X SLQ((C) - szn((C).
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Similarly, v is called an A-parameter for Spy,(F') if it is an A-parameter for GLaj41(F) of
orthogonal type with the trivial determinant, i.e.

1/): WF X SLQ((C) X SLQ((C) — SOzn_H((C).

For G,, = SO2p,41(F) (respectively G, = Spy,(F)), we let U(G,,) be the set of G -conjugacy
classes of A-parameters for G,, where G, = Sp,,(C) (respectively G, = SO2,41(C)). We say
that

o ¢ € U(G,,) is tempered if the restriction of ¥ to the second SL2(C) is trivial;

e ) € U(G,) is of good parity if 1 is a sum of irreducible self-dual representations of the same

type as 1.

We denote by Wiemp(Grn) = Ptemp(Grn) (respectively Wo,(Gy,)) the subset of ¥(G),) con-
sisting of tempered A-parameters (respectively A-parameters of good parity). Also, we put
Pep(Gr) = Premp(Gn) N Vep(Gr). Set Ui(G) = U, V+(Grn) and @.(G) =50 P«(Gn) for

* € {0, temp, gp}.
For ¢ € ¥(G), a component group Sy is defined. We recall the definition only in the

case where ¢ € WUy, (G). Hence we can write ¢ = @;_, ¢;, where 1); is an irreducible self-dual
representation of the same type as 1. We define an enhanced component group Ay, as

r

Ay = P (Z/2Z)cvy,.

i=1
Specifically, Ay, is a free Z/2Z-module of rank r with a basis {ay,} associated with the irre-
ducible components {v;}. Define the component group Sy, as the quotient of A, by the subgroup
generated by the elements

® zy =y i oy, and

® ay, + ay, such that 1; = ¥y.

Let 3:/, and ;l; be the Pontryagin duals of Sy, and Ay, respectively. Via the canonical surjection
Ay — Sy, we may regard g:p as a subgroup of .Zl:p For n € .Zl;,, we write n(oy,) = 1n(1;).

Let Irrynit(Gn) (respectively Irriemp(Gr)) be the set of equivalence classes of irre-
ducible unitary (respectively tempered) representations of G,,. For ¢ € U(G,,), Arthur [Art13,
Theorem 2.2.1] defined a multiset Il over Irrynit(Gp), which is called the A-packet for G,
associated with . It has the following properties.

e The multiset II, is actually a (multiplicity-free) subset of Irrunit(Gp) (Moeglin [Moegl1]).
e There exists a map II, — 3‘;, T () I ¢ € Premp(G), it is a bijection. When 7 € Il

corresponds to 7 € 3’;, we write m = w(¢,n).
e There is a canonical decomposition into a disjoint union

Irttemp (Gn) = |_| ILg.
¢E¢'temp(Gn)
o If ¢ =11 B 1Py ® 1)) for some irreducible representation 11, then there exists a canonical
injection Sy, — Sy, and
Ty, X T = @ ™
7T€H¢
<' ,7T>¢ ‘S’LL@:( »770>w0

for every mg € Ily, (see [Art13, Proposition 2.4.3]).
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Remark 5.1. Let p € €S be unitary and = > 0 a real number. Then the following statements
are equivalent.

(1) For any m(¢,n) with ¢ € ®,,(G) and n € :5';, there exists m € Z such that p| - |*T™ x 7(¢,n)
is reducible. .

(2) For some m(¢,n) with ¢ € @, (G) and n € S;, there exists m € Z such that p| - [*7 x
(¢, n) is reducible.

(3) We have that « € (1/2)Z and p X Sy, is self-dual of the same type as elements of ®,,(G),
ie.
e z € 7 and p is self-dual of the same type as elements of ®4,(G); or
e z € (1/2)Z\Z and p is self-dual of the opposite type to elements of ®,,(G).

This follows, for example, from [MW12, Théoreme (i)] and [Jan18b, Theorem 4.7]. In particular,
p| - |* is good in the sense of Definition 2.2 if and only if p K So,11 is self-dual of the same type as
elements of ®,,(G). Also, an irreducible representation m = L(A,, [z1, 1], ..., Ap, [Zr, Yr]; Ttemp)
is of good parity if and only if Temp = m(p,n) With ¢ € @y, (G) and p; K Sy, |41 is self-dual of
the same type as ¢ for all i =1,...,r.

5.2 A special example
Now we consider a special A-parameter of the form

¢:¢@(P®S2mgs2>t

for t > 1, ¢ € $,(G) and = € (1/2)Z with x > 0 such that p X Sy, 41 is self-dual of the same

type as ¢. L
For | € Z/27 and for n in a certain subset Sy ; of Sy (depending on [), we define (1,1, 1)

as follows. When [ = 1, we set 5;1 = 3; ={ne 3‘; | n(p X Say X S) =1} and
7T(¢7 17 77) = L(Ap[l‘ - ]-’ 71"]1&; 7T(¢7 77))
When [ =0 and z > 1, we let 5/,7) be the subset of 31; consisting of n that satisfy

° n(p X Ss, X SQ) = n(p X 523:—1) if p X Sor—1 C @;
o n(p X S2; W So) = (=1)'n(p & Sa41) if p & Sozi1 C
o 1(zp) = (—1)".

When [ =0 and z = 1/2, we let 3;0 be the subset of 3’; consisting of n that satisfy

e N(pX S X SG) =—1;
° n(p@SQ) = (—1)t ifp&SQ C ¢;
o 1(zp) = (—1)".

For n € %, we define
w(,0,1) = L(Ap[z — 1, =)' 7(¢ + p & (S2o—1 + S2wt1), 1))

Here, we regard 7 as a character of the component group of ¢ + p X (S2;—1 + S2,+1) by setting

n(p ™ Saz—1) = (=1)'1n(p W Saz11) = n(p X S ¥ Sy) if x> 1,
n(pX Sy) = (—1)¢ if v =1/2.

By specifying Moeglin’s construction of II,, we have the following.
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PROPOSITION 5.2. Let ¢ = ¢ @ (p X Sa, X S2)! € Uy, (G) with ¢ > 1. Then
My = {n(¥,l,n) |l € Z/2Z, n € Sy}
Moreover, the map IL;, — 3; is given by (-, 7 (1,1, n))d) = €1y, where

(PR Sq) =n(pX Sy),
(—1)1 ifx>1,

X Sy, X Sy) =
“tn(p B 52 B 52) {n(p®51®52) ifo=1/2.

Proof. The A-packet I, was constructed by Moeeglin explicitly; see [Xul7a, § 8] for details. For
x > 1, its construction was computed in [Ato22b, Proposition 3.13]. The same calculation can be
applied to = 1/2. By [Xul7a, Corollary 8.10], the map II;, — Sy is given by (-, (%, l,n))w =
€Ly efy/ " for some character 6111\14/ Ve 3‘; By definition (see [Xul7a, Definitions 5.2, 5.5
/W

and 8.1]), one can easily see that ef/\}/l =1 in our case. O

|*-derivatives and socles.

Using this description, we obtain the formula for the highest p| -

THEOREM 5.3. Fix ¢ € ®,(G) and write m =mgy(pX Sopt1) and m' =me(p X Sop_1).
Consider 1) = ¢ @ (p K Sop W S2)' € g, (G) with t > 0. Let w(¢,1,n) € I, be such that n(pX
Sor—1)n(pX Sopi1) = (=1)t if mm/ # 0. Here, if x = 1/2, we formally understand that m' =1
and n(p X Sp) = 1. Let s be a non-negative integer such that s = 0 if x = 1/2. Then the highest
p| - |*-derivative of soc((p| - |~*)® x w(),1,n)) is given by

D= O (soc (] - |7)* 2w (1, 1,m)))
= soc((p| - |7)™ ™M™ s (1) — (0B Sap1)™ + (p B Sap1)™, L+ m, 1)),
where we set n(p X Sop_1) = (—=1)'n(p X So,y1) if needed. In particular,
S (soc((pl - [7%)* % w(w, 1,m)))

B soc((p\ T3 w(p — p R Sop_1 + p® Sopyi,l — 1,77)) ifs<m,
soc((pl

I am(y,1,m)) if s > m/,
where we set n(pX Soz11) = (—1)'n(p & Soz_1).

Proof. When x > 1 (respectively = = 1/2), the formula for the highest p| - |*-derivatives was
obtained in [Ato22b, Theorem 4.1] (respectively in [Jan18a, Theorem 3.3]). It implies the formula
for socles. O

5.3 Zelevinsky—Aubert duals of certain tempered representations

The initial step of our algorithm for computing the Zelevinsky—Aubert duals (Algorithm 4.1(3))
is to compute 7 for tempered m such that 7 is p/-reduced for every non-self-dual p’ € €CL. If
m=m(¢p,n) for ¢ € Py,(G), then 7 satisfies this condition if and only if

(%) if pX Sy C ¢ with d > 2, then my(p X Sy) =1, pR Sy C ¢ and n(pX Sg) # n(pX Sq_2).

See [At020, Theorem 4.2]. Here, we formally understand that p X Sy C ¢ and n(p K Sp) = +1 if
p is self-dual of the opposite type to ¢.
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PROPOSITION 5.4. Let m=m(¢,n) with ¢ € ®op(G). Assume that m satisfies the above
condition (x). Write

{p | mg(p) >0, mg(p) =0mod 2} = {p1,..., py}

and set

di—1
Yi = max{2 ’ pi XSy, C (b}

v

>0=y41 ==y, Then
= L(Ap, [0, =11, .-, A, [0, =yl (&, 1)),

Suppose that y; >

where
t
¢ =6 —EPpi®(Si+ Say1)
i=1
and
(p®Sy) = —n(p™®Sa) ifpe{pr,....pr},
n(pXSy)  otherwise.

Proof. Set

{p | mg(p) >0, mg(p) =1 mod 2} = {p},....pp}.
Write my(p;) = 2k; > 0 and mg(p}) = 2k} + 1. Then, by [Ato20, Theorem 4.2], we have

(09;1D2§9)> o ( — 1D§) \)|y’ e DL |)‘1 oD )( ) # 0.

This is 7(¢”, ") up to multiplicity, where

¢// _ ¢_ <@ /2k > (EB ,Oz S2k + SQyiJrl))

=1
and

0 (p R Sy) = —n(p®RSy) ifpef{pr,....pi}s
n(pX Sy) it p€{p1,...,pr}

For ¢ < i < r, we note that p; ¢ ¢” so that n”(p; X Sy) does not appear. In particular, w(¢",n")

is supercuspidal. By [Ato22b, Theorem 2.13], with ¢ as in the statement, we have

T = L(Am [07 _yl]v ) Apt [Oa _yt]§ W(QS,’ 77,))

for some 1’ € Ay such that n” =1'|Ag via the canonical inclusion Ay — Ag. Since Sy is
generated by Sy and the image of {c, | i > t}, the remaining task is to determine 1’(p;,) for
ig > t. To do this, by replacing © with
(k5) 1 ,
(34057 ) o (1Dl o-+-0 DL DU ) ),
i#i0
we may assume that 7 C p* x o with o supercuspidal such that p x o is semisimple of length

two. If we write p x o = 7 @ 7_, then p*~! x 74 is irreducible and its Zelevinsky-Aubert dual
is given by pF~1 x 7. By [Aub95, Corollaire 1.10], we know that 74 = 7. Hence we see that

1 (piy) = —1(piy), as desired. O
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If 7 is tempered, of p-bad parity and p| - |*-reduced for all z # 0, then 7 must be of the form
m = p™ x o for some m > 0 and ¢ supercuspidal. In particular, we have m = 7. Similarly, if 7 is
tempered, ugly and p/-reduced for all non-self-dual p/ € €S, then m must be supercuspidal so
that 7 = 7.

6. Best matching functions: the ugly and negative cases

To give formulas for derivatives and socles, following [LM16, §5.3] we introduce the notion of
best matching functions. We then use these functions to explicate the ugly and the negative case.

6.1 Best matching functions
Let A and B be totally ordered finite sets with respect to >4 and >p, respectively. For a € A,
write As, :={a’ € A|d >4 a}. We consider a relation ~» between B and A such that

ValeCLQEA and VblszQEB,
blwalandbgwalandbgwag:>b1wa2.

We say that such a relation is traversable. In this case, we define a subset A° of A and an injective
map f: A% — B recursively by

ac A’ — 3Ibe B\ f(A°N A.,) such that b~ a,
in which case f(a) = min{b € B\ f(A°NAs,) | b~ a}.

Let B% := f(A°) be the image of f. We call the bijection f: A — B° the best matching function
between A and B. By [LM16, Lemma 5.7], the domain A is equal to A if and only if Hall’s
criterion is satisfied, i.e. for any subset A’ C A,

[{b € B | b~ a for some a € A'}| > |A|.

When one of A or B is the empty set, note that we have A’ = B% = (). We set A° = A\ A° and
B¢ =B\ B°.

6.2 Derivatives and socles in the ugly and negative cases
Fix p € €S and = € R. In this subsection, we give explicit formulas using the best matching
functions for the highest p| - |*-derivatives D;ﬁT (m) and the socles S[()HT (m) =soc(p| - |* x7) in
the case where p| - |* is ugly or where p is self-dual and z is negative.

Let 7w € Irr(G,). By Remark 2.7 and the Langlands classification, we can write 7 =
soc(L(Ap [z, y1], .- Ap.[Tr, Yr]) X Ttemp), Where

‘ xT

o if p|-|" is ugly, then p;=p for all i=1,...,7, 21+ <--- <2, +y, and Tiemp = 0 is
supercuspidal;

o if p is self-dual and x is negative, then z1 +y1 <--- <z, + vy, < 0 and Temp is tempered.

To unify the notation, let us call (A, [z1,91], ..., Ap, [Zr, Yr]; Ttemp) the inducing data.
Define an ordered set A= by

Ap||ar = {iE{l,...,T}‘pi§p7 xi:x}

with
a>ad < Yo > Yo
We define a relation ~ between A= and A, =1 by
Ayl 2 a ~ac Aplfp-1 = Yo' > Ya-
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Namely, a’ ~ a if and only if L(A,[xq,Ya], Apl2er,yar]) is a ladder representation. Note that
this relation is traversable. Let f: Agl-\“l — Agl-\‘” be the best matching function. In the next

proposition, we obtain explicit formulas for the highest p| - |*-derivative D% (m) and the socle

el
S (m).

pl®

PROPOSITION 6.1. Suppose that p| - |* is ugly or that p is self-dual and x is negative. With nota-
(k)

tion as above, the highest p| - |*-derivative D", (m) is the unique irreducible subrepresentation

ol
of L(A, [, y1), - s Ap, (2], Yr]) X Ttemp, where
Ry .
. r—1 ifie Apl'll’
T; otherwise.

In particular, k = ‘AZ|~II|' Moreover, the following hold.

(a) If A;Hz,l # (), then the inducing data of S[()HT (m) can be obtained from those of m by

replacing x, = x — 1 with x, where a is the minimum element of A;H”*l’

(b) If A;H“‘l = (), then the inducing data of SE)'I_)‘;C (m) can be obtained from those of m by
inserting p| - |* = Aplx, x].

Proof. Since p| - |* is ugly or p is self-dual and x negative, we have

DY, (7) = soc(L). (L(Ap, [51, 1), -, Ap, [, 30])) 4 Tecmp)
S{\}e () = soc(soc(p| - [* x LA, [e1, 31, -, Ap, [, 50])) X Tremp)-

Therefore, the proposition is essentially a problem for general linear groups, which was treated
in [LM16, Theorem 5.11]. O

7. Explicit formulas for derivatives and socles: the positive case

In this section, we give explicit formulas for the highest derivatives and the socles of several
parabolically induced representations in the positive case. The main results are Theorem 7.1,
where we describe derivatives and socles in the good-parity case, and Theorem 7.4, in which
the bad-parity case is treated. In Corollary 7.2 we deduce a result on irreducibility of certain
parabolic inductions.

Throughout this section we fix p € €L self-dual and z € (1/2)Z with = > 0.

7.1 The good-parity case

In this subsection, we assume that = € Irr(G,,) is of good parity and that p X So,; is self-dual
of the same type as elements in ®4,(G). Write m = L(A,, [z1,y1], ..., Ap [0, Y ]; (0, 7m)) as a
Langlands subrepresentation so that 1 +y1 <--- <z 4+ 1y~ <0 and ¢ € <I>gp(G). Set

t=ie{l,....r"} | Aplzi,ui] = Az — 1, —al}|
and r = ' — t. Then we can rewrite

7 = soc(L(Ap, [z1,11], - - Ap (27, yp]) ¥ Ta),

where we set T4 = L(Ap[z — 1, —z]'; w(¢, ).
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If mg(p ™ Sapr1) # 0, my(p R Sap—1) # 0 and n(p B Sapr1)n(p B Sop—1) = (1)1, set
Y i=¢ — p& (Sops1 + S2z—1) + (p X Sa, X Sp)tH!
and [ := 0. Otherwise, set ¢ := ¢ + (p X Sz, ¥ S5)" and [ :=1. Then 74 = n(¢,l,n) € I, by
Proposition 5.2. Set m = my(p X Saz41) and m’ :=my(p X Say—1). Then the highest p| - |*-
derivative of soc((p| - |7*)® x m4) is described in Theorem 5.3.
Note that x; > y; for all t = 1,...,r. Define ordered sets
Ape =i €{l,....r} | pi Z p, v = x},
Bsz = {Z € {L'"vr} | Pi gpa Yi = _:E}
with
a>d <= y,>vyy foraadc Aplf=
b>b «— x,<azy forb b €B

Notice that any two of A, jz—1, A,|.jz, By|.j=—1 and B, = have no intersection. Define relations ~
between Ay« and A, .«—1 and between By« and B,.j«-1 by

A

pl=

ol 2 a ~ac Ap|.|zfl < Yo' > Ya,

By 2 b~ b€ By o1 <=z < 1y,
respectively. Note that these relations are traversable. Let f: Agl‘\z—l — Ang and g: Bg\-lz—l —
BY . be the best matching functions. Write B;H”” = {i1,...,1s} with i3 < --- < i5. Notice that

pl-l*
s> 0onlyif z > 1.

THEOREM 7.1. With notation as above, suppose that x > 0, x € (1/2)Z and p X S, is self-
(k)

dual of the same type as ¢. Then the highest p| - |*-derivative Dsz

(m) is the unique irreducible
subrepresentation of L(A,, [, y1], ..., Ay [2),y,]) x 7'y, where

I c
L 1 ifie APH“

x; otherwise,
)l = —(x—1) ifi=ij j>m + max{]A,CD|_|z_1] —m,0},
’ Y otherwise,
and 'y = w(¢',1',n) with

ma‘x{m_|AZ‘A|zfl ‘70}

W= — (pB Spp) " T b 4 (o Sy, )
and
' =1+ max{m — | A7) =11, 0}.
In particular,

k= \A;Hz| + max{m + max{\B;Hz\ —m/,0} — ‘AZ|~I””’1" 0}.

Moreover, the following hold.
a) If m+ max{|BS .| —m',0} < |A¢ ._.|, then the Langlands data of S (7)) can be
ol ol:| pl-

| T

obtained from those of m by replacing x, = x — 1 with x, where a is the minimum element

of A;ch,l.
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(b) If ]B;Hz] <m/ and m > \A;|_‘x_1\, the Langlands data of S/S|1~)\” (m) can be obtained from
those of w by replacing ma = w(1,1,n) with

4o (ma) =7 (v — (08 Spe 1) + (P B Sapi1), L — 1,1m).

(c) If|B;“|z| >m!,m+ |B;Hz\ —m' > |AZI~|”*1| and By 1. # (0, the Langlands data ofSﬁll.)‘z (m)

can be obtained from those of T by replacing y, = —(x — 1) with —x, where b is the minimum
element of BC‘ -

(d) If |Bj .| = m', m+ 1Byl — m' > ]A;Hz,l] and By .1 = (), then the Langlands data of
SIEHI (m) can be obtained from those of w by inserting p| - |~ = A,[—x, —x].

Proof. To obtain the formula for the highest derivative, we use Jantzen’s algorithm [Jan18a,
§ 3.3] together with [LM16, Theorem 5.11] and Theorem 5.3.
(1) Recall that

™= SOC(L(Apl [l'l,yl], R APT [mrvyr]) el 7I-A)

with 74 = L(A [z — 1, -] (¢, n)) and Ay, [z, y;) Z Aplz — 1, —z] foralli =1,...,r
(2) By [LM16, Theorem 5.11], we can compute the highest right p| - |~*-derivative

RY) (LA [z, w1, Ap [ ye))) = LAy (20, 0)), - A [, 91)),

pl-l=*
where

Yi =

" —(x—=1) ifie By,
Y otherwise.

In particular, s = ]B;|‘|z|. Claim 1 in [Janl8a, §3.3] says that

7 =soc(L(Ap, [z, 4], - - Ap, (@0, y)]) 3 1)

with 71 == soc((p| - |7%)® x 7a).

(3) By Theorem 5.3, the highest p| - |*-derivative my = Dgr‘a)c(m) of 7 is

my = soc((p| - | 7)™ s w(gh — (PR Spp1)™ + (0B Sop-1)™, L+ m,n))
with k1 = m 4+ max{s —m/,0}. Claim 2 in [Jan18a, §3.3] says that

= SOC(L(A/H [.1‘1, y/1/]> SR Apr [xﬁ yvlf]? (p| ) ’$)k1) A 7r2).

(4) We will apply [LM16, Theorem 5.11] to compute the highest left p| - |*-derivative of
L(Ap [z, 0] Ap [z, 9], (p] - 1%)M). To do this, we have to replace A= with A« U {r +
1,...,r+ ki}, where we set Ay, [z, y;] = p| - |* fori =r+1,...,r + k. Note that any o’ € {r +
L,...,r+ki} is bigger than any element of A, . with respect to the order of A, . U{r+
1,...,7+ k1}, and @’ ~ a for every a € Ap|.=-1. Hence the image of the resulting best matching
function is

0
Appe

Therefore, with ko = min{k;, |A°
derivative is

U{r+i|1<i<min{ki, |AS .1}

o |} and k= |A;\-|””| + k1 — ko, the highest left p|-|*-

LS (Lo, o), A, [ o), (o - 7))
= L(A [2h, 1), A [ o) (ol - 1)),
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where 2 is as in the statement of this theorem. Then the highest p| - [*-derivative of 7 is

k T
D£|)‘x(ﬂ—> = SOC(L(Aﬂl [mllayi,L ceey Apr[xgwy?/“/L (p‘ ’ ’ )kQ) X 71—2)'

(5) Claim 3 in [Jan18a, §3.3] says that

() = s0c(L(Ap, [, 5], - Dpy 2l 1]) 2 S92 (m2))

D" )
pl|

pl-®
By Theorem 5.3, we have

S(k2) —x)s'

U9 (m3) = soc((pl - [7)" 7).

where 7/, is as in the statement of this theorem and s’ = min{s, m'} + max{ks —m,0}. Note
that s’ < s.
(6) Finally, note that

e if & =5, then m’ + max{|A;|.‘m,1] —m,0} > s, sothat y, =y; foralli=1,....r;
o ifs’ <s ,thens>m'andki =m+s—m' > ky = \Af)'_‘x,l\, sothat s =m/' + max{|Az|_|x71| -
m,0}.

By [LM16, Theorem 5.11], we have
soc(L(Ap [21, s+ Ap,[ar, yr]) < (ol - [77)7)
= L(API [I/l’ yi]’ R Apr [.CU;", y;'])v
where y; is as in the statement of this theorem. Claim 4 in [Janl8a, §3.3] says that

k
DY, (r) = soc(L(Ap, [2,84], - A, [}, 50]) % 7).

This gives the Langlands data of D(ﬁz(w).

p
Recall that S (|1.) (7) is an irreducible representation determined by the relation

ol
(k+1) ( (1) )
Dy (Sp4e (M) = Dy ().
One can easily check this equation for the representations given in (a), (b), (c¢) and (d). O

As an application of Proposition 6.1 and Theorem 7.1, we have a combinatorial irreducibility
criterion for p| - |* x 7 as follows.

COROLLARY 7.2. With notation as above, suppose that x > 0, x € (1/2)Z and p X Soz+1 is self-
dual of the same type as ¢. Then the parabolically induced representation p| - |* x m is irreducible
if and only if all of the following conditions hold:

Ao =05

‘BZ|.|z‘ > mw(ﬂ X S2z-1);

my(p W Sazt1) + | By ol — my(p W S2z—1) 2 [AT) 1o |

pl-®
e B¢ =
pl-[7t

Proof. Since p|-|* is not self-dual, by Proposition 3.3, p|-|* x 7 is SI so that both Slgﬂx(w)

and S (1,), () occur with multiplicity one in [p|-|* x 7]. Hence p| - |* x 7 is irreducible if and

only if Sf()ll-)l”” () = Séll')I*AW)' By Proposition 6.1 and Theorem 7.1, this is equivalent to the case
where the Langlands data of S[()|1.)‘_;C () and Sﬁﬂz () are obtained from those of 7 by inserting
pl-7" O
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As a special case, when 7 = 7(¢,7) is tempered, since A v||-=-1, A4
By.j= are all the empty set, we see that p| - |*
equivalent to

o ¢ 25 p&52$_1; or
o my(pX Sop1) =1, my(p X Saz41) > 0 and n(p X Saz—1) # n(p X Saz41).

This special case was already known to Jantzen [Jan18b, Theorem 4.7].

p|]z—1s APH”C’ Bsz—l and
x m if and only if my(p X Sa,—1) = 0, which is

7.2 The bad-parity case
We now treat the bad-parity case. Specifically, we assume that pX So, 1 is self-dual of the
opposite type to elements in ®g,(G), and we take 7 € Irr(G,) such that scusp(r) C Z,.» U{o}
for some o € €¢.

We remark that Jantzen’s algorithm [Janl8a, §3.3] for computing the highest p| - |*-
derivatives can be applied to the bad-parity case. According to this algorithm (see (2) in the
proof of Theorem 7.1), we have to deal with a p| - [*-bad representation of the form

w1 =L((pl - 17 Aplz — 1, —a]'s (¢, m))

with ¢ € ®temp(Gr) and s,t > 0. Here, we may assume that s = 0 if z = 1/2 since p| -
A,[—-1/2,-1/2]. By the assumption of bad parity, if we write 0 = 7(¢5,7s), then ¢ = ¢, ©
(D;_; (p X Sap,+1)™) with z; € x4+ Z so that Sy = Sy_, and 1 = 1,. Moreover, the multiplicity
m; is even for all i. The following result is an extension of [Jan18a, Propositions 8.5 and 8.6].

‘71/2 _

PRropoOSITION 7.3. With notation as above, when x = 1/2, we assume here that s =0. Set

m = mg(p X Sozy1) and m' = my(pX Saz—1), both of which are even. Take k € {0,1} such

that t = k mod 2. Then the highest p| - |*-derivative Déﬂz

(m1) is equal to
L((p| - |meymin{sm el Az — 1, —a]t T w(6 — (p B Sapr1)™ + (pE Sopg) 1))
with k = m + k + max{s — m' — k, 0}.
Proof. If we write mp == 7(¢ — (p X Sopy1)™ — (p X Sap_1)™,7), then
m(,n) = Aple — 1, —(z — 1)]™/2 x A, [z, —2]™? x my
is an irreducible induction. Moreover,

Aylz —1,—2] x Ayfz — 1, —(x — 1)]™7/2 x Az, —2]™? x m

is always irreducible by [MW12, Théoreme (i)]. Also, any subquotient of A,z —1,—x] X
Ay, —(x—1)] is Aple —1,—(x —1)] x Az, —z] or Lo :=L(A,[z —1,—z], A [z, —(z — 1)]),
both of which commute with all of Ajjx —1,—(x —1)], Az, —z] and Aylx — 1, —z] (see for
example [Tad14, Theorem 1.1]).

First we assume that t is even. By considering the Langlands data, we have

soc(Aplz — 1, —a]' x Aylz — 1, —(z — 1)]™/2 x Az, —]™? % o)
— L6/2 X Aple —1,—(x — D]™/2 x Az, —2]™? x m
— Ajlr—1,—2]" x Az — 1, —(z — 1)]™/? x A [z, —z]™? x 7.

Since the middle induced representation is unitary and the last induced representation is a
standard module and so is SI, we see that the first inclusion map is an isomorphism. In particular,
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71 is equal to the socle of
(ol - |7%)° x L% % Aylw — 1, —(z — D]™/? x Ay, —a]™? % mo
> L2 5 (p] - |77)° x Az — 1, —(z — 1)]™/% x Az, —2]™?2 x m.
Therefore, we may replace (p| - |~%)* x A [z — 1, —(x — 1)]"™/? with
(o] - |—x)max{s—m’/2,0} % Lrlnin{s,m’/2} x Aplz —1,—(z — 1)]rlmv{ﬂ”//?—s,0}7 (%)

where Ly == L(p| - |7, Aplz — 1, —(x — 1)]). Moreover, since p| - |~ x A, [z, —z]"™/?

ducible by [MW12, Théoréme (i)], if s > m’/2, then we may replace (x) with

X g is irre-

(p| ) ‘—x)max{s—m’,O} % L;nin{s—m’/Q,m’/Z} % Lrlnax{m/_s,0}7 <**)

where Lo = L(p| - |7%, Aplx —1,—(x —1)],p| - |¥). Note that if 2 >1, then by [LMIG6,
Proposition 5.15(3)] the ladder representations Lo, L; and Ly commute with all of

Aplz,—x], Apfz—1,—-z], Ayz,—(z-1)], Ayz—1,—(z—-1).
Therefore, with

k = m + max{s — m’,0},

the pl| - |*-derivative W (7) is the highest and is a subrepresentation of

pl*
L2 X LS x Az — 1, —(z — 1)]™'/2=s+m/2 5 if s < m//2
0 17X 2y 5 Ui if s <m'/2,
LS L™ P I x Al — 1, —(z — D)™ xmy ifm//2 < s <m,
L L X Ajfw — 1, —(z — 1)]™2 % mg if s > m'.

Since Lo x L1 = Ly x Ly by [LM16, Corollary 6.2] and since L x o is irreducible by [LT20,
Theorem 1.2], this representation is a subrepresentation of

(o] 17)° X Dglie — 1, =] x Al — 1, (@ — D]+ s my it s < o,

(ol - 72)™ x Aylz — 1, 2]t x Aplz — 1, —(z — D)™/ sy if s > m'.
Since Az — 1, —(z — 1)]™+™/2 s 5 = 71(¢p — (p X Saz11)™ + (p X Saz—1)™,7), We obtain the

case where t is even.
Next, assume that ¢ is odd. By considering the Langlands data, we have

soc(Ap[z — 1, —a]t x Ay[z — 1, —(z — D)™/ x Az, —2]™? x )
s L(()t_l)/2 X Aple — 1, —z] x Aplr — 1, —(x — 1)]™/? x Aplz, —z]™? % m
> L2 S A, —(z — 1)) x Az — 1, —(z — D)™/ x Az, —2]™2 % m.

Note that the middle induced representation is SI since it is a subrepresentation of a standard
module. On the other hand, by taking the MVW-functor and the contragredient functor, we see
that the unique irreducible subrepresentation of the middle induced representation is also an
irreducible quotient of the last induced representation. By the last isomorphism, this means that
L(()t_l)/2 X Az, —(x — 1)] x Ayl — 1, —(z — 1)]™/? x Az, —x]™? x g is irreducible. There-
fore, by the same argument as in the case where t is even, with k = m + 1 4+ max{s — m' — 1,0},
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the p| - [*-derivative D,Sﬁr (7) is highest and is a subrepresentation of

(pl - I7%)* x Aplz — 1, —2]'t x Aylz — 1, —(z — 1)](ml+m)/2+1 X T if s<m+1,
(pl - |_I)ml+1 x Aplz -1, —z]7t x Aplr —1,—(z — 1)}(ml+m)/2+1 xmy if s >m'+ 1.

Since A [z — 1, —(z — 1)]0V+m)/2+ s 1 = 7(p — (p B Sapi1)™ + (p B Soz—1)"F2, 1), we obtain
the case where ¢ is odd. O

Now we consider the general case. Let m = L(Ap[x1,y1], ..., Aplar, yp]s (0, 1)) with xq +
1 <o <xp + Yy <0and ¢ € Premp(G). If we define t,r > 0 with ¢t +r =1" asin §7.1, we can
rewrite

T= soc(L(Ap[xl, Y1)y Aplar, yr]) 77,4),
where
o1 +y1 <<z +y <0
o mai=L(Aylx —1,—a]'y7(4,n));
o [r;,y)| #[r—1,—x]foralli=1,...,r.
Set m == mg(p W Soz41) and m’ == my(p W Sa,—1), both of which are even. Take k € {0, 1} such

that t = k mod 2.
Define

Ape ={ie{l,...,r} | z; =z},
By ={ie{l,...,r} | yi = —x}.

As in the previous paragraph, we regard A, and A, .-1 (respectively B,.» and B.j«-1) as
ordered sets and take the traversal relation ~~. Let f: A/O)'.‘I,l — Ang (respectively g: Bg\-ll‘*l —

BSHI) be the best matching function. Write B;H“” = {i1,...,is} with i1 < --- < is. Note that
s >0 onlyif z > 1.

THEOREM 7.4. With notation as above, suppose that x > 0, x € (1/2)Z and p X Soz41 Is self-

dual of the opposite type to elements in ®,(G). Then the highest p| - |*-derivative sz (m) is

the unique irreducible subrepresentation of L(Ap, [z}, 1], ..., Ap, [x),y}]) x 7y, where
4 e e
2 = rx—1 ifie Apl'lm’
T; otherwise,

Hzfl‘ —m—=~K, 0}7

, {—(:L‘— 1) ifi=ij,j >m’+/~i+max{]AlC)
y.:

Yi otherwise
and
o ifm+k < ‘A;\-I’”‘l" then 7'y = my;
o ifm+k> ‘AZ\~IZ‘1" then
. L(Ap[z =1, =] (¢ — (p B Sap41)™ " + (p B Sgp 1) ™02 1)),
AT _ 1 _plt—k+1. _ m—v+1 m—v—1+2k
L(Apz =1, —a] ;m(¢ — (p X S2z41) + (p X S2-1) .))

according to whether v = |A;‘_|x,1| is even or odd.
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In particular,

k= 1A ] + max{m + k + max{| By .| —m' — #,0} — A5 .1, 0}.
Moreover, the following hold.

(a) Ifm+ K+ max{]B;‘,lA -m' —k,0} < ’Af,|,‘x—1 |, then the Langlands data OfS,SHw (m) can be

obtained from those of w by replacing x, = x — 1 with x, where a is the minimum element

of AZ\'I‘”‘l'

(b) If|B5 .| < m' + Kk and m + Kk > |A;Hz,1|, the Langlands data of Sl()‘liz
from those of w by replacing w4 with

(7‘(‘ ) _ {L(Ap[l‘ -1, —x]t+1;7.‘.(¢ _ (plg 82:(:—1)2,77)) if k=0,

() can be obtained

S(l)x
Pl L(Apz — 1, —a]" S m(d+ (0B Sppi1)2, ) if k= 1.

(c) If By ol = m' + K, m+ B .| —m' > |AS .| and B .1 #0, the Langlands data of

sz(ﬂ') can be obtained from those of m by replacing y, = —(x — 1) with —x, where b is
the minimum element of BZI'II”'

(d) If\B;HI\ >m'+ kK, m+ \le.‘,\ —m' > |AZ|_|x,1] and B, .1 = (0, then the Langlands data

of Séﬂx(w) can be obtained from those of m by inserting p|-|™* = A |-z, —x].

Proof. By a similar argument to that for Theorem 7.1, we obtain the assertions by applying
Jantzen’s algorithm [Jan18a, § 3.3] together with [LM16, Theorem 5.11] and Proposition 7.3. [

As a consequence, one can obtain an analogous criterion to Corollary 7.2 for the irreducibility
of p| - |* x w. We leave the details to the reader.

8. Explicit formulas for derivatives and socles: a non-cuspidal case

Fix p € €CL self-dual. In this section, we consider 7 € Irr(G,,) of good or p-bad parity such
that
(a) 7 is p|-|'-reduced; and
(b) mis p| - |*-reduced for all z < 0.
Recall that if an irreducible representation 7 is p| - |'-reduced, Proposition 3.7 says that

7,0, 1% x 7 is SI. In this subsection, we determine the highest [0, 1]-derivative 7/ = D[(g)” (m) of

m, and we show how to recover the Langlands data of 7 in terms of those of 7’.

8.1 A reduction step
In this subsection, we reduce the computation to a particular case that will be treated at the
end of the section.

We write m = L(Ap, [z1,y1], -+, Ap, [T, yr], A [0, —1]5;7(4, 1)) as a Langlands subrepresen-
tation, where

¢ € (I)temp(G);

t > 0;

1ty < < xp oy <0

A [zi, yi) 2 A0, —1] fori=1,...,r.

We know by the assumption (b) that x; > 0 if p; = p. Also, by the last condition above, we have
yi # —11if p; = p. Set ma == L(A,[0, —1]%; 7 (9, n)).
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To rephrase the assumption (a), we recall Jantzen’s algorithm [Janl8a, §3.3]. Let 7y ==
Df(all?ll (m4) be the highest p| - |!-derivative of m4. It can be computed thanks to Theorem 5.3 and
Proposition 7.3. Then Claim 2 in [Janl8a, §3.3] says that

T L(Ap 1yl A, eyl (ol 1))
According to Jantzen’s algorithm, 7 is p| - |'-reduced if and only if L(A,, [z1,y1], ..., Ay, [2r, yr],
(pl - DY) is left p| - |*-reduced. For i =r +1,...,7 + 1, we set A, [x;,yi] = p| - |*. Define
Ay ={ie{l,....r+1}|pi=p, z; =0},
Apgp={i€{l,...;,r+1} | pi = p, v, =1}

As in §6.2, we regard these sets as totally ordered sets, and we define a traversable rela-
tion ~ between A, and A, Let f: Ag — Ang be the best matching function. Then by

[LM16, Theorem 5.11], L(A,, [z1,y1], - -, Ap. [Tr, yr], (o] - [1)!) is left p| - |'-reduced if and only if
AL = = 0. Let D[(kA]) (m'4) be the highest [0, 1]-derivative of 7/y. We will explicitly compute it in
Prop081t10ns 8.3 and 8.4 below.

THEOREM 8.1. Let m € Irr(G,) be of good or p-bad parity and satisfy the assumptions (a)

and (b). We use the above notation. Then the highest [0, 1]-derivative D[(0 )1} (m) is the unique
irreducible subrepresentation of

LD, [#h, 3]s, Ap, [, ) % D) (),
where
—-1 ifie A,
x;p =10 ifie Ay,

x; otherwise.

In particular, k = ka 4y with ri == [A,.p| = |AY].

Proof. Since x; > 0 if p; = p, we see that A, [x;, ys] x Z,[0,1] = Z,[0,1] x A, [24,y,] for all i =
1,...,7+1 (see for example [Tad14, Theorem 1.1]). Hence

™ — L(Apl [xlvyl]v .- '»Apr[xﬁyT]: (,0‘ : |1)l) X 7714

> L(Dp 1,31, Ap [, (o - [1)) % Z,[0,1]54 % DIFa) ()

= Z,0, 11" x L&y, [e1, 3]s, Ap, [, ], (ol - 1)) % Diga) ().
We claim that
L(Ap [z1,91)s - Ap, [or, el (] - [D)) = Zp[0,1]™ % L(Apy [, 1), -, A, [, 9]
To see this, by [LM16, Proposition 5.6] it is enough to show that
L(Ap [z1:91)s - Ap, fan, ], (o] - 1))

= SOC(pT1+k X SOC((pI DX LA [y, 0], A, [, w0))) )

where L,(,ICI)(L(AP1 (@], ..., Ap, [z, y])) is the highest left p-derivative. By our assumptions
and by the definition of z}, we see that k" = rg — 1 with ro = |A,| and that

L;()Toirl) (L(Am [xllv Yily ooy Ay, [35;7 yr])) = L(API [xgl),yl], AVE [xg):yr])
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with
:L'(-l) _ —1 ifie AZ,
! z,  otherwise
-1 ifie A,
=40 ifi € APHl’

x; otherwise.

Since xl(-l) # 1if p; & p, we have
soc((p| - [N x LT (L(Ap [, 31); -, Ay, [27,90])))

= L(Apl [x?)? vl APTH [Jfﬁ)za Yr+1])
with
-1 ifie A,
2P =31 ificA

i plts

x; otherwise.

2)

~

il =l !

In particular, we note that A, [371( for ¢ > r. Since xz@) # 0 if p; = p, we have

2 2
SOC(pTO X L(Apl [xg )7 yl]a ceey Apr+l I:xq(ﬂ_gl7 yT+l])) = L(Ap1 [371, 91]7 R ApT_H [mT‘Jrla yr+l]) .
Hence we obtain the claim.
By the claim, we have

r k
7 Zo[0,1]FAFT 5 LA, [, 1), A, [, 5]) % DA ().

Moreover, by Tadié¢’s formula (Proposition 2.1) together with the facts that

o L(A, [z, Ap [2h, yr]) is left p| - [L-reduced;
o L(A, 7))y Ay, [2h, yr]) is right p-reduced and right p| - |[~!-reduced; and

o D[((’ifl‘}) (7'y) is Z,[0,1]-reduced and p| - |'-reduced

we see that L(A, [z],y1],..., 8, 2], yr]) X D[(Okfl‘])(wfél) is Z,[0,1]-reduced and p| - |'-reduced.
Therefore, D[([i ‘i‘]+m)(7r) is the highest [0, 1]-derivative, and
ka+ k
DA () = LA, [eh, 1), -, Ap, [, ) % DA ().
Since the induced representation in the right-hand side is a subrepresentation of a standard
module, it is SI. In particular, D[(g ‘i‘rm)(rr) is the unique irreducible subrepresentation of this
induced representation. O

We give now the converse of Theorem 8.1. Namely, when 7 is of good or p-bad parity and
satisfies the assumptions (a) and (b), we will recover the Langlands data of 7 from those of

(k)
D[O,l} (7).

. k —1\s
Wiite DY) (1) = LA [eh, il A [l (ol - |75 A, [0, ~1]57(¢, 7)) as a Lang:
lands subrepresentation, where

o ¢I S CI)temp(G’);
o s5.t>0;
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o ity < <a+y <0
o Aplehpi) 2ol 1L A0,—1] for i =1, 7.
Set w4 1= L((pl - |1)%, A, [0, ~1J': n(¢/, ). Define
By =H{i€{l,...,r} | pi = p, x; = —1},
By = {i € {L,....r} | pi = p, o, = 0}
with the best matching function f’: Bgl-\*l — Bg. By Theorem 8.1, we see that z # 1 if p; = p.
Also, if we set 71 = | B,y |-1], ka =k —ry and | =11 — |Bg\, then we have k4 > 0 and [ > 0.

~ o~

~

COROLLARY 8.2. Let 7 € Irr(G),) be of good or p-bad parity and satisfy the assumptions (a)
and (b). Then 7 is the unique irreducible subrepresentation of

L(A,m [:Ela yl]v o 7Apr [mT‘?yT]) N TA,

where
0 ifi€ By -1,
xi =11 ifie By,
z, otherwise
and
TA = Slgl'?‘l o S[(éi‘f]) (7'4).
Proof. This follows from Theorem 8.1. O

8.2 The representation w4 in the bad-parity case

We use the same notation as in the previous subsection. It remains to give an explicit formula
for the highest [0, 1]-derivative of 7/, and show how to recover the Langlands data of 7/, from
those of its highest [0, 1]-derivative.

We treat the bad-parity case first, which is much simpler. Recall that w4 =
L(A[0,~1)% (6, 1)) With ¢ € Diemp(G). Let 7y = DY) (74) be the highest p| - [I-derivative
of m4. By Proposition 7.3, 7'y = L(A,[0,—1)""";7(¢',n')) with x € {0,1}, t =k mod 2 and
¢ € Ptemp(G) which does not contain p X Ss. In particular, ¢ — « is even. Hence what we have
to prove is the following.

PROPOSITION 8.3. Let m = L(A,[0,—1]";7(¢,n)) be of p-bad parity with t even and ¢ €
@iemp(G) such that ¢ 5 pXSs. Then the highest [0, 1]-derivative of 7 is

DRy (7) = (6, 1m)-
Proof. Write m := mg(p), which is even. Since
e pH R L((pl - | (0 — 0™, )
= P2 s (pl - | (¢ — o™ )
2 pHE2 o (p] - ) (6 — 0™, ),
(m) is the highest [0, 1]-derivative and
DRy (7) = p™2 3wl — p™, ) = 7, ).

Since the right-hand side is irreducible, this inclusion is an isomorphism. (Il

t

we see that D[(0?1]

By this proposition, it is easy to recover m from its highest [0, 1]-derivative.
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8.3 The representation w4 in the good-parity case
To finish our algorithm we need to consider the case where m = L(A,[0, —1]%; (¢, 7)) with ¢ €

Q. (G) and n € ‘/S’;, and p is self-dual of the same type as ¢. Furthermore, we assume that
7 is p| - |'-reduced, which is equivalent to the statement that if p&X S5 C ¢, then my(p) > 0,
me(p® S3) =1 and n(p)n(p® S3) # (—1)". We determine the highest [0, 1]-derivative of .

PROPOSITION 8.4. Let m = L(A,[0, —1]%;7(¢,n)) with ¢ € ap,(G) and n € :S’; Suppose that p
is self-dual of the same type as ¢ and that m is p| - |'-reduced. Write m := mg(p).

(1) If p® S5 C ¢ and m is odd, then the highest [0, 1]-derivative of 7 is

p® (1) = (¢, n) ift =0 mod 2,
[0:1] L(pl- |75 7(6+p—pR Ss,m)) ift=1mod?2.

(2) If p® S5 C ¢ and m is even, then the highest [0, 1]-derivative of 7 is
D[(éjll)(ﬂ) = (¢ — pB(S1+ 53), me+41)-

(3) If p® S5 ¢ ¢ and m is odd, then the highest [0, 1]-derivative of 7 is

ng,)u (m) = 7(é,m) ift =0,
Dfé}]l)(ﬂ) =L(p| - |"Yw(¢+p2n)) ift>0,t=0mod?2,
Dfé_l]l)(ﬂ) = L(A,[0, -1);m(¢,nm))  ift>0,¢=1mod 2.

(4) If p® S5 ¢ ¢ and m is even, then the highest [0, 1]-derivative of 7 is

DR, (7) = (. m)-

Here, in (2) and (4) we set

(=D'n(p) if p'® Sy = p,
n(p' W Sy) otherwise.

ne(p' ) Syg) = {

Proof. We note that m < p'™ x L((p| - |71)%; w(¢ — p?*,n)) in all cases, where m = 2u + 1 or
m = 2u. We will apply Theorem 7.1 to L((p| - |71 7(¢ — p**, 1)) and o = 1 in each case.
To show (1), write m = 2u + 1. By Theorem 7.1, we have
(¢ — p*, 1) if t =0 mod 2,
Lipl- |75 7(¢ — p*~! = p® S3,m)) if t =1 mod 2.
Note that p* x 7(¢ — p**, 1) = w(¢,n) and p* x L(p| - | Hs7(¢ — p>*~' = p® S3,m)) = L(p| - |7

(¢ + p— p® Ss,7n)) are both irreducible by [Art13, Proposition 2.4.3] and Moeeglin’s construc-
tion (see [Xul7a, §8]). Hence

(P, m) if t =0 mod 2,

— 7,[0,1]" x
™ 2l {L(p!~\1;ﬂ(¢+p—p@53,n)) if t =1 mod 2.

This shows (1).
To show (2), write m = 2u. Note that u > 0 and n(p X S3) = (—1)"*15(p). Hence

m e p T (o] - (DT (¢ = p? T = p R S3,g).
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This implies that
T Z,[0,1]" x p" 3 w(p— p* ! — p X S5, mp41)
= Zp[0, 1] (¢ — p— p B S5, me11),

which shows (2).
To show (3), note that when ¢ = 0, it is clear that 7 is Z,[0, 1]-reduced (Lemma 3.5). Suppose
that t > 0. Write m = 2u + 1. Since

m e p (ol | T L(pl - [T (6 = o™ ),
we have

T Zp[0, 1)1 x p" T L(pl - [T (e — p* ).
y [Art13, Proposition 2.4.3] and Mceglin’s construction (see [Xul7a, §8]), we have

P Lpl - [Thm(e = p* ) = Lipl - [7him(d + 0%, m)) @ L(A,[0, ~1]s (¢, m)).
In particular, D[(0 1])(7r) is the highest [0,1]-derivative and is isomorphic to one of the two
direct summands in the right-hand side. Now we note that L(A,[0, —1], A,[1,0]) = soc(Z,[0,1] x
Z,[—1,0]). When t is odd, by [Art13, Proposition 2.4.3] we have
t—1)/2
™= L(A,[0, 1] Ap[1,0) 7 0 L(A,[0, ~1]: (@, m).

Since L(A,[0, —1];7(¢,n)) is p| - [*-reduced and Z,[0, 1]-reduced, by considering Tadi¢’s formula
(Proposition 2.1) we see that

D (L0, =11, A, [1,0) D72 50 L(A,[0, ~1]s 7(,m))) = L(A,[0,~1];7(6,m)),

which implies that D[(0 1 )( ) = L(A,[0,—1];7(¢,n)). When t = 2, by [Art13, Proposition 2.4.3],

we have
T L(AH[0,—1],A,[1,0]) x w(p,n)
= s0¢(Z,[0,1] x Z,[—1,0]) x 7(¢, 1)
— Z,[0,1] x p| - |71 3 w(p + p*,n),

which implies that D[(O)”( )= L(p|- 7Y 7(é+ p?,m)). When t > 2 is even, we have

™ L(A,[0, —1], A,[1,01) 7272 % L(A,[0, —1]%; (¢, 7))
- ZP[Ov 1] x L(AP[O? _1]7Ap[170])(t_2)/2 X L(p| ) ‘_1;77(¢ + 92777))'

Here, we note that Z,[0, 1] x L(A,[0,—1], A,[1,0]) is irreducible by [Tad14, Theorem 1.1]. Since
L(p| - 7Y 7(¢ + p%,m)) is p| - |*-reduced and Z,[0,1]-reduced, by considering Tadi¢’s formula
(Proposition 2.1) we see that
t—1 _ _
D (Z,[0,1] x L(A,[0, =1, A, [1,0) 272 50 Lip| - |15 (6 + p?, 1))
= L(pl |55 m(o+ %)),

which implies that D[(é 1]1)( )= L(p|- |7} 7(¢ + p* m)). Thus we obtain (3).
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To show (4), write m = 2u. Since
T p (ol N (6 — o™ ),
we have
T Zy[0,1]" x p* x w(p — p*,m).
In particular, this shows (4) when u = 0. Hereafter we assume that u > 0. Then

Pt X7 (p— p*,m) = m(P,me) B (P, Mer1).

To show 7 <— Z,[0,1]" x 7(¢,m:), we use an argument inspired by Moeglin’s construction of
A-packets.

Write ¢ = p™ & (P;_, pi ®Sy,) with dy <---<d, and d; >3 if p; = p. Choose ¢~ =
(D11 p X Sz, 41) @ (Biy pi X Syy) such that
e 1; € Z with x; > 1;
e di =d; mod 2 with d] > d;;
e 2r+1< - <2r,+1<d < - <d.

Define 775 € Sy by 715 (p K Sag,41) = (—1)'n(p) and s (p; K Sa) = n(pi X Sq,). Then m(¢,n;)
Jo o Ji(m(¢>,n>)) with

Ji=Jacpp e, plr 00 JaCy s

Jo = Jac _ o---0Jac _
2 ool |(@r =172 py|-|(dr+1)/2 p1|.|(d/1 D/2 |yl (D)2

1 1
where we set Jac,|.= .y = Dg\?ly 0---0 DE)RI“”'

argument in the previous paragraph we have
SOC(Z,O[Ov 1]t X 7T(¢>, 77>)) = L(Ap[ov _1]t; 7T(¢>, 77>))

By Theorem 7.1, using the assumption that m = 0 mod 2, we see that

Jo 0 Ji(L(A,[0, =115 7(¢>,15))) = L(A,[0, =115 7(¢, 1)) = .
On the other hand, since

7T(¢>777>) — Ap[xla 1] XX Ap[x’ma 1] Dol Jl(ﬂ(¢>7n>))
by [Xul7b, Lemma 5.7], and since Z,[0,1] x Az, 1] = A [z, 1] x Z,[0,1] if > 1, we see that
Jy 0 Ji(s0¢(Z,[0,1]" % (¢, 1))

— Ja 0 J1(Z,[0,1]" % 7(d>,7>))

— Jo o J1(Ap[r1,1] X - X Apwm, 1] X Z,[0,1]" % Ji(7(¢, 1))

== JQ(Zp[()? 1]t X J1(7T(<Z>>777>)))-
Finally, since (d; + 1)/2 > 2 if p; = p, we have

JZ(ZP[Oa 1]t A Jl(ﬂ-(qb>777>))) = ZP[Ov 1]t A J2 © Jl (W(¢>777>)) = ZP[O7 1]t A W(¢,Ut)~

Therefore we conclude that m < Z,[0, 1]* x 7(¢, ;). This completes the proof of (4). O

Since ¢~ contains neither p nor p X Ss3, by the

Finally, we state the converse of Proposition 8.4 in terms of A-parameters.

COROLLARY 8.5. Let m = L(A,[0,1]*;m(¢,n)) be the same as in Proposition 8.4, and

let D[(éc)l](w) be the highest [0,1]|-derivative of m. Suppose that k> 0. Then one can
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write D[((]i)l] () = L((p| - |71, A,[0, U w(¢', 1)) with s’ + ' 4+ mgy(p K S3) < 1. Moreover, with

m' == my/(p), the following hold.
(1) If & =1, thenm’ > 2, k=1 mod 2 and
T =n(¢ —p> + (pXR S K S)F L m/ o).
(2) Ift' =1, then m’ =1 mod 2, k = 0 mod 2 and
T=n(¢ + (p X Sy K So)* 1 1, 7).
(3) If my(p ™ S3) =1, then m’ =1 mod 2, k = 0 mod 2 and
m=7(¢ + (p XSy ®Sy)k 1,7).
(4) If ' +t' + my(pXS3) =0, then
7 =m(¢ + (p RSy W Sy)*, m’ +1,n},),
where nj,(p) = (=1)*1 (p).

Proof. This follows from Proposition 8.4. g

9. Some examples of Zelevinsky—Aubert duality

By the results in the previous sections, we have completed Algorithm 4.1 for computing the
Zelevinsky—Aubert duality. In this section, we give some examples. Here we set p := 1qr,, () and
drop p from the notation. For example, we write Az, y| :== A,[z,y] and Z[y, x] = Z,[y, z]. When
¢ =, Sa, € Pgp(G) and n(Sy,) = n; € {£1}, we write w(¢p,n) = 7(d]", ..., dI").

9.1 Example 1
Let us compute the Zelevinsky—Aubert dual of

L(A]0, 2], A[0, —1];7(3T)) € Irr(Spyo(F)).

Note that it is of good parity, and it is | - |*-reduced for z # 0 by Theorem 7.1. By Algorithm 4.1,
we have the following commutative diagram.

L(A[0, =2], A0, —1); 7(31)) — "~ L(A[0, 2], A0, —1]; 7(3™))

& s@
L(|- 7% 7(3)) il L(A[-1,-2];7(1%))
b, | )
w(31) | = L(|- |75 w(1h))
(1) T (1)
DHl SH‘l
m(1+) | g (1)
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For the computation of S(ZQ[Z) ik by Corollaries 8.2 and 8.5 and Theorem 5.3, we have
2 1 1
o (LA[=1, =2 7(14))) = soe(A[0, ~2] % S{}) 0 S5 | (x(17))

soc(A[0,—2] x S\ (x(17,17,3%)))
= L(A[0, —2], A[0, —1]; w(3T)).

In conclusion, we see that L(A[0, —2], A0, —1]; 7(3™)) is fixed by the Zelevinsky—Aubert duality.

9.2 Example 2
Next, let us compute the Zelevinsky—Aubert dual of

W(le, 167 3+a 5_7 5_) € II'I'temp(Sp14(F))
for e € {£}. First, we compute derivatives as follows.

w(1F,17,3%,57,57) m(17,17,37,57,57)

(2) (1)
DHl D\-Il
L(AJ0, =2]; (17, 17,1%))  L(A[0, —2];7(17,17,3%))
D2 Difo,1)

r(1T, 1, 1%)

By Proposition 5.4, we have #(1*,17,17) = #(17, 17, 1%) and #(17,17,3%) = L(A[0, —1]; 7(1T)).

Next we compute socles as follows.

(1T, 1+,17%)

L(A[-1,-2],|- |75 n(17,17,17,17,3%))

()
%2

L(| : |_25A[_1¢ _2]¢ | ' |_1;7T(1_> 1_7 1_7 1_73+)) L(’ ' |_2’ | ' ‘_17A[07_2];7T(1_7 1_73+))

L( - [%n(17,17,3%)

P

m(17,17,3%)

(1)
52
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Therefore, we conclude that
#1130, 57,57 ) = L(|- 73 A=, -2, |- a1, 17,17, 17, 3h)),
#(17,17,3%,57,57) = L(|- |74 |- |71 A0, —2;w(17,17,3%)).

Similarly, one can prove that #(3%,57,57) = L(| - |72, A[-1,-2],| - |71 7(17,17,3T)). Hence we
see that

1GL1(F) X L(| ’ |_2>A[_17 _2]7 | ’ ‘_1;77(1_7 1_73+))
~L()- 7% A1, -2, ], 17, 17,17,3Y)
©® L(| ’ |_27 | ’ ’_laA[07 —2];71'(1_, 1_73+))'

In these computations we also proved, for example, that L(A[0, —2];7(17,17,37)) is fixed by
the Zelevinsky—Aubert duality. This fact does not follow from results in [Ato22b]. As in this
example, even if 7 is tempered, we need to compute S(Z’%H in general.
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