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§1. Introduction and preliminaries.

One of the main problems in potential theory is to determine the
class of kernels satisfying the domination principle or the complete maxi-
mum principle. As to positive symmetric kernels this is settled to a
certain extent, but as to non-symmetric kernels we have not yet obtain
satisfactorily large explicit classes. In this note we shall give a class of
positive non-symmetric convolution kernels on the real line satisfying the
complete maximum principle.

Let K be a positive Radon measure on the real line R. Given an
essentially bounded Lebesgue measurable function f vanishing outside a
compact set, the convolution Kxf is called a potential relative to a posi-
tive kernel K. This is a Lebesgue measurable function on R. Throughout
this note we shall identify two functions which differ on a set of Lebesgue
measure Zzero.

We shall say that the kernel K satisfies the complete maximum prin-
ciple, when the following statement is valid: if f and g are essentially
bounded Lebesgue measurable functions vanishing outside a compact set
and Kxf < Kxg + 1 on the set {x ¢ R; f(x) > 0}, then the same inequality
holds almost everywhere in R. A sufficient condition for the complete
maximum principle is the existence of a so-called submarkovian resolvent
{K,} (p > 0), a family of positive kernels such that for each p >0, K — K,
= pKx«K, = pK,*K and pK,x1 <1, and K=K, = 1;111;1 K,. The outline
of the proof: we have, for each p > 0,
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K + le = l(i(pr)”),
D P \2=0

where (pK,)=¢, the Dirac measure on the origin, and (K,)" =
(K,)" '«(pK,). This shows that K 4 (1/p)e satisfies the complete maxi-
mum principle, so that K itself satisfies the complete maximum principle.

§2. Negative-definite functions.

A complex-valued continuous function A(x) on R is said to be negative-
definite, when it holds that

i) 20) =0, A(—2x) = @),

ii) for any » points z,,,, -- -, 2, on R and for any »# complex num-
bers &, &, -+, & with 3¢, =0,

Zz(xj - xk)f;ék =0.
Tk

As easily seen, A(x) = ax* + tbx 4+ ¢ is negative-definite, if o and ¢ are
non-negative and b is real. A(x) =c¢ — (p — ix)"! with p > 0 and ¢ = p!
is also negative-definite, since

—p— i)t = — f “e-rvginndy .
0

The sum of negative-definite functions 2,4, - -+, 4, is evidently negative-
n -1

definite. In this section we shall show that for specific 4,’s, 1 = (Z‘, Zj‘l)
7=1

is negative-definite.

LEMMA 1. Let 0 <p, <P, <+ <Dy QNG fr5 sy ++ s flnyVisVas * = 5V
be non-negative numbers, and let f(z) be a complex-valued function

(i ( Ay 2 ))_l' If iﬂj * i”n f(z) is equal to
=IAp; 2 Py — % = =

2n—-1 e
@)) az +b+ > k

=12 — ay

with b >0, aey > 0. If 3 g5 = 3v,, it is equal to
i=1 =1

2) azt + bz + ¢ +2nz—:2 dy

k=1 Z - ak

with a <0, ¢ >0, a,d, > 0.
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Proof. First we consider the case that Zn} Uy F Zn] v;. In this case

f(z) is equal to H (p% — 2 /v (2), where ¥ (z) = Z (e + vi)pr + (g — p)?)
H (p% —2) is a polynomlal of degree 2n — 1: the coefficient ¢ of z**! is

(=1Dr! Z (v — p). Hence f(2) is written as
k=1

o(2)

b
SRR

with a polynomial ¢(z) of degree less than 2» — 1 and a = (f‘_, (e — uk)) -
k=1

Remark that (2) has 2n — 1 simple zeros «;’s and g;’s: in the case that

¢ is positive and » is odd, or ¢ is negative and » is even,

ﬁn<—pn<ﬁn—1<—pn—1<“' <—pz<131<"p1
p1<0‘1<p2<"' <pn—1<an—1<pn’

and in the case that ¢ is negative and n is odd, or ¢ is positive and =
is even

_pn<‘8n—1< _pn-—1< e K _p2<.81< —D
D<o <Py < e < Py <y < P < @y

In any case we have

(@) _ 5 play) 1 oB) 1
¥(2) z Yap) 2 — ay + ; ‘V/(,Bk) 2 — B

o(2) = ﬁ @ — 2) — (a2 + D)

SD(CYk) ﬁ p] o) >0

¥ (ay) J=1 /(Ofk)
V' (Br) ]ﬂl 1!f’(ﬁlc)

Therefore a,p(ey) /¥ (ar) and Bye(Br)/ V' (Br) are positive. We put z =0 in
(1) and obtain

b= (3t u) ™ B % >0,
=1 Py =1y

Now suppose that Z ty = Zvj (#£0). Then
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@) =az* + bz + ¢ + 1‘;((2))

with a polynomial ¢(z) of degree less than 2n — 1 and ¢ = —(}f (e + uk)pk)-l
k=1
< 0. +(2) has 2(n — 1) simple zeros «;’s and B;’s such that
pk<ak<pk+1s “pk+1<ﬁk<—pk(lék§n—1).
Similarly in the first case it holds that

0@ _ ' o) 1t oB) 1
¥(2) =1 P ay) 2 — ay k=1 \b"(ﬁk) 2 — B

o(2) = ,fjl 0% — 2) — (a2 + bz + V(@)

SD(“k) — = ( — af) 0
‘P‘l(ak) Jl;ll /(O-'k) >

Hence the product of «, and d, in (2) is positive for each % and
¢ = (Zf‘_f_ﬂi) + 57 5,
Jj=1 Py k=1 ot
By this lemma we have

PROPOSITION 1. Let Dy, Dz =+ 5 Dus ths Loy ** *5 tns Y1s Yoy ** *» Y DE MOM-
negative numbers. Then

@) Aw) = (g(pjlj:wc * pjfix))—l

18 negative-definite.

n

Proof. If Z] +* Zu,, we have by (1)
=

Ax) =dax + b + Z

=1 Zx — U
with real @ % 0, b > 0, aye, > 0. If 31 p; = 3v, (£0),
j=1 j=1

. 2n -2 d
Ax) = —aa® + bz + ¢ + D) k

k=1 ix - U
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with real b, @« >0, ¢ <0, ayd;, > 0. Therefore, in any case, A(x) is
negative-definite.

§3. Fractional powers of Heaviside kernel.

Heaviside kernel H is the convolution kernel on R induced by the
function

1, x>0

Ho= {2

Given a non-negative Lebesgue measurable function f, its Heaviside
potential Hf(x) is

Hef@) = [ fwdy.

The kernel H has a unique positive resolvent {H,} (p = 0) such that

e~ Pz | x>0

Hp(x>={0 2o

and H satisfies the complete maximum principle. For a positive number
a smaller than 1, the fractional power H* of H is the convolution kernel
defined by

sin anrp_adep ,
T 0

which is equal to the one induced by

xa—l > O
—_— X
He(z) = { I'(2) ,
0 s =<0

In this section we shall show that for any 0 < «, p <1, the sum of H*
and H* satisfies also the complete maximum principle, H? being the adjoint
kernel of H*, namely, H*(x) = H*(—x). Notice that

. |z _ sin ‘BﬂJ‘wp’ﬁe”dp ) z <0
He(x) = { re z Jo .
0 , =0

Let 4 and » be positive Radon measures on (0, o). We exclude the
case ¢ =v = 0, and put
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f eredu(p), x>0
() K@) =1{" :
f emdup) , <0

We assume that K(x) is locally Lebesgue integrable. Then it induces a
positive convolution kernel K. Our aim is to prove the complete maxi-
mum principle for K. First we restrict ourselves to the case that ¢ and
y are measures on a bounded closed interval [a,b] (0 <a < b < o). The

Fourier transform of K, K(y) = r K(x)e *=vdy, is equal to

' dp) (MW
ap + 2xiy ap — 2riy

Hence A(y) = (K(y))™! is continuous on R, and

2(0) = (j d‘;fp) +f d”;p))">o, W—y) = 7W) .

LEMMA 2. A(y) is negative-definite.

Proof. We fix n points ¥, ¥,, -+ -, ¥, on the real line and % complex

numbers §&,,&,,---,&, such that i}sj = 0. Given an arbitrary positive
i=1

number ¢, we can take a division of [a,0], a =p, <p, < --- <py =D,

such that

AY; — Y — 2W; — ¥ <e G,k=1,2,---,m),

N -1
where 2,(y) = (Z( L S Vi )) , and g and v, denote re-
=\p, + 2zty P, — 2wy

spectively p-and v-masses of I-th subinterval of the division. Then it
holds that

l;‘é Ay; — yk)&jék - JZ;CL(ZIJ - yk)&jékl = 5(%: 16:D%,
and that, 2,(y) being negative-definite by Proposition 1, > A(y; — y.)&:&x
gk

<0.
This lemma leads us to the following

PROPOSITION 2. If p and v are positive Radon measures on [a,bl]
(0 <a<b< o), then the convolution kernel K defined by
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[[erduwy, a>0
K(x) = :
j erdy(p) , @<0

satisfies the complete maximum principle.

Proof. It suffices to show the existence of a positive submarkovian re-
solvent {K,} (¢ = 0) such that K,= K. By the above proposition, ¢ + A(y) is

a negative-definite continuous function and 0 < A(0) = Ub ) _|_J‘bﬂp)_) -
e P a P

< Re A(y). Hence (¢ + 2(y))™! is a positive-definite continuous functions
and by Bochner’s theorem it is the Fourier transform of a positive
measure K,

(@ + W) = B ) = j eI K () .

—

Notice that |yK(y)| is bounded and hence every K, is a square integrable
function. Therefore we have

qKﬁq ZQXqu= a = 1 — 1 =K0—Kq,
A+ 2y Ay g+ Ay
and hence qKx+K, = K, — K,. We have also ¢K,0) = —9% __ <1
q + 2(0)

By this proposition we have

THEOREM. Let p and v be positive Radon measures on (0,c0) such
that the function K defined by (x) is locally Lebesgue integrable. Then
K satisfies the complete maximum principle.

Proof. K is the limiting kernel of an increasing sequence of kernels
discussed above. Hence our theorem follows immediately from the fol-
lowing lemma.

LEMMA 3. Let {K,} be an increasing sequence of positive kernels
satisfying the complete maximum principle. If K =lim K, defines a
positive kernel, it satisfies the complete maximum principle.

Poof. Let f and g be essentially bounded positive Lebesgue measur-
able functions vanishing outside a compact set such that Kf < Kg + 1
on Sf ={xeR; f(x) >0}. We shall prove the inequality Kf < Kg + 1
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almost everywhere in R. Without loss of generality, we may suppose
that Kf < Kg+ 1 on Sf. Let f, be the restriction of f to the set
{xeSf; Kf < K,9 +1}. Then {f,} increases to f. Since K, satisfies
the complete maximum principle, we have K,f, < K, g + 1< Kg+ 1
almost everywhere. Noticing that {K,f} increases to Kf, we conclude
that Kf =1lim K, f,, and Kf < Kg + 1.

sin ax sin Br

p~* and v = >~ p~¢ we have
T

Setting ¢ =

COROLLARY. H<* + H* satisfies the complete maximum principle, for
any 0 <a, B<1.
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