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Abstract. Let Q be a bounded domain with smooth boundary in R?, g € [1, 2)
and xi, X2, ..., x;; € Q. In this paper we are concerned with the following type of
problem:

—Au— AMVul? = p*e¥,

with u = 0 on 92. We use some nonlinear domain decomposition method to construct
a positive weak solution v, ; in €, which tends to a singular function at each x; as the
parameters p and A tend to 0 independently.
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1. Introduction and statement of the results. In this paper, we study the following
problem:

—Au— AVul? = p*e* inQ
(1)

u=0 on a2
where V is the gradient symbol and €2 is an open smooth bounded subset of R?. In the
following, we denote by ¢ the smallest positive parameter satisfying

2
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I

Remark that p ~ ¢ as ¢ —> 0. We will ask the following question: Does there exist
e @ sequence of solutions of (1) which converges to some nontrivial function as the
parameters ¢ and A tend to 0? A positive answer to this question has been given by
Baraket et al. in [2] for problem (1),=>, under the assumption

(A): If 0<e<a, then A™2%e% 0 as A —> 0, foranys € (0, 1).
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In particular, if we take A = O(¢?/?), then condition (A4) is satisfied. With assumption
(4), problem (1),,=2, can be treated as a perturbation of the Liouville equation

—Au=p?" inQcR.

The problem (1)j,=>, can be transformed to another one studied by Ren and Wei
(see [17]). Indeed, if u is a solution of (1),=2, then the function

w = ()\102611)/\7

satisfies

Al .
—Aw =w+* n Q

. 3)
w = (Ap?)* ondQ

Remark that the exponent p = AT“ tends to infinity as A tends to 0, see also [7]. We
shall therefore mainly consider the case where g € [1, 2) is a real number. We look for a
sequence of solutions v, ; of (1) which converges to some nontrivial singular function on
some set as the parameters € and A tend to 0 without considering any condition like (A4),
and to see how the presence of the convection term (gradient) can have significant
influence on the existence of a solution, as well as on its asymptotic behaviour.

Note that Ghergu and Radulescu in [8] have studied more general problem on a
domain X ¢ R",n > 2

—Au— AMVul* = gu) + pf(x,u) inX

, 4)
u=20 onox

with 0 < a <2, A, u > 0 and some assumptions on f and g. Problems of the type (4)
arise in the study of non-Newtonian fluids, boundary layer phenomena for viscous
fluids, chemical heterogeneous catalysts, as well as in the theory of heat conduction in
electrically conducting materials. It also includes some simple prototype models from
boundary-layer theory of viscous fluids [23]. Problem (1) with the condition ujq =
0 replaced by u)3o = 400 arises from many branches of mathematics and applied
mathematics, and has been discussed by many authors in many contexts, see, e.g. [1, 6,
9-12, 14, 15, 19, 24].
Many papers have been devoted to the case A = 0, where problem (1) becomes

on 92 ’ ®)

—Au = p’e’ inQeR?
u=20

The study of this equation goes back to 1853 when Liouville [13] derived a
representation formula for all solutions of (5) which are defined in R?. It turns
out that, besides the applications in geometry, elliptic equations with exponential
nonlinearity also arise in modelling many physical phenomena such as thermionic
emission, isothermal gas sphere, gas combustion and gauge theory (see [20]). . . .
When p tends to 0, the asymptotic behaviour of nontrivial branches of solutions
of (5) is well understood, thanks to the work of Suzuki [18], which characterizes the
possible limit of nontrivial branches of solutions of (5). The existence of nontrivial
branches of solutions was first proved by Weston [22], and then a general positive
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result for problem (5) has been obtained by Baraket and Pacard [4]. These results were
extended, applying to the Chern—Simons vortex theory in mind, by Esposito et al. [6]
and Del Pino et al. [5] to handle equations of the form

—Au = ,02 Ve,
where V' is a non-constant (positive) function.

We introduce the Green’s function G(x, x’) defined on  x €, to be the solution
of

—AG(x,X') =818y INnQ
G(x,x)=0 on Q2

and let its regular part
H(x,x') = G(x, x') +4log|x — X|.

Let m € N, we set

Flxr, - xm) = Y Hx, )+ Y G(xi, x)), (6)

J=1 i#]

which is well defined in Q" for x; # x; if i # j.
Following is our main result:

THEOREM 1. Given «a € (0, 1) and g € [1,2) is a real number. Let Q be an open
smooth bounded set of R and S = {xy, ..., X} C Q be a non-empty set. Assume that
(x1, - .., xm) is a non-degenerate critical point of the function

Fxixm) = Y _Hgx)+ Y Glxixp)  in ()",

J=1 i

then there exist pg > 0, Ao > 0, and {v, ;. }o<pn, a family of solutions of

O0<i<ig
—Av — AV = p%’ inQ
v=>0 on 092

such that

m

lim v, =) Gy, )

A—0 Jj=1

inCX (2 —{x1, ..., Xm}).

loc
Our result reduces the study of nontrivial branches of solutions of (1) to the search
for critical points of the function F defined in (6). Observe that the assumption on the
non-degeneracy of the critical point is a rather mild assumption since it is certainly
fulfilled for generic choice of the open domain €.
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2. Construction of the approximate solution. Let ¢ € [1, 2). We first describe the
rotationally symmetric approximate solutions of

—Au— M| Vul? = p?et (7)
in R? which will play a central role in our analysis. Given & > 0, we define

uo(x) 1= 2log(l + &%) — 2log(e* + |x|*), (8)
which is clearly a solution of

—Au = p*et ©)
in R,
Let us note that (9) is invariant under dilation in the following sense : If v is

a solution of (9) and 7 > 0, then v(t -) + 2log 7 is also a solution of (9). With this
observation in mind, we define for all T > 0

Ug () 1= 2log(1 + &%) + 2log 7 — 2log(e? + |rx[?). (10)

2.1. A linearized operator on R>. For all ¢, 7 > 0, we define

R, =1re) /6,

where
res 1= max(v/e, V). (11
We define the linear second-order elliptic operator
8
Li=—A— ——, 12
T+ 7 (2

which corresponds to the linearization of (9) about the solution (= u,—,—;) which
has been defined in the previous section.

We are interested in the classification of bounded solutions of L w = 0 in R2. Some
solutions are easy to find. For example, we can define

¢()—r3 ()+1—2—1_r2
x) = = d,u;(x = ,
0 2t 1472

where r = |x|. Clearly, L ¢y = 0 and this reflects the fact that (9) is invariant under the
group of dilations T —> u(t -) + 2 log 7. We also define, fori =1, 2,
2 X

¢i(x) == =0 u(x) = TIXIZ

which are also solutions of [L ¢; = 0, since these solutions correspond to the invariance
of the equation under the group of translations a — u(- + a).
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We recall the following result which classifies all bounded solutions of L w =0
which are defined in R2.

LEMMA 1 [4]. Any bounded solution of L w = 0 defined in R? is a linear combination

of ¢ fori=0,1,2.
Let B, denotes the ball of radius r centred at the origin in R?.

DEeFINITION 1. Given k€N, o € (0,1) and u € [R{ we introduce the Holder
weighted space C" “*(R?) as the space of functions w e ck (Rz) for which the following

loc

norm
||w||Cﬁ,a(Rz) = wlleracz,) + s’1>111:> ((1 + )2 lw(r ')Hck,a(l_}]_Bl/z))
1s finite.
We also define

Crad (B = {f € C*(R?); f(x) = f(Ix]), ¥ x € R).

As a consequence of the result of Lemma 1, we recall the surjectivity result of L
given in [4].

PROPOSITION 1 [4].
(i) Assume that i > 1 and u &€ N, then

L C2A(RY) — € (R?)
w +— Lw

is surjective.
(ii) Assume that § > 0 and § &€ N, then

Cond s(R) —> Cpis 5 H(R?)
w — Lw

is surjective.
We set Bf = By — {0}.

DEFINITION 2. Given k€N, o € (0,1) and n € R, we introduce the Holder
weighted space CI’;”“(BT) as the space of functions in C;‘O’(‘f(B’{) for which the following
norm

Il sy = sup (= uCr i re s, 5,))
is finite.

Then we define the subspace of radial functions in cﬁ;g_ s(BY) by

rad is(B) =1{f € Cka(B*) f(x)=f(x]),V x € B}.
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We would like to find a solution u of
Au~+ A Vul? + p?e* =0 (13)

in B,,,. Using the transformation

€ 2

v(x) =u (—x) +4loge — 2log(z(1 + £7%)/2),

T

then equation (13) is equivalent to
2—
Av+x(f) | Vul? 426" = 0 (14)
T

in Bg,_,. Now we look for a solution of (14) of the form
v(x) = u(x) + h(x),
this amounts to solve

Ui @ —h—1)+ x(%)HW(uI + B (15)

_ 8
(XY
in Bg_,. We will need the following definition.

DEeFINITION 3. Given 7> 1, ke N, « € (0,1) and p € R, the weighted space
CI’j’“(B;) is defined to be the space of functions w € C*%(B;) endowed with the norm

lwllgee g,y = llwllcee(s,) + sup (F_M lw(r ')||ck-n(z‘91_31/2)) .

I<r<v

For all o > 1, we denote by
& 1 CY*(By) — CL*(RY)
the extension operator defined by

S for |x| <o

%)f(a ﬁ) for |x| > o, (10

& (Nx) = x(

where t —> x(7) is a smooth non-negative cutoff function identically equal to 1 for
t < 1 and identically equal to 0 for ¢ > 2. It is easy to check that there exists a constant
¢ = c¢(u) > 0 independent of o > 1 such that

||50(w)||02~“(R2) =c ”w”cg“([gg)- (17)
We fix

5€(0,2—9q)

and denote by G5 to be a right inverse of 5 provided by Proposition 1. To find a
solution of (15) it is enough to find a fixed point 4, in a small ball of Crzég,a(Rz),
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solution of

h = N(h), (18)
where
R(h) = Gy 0 Ex,, o R(h)
with
R(h) = m(eh —h—1+ A(;)Z_qW(u] +h)|e.
We have

RO =2(5) T valr

This implies that given « > 1, there exists ¢, > 0 (which can depend only on «) such
that for |x| = r, we have

£\2-¢q
sup 7 IR(O)] = sup PA(2) T IVan e,
r<Re, r<Re, T

< chaz‘qRi’;H < cﬂ»s‘%‘i}qﬂs.
Making use of Proposition 1 together with (17), we conclude that

INO)l 25, = €ce’r; (19)

Now, we recall an important result that plays a centre role in our estimates. See for
example [16] and some references therein.

LEMMA 2. Given x and y two real numbers, x > 0, ¢ > 1 and for all small n > 0 there
exists a positive constant C,, such that

X+ y19 — x4| < (1+n)gx?~" |yl + C, Iyl

Now, let /i, hy in B0, 2¢.&%r2,) of C55 5(R?), there exist ¢’ >0, 1 <i<4 (only
depend on «) such that

sup 12~ |R(hy) — R(h)|

<R

<" sup 201+ x| — & 4y — o

r<Re;

£\2-4
+ c‘f)(‘) sup AP (|V(ur + ho)|? — [V(ur + hy)|)
T r<R;
(3) —2-8 | ,hn _ —
<c¢c sup r |€ e +h1 hZ‘
r=Rq.;

2—q
+ &% () sup PV + )+ Vi = )l = Va4 ).

r<Re;
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Making use of Lemma 2, there exist c,(f) >0, 5<i<10and¢, > 0 (only depend on
) such that

sup 7% |R(h) — R(hy)|

r<R.;

< & sup 2 hy — h|lhy + I

I<Re;

2—q
+d(2) " sup P IV G+ I + 190 — )l |1V = )

r<Rq

< &7 sup r 27 hy — hy|1hy + |

r<R;

A
+d?(Z) " sup AP 1Van 7+ (VI 4 Vol |1V — )
r=<Re

9 10 2— 2+8)(g—1
=< 20,(( )||hi||c§(;g15(u@2)||h2 - ||cr2‘,;gv5(u@2) + c,(( ))‘ra,xq<1 + rfs,k 1 )) 12 = I ”Ciﬁ,s(”@z)
=< Exrg,)‘”}& - ”CEAZ,s(RZ)’

Similarly, making use of Proposition 1 together with (17), we conclude that given
k > 1, there exist &, > 0, A, > 0 and ¢, > 0 (only depend on «) such that

- 2
18 (hs) — R(/’ll)||cr2‘,;(';£([|@2) = Cfcrg,)h||h2 —h ||cég_§(R2)- (20)
Reducing ¢, > 0 and 1, > 0 if necessary, we can assume that,

1
- 2
Celoy <=

2
forall e € (0, &) and A € (0, A,). Then (19) and (20) are enough to show that

h— R(h)
is a contraction from the ball
(h€ Cogs(R) : Ml ey < 2¢c8°r7,)

into itself and hence has a unique fixed point / in this set. This fixed point is a solution
of (18) in Bg_,. We summarize this in the following proposition.

PROPOSITION 2. Given k > 1. There exist ¢, > 0, A, > 0 and ¢, > 0 (which can
depend only on i ) such that foralle € (0, &,), forall A € (0, 1)) andforany$ € (0,2 — q),
there exists a unique solution h € Cf[;f,i s(R?) of (18) such that

v(x) = ui(x) + h(x)
solves (14) in Bg_,. In addition,

”h”CrZz}S,a(Rz) = 2CK85F§’)L' (21)
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2.2. Analysis of Laplace operator in weighted spaces. In this section we study
the mapping properties of the Laplace operator in weighted Holder spaces. Given
X1, ..., Xy € 2, we define x := (x1, ..., x,,) and

Q*(X) =Q - {x1, ... xm},

and choose ry > 0 so that the balls B, (x;) of centre x; and radius ry are mutually
disjoint and included in Q. For all r € (0, ry), we define

Q,(x) = @ — U B.(x).

DEFINITION 4. Given k € R, o € (0,1) and v € R, we introduce the Holder
weighted space C5*(Q*(x)) as the space of functions w € c{gg(sz*(x)) for which the
following norm

m
”w”C(f’“(Q*(x)) = ||U)||C/<.n(g'2’0/2) + Z sup (Vﬁv ||U)(Xl' + r')”C"‘“(Bszl))

=1 0<r<rop

1s finite.

When k > 2, we denote by [Ck(Q*(x))]o to be the subspace of functions w €
Cke(Q*(x)) satisfying w = 0 on 9Q. We recall the following result.

PROPOSITION 3 [3]. Assume thatv < 0 andv & Z, then
L, [C(Q* (0o —> €@ (%))
w — Aw

is surjective. Denote by G, the right inverse of L,,.

REMARK 1. Observe that when v < 0, v ¢ Z, a right inverse is not unique and

depends smoothly on the points xi, ..., X, at least locally. Once a right inverse is
fixed for one choice of the points xi, ..., x,;, a right inverse for another choice of
points X1, ..., X,, close to xi, ..., x,, can be obtained by using a simple perturbation
argument.

2.3. Harmonic extensions. We study the properties of interior and exterior
harmonic extensions. Given ¢ € C>%(S"), define H(= H'(¢;-)) to be the solution

of
A Hi = in B]
| . 22)
H =¢ ondB
We denote by ¢ and e, the coordinate functions on S'.
LEMMA 3 [3]. If we assume that
/ pdvg =0 and / pedvg =0 for £=1,2 (23)
st st
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then there exists ¢ > 0 such that
| H (@)l 2y < € I@llcaoqs)-

REMARK 2. Observe that, under the first hypothesis of (23), the coefficients of r°
vanish, hence at least formally, the expansion of H' involving powers of r which are
greater or equal to 1 and under the second hypothesis of (23), the coefficients of ° and !
vanish, hence the expansion of H' involving powers of r which are greater or equal
to 2. Roughly speaking, when the hypothesis (23) is fulfilled, then H' € sz’“(l?l) (since
H(0) = 3, H(0) = 3,H'(0) = 0) and then the inequality of Lemma 3 holds.

Given ¢ € C>*(S"), we define H¢(= H*(;-)) to be the solution of

H¢=¢ ondB ’ 24)

{AH":O inR? — B
which decays at infinity.

DEFINITION 5. Given k € N, € (0, ) and v € R, we define the space ij’"([Ri2 — B))

as the space of functions w € Clko’f‘([Ri2 — By) for which the following norm

Il = SUp (7 1w Meseqp,n,)
r>

is finite.

LEMMA 4 [3]. If we assume that

/ @dvg =0, (25)
S]
then there exists ¢ > 0 such that

||He(¢’ ;')”CE'{’(RZ—BI) =c ||¢||CZ«“(S‘)-

REMARK 3. Observe that, under the first hypothesis of (25), the coefficients of r°
vanish and hence the expansion of H¢ involves powers of r which are lower or equal
to —1. Roughly speaking, when the hypothesis (25) is fulfilled, then H¢ Cff‘ (R?> — By)
and then the inequality of Lemma 4 holds.

If F c L*(S")is a space of functions defined on S!, then we define the space F* to
be the subspace of functions of F, which are Lz(S 1)-orthogonal to the functions 1, e;
and e;. Then we have the following:

LEMMA 5 [3]. The mapping

P - C2,a(Sl)J_ N Cl,a(Sl)J_
v —> o, H' — 3, H¢’

where H = H'(Yr; ) and H¢ = He(\; ), is an isomorphism.
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3. The nonlinear interior problem. We are interested in the study of equation
£\2—4
Aw+k(—> IVw|? +2¢" =0 (26)
T

in ERS,,\ .
Given ¢ € C>*(S") satisfying (23), recall that u;(= .- .—1) and the solution / of (18)
satisfies (21). Define

vi=u + H(p, /R:;) + h.

Now we look for a solution of (26) of the form w = v + v. Using the fact that H' is
harmonic, we see that this amounts to solve the equation

__ 8 (e R _ 8
ﬂ_v—(l+r2)2e (e v 1)+(1+72)2 ("= 1)v
. _ 2>
H(E) ! |Vl + Hip. /Res) + h+ v]| — ,\(5) IV + 7. 27)
T T
We fix

we(l,?2)

and denote by G, to be the right inverse of L, provided by Proposition 1. To find a
solution of (27) it is sufficient to find v € C;*(R?) solution of

v =G0, o6, (28)

where

8 i
S(v) i= — (eH o/ Reatv gy 1) +

h
MEYSE (" — 1w

(1+r2)2
£\2-4 : e\2-4
1)V [+ 1R b o)l =AY VG
T T
We denote by N (:= N, ; 1,,) the nonlinear operator appearing on the right-hand side
of equation (28).
Given « > 1 (whose value will be fixed later on), we further assume that the

functions ¢ satisfy

gl < k12, . (29)
Then we have the following result.

LEMMA 6. Given k > 1, u € (1, 2). There exist &, >0, A, >0, ¢, > 0andc, >0
(which can depend only on « ) such that for all ¢ € (0, ) and A € (0, A,) such that

2
||N(0)||civd(qu2) = G
and
IN(2) = N@Dllgzegey < @ 7o o2 = vill e,

provided that vy, v, € Ci’“(RZ) satisfy ||vi||cl2‘<ut(R2) < ZCK}’iA fori=1,2.
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Proof. The proof of the first estimate follows from the asymptotic behaviour of H'
together with the assumption on the norm of boundary data ¢ given by (29). Indeed,
let ¢, be a constant depending only on « (provided e and A are chosen small enough),
it follows from the estimate of H', given by Lemma 3, that

1 -2
VHC /R ez, ) < € RZ llgllerecsn < e’

Since for each x € Bg,,, we have
|h(x)| < ¢ 1752,
we prove that |h(x)| —> 0 as ¢ and A tend to 0. Given « > 0, there exists ¢, > 0 such

that

<o &%

1422 (eH[(w;-/Rs,/:) _ 1) H )
H ( ) Cgfz(BRm)

On the other hand, making use of Lemma 2, there exists ¢, > 0 such that

e\2—4 _
A(—) sup >+
T r<Re

[V [+t H (. /R ]| = 1V [y + |

=ar(5) sup P (IV !+ (VR + [V Re)l ) VH o/ Re)
< ety
Making use of Proposition 1 together with (17), we get
INO)ll 2o gey < €Tz (30)

To derive the second estimate, we use the fact that, for vy, v, € Ci’“(Rz) satisfying
||Ui||c‘21,m(Rz) < 2c,(r§’A fori=1,2, u e (1,2)and making use of Lemma 2, there exists
¢, > 0 such that

2— 2
sup r B16(v2) — B(vy)| < CKV&)\HUZ — V] ”Cﬁ»a(Rzy
r<R;

Similarly, making use of Proposition 1 together with (17), there exists ¢, > 0 such that

”N(v2) - N(Ul)”ci)“@&)“ <G ri)\ lva — vy ”Cﬁ*”(Rz)' (31
O
Reducing ¢, > 0 and A, > 0, if necessary, we can assume that
1
- 2
CKI"&)L < E

forall ¢ € (0, &) and A € (0, A,). Then (30) and (31) are enough to show that
v — N(v)
is a contraction from the ball

2, 2\ . 2
{u € C2 R ¢ ol < 2ckrm}
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into itself and hence has a unique fixed point v(= v, ; ,,) in this set. This fixed point
is a solution of (28) in R%. We summarize this in the following proposition.

PROPOSITION 4. Given k > 1, there exist €, > 0, A, > 0 and ¢, > 0 such that for all
g €(0,&), A €(0,A) for all T in some fixed compact subset of [t_, t+] C (0, 00) and
for a given ¢ satisfying (23)—(29), there exists a unique v(:= Vg ) 1 ,) solution of (28)
such that

wi=u; + Hi(§07 ‘/Rs,k) +h+ ﬁe,k,nqﬂ
solves (26) in Bg_,. In addition,

2
”vllcﬁﬂ(RZ) <2c¢ Fea-

Observe that the function v(:= ¥ . ,) obtained as a fixed point for contraction
mappings depends continuously on parameter t.

4. The nonlinear exterior problem. Recall that G(-, X) denotes the unique solution
of

—AG(-,X) =87 83
in Q, with G(-, X) = 0 on 9€2. In addition, the following decomposition holds
G(x, X) = —4 log|x — X| + H(x, X),
where x —> H(x, X) is a smooth function. Here we will give an estimate of the gradient
of H(x, X) without proof (see [25] and more details in [21, Lemma 2.1). There exists a
constant ¢ > 0 so that
|ViH(x, X)| < clog|x — X|.

Let& := (X1, ..., X,y) becloseenoughtox := (x1, ..., X)), 7 = @', ..., 7") e R”
be close to 0 and @ := (@', ..., @) € (C>%(S'))" satisfying (25). We define

Vo= (L4 0)GEX) + Y o — %) HU@' (- = %)/ 7). (32)

i=1 i=1

where y,, is a cutoff function identically equal to 1 in B,,,» and identically equal to 0
outside B,,. We would like to find a solution of the equation

Au+ A|Vul! + p*e" =0, (33)

which is defined in €,,,(X) := Q — U B, (X;) and is a perturbation of ¥. Writing
v = ¥V + 0, this amounts to solve

—AD = p?t L AIVE D)+ AT

We need to define an auxiliary weighted space.
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DEFINITION 6. Let 7 € (0, r9/2), k € R, @ € (0, 1) and v € R, we define the Holder
weighted space CH(Q; (x)) as the set of functions w € C*%(Q:(x)) for which the
following norm

m
I leteq@, = M0letagym + 2 SUD (" s+ k)
i=1 relr,ro

is finite

Forallo € (0,rg/2) and all Y = (y1, ..., ym) € Q" such that | X — Y| < ry/2, where
X = (x1, ..., Xn), we denote by

oy 1 CY*(Q () —> CYH(Q7 (V)

the extension operator defined by &, y(f) =1 in Q, (Y)

Er (D i+ ) = % ('x')f(moi)

o <]
in B,(y;) — Bsj2(yi), for each i=1,...,m and fg,y(f) =0 in each B, 2(y;), where
t —> x(?) is a cutoff function identically equal to 1 for # > 1 and identically equal to 0

for t < 1/2. Itis easy to check that there exists a constant ¢ = ¢(v) > 0 only depending
on v such that

”ga,Y (w)”dfﬂ(g‘z*(y)) =c ”w”Cgﬂ(Qg(Y))- (34)

We fix
ve(—1,0),

and denote by G, :CSj‘é(Q*(i))_—) C>%(Q*(X)) the right inverse of A provided
by Pr_oposition 3 with Q*(X) = Q — {X1, ..., X»}. Clearly, it is enough to find v €
C2%(€2*(X)) solution of

D=0, 0&,, 5 (PP +AVE+ D)+ AT) =G, 0&,,, 5 0 R(D), (39)
where

R@) = p2e"™ + A|VE + D)7 4+ AT.

We denote by N'(:= N, 5.1.5) the nonlinear operator that appears on the right-hand
side of equation (35).

Given « > 1, we assume that the point X = (X,..., X;;), the function ¢ =
(@', ..., ") and the parameter i) = (7', ..., ") satisfy

X — xil < K7y, (36)

1@ lc2e < k72, (37)
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and
7] < Kl’i)\. (38)
Then the following result holds.

LEMMA 7. Given k > 1, there exist &, > 0, A, >0, ¢ > 0 and ¢, > 0 such that
foralle € (0,¢e.) and » € (0, 1) we have,

INO g2y < € Ton
and
IN(@2) = N@Dllgzegrsyy < 7o 192 = Dill2e@ngsy)
provided ¥y, by € C7*(Q*(R)) and satisfying |0l egegy < 2 ¢ 12, for i=1,2.
Proof. The proof of the first estimate follows from the asymptotic behaviour of H¢
together with the assumption on the norm of boundary data ¢’ given by (37). Indeed,

let ¢, be a constant depending only on « (provided ¢ and A are chosen small enough),
it follows from the estimate of H¢, given by lemma 4, that

|H@'s (x = X))/ rep)| < corl (39)
Recalling that N'(?) = G, o R(D), we will estimate AV'(0) in different subregions of Q*(X).

¢ In B, (%;), we have x,,(x — X;) = 1 and AV = 0 so that

IRO)] < cee?x = X TT e = %o 74 4 ¢ A VI < ceelr 4D
=100
+ e [41+ 7)1+ 7)IVLH (x, 3)] 4+ [VHA@ (- = X)/re)l|

< ¢ 82 4H 4 oy (a+ A+ (1 + 77| logr| + r;/\r—z)q .
Hence, for v € (=1, 0) and # small enough, we get

IROlos g, g, < SUp P IRO) < e’ 3 + ek

re s <r<ro/2

e InQ — B, (%), we have x,,(x — X;) = 0and AV = 0. Thus,

m
IRO)] < cee?[ [N 4o (A + iy + (4 i)l ogr| + 17,72
=1

So forv € (-1, 0) we have

1RO ey 5, < SUP T IRO)] < cee” + .
ro<r

https://doi.org/10.1017/5S0017089512000729 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089512000729

552 SAMI BARAKET AND TAIEB OUNI
¢ In B, (X;) — By, ,2(X;), using the estimate (39), we have
IR0)] < ¢ 240+ e n ((1+ 7y~ + (1 + 7)) logr| + 12 ,r2)"
Y IA, ey (x = XN THA@'5 (x = i)/ 7.0)|

i=1

< e (@ +r (U + 7y + U+ ) logrl +r,72) + 171 )),
where
[A, X dw = Awx,, + WA X, +2Vw - V.
Then,
1RO o (5, 51—z, By = SUP 71RO < €, + ek
ro/2=<r<rg
So,
IRO) o (g, B, G S C o (40)

Making use of Proposition 3 together with (34) we conclude that
”N(O)Hcf-“((z*(x)) < C¢ ri,k' (41)

For the proof of the second estimate, let ¥, and ¥, € C>%(Q*(X)) satisfying
19ill 2o gyvqyy < 2 €tz for i = 1,2, we have

1R(D2) — R0 < cee?e” (€2 — eM)| + cer| [VF + 02)I7 — [VF + 5117 |.

Then for all small 77 € R, making use of Lemma 2, there exists a positive constant ¢,
such that

[R(52) = RED| = el — 5l 15 = 51| + 6 (1T + Bl = [V + 50)1)
< el 10y — By + e A (IVF4 4 |V !
+IVO |V (52 — D).

So for 7' small enough and using the estimate (34), there exists ¢, (depending on «)
such that

||~/\~/'(1~)2) - N(f)l)”cgv“(g‘z*(i)) < ¢ r?,A ||1~)2 — 1 ||c§v“(Q*(;())- (42)
Then we get the second estimate. O

Reducing A, > 0 and ¢, > 0 if necessary, we can assume that

1

) < =
CK’E,)\. )
forall » € (0, A,) and € € (0, ¢,). Then (41) and (42) are enough to show that

b — N (D)
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is a contraction from the ball
D eCr*®) & [0l 2ee < 2677 ,)

into itself and hence has a unique fixed point ¥(:= ¥, ; ; &,4) in this set. This fixed point
is a solution of (35). We summarize this in the following proposition.

PROPOSITION 5. Given k > 1, there exist e, > 0, A, > 0and ¢, > 0 (depending onx )
such that for all ¢ € (0, &) and ) € (0, 1), for all set of parameters 7' satisfying (38),
the points X; satisfying (36 ) and function @ satisfying (25)—(37), there exists a unique
V(= Ve s, ,] %,¢) solution of (35) such that

Z(1+F;’)G( x,>+2xm — X)HOG (= 30/ 7)) + Venii

solves (33) inQ,,,(X). In addltlon

~ )
”U”cﬁﬂ(g‘z*(x)) <2¢ Te

As in the previous section, observe that the function ¥(:= ¥, , ; z ) being obtained as
a fixed point for contraction mapping, depends smoothly on the parameters 7 and the
points X.

5. The nonlinear Cauchy-data matching. Keeping the notations of the
previous sections, we gather the results of Propositions 4 and 5. Assume that

X:=(Xq,...,X,) € Q" is given close to x := (x1, ..., X,,) and satisfies (36). Assume
also that 7 := (11, ..., T,y) € [t_, " C (0, 00)™ is given (the values of 7_ and T+ will
be fixed shortly). First, we consider some set of boundary data ¢ := (¢', ..., ¢") €

(C>*(S"))" satisfying (23). We set
R(is,k = Tirs,k/g
and recall that

2
) 8¢

P+

According to the result of Proposition 4, we can find v! , a solution of

int
Au+ A|Vul? 4+ p*e" =0 (43)

in each B, , (X;) that can be decomposed as

Tea

viim(x) = us,r,(x xl) + h (R A(x xi)/ra,)») + Hi(‘pi; (X - Sci)/rs,)\)
+ l_)a,k,r;,tpi(Rg,A(x - X,‘)/ng)\),

where the function v’ = v, ; , . satisfies

1 2oz < 2 €07z - (44)
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Similarly, given some boundary data @ = (@', ..., ™) € (C>*(S'))" satisfying
(25), some parameters 77 := (7', ..., 7"") € R™ satisfying (38), provided ¢ € (0, &) and
A € (0, A,), we use the result of Proposition 5 to find a solution vey of (43), which can
be decomposed as

m m
Vet = I _(L+F)GC. X) + Y xrg (- = X) HA@'3 (- = %)/ res) + Depiniep
i=1 i=1
in Q, , where the function 3(:= ¥..; 7.1.5) € C>%(Q*(X)) satisfies

Tea
”f)”(jgﬂ(g*(g)) <2¢ ri)\_' (45)

It remains to determine the parameters and functions in such a way that the
function which is equal to v in U, B, , (X;) and is equal to vey in €2, , (X)) is smooth.
This amounts to find the boundary data and the parameters so that for each i =
1,....m

i i
Vi = Vext  and  0,vj = 0Vext (46)

on 9B, ,(X;). Assuming we have already done so, this provides for each ¢ and A small
enough a function v, € C>* (which is obtained by patching together the functions
vl and the function vey) solution of —Au — A|Vu|¢ = p?e", and the elliptic regularity
theory implies that this solution is in fact smooth. This will complete the proof of
our result since, as ¢ and A tend to 0, the sequence of solutions that we have obtained
satisfies the required properties, namely away from the points x; the sequence v, ;
converges to ). G(-, x;).

Before we proceed, the following remarks are due. First, it will be convenient to
observe that the function u, ,, can be expanded as

272
oo (X) = —21og 1 — 4log 3] + O ( = ) “7)

near 9B, .. The function

Tep*

Y (1 +79 G, %),

=1

which appear in the expression of ve, can be expanded as

DA +0 Glx + %, %) = =41+ 71) log|xl + Fi(%; %)) + VF(X: X)) - x + O(2,)
=1
(43)

near 3B, , (X;). Here we have defined

Te

Fi(x;) == H(x;, )+ Z G(X, ).
Ui
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Thus, for x near 9B, ., we have

Feno

(viim — Vex)(X) ' . o
= —2logt; + 47" log |x — Xil + h (R, ; (x — Xi)/ 7o) + H' (9" (x — Xi)/Te,3)
—H“@"; (x — Xi)/re.)
2.2

- a+mHm%H—2)a+%mwM)+0(iﬁ—)+0@»

. lx — X/
(=1 ei

m
= —210g T + 477]1 IOg |)C| — (1 + 77]i)H()~Cj, 5(,) + Z (1 + ﬁZ)G(fC,', )~C()
=140

e?r7?

+0(x =X+ 0 — | +007,)
Ix — Xi|? '

= —2log 7 + 47 logre, — Fi(Xi, %) + O3 ),
(49)
where X = (X1, ..., Xn).
Next, in (46) all functions are defined on 9B, , (X;), but it will be convenient to
solve the following equations:

(viint - vexl) (xi + Te )=0 and 8r(viint — Vext) (X + Te )=0 (50)
on S'. Here all functions are considered as functions of y € S' and we have simply

used the change of variables x = X; + 1.,y to parameterize 9B, , (X;).
Since the boundary data we have chosen satisfy (23) and (25), we can decompose
¢ =gyt el +et and §' =g+ o)+
where ¢}, ¢ € Eg = R are constant functions on S, ¢!, ¢! belong to E; = ker(Ag +
1) = Span{e;, e;} and "+, p** are L*(S') orthogonal to Ey and [E;.
Projecting equation (50) over [Eq will yield the system

(1)

—2log7; + 47 log re 5, — Fil%i, X) + O(2,) =0
47 4+ O("?,A) =0

Let us briefly comment on how these equations are obtained. These simply come
from (50) when expansions (47) and (48) are used, together with the expression of H’
and H° given in Lemmas 3 and 4, and also the estimates (44) and (45). The system (51)

can be readily simplified into

[2logt + Fi(%, ®)] = O¢?%,) and 7 =O@?),).
logre.; ’ ’

We are now in a position to define 7_ and t since, according to above, as ¢ and A tend
to 0, we expect that X; will converge to x; and t; will converge to t;* satisfying

2log v/ = —Fi(x;, x),
and hence it is enough to choose 7_ and = in such a way that

2log(r-) < —sup Fi(x;, x) < —inf Fi(x;, x) < 2log(z ™).
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We now consider the L2-projection of (50) over [E;. Given a smooth function f defined
in Q, we identify its gradient Vf = (d,,f, dx,/) with the element of E;

2
ﬁf = Zaxfei.
i=1

With these notations in mind, we obtain equations
VFi(X:, %) = 0(r7,) and @] = O(7,). (52)
Finally, we consider the L2-projection onto L*(S')*. This yields the system

¢ =@+ 002,) =0
o

_ : (53)
H* — HY) 4+ 002,) =0

Thanks to the result of Lemma 5, this last system can be rewritten as
gt = O(”g,)\) and @'t = O(”?,/\)-

If we define the parameters t = (¢;) € R” by

ti

= [210gr,»+5’-",~(5q,5c)], Vi<i<m,
logre s

then the system that we have to solve reads
(&7, 00. @0, 01, 91, VF& X0, 0%, 1) = 062, (54)

where, as usual, the term O(rg. ,) depends nonlinearly on all the variables on the left
side, but is bounded (in the appropriate norm) by a constant (independent of ¢ and 1)
time r2,, provided ¢ € (0, &) and A € (0, A,). Then the nonlinear mapping, which
appears on the right-hand side of (54), is continuous and compact. In addition,
reducing ¢, and A, if necessary, this nonlinear mapping sends the ball of radius « ri N
(for the natural product norm) into itself, provided « is fixed large enough. Applying
Schauder’s Fixed Theorem in the ball of radius «rZ, in the product space where the
entries live yield the existence of a solution of equation (54), and this completes the

proof of Theorem 1. O
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