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Introduction. Let R be a commutative ring with an identity element, E a (unitary)
R-module, and x,, x,, ..., X, elements of R. In these circumstances it is possible to form the
Koszul complext K(x,, x,, ..., xle) of E with respect to x,, x5, ..., X, and to investigate
the implications, for E and x,, x,, ..., X, if certain of the homology modules of this complex
vanish. This was first undertaken by M. Auslander and D. A. Buchsbaum [1]. Among the
many results they obtain, the following [1, Proposition 2.8, p. 632] is of particular interest in
connection with the present paper:

If R is Noetherian, E is finitely generated, and x,, x,, .. ., x, belong to the Jacobson radical
of R, then the statements

(@) x,, x,, ..., X is an R-sequence on E,
(b) H,K(xy, x5, ..., %;| E)=0 for all p > 0,
(c) H K(x, x;, ..., xle) =0,

are all equivalent.

Here and in the sequel H,K(x,, x,, ..., X, | E) denotes the uth homology module of
K(xy, %3, ..., X,| E).

Now it is evident that what causes the homology modules of the complex to vanish is the
way the elements x; act on E, and the various general assumptions placed on R, E and the x;
serve to ensure that this action has suitable general characteristics. However these overall
assumptions are, in fact, unnecessarily strong for this purpose and in the present paper the
question of suitable interaction is dealt with more directly. For example, it emerges that it is
sufficient that E should be normal with respect to x,, x,, ..., x,. This means that if E’ is any
submodule of E, then

(X3, X35 oo s X)TENE' S (X1, X3, ..., X)E’,

provided that m is large enough. Again, if we weaken the general assumptions concerning
R, E and x|, x,, ..., Xx,, then (a) is unnecessarily restrictive to ensure (b). For this situation
the following adjustment is appropriate. First we say that E is trivial with respect to
Xy X35 ...y X if it is normal with respect to these elements and E = (x, x,, ..., X)E. We
then describe x|, x,, ..., X, as a regular sequencet on E if, for each i (1 £i £ s), the factor
module
(X1, .- Xir )E1 X,
(x4 .-» X;-1)E

is trivial with respect to x,, x,, ..., x;. With these modifications the result quoted above may
now be replaced (see Theorems 1 and 2) by:

1 An elementary account of the Koszul complex will be found in [3, Chapter 8).
1 Inthe case of an (x4, .. ., x;)-normal module the order of the x, proves to be irrelevant, See Theorem 3.
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Let E be normal with respect to x,, x5, ..., X;. Then the statements

(a) xy, X3, ..., X, is a regular sequence on E,
(b) H,K(xy, x5, ..., x| E) =0 for all p > 0,
() H K(x, X3, ..., % | E) =0,

are all equivalent.

In fact with this kind of adjustment the homology theory of the Koszul complex can be
recast in a form which is readily developed within the framework of a general abelian category.
This is what is done here. One advantage of this is that we obtain the dual theory as a bonus,
Even in the case of Noetherian modules we get something extra. Thus the rigidity of the
Koszul complex [1, Proposition 2.4, p. 632] is established in the quasi-commutative case and
here the original arguments of Auslander and Buchsbaum are not directly applicable.

Some ideas used in this paper have their origins in [2]. I should like to thank Professor
D. G. Northcott for the suggestions he has made during the preparation of the present paper.

1. Normality and triviality. Throughout this paper U denotes a fixed abelian category
and & the class of natural transformations of the identity functor. Suppose that we # and
let A be an A-object. Then w determines a morphism w*: 4 — A which is such that if f: 4 » B

in U, then the diagram

(DA

A——A4

lfw" lf
B——B

is commutative. The members of & can be added and multiplied and, with respect to these
operations, & resembles a ring. Indeed multiplication is commutative. There is also an
identity element 1 with the property that, for each A€, 14 is the identity morphism of 4.
The image of the morphism w* will be denoted by wA. Thus wA is a subobject of 4. Itis
easily verified that if @’ also belongs to &, then

o' (wA) = (W' w)4 = w(w'A). (1.1)
Let wy, w,, ..., @, be a sequencet, Q say, of members of #. We put
QA= d+w,4+...+w4 (1.2)
this being regarded as a subobject of 4. Note that if /2 4 — B in U, then
1 Q4) = Qf(4). (1.3)

Next let 4, A, be subobjects of an object C. Then QA4,, Q4, may also be regarded as
subobjects of C. If now A, £ A4, in the partial preordering of the subobjects of C, then
QA4, < QA4, as well.

1 It is not until Section 2 that the order of the terms in the sequence has any importance. Note that there
may be repetitions. -
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Let us suppose that Q and Q' denote the sequences w,, @, ..., @, and w}, W), ..., ®;
respectively. Then by (1.1),

Q' A) = Q(Q4) = (QQ)4, (1.4)

where by QQ’ we mean the products w; @} arranged sequentially. Again if p > 0 is an integer,

we use QF for the set of power products w}'w}*. .. w}y", where v, +v,+...+v, = p, arranged as
a sequence. This symbol satisfies

QP4 QP 1Y, (1.5
QP(QIA) = QPtI4, (1.6)

and
(QP)14 = QPIA. (.7

These preliminaries enable us to make the

DermITION.  The W-object A is said to be * Q-normal ” if, for any subobject B of A, there
exists a positive integer p, dependent upon B, such that

QPANB £ QB,

where these are considered as subobjects of A.
To illustrate this concept we prove

ProPOSITION 1. Let R be a ring with identity element and let E be a Noetherian R-module.
Then E is normal with respect to any finite sequence of central elements of R.

Proof. LetT denote the central ideal of R generated by the central elements p,, 4, ..., 7,
Let K denote any submodule of E. Then, by the Artin—-Rees Theorem [3, Theorem 1, p. 292],
there exists an integer ¢ = 0 such that

I"EnK =T""YTEnK)
forall n 2 q. Taking n=gq+1, and noting that T(TUEnK) < T'K, we find that
I"EnK<cTK.

We return now to the general situation in order to establish the basic facts concerning
Q-normality.

LemMA 1. Let A be an N-object and let r be a positive integer. Then A is Q-normal when
and only when A is -normal.

Proof. Assume that 4 is Q-normal, and let B be a subobject of 4. Let0 < m <r. Then
Q"B is a subobject of A4, and hence there exists an integer p,, such that

Q"ANQ"B £ Q(Q™B) = Q™*!B.
If n = max {pg, Py, --+s Pr-1}, then
V"ANB S Q'B.
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If now we choose ¢ such that rt = n, then
QYANB < Q'B.

Thus A4 is Q"-normal.
The converse assertion follows immediately since ()4 =Q"A (see (1.7)) and
DA =Q(Q ' 4) < QA (see (1.6)) as subobjects of A.

LeMMA 2. Let A be Q-normal. Then the subobjects and factor objects of A are also
Q-normal.

Proof. Let B be any subobject of A and let B’ be a subobject of B. Since B’ may be
regarded as a subobject of 4, there exists a positive integer p such that

Q?AnB' £ QB'.
Hence
Q’BNB' £ QOPAnB < QB’'

and so B is Q-normal.

Now let C be an arbitrary factor object of 4, where f: 4 -» C denotes the canonical
epimorphism. Let 4’ = Kerf, and let N denote any subobject of C. Then f~Y(¥) is a
subobject of 4, and

A SfTUN).
Since A4 is Q-normal, there exists a positive integer n such that
QAnfTI(N) S QU TI(N))-
Since, by the modular law,
(QA+A)NfUN) = (Q"Af {N))+ 4’
SQUTIN)+A,
we have the following ascending sequence of subobjects of 4:
A S(QA+AN T N)SA+QUSI(N) S A (1.8)
But, on applying the epimorphism f, (1.8) yields the ascending sequence
0SQ'CANSQNEC
of subobjects of C. Thus C is Q-normal.

LemMa 3. Let Ay, A,,..., A, be Q-normal objects of . Then their biproduct
AyxA,x.. x A, is also Q-normal.

Proof. ltissufficient to consider thecasen = 2. Let A = A, * 4, and denote the canonical
embedding 4; - A and projection 4 —» A4; by o; and =, respectively (i=1,2). Let D be a
subobject of 4, and write D, = ¢7(D), D, = n5(D).

C
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Since A4, is Q-normal, there exists a positive integer p, such that

Q"4,nD, £QD,. (1.9)
Since 4, is Q-normal, it is also Q”*-normal, and hence there exists a positive integer p, such
that
QY2 4,nD, < QF'D,. (1.10)
Set p = p, p,. We claim that
QPAND L QD.

Now
QPAND £ n; '(m,(QPAND)) £ n; {(QPA,nD,)

<73 1(Q"'D,) (by (1.10))
= nz— l(n.z(QmD)) = QP‘D+A1,
and therefore

(QPAND)A(QP*A) £ (Q7' D+ A,)N(QP*A)

= QD +(A;nQP'A)
=QPD+QP' 4,
since
QPANA, =QP'4,.
Hence
(QPANDIND S (QPD+QP' A )ND = QP D+(QP A, nD)
Q"D+ QD, (by (1.9)
= QD.
Thus
Q°AnD £ QD,

and so 4 is Q-normal, as required.
To supplement the notion of Q-normality we need the concept of Q-triviality. This is
defined as follows.

DEeFINITION.  The W-object A is said to be * Q-trivial > if A is Q-normal and A = QA.
We note that if 4 is an Q-trivial A-object, then 4 is QP-trivial for every positive integer p.

LemMMA 4. Let
0-A5B5C-0

be an exact sequence of Q-normal N-objects. Then B is Q-trivial if and only if both A and C are
Q-trivial.
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Proof. Assume that B is Q-trivial. Then
C = g(B) = 9(QB) = Q(g(B)) = QC.

Hence C is Q-trivial. Since B is Q-normal, and 4 is a subobject of B, there exists an integer n
such that

Q"BnA £ QA.

However B=Q"B, and so 4 £ QA. Tt thus follows that A4 is also Q-trivial.
Conversely, assume that 4 and C are both Q-trivial. Then

9~ (9(QB)) = g~ (Qg(B))) = g~ (QC) = g~"(C) = g~ '(9(B)).

Thus
QB+Kerg = B+Kerg. (1.11)
Again,
SUTB) =S(4) = £(Q4) = f(Qf ' (B)) < f(f~1(©B)).

Hence

Bnlmf < QBAImf.
Thus

Bnlmf= QBNImf. (1.12)

Since QB < B, and since Imf= Kerg, it follows that B = QB, and so B is Q-trivial.

COROLLARY 1. Suppose that A% B % C is an exact sequence of Q-normal N-objects. If
A and C are both Q-trivial, then so is B.

Proof. From the sequence 45 B% C of Q-normal A-objects, we obtain the exact
sequence

0- Kerg— B— Cokerf—0

of Q-normal -objects, where, in addition, Ker g and Cokerf are Q-trivial. By the Lemma,
B is also Q-trivial.

COROLLARY 2. If B is Q-trivial, then so are all its subobjects and all its factor objects.
COROLLARY 3. The biproduct A * A ...x A, is Q-trivial if and only if each A, is Q-trivial.

PROPOSITION 2. Let A be Q-normal and let B be a subobject of A. Then B is Q-trivial if
and only if BZ QPA forall p =2 1.

Proof. If Bis Q-trivial, then B = QB, and so B=Q?B < OP4, forall p = 1. Conversely,
since A4 is Q-normal, there exists a positive integer n such that Q"4nB < QB. Since B < Q"4,
it follows that B £ QB. That B is Q-trivial now follows from Lemma 2.

2. Regular sequences. Let 4 belong to U and let B be a subobject of 4. Further let
ye&#. We use B: 7 to denote the inverse image of B with respect to y: 4 — 4, so that
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B: ;v is, in fact, the largest subobject C of 4 such that yC £ B. It should be noted that if D
is a subobject of B, then

(B: 47)/D = BID: 4p7 2.1)
and therefore, in particular
(B: 4v)IB=0: 47 (2.2)
We also make frequent use of the trivial isomorphism
A|(B+yA) = (4/B)[y(4]B). (2.3)

For the next definition we use I" to denote the sequence y,, 5, ..., 7, of members of #.
Q will denote a second finite sequence (not necessarily of the same length) whose members we
do not need to specify. For 0 £ i £ ¢t we use I'; to denote the partial sequence y,, Y5, .- -5 ¥;»
and by I'y A we shall understand the null subobject of 4.

DEFINITION. The sequence I consisting of members vy, v5, ..., v, of &F will be said to be
“Q-regular on A” if (T;_; A: ,y)ITi-1 A is Q-trivial for 1 it

We shall use the convention that an empty sequence of members of & will always be
Q-regular on A4, whatever 4 and Q happen to be. We note thatif y, 75, ..., 7, is an Q-regular
sequence on A, then it is also an Q*-regular sequence on A4, for every positive integer k.

The proof of the next lemma is entirely straightforward and will be omitted.

LeMMmA 5. Suppose that 0 <m < t. Then in order thaty,, y,, ..., ¥, be Q-regular on A it
is necessary and sufficient that (i) ¥y, V2, - - - » Ym be Q-regular on A and (ii) Yy 15 Vma2s -+ -» P bE
Q-regular on A[(y, A+7, A+...+7, A).

DEFINITION. We shall say that the sequence @y, ®,, ..., w, of members of & is a* regular
sequence on A if it is Q-regular on A, where Q = {w,, w,, ..., ®}.

Suppose that w,, @,, ..., o, is a regular sequence on A and that {v,,v,,..., v} is a
permutation of {1,2,...,s}. It will be shown (see Theorem 3) that, provided A is Q-normal,
then w,,, @,,, ..., ®,, is also a regular sequence on 4. For the present we note that if
1 =p <s it does not necessarily follow that w,, w,,..., w, is a regular sequence on 4.
However we do have

LeMMA 6. Let w,, w,, ..., ®, be a regular sequence on the -object A. Then, for each
iI(0ZLigs), Wy, Wppz,---, WIS a regular sequence on Af{w, A+w, A+...+w; A).

Proof. We shall use Q' to denote the sequence w;, {, ®;43, ..., W, Furthermore, we
shall let

B=Al(w, A+w, A+...+0; ).

Let L be a factor object of a subobject of B. Since w, B+w, B+...+w;B=0 we have
w,L+w,L+...+w;L =0 and therefore QL =Q'L. We also have QL, =Q'L, if L, is a
subobject of L. Now from QL = Q'L follows Q"L = (Q')"L for all m > 0. Hence if L is
Q-normal then it is Q’-normal as well and if L is Q-trivial it must also be Q'-trivial.
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By Lemma S, @, 4, @43, -.., @, is Q-regular on B; that is to say, the objects

Wiy B+...+w,_B:yo,
CU"+1B+...+(DP_IB

(i+1<p<ys)

are Q-trivial. The above remarks now show they are all Q'-trivial, which is what we have to
prove.

LemMMA 7. Let 0, ..., 0, , ®; be a regular sequence on the Q-normal N-object A, and
let p > 0 be an integer. Then v, ..., w,_,, W is a regular sequence on A.

Proof. First of all we shall show that if y, '€ # are such that 0: ,y and 0: .y’ are both
Q-trivial then 0: vy’ is also Q-trivial. We consider the exact sequence of Q-normal A-objects

0-0:59>B->9y'B—0.
Here B=0:,yy". Now 0:57’ is a subobject of 0: .7, and so 0: gy’ is Q-trivial. Also
Y(y'B) = (yy)B=0.
Thus y'B is a subobject of 0: ,y, and so y'B is Q-trivial. That B is Q-trivial follows from

Lemma 4.
By induction using this result, we see that if 0: ,y is Q-trivial then 0: ,y? is Q-trivial for
all p > 0.
Let Q' = {w,, ..., w,_;, ®?}. For any object X we have
PXSQXLQX
and therefore
QY Q"X S Q"X,

forall m > 0. It follows readily that if X is Q-normal, resp. Q-trivial, then it is also Q'-normal,
resp. Q'-trivial. Accordingly it is enough to show that

(@ A+...+0;_ A): qo)(@, A+...+ ;-1 4)
is Q-trivial for i = 1, 2, ..., s—1 (which we know already) and, setting
B=w At+w,A+...+w,. A,
that
(0 A+...+w,_ A): qoD(0 A+...+0,_ 1 A) =0: g0}

is Q-trivial as well. However 0: 5 w, is Q-trivial by hypothesis and therefore the latter require-
ment follows by virtue of the remarks made above.

3. Regular sequences and the Koszul complex. Let 4 be an object of W and w,, w,, ..., w
members of #. It is then possible to form the Koszul complex K(w,, w,, ..., wsl A)of A4
with respect to ,, @,, ..., @, We recall that the uth component K (w,, w,, ..., wslA) of
this complex is the biproduct of (;) terms all equal to 4. Here () denotes the usual binomial
coefficient. Thus K,(w,, @,, ..., o] 4) = 0 if either p < 0 or y > s.
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Suppose that 0 < u < sandleti,, iy, ..., i,, here and in what follows, be a typical sequence
of integers satisfying 1 £i, <i, <...<i,<s. We use these sequences to label the terms in
the biproduct K, (@,, @, ..., | 4) so that Ai,i,..i, denotes A considered as the (i, iy, . . ., i,)th
term. Accordingly there is an embedding morphism

c :A—»K,,(w,,a)z,...,coslA)

igiz.niy
and a projection morphism

n :K (@, 0y, ..., 05| A) > A

iy
associated with 4;;, ; .
Suppose next that 1 < p < s and let j;, j,, ..., j,— 1 be integers satisfying

léjl <j2<...<j”_1 §S.
Then the boundary morphism
d: K (o, 0, ..., 0| A) = K, (0, 0, ..., 0| A)
is characterized by the fact that

7":J'x.iz---iu-l ) dll ' ailiz---i“ tA-A

is null if {jj, /2 ....J,—s} is not contained in {iy, iy, ...,3,} and is (—14)° '} if
{JisJas -+ Ju-1} is the result of deleting i, from {iy, i5, ..., i,}.

We shall need a number of properties of the Koszul complex. Proofs of these will be
found in [3, Chapter 8] for the case of modules and it is a straightforward matter to adapt
these results so that they apply to a general abelian category.

Let {v,,v,,..., v;} be a permutation of {I,2,...,s}. Then [3, Proposition I, p. 361]
the complexes K(w,,, ,,, ..., @, | A)and K(w;, @;, ..., o ] A) are isomorphic and therefore,
for each u, we have an isomorphism

H,K(w,, 0, ..., 0, |4~ H,K@,, @ ..., o] 4) (3.1

between their uth homology modules. A less familiar result says that K(w,, w,, ..., | A)
remains unchanged to within isomorphism if we change the signs of an arbitrary number of
the w;. Inview of the above remarks this will be clear if it is shown that K (w,, ..., w,_ 4, @, I A)
and K(wy, ..., 0.1, — 0 | A) are isomorphic. An isomorphism ¢ may, in fact, be obtained
by taking :

¢ Koy, ..., 054, w,lA)—»K,‘(wl, ooy Wy g, —a),lA)
to be the biproduct of the morphisms

Distai’ Anyigody = Aigiy iy

where ¢, ;, ;, 1 14if i, # s and —14if i, = 5. It follows, in particular, that the complexes
K(w,, w3, @, ..., o | 4) and K(w;, —w,, w3, ..., (— 1) 'w,| 4) are isomorphic and there-
fore, for each u, we have an isomorphism

HyK(wl, W32, W35 000y CO,IA) ~ HﬂK(wl’ =Wy, W3y .0y (_l)s—lwslA)‘ (32)
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An important property of the Koszul complex [3, Theorem 3, p. 364] states that, for
1 £i £ s and arbitrary gy,
w; H,K(w,, @y, ..., 0| 4)=0. (3.3)
Hence if the identity element of & occurs among @,, @,, ..., @, then
H"K(COI, (,02, ey wslA) = 0
for all p.

LeMMA 8. Suppose that 0: 4w, is Q-trivial. Then, for each p, H, K(w, ..., &1, [ A)
and H,K(w,, ..., w,-, | Alw, A) are isomorphic.

Proof. X will denote the complex whose uth component object is
X, =K, (0, ..., 0, |Alo,A)
and whose boundary morphism X, — X,,_, is the boundary morphism
Ky y(@y, ..., 05-y | Ao A) > K, oy, ..., 05_ | Ao, A)
of the complex K(w,, ..., w,_, | A/w;4). Then
H(X)=H,_K(oy, ..., 0,_, | Alw,A), 3.4

where H,(X) is the uth homology object of the complex X.
There is an exact sequence of complexes

K(@y, ..., 0y g, 05| A) S Ky, ...y 0,21, 1] 4) D X 0. (3.5)

The details of the constructions of the morphisms f and g are to be found in {3, pp. 366-8].
These details are not all necessary for our present purposes. However we should note that
both K (w,, ..., @, ws[A) and K (o, ..., 05, 1 IA) are biproducts of () copies of 4,
and that f, involves applying 14 to some of these copies of A, while applying wf to the
remainder. Hence Kerf, is a biproduct of a finite number of copies of 0: , w, and is therefore
Q-trivial (Lemma 4, Corollary 3).
From (3.5) we obtain the exact sequences of complexes
0- Kerf— K(wy, ..., 0,—y, 0| 4) > Im f>0 (3.6)
and
0—>Imf—»K(col,...,co_1,1'A)—>X—>0. 3.7
By the remark immediately preceding the Lemma, all the homology objects of
K(wy, ..., 0,-1,1|4)
are null. Thus the homology sequence of (3.7) reduces to a series of isomorphisms,
Hy+l(X) = Hu(Imf),
which, by (3.4), may be rewritten as

H,K(@,, ..., 0, | Alo,d) ~ H(Imf). (3.8)
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The homology sequence of (3.6) yields an exact sequence
H,(Ketf) » H,K(®y, ..., 0,_y, o,| 4) 2 H,(Im[) > H,_ (Kerf). (3.9)

It remains to show that each ¢, is an isomorphism.

Firstly we note that H,(Ker f) and H,_,(Ker f) are both Q-trivial, being factor objects
of subobjects of Kerf, and Kerf,_, respectively. Thus Ker¢, and Cokerd, are both
Q-trivial. Since Ker¢, is a subobject of H, K(wy, ..., @;_,, @, [ A), it follows from (3.3) that

Kerg, =Q-Kerg, < Q H,K(wy, ..., 0,_;, 0,| 4) =0.
Again, o, ,, ..., ®,_, all annihilate H, K(o;, ..., 0,-, | 4/w, 4), and
o, HK(o,, ..., 0., | Ajw,4) =0
since w, annihilates Ajw, 4. By (3.8) it follows that
Q- H(Imf)=Q H,K(w,, ..., w0, |Ajw,4) =0.

From this we may deduce that Q-Coker¢, =0, so that Coker¢, =0, since Coker¢, is
Q-trivial. Thus ¢, is an isomorphism, and so

H,K(wy, ..., 0,1, 05| A~ H,K(w,, ..., 05, | Ao, A).
This is the required result.

PrRoOPOSITION 3. Let A be an W-object, and let w,, 0, ..., w, be a regular sequence on A.
Then H,K(w;, @, ..., 0,| 4) =0 for all p # 0.

Proof. We shall use induction on s. If s = 0 the result is obviously true. We therefore
assume that s = 1 and make the obvious inductive assumption. Now 0: , w, is Q-trivial. By
(3.1) and Lemma 8, there are isomorphisms

H,K(0y, 0, ..., 0,|A) x H K(@,, ..., 0, 0, |A) ¥ H,K(0,, ..., o,|djw, 4)  (3.10)

for all u. However, by Lemma 6, w,, ..., w, is a regular sequence on A/w, A. Thus
H,K(aw,, ..., o | Alw, A) =0 for all p # 0, from which the proposition follows.

LeMMA 9. Let A be an Q-normal W-object and let 1 <mZs be an integer. If
H,K(y, ..., Wp_1, 0| A) is Q-trivial for some p then H,K(,, ..., 0p_, | A) is also Q-trivial.

Proof. 1t is a standard propertyt of the Koszul complex that the homology objects of
the Koszul complexes K{(w,, ..., ®Wy,_, IA) and K(w,,...,w,_, (u,,,[A) are connected
through an exact sequence

Hy K@ ooy Opey | A) S H K@y ooy 0y | A S H K@y, ., 0y 0| 4). (3.11)
Here A, is the morphism induced by (—1)*®,, By Lemmas 2 and 3, each of the -objects in

t See [3, Proposition 2, p. 365].
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the above sequence is Q-normal. Now Coker A, = Coim £, =Tm &, which is a subobject of
H,K(w,, ..., ®y-,, 0, |A) and hence is Q-trivial. Thus

Coker A, = Q- Coker A,.
Let g be the natural epimorphism
g:H,K(wy, ..., 0,_,|A)— Coker A,.
Then g(H,K(®y, ..., ©p-y | 4)) = Q- (9(H, K (04, ..., @y | A)), s0 that
H,K(®,,...,0pn-y|A)+Kerg=Q H,K(w,, ..., Op-y | A)+Kerg.

However Kerg =Im A, = @, H,K(w,, ..., ®,—, | 4), so that

H,K(®, ..., Op_1 |A)=Q H,K(w,, ..., 0,-,|A),
and hence H, K(wy, ..., ®,—, | A) is Q-trivial as required.

LEMMA 10. Let A be an Q-normal N-object and let 1 £t <s be an integer. If
H,K(w,, w,, ...,w,|A) is Q-trivial for some p 20 then H K(w,, ®,, ...,co,]A) is also
Q-trivial whenever q 2 p.

Praof. The proof will be by induction on ¢.

(i) The case t = 1. If p = 1 the result is obvious. We shall therefore assume p =0. Now
Hy K (w, IA) = Alw, A. Hence, by assumption, (4/w, 4) = Q(A/w, A). Thus 4 =QA, so
that 4 is Q-trivial. 0: ,w,, being a subobject of A, is also Q-trivial, so that H,(w, |A) is
Q-trivial. The result follows for the case ¢ = 1.

(ii) The case t > 1. We shall make the obvious assumption concerning the inductive
variable t. By Lemma 9, H, K(w, ®,, ..., ®,_, |A) is Q-trivial, so that

H K(wy, 0y, ..., 0,y |A)

is Q-trivial for all ¢ = p. Now it is well-known [3, Proposition 2, p. 365] that there exists an
exact sequence

H K(wy,...,0,-,|A) > H K@, ..., 0,-1, 0,|A) > H_ K(wy, ..., 0,-1 | 4). (3.12)

From this sequence and from Lemma 4, Corollary 1, it follows that H, K(w,, ..., ©,-, @, ‘ A)
is Q-trivial for all ¢ > p. The result of the Lemma is thus established.

THEOREM 1. Let A be an Q-normal U-object, where Q = {w,, ©, ..., w;}. If, for some
integer p 20, H, K(w,, w,, ..., wSIA) =0 then H, K(w,, o,, ..., w,|4) =0 for all g > p.

Proof. By Lemma 10, H, K(w,, w,, ..., o, | A) is Q-trivial for all g = p. Hence
HqK((,Ol, Wy, ovny (l)s‘A) =Q.HqK(ml’ Wzysany (DS‘A).

However, by (3.3), Q' H,K(w,, @,, ..., w,|4) = 0. Thus H,K(wy, @, ..., »;|4) =0 for
allg =2 p.
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CoROLLARY.T Let R be a ring with identity element, A a Noetherian R-module, and
@y, @, - .., W central elements of R. If, for some integer p 2 0, H,K(w;, @y, ..., 0 |A) =0
then H, K(wy, ®,, ..., ;| A) =0 for all ¢ = p.

The corollary follows immediately from Proposition 1 and the above Theorem.

THEOREM 2. Let the N-object A be Q-normal, where Q = {wy, w,, ..., w;}. Then the
Jfollowing statements are equivalent:

(a) o, w,, ..., W is a regular sequence on A,
(b) H]K(a)l, wz,-.., COSIA) = 0.

Proof. Proposition 3 shows that (a) implies (b) even when 4 is not Q-normal. We shall
show that, when A is Q-normal, (b) implies (a) by using induction on s. We may suppose that
sz 1.

(i) The case s = 1. Since H; K(w, |A) =0: ,0,, H, K(w, |A) = 0 implies that0: ,w, =0,
so that @, is a regular sequence on A.

(ii) The case s > 1. We assume that the required result has been established for any
sequence containing less than s members.

Since H, K(wy, ;, ..., w;|4) =0, Lemma 9 shows that H, K(wy, @, ..., 0,|4) is
Q-trivial for 1 £ m < s, and in particular that H, K(w, | 4) is Q-trivial. Therefore 0: ,, is
Q-trivial, so that w, is an Q-regular sequence on 4. By Lemma 8 there are isomorphisms

H K0, 0, ..., 0,|A)~ H K(,, ..., 0, 0| 4) ~ H K(w,, ..., o] Ao, 4) (3.13)

and so H, K(w,, ..., ws]A/w, A)=0. Now Ajw, A is Q-normal, and w,(4/w; 4) =0, from
which it follows that 4/w, 4 is Q'-normal, where Q' = {w,, ®,, ..., ®;}. Thus, by inductive
hypothesis, w,, w;, ..., @ is a regular sequence on (4/w, A) = B. Hence each of

Q-1 B:pw)/Qi-1 B 2sisgy)

is Q'-trivial, where Q;_, = {®,, ®3, ..., w;—,} for 3 i< s, and Q) B=0. In particular, for
2ZiLs,

{(Q;-l B:pw)/Qi_, B} = Q'{(Qs{-x B: p)/Q; 4 B}:
from which it follows that
{(Q-{-l B:p)/Qi-, B} = Q{(Q;—l B: pa)/Q_4 B}-
Since each of
(Qi-1B:pw)/Q-yB (2ZiZ5)

is a factor object of a subobject of a factor object of 4, these A-objects are all Q-normal. It
follows therefore that

(Qi-1B:pw)/Q;_ B

t cf. [1, Proposition 2.6, p. 632].
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is Q-trivial for 2 £ i <5, so that {w,, w3, ..., w,} is an Q-regular sequence on A/w, 4. By
Lemma 5, w,, w,, ..., w,is an Q-regular sequence on A4, which is the desired result.

THEOREM 3. Suppose that Q = {w,, @, ..., ®;}, and that {v,, v,, ..., v} is a permutation
of {1,2,...,5}. If o, w,,...,w, is a regular sequence on the Q-normal N-object A then
@y, Wy, .-+, @, Is also a regular sequence on A.

Proof. The desired result follows at once from Theorem 2 and the isomorphism (3.1)

H,K(0,, 0,, ..., w,|A) ~ H; K(o,,, ®,,, ..., 0, | ).

THEOREM 4. Suppose that Q = {w,, w,, ..., w,}, and that p,,p,,...,ps are positive
integers. If w,,w,,...,0, is a regular sequence on the Q-normal W-object A, then
wf', w5, ..., wl" is also a regular sequence on A.

Proof. By Lemma 7, w,, @, ..., @’ is a regular sequence on 4. Also, from the proof
of Lemma 7, 4 is {®y, ..., ®s_y, @?}-normal. Thus we may permute {w;, ..., ®,_y, @2},
by Theorem 3, and the sequence so obtained will still be regular on 4. Repeated applications
of this observation now yield the required result.

4. The dual theory. Let G: U — A* be a duality between abelian categories. Let & and
F* denote respectively the classes of natural transformations of the identity functors on U
and A*. We shall use A* and f* to denote the U*-object and A*-morphism which correspond
under the duality G to 4 and f respectively.

It may be easily verified that if 4,, 4,, ..., 4, is a sequence of subobjects of the A-object

C then

(n Ai) -c*[ % clar @
and

(_z Ai) =c*/n @ 42)

There is a one-to-one correspondence between the members of & and the members of
F*. This correspondence is such that if we # and w*e % * correspond then

(@*** = (),

for all A-objects 4. Under the above correspondence it may be readily seen that yé and y*é*
correspond.

If Q denotes the sequence {w;, ®,, ..., w,} of members of & then we shall use Q* to
denote the sequence {w}, w3, ..., 0} of members of F*. Here it is assumed that w; and
w;* correspond. It should be noted that (Q*)" = (Q")* for every positive integer r.

Given an U-object 4, a subobject B of A4, and a sequence Q = {w,, w,, ..., w,} of
members of &, we put

B: Q= r_1 (B: 4). (4.3)
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LEMMA 11. In the above situation

(B: ,Q)* = A*/Q*(4/B)* @49
and
Q*(4[B)* = {A[(B: 4}, 4.5)
Proof. Firstly we note that B: , @, is the kernel of the composite morphism
A A5 4B,
so that (B: ,w;)* is the cokernel of
(A/B)* = A* - A*,

where A* —» A* is the morphism (w)*". This shows that (B: ,w)* = 4*/w*(4/B)*, and
now from the exact sequence

0—-(A/(B: y@))* > A* > (B: ,0)* -0
we conclude that
(A[(B: 40))* = w]'(A4/B)*.
It follows from (4.1) that

(B 9" = A 3 (A1(B: 4"

= A*/i w*(A/B)* = A*|Q*(A/B)*.

i=1

Hence
Q*(4/B)* = Ker {A* - (B: ;,Q)*}
= (Coker {(B: ,Q) » A}* = (A/(B: ,Q)*

The Lemma is thus proved.

After the above preliminaries we are now in a position to give the definitions of the
concepts dual to Q-normality, Q-triviality, and regular sequences, and to interpret these new
concepts in terms of objects of the original category 9. We begin this by making the

DerINITION. Let Q = {w,, w,, ..., 0} be a sequence of members of . The W-object A
is said to be * Q-conormal > if and only if the W*-object A* is Q*-normal.

PRrOPOSITION 4.  The U-object A is Q-conormal when and only when it satisfies the following
condition:
If X is any subobject of A then there exists a positive integer p, dependent upon X, such that

(X: 4Q) £ X+(0: ,Q%)
as subobjects of A.
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Proof. Let X be any subobject of 4, and let B= 4/X. The proposition follows at one
from the equivalence of the following statements:

(i) (Q*)PA*NB* £ Q*B* as subobjects of 4*,
(ii) {(Q*)PA*nB*}* < {Q*B*}* as factor objects of 4,
(iii) A/{(A*[(Q*)PA*)*+(A*[B¥)*} < A/(X: ,Q) as factor objects of 4 (by (4.1) and (4.5)),
(iv) 4/{(0: , Q")+ X} < A/(X: ,9Q) as factor objects of 4 (by (4.4)),
) (X: Q) £ X+(0: ,QP) as subobjects of A.

DEermviTION. The N-object A is said to be “ Q-cotrivial ” if and only if the W*-object A* is
Q*-trivial.

PROPOSITION 5. A necessary and sufficient condition for A to be Q-cotrivial is that A be
Q-conormal and 0: ,Q = 0.

Proof. This follows immediately from the fact (see (4.4)) that A* = Q*A4* if and only if
0: A Q = 0.

DErRINITION. The sequence w,, 0,, ..., @, is said to be a ** coregular sequence on A if
o}, @3, ..., 0F is a regular sequence on A*.

For the next result we use Q; to denote the sequence @, ®,, ..., ;. By0: ,Q; we mean
A itself and we use Q as an alternative to Q..

PROPOSITION 6. The sequence w,, @,, ..., @, is coregular on A if and only if each of the
objects

(0: Q- ))0i(0: Qi) (12iZ9)
is Q-cotrivial.
Proof. We have
QA% 4 oNQ A% = 0! jygu—y £ 0F
and, by (4.4), the dual of this is
(A* Q- A*)* Joo(A* Q- AM)* .
However, again by (4.4),
A¥QF L A* = (0: ,Q;_ )"

Thus the dual of

QA% pof)/Q-, A*
is

(0: 4= )00: 4 y)

and therefore the latter is Q-cotrivial precisely when the former is Q*-trivial. The proposition
follows.
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It is now necessary to observe that the effect of applying the duality G: % — 2A* to the
Koszul complex K(w;, ®,, ..., »,| A) is to produce the complex

K}, -0}, ..., (—l)s‘lws*|A*),

This, however, requires some amplification.

Suppose that 0 < u < s and let iy, iy, ...,i, and j,, j,, ..., j,—, be sequences of integers
satisfying 1 £ iy <iy <...<i,Ssand 1 £j, <j,<...<j_,<s These two sequences
will be said to be complementary if between them they contain all the integers 1,2, ...,s.
Consider K (w;, w,, ..., o,|A) and K,_ (o}, —03,...,(=1)"'w}*|4%). The former is
the biproduct of () terms 4;;, ;, Whereas the latter is the biproduct of (,Z,) = (i) terms
(4")},j2..jo-,» Accordingly we may identify

(K (wy, @3, ..., a)slA))* and K, (0}, —03,..., (—l)s'la),*]A"‘) 4.6)

in such a way that, when i, 4, ..., 4, and ji, js, ..., js-, are complementary, (A, .)*
becomes identified with (4*);,;,. ;,_,. Assume this has been done. On applying the duality
to the boundary morphism

d: K (@, @y, ...y 05) A) > K, _ (@4, @, ..., 0] 4)
and making the identification described in (4.6), we obtain the A*-morphism
d:: Ks-p+ l(wts —CO;, ] ('_'l)s—lws’.= l A*) - Ks—u(wt’ —(D;, ceey (— 1)5_10): | A*)

A straightforward check then shows that this is none other than the boundary morphism
of degree s—u+1 of the Koszul complex K(o}, —03,...,(—1)"'o}|A*). The details of
this verification are left to the reader. It follows that

(Hu K(wb 2 TR COSIA))* = Hs—nK(wTs —wz, LRES] (_ 1)S-‘m:' I A*)' (4'7)
LEMMA 12.  With the above notation H,K(w,, ®,, ..., w,| A) = 0 if and only if
H,_,K(0}, 03, ..., 0} [4*) =0.

This follows from (4.7) when taken in conjunction with (3.2).
We now have all the necessary machinery to enable us to dualise the main results of
Section 3. In this way we obtain the theorems listed below.

THEOREM 1*. Let A be an Q-conormal W-object, where Q= {w, w,, ..., w}. If, for
some integer p <5, H,K(w,, w,, ..., ws|A) =0 then H K(w,, w,, ..., wslA) =0 for all
qg=p.

THEOREM 2*. Let the W-object A be Q-conormal, where Q = {wy, w3, ..., w}. Then the
following statements are equivalent:

(a) ®,, 0, ..., 0, is a coregular sequence on A,
(b) Hs—lK(wl’ Wy ey cDslA) =0.
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THEOREM 3*. Suppose that Q@ = {w,, ,, ..., o} and that {v,, v,, ..., v} is a permutation
of {1,2,...,s}. If wy, w,, ..., wis a coregular sequence on the Q-conormal N-object A then
@y, Wy, ..., W, Is also a coregular sequence on A.

THEOREM 4*. Suppose that Q = {w,, w,, ..., ®,} and that p,, p,, ..., p, are positive
integers. If w,,w,,...,w, is a coregular sequence on the Q-conormal W-object A, then
o', 0%, ..., wf is also a coregular sequence on A.
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