UNITARY GROUPS GENERATED BY REFLECTIONS
G. C. SHEPHARD

1. Introduction. A reflection in Euclidean #n-dimensional space is a
particular type of congruent transformation which is of period two and leaves a
prime (i.e., hyperplane) invariant. Groups generated by a number of these
reflections have been extensively studied [5, pp. 187-212]. They are of interest
since, with very few exceptions, the symmetry groups of uniform polytopes are of
this type. Coxeter has also shown [4] that it is possible, by Wythoff’s construction,
to derive a number of uniform polytopes from any group generated by reflections.
His discussion of this construction is elegantly illustrated by the use of a graphi-
cal notation [4, p. 328; 5, p. 84] whereby the properties of the polytopes can
be read off from a simple graph of nodes, branches, and rings.

The idea of a reflection may be generalized to unitary space U, [11, p. 82];
a p-fold reflection is a unitary transformation of finite period p which leaves a
prime invariant (2.1). The object of this paper is to discuss a particular type of
unitary group, denoted here by [p ¢; 7], generated by these reflections. These
groups are generalizations of the real groups with fundamental regions B,,
Es, E1, Es, T, T's, T [5, pp. 195, 297]. Associated with each group are a number
of complex polytopes, some of which are described in §6. In order to facilitate
the discussion and to emphasise the analogy with the real groups, a graphical
notation is employed (§3) which reduces to the Coxeter graph if the group is
real.

Every polytope IT,, whether real or complex, is associated with a configuration
in projective space P,_;, which may be derived by taking the centre of the
polytope as origin and then interpreting the coordinates of the vertices as
homogeneous coordinates in P,_;. (The collineation group associated with the
configuration is the group that corresponds to the symmetry group of the poly-
tope [11, p. 84].) Many well-known and interesting configurations are associated
with the polytopes whose symmetry groups are of the type [p ¢; 7]™ such as the
configuration of 126 points in five dimensions recently investigated by Todd
(13; 14], Hamill (8], and Hartley [9]. We shall refer to this as the Mitchell-Hamill
configuration.

Some of the polytopes discussed are degenerate, that is, analogous to the
honeycombs of Euclidean space [5, p. 127]. One of these is of particular interest
since its vertices are the points of a lattice associated with the extreme duode-
nary form K, [7].

Throughout the paper the definitions and notation of the author’s Regular
Complex Polytopes [11] are assumed, but a table of notations is added for refer-
ence.
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Symbol Meaning

E, Euclidean space of # dimensions.

U, Unitary space of #» dimensions [11, p. 82].

P, Projective space of n dimensions.

II, Any polytope in E, or U,.

© (II,) The symmetry group of II, [11, p. 84].

®g(IL,) or &y (I,) | The group of (orthogonal or unitary) symmetry matrices
of II,.

I, *! A polytope whose vertex figure is II, [11, pp. 85, 87].

I+ A polytope whose vertex figure is IL, D,

Ay Bry Yn The real regular polytopes of E, (see §6 and (2, p. 344]).

Ba™, va" The generalized cross-polytope and orthotope (§6).

¢ 10, The 7th truncation of II, (§6).

pr(qpe. - (Gu-1)Pa

The extended Schlifli symbol for a regular polytope
(11, p. 88].

o ;™ (pigin)™ | See $4.
(37 ¢ ] See [5, p. 200].
{mry, ma} See 2.3.

I must express my indebtedness to J. A. Todd and H. S. M. Coxeter for their
advice and suggestions in carrying out the investigations described in this paper.
I am especially grateful to the former for undertaking the formidable task of
checking the abstract definitions in 4.12.

2. Reflections. Every real non-degenerate uniform polytope II, in E,
has a symmetry group & (II,) which is generated by at most 7z elements. In
®g(I1,), the group of orthogonal symmetry matrices, it is generally possible to
choose these generators as reflection matrices, that is, matrices whose charac-
teristic roots are 1 (repeated » — 1 times) and —1. By reducing to diagonal
form in the usual manner, a reflection matrix may be written S’AS where S
is orthogonal and A is the matrix diag(1*1, —1).

The choice of the generators as reflections is not possible in a few anomalous
cases, of which the most familiar are the two ‘“‘snub’’ polyhedra [4, pp. 336-337].

The idea of a reflection can be extended to U,. A p-fold reflection matrix is
defined as a matrix of period p which leaves a prime of U, invariant.

2.1. A p-fold reflection matrix is a unitary matrix with characteristic roots 1
(repeated n — 1 times) and 0, a primitive pth root of unity.

It may be written in the form S’AS where S is unitary and A is the matrix
diag (1™, 6). If the invariant prime has the equation
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then the equation of the p-fold reflection is

2.2 x* = (1 — ba')x

where b is chosen so as to make the transformation unitary, and
b'a = 1 — exp (271/p).

Regular complex polygons [11, pp. 89-93] have symmetry groups generated
by two reflections of this type; the polygon whose extended Schlifli symbol is
p1(q)pe [11, p. 88] has a symmetry group generated by two elements S, T
corresponding to the matrices:

S which is a p;-fold reflection permuting the vertices on an edge of the polygon
cyclically, and

T which is a po-fold reflection permuting the vertices of a vertex figure of the
polygon cyclically [cf. 11, p. 90].

It will be readily verified that all the symmetry groups of complex regular
polytopes in U, may be generated in a similar manner by # p-fold reflections.

Suppose that

i

bex, =0

i=1

P11 = Elaixi =0, p:
are two primes of U,. Then we define
2.3 {P1, P2} = lzldibii-

This is an invariant under unitary transformations. If {pi, pi} = I, we say that
p: is normalized, the normalization being unaffected by multiplying the equation
p: by any complex number of unit modulus. For two real normalized primes,
{pP1, P2} is the cosine of the angle between the primes.

2.4 In U,, the group generated by 2-fold reflections in two normalized primes
P1, Pz s of finite order if and only if {P1, P2} is the cosine of a rational angle, that
is, a rattonal multiple of . Further, if {p1, P2} = cos wh/k where h and k have no
common divisor, then the order of the group is 2k.

If the primes are real, the result is familiar, for reflections in two primes
inclined at an angle hw/k generate a group of order 2k. The proof of the result
depends upon showing that the statement can be reduced to that of a property
of real primes in E,, by suitable choice of coordinate system.

Choose the coordinate system so that p;isx; = 0, and psis by x, + by x9 = 0.
(To do this we have only to ensure that the intersection p;.p2is x1 = x2 = 0.)
Since the equation of p, may be multiplied by any complex number of unit
modulus without altering the normalization, we do this in such a manner
that b, is real. If we now change the coordinate system by writing

X3 = x (i=13,4,...,m),

(52/ [bz 1 )x?a

]

*
Xg
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then the equations of p; and p; are both real, the matrices 2.2 are real, and the
theorem follows from the result for E,.

In order to discuss the group generated by a set of reflections it is convenient
to introduce a notation for a set of reflecting primes which characterizes their
geometrical relationships, but is independent of the coordinate system. The
notation is the graph defined in §3.

3. Graphs. An elegant graphical notation for groups generated by
reflections in E, and the associated polytopes was invented by Coxeter [5, p.84].
Briefly, the graph for a group consists of a number of nodes and branches (called
dots and links in [4]) constructed according to the rules:

3.1 Each reflecting prime is symbolized by a node of the graph.

3.2 If the angle between two primes is w/k then the corresponding nodes are
joined by a branch if k > 2, and the branch is labelled "'k’ if k > 4.

Conventionally branches are not numbered 3 since this type occurs most
frequently.

Thus the graph for a finite group in £, has » nodes. It may be disconnected,
that is to say, consist of two or more separate parts which have no interconnect-
ing branches, and then the corresponding group is the direct product of the
groups represented by each part.

As an example of the graphical notation, the symmetry group of the cube
is generated by reflections in three planes inclined at angles 3w, 37, and 47 to
each other. It is denoted graphically by

3.3 O—TQ——Q

So that the graph corresponding to a given group is uniquely defined, we
specify that the reflecting primes must bound a fundamental region of the
group.

Suppose now that a unitary group is generated by reflections in a number of
primes. More precisely suppose that each generator is a p-fold reflection in
p;: (¢ =1,2,...,N). If these primes are concurrent it is convenient to take the
point of concurrency as the origin of the coordinate system. In any case, the
graph is constructed according to the following rules:

3.4 Each of the reflecting primes p; 1s symbolized by a node P; of the graph,
and this node is labelled ‘‘p;" if p; > 2.

3.5 Each pair of nodes PP, is connected by a branch labelled %k, where k is the
order of the group generated by reflections in p; and p;, except that:

if {py, P;} = 0, the branch is omitted,
if k = 6, the branch 1is left unlabelled.

https://doi.org/10.4153/CJM-1953-042-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1953-042-7

368 G. C. SHEPHARD

These conventions are adopted so that 3.4 and 3.5 reduce to rules 3.1 and 3.2
if all the primes are real.
As an example, the group generated by reflections in the # primes

36 m-fold: x, = 0,
2-fold: x;— x;; =0 (t=2,3,...,n),
has the graph
o m
3.7 St~ —e——s (n nodes).

More generally, the graph of a set of reflecting primes that generate the
symmetry group of the regular polytope with extended Schlifli symbol

p1(gp2(ga) - - - (go-1) P
is a simple chain

R B P B
)
29, 49,4

A unitary group is said to be false if all the matrices can be reduced to ortho-
gonal form by suitable change of coordinate system. Otherwise the group is a
true unitary group. Thus the group generated by two reflections in 2.4 is false,
and the proof of the result depended upon this fact.

Let Ay, As, ..., A, be m nodes of a graph representing a set of primes. If the
pairs of nodes Ay A, A2 As, ..., A1 Ay, Ay Aqare joined by branches, then the
nodes A; A, . . . A, are said to form a circuit [4, p. 328]. All finite orthogonal
groups (and therefore all false unitary groups) have graphs that do not contain
any circuits [5, p. 297]. A connected graph without any circuits is called a free
(4, p. 328].

3.8 The graph of a set of primes that generate a true unitary group has either a
numbered node (that is to say, there is a p-fold reflection with p > 2) or a
circuit.

A graph with a numbered node necessarily represents a true unitary group
since a matrix of type 2.2 with p > 2 cannot be real in any coordinate system.
Suppose therefore that the group is generated by 2-fold reflections in the primes
P1, P2, - - -, Pn, Where

pPi= 2 ayx;=0 Z=12,...,n),

3.9 =1
piEZ:laUx,=c, G=n4+1,...,N).

J=

For the purposes of the proof we take ¢; = 0 (all 7). This corresponds to a “paral-
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lel displacement” of the prime and this does not affect the proof. Let P, be the
node of the graph corresponding to the prime p; and suppose that the graph is a
tree 7. We prove, by induction on the number of nodes that the corresponding
unitary group is false.

If there is only one node the group is certainly false, so we assume shat the
result has been established for the group generated by reflections in r — 1
primes Py, Ps, - - - , Pr—1 such that the corresponding nodes Py, Py, . . ., P,
and branches form a sub-tree Ty of T. Choose a new coordinate system so that
p: is the prime x, = 0, the intersection p; - P2 is x; = x2 = 0, and generally
the intersection pi-Pa2- ... - Prisx; = xo = ... = x; = 0. In this system

r—1

pP:= jzlbuxj =0,

where b;; = 0 (j > ) and, by the induction hypothesis all the other coefficients
are real. Regarding these primes as normalized,

r—1
Z b{jz = 1

=1

and

r—1 n

Z:lbubkj = Iz:ldiiakjl = {Py Pi}.
= =

Add to the tree T, another node P, of 7" in such a manner that the nodes
P,, Py, . .., P, and the associated branches form another sub-treeof I". P,is
connected by one and only one branch to a node of T for if there were more
than one branch the resultant graph would contain a circuit. Suppose that the
nodes are numbered so that P, is joined to P; only. Then if

pPr= Z brjx;=0
j=1

is the normalized equation of the prime, it follows that

3.10 |Z I;rj by, = iZ ary alilr
J=1 =1

3.11 Dby by =0 (G=23,...,r—1).
J=1

But 3.10 determines b,; as a real quantity since the only non-vanishing term on
the left is b,1611 and the right-hand side is real. Equations 3.11 determine

begy brsy - . ., brr—1y successively as real quantities, and b,, may be made real
by multiplying the x, coordinate by a suitable complex number of unit
modulus.

Hence the result is established for connected graphs. It follows for disconnec-
ted graphs since the different parts of the graph are independent, representing
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primes whose intersections are absolutely orthogonal subspaces of U,. The
theorem is therefore true.

The converse of the result is false, since a graph with a circuit may represent
an infinite discrete reflection group in £,. For example the graph

VAN

is P, a subgroup of index 2 in the symmetry group of the degenerate polyhedron
forming the plane honeycomb of hexagons. This example also shows that
a graph with a circuit may represent two or more different sets of reflecting
primes. (By the proof of 3.8, a graph with no circuit represents a unique set of
real primes, within a parallel displacement.) In order to make the correspondence
between the graphs and sets of primes unique it is necessary to label the circuits
of the graph according to the rule:

3.12 If the nodes Py, Ps, . . ., P, of a graph form a circuit and P, corresponds to
the prime p;, where
p:= Za;jxj=() (z=1.2,....7),
7

then the circuit 1s labelled with the number k where

3.13 &= I_II (Z @1 A141)5) rIl {Pi Pit1}.
i= J =

Here, for convenience of notation a(,4+1; = ¢1; (all j). In the cases we consider
in §4, & will be an integer. If £ = 1 the circuit will be left unlabelled.

The meaning of 3.13 is more easily understood if we arrange that >_aicin);
is real for all 7 except possibly 7 = 7, and then

3.14 z ay;; (i]j = {pry plf 67”’(.
J

Determining the equations of the primes as in the proof of 3.8, it will be seen
that a graph with nodes, branches, and circuits labelled according to rules 3.4,
3.5, and 3.12 now represents a set of reflecting primes uniquely (within a parallel
displacement) and so represents a unitary group completely. It is not, however,
always possible to find a set of primes corresponding to any given graph.

If the normalized equations of the primes p; are taken as in 3.9, we write A
for the matrix (a,;) and then
3.15 D=det (AA") = |detA|*>0.

This is evidently a necessary condition for the set of primes to exist. The deter-
minant D is called the Schlifli determinant [3, p. 137: 5, pp. 134-135] and its
importance lies in the fact that if all the reflections are 2-fold it can be written
down from the graph. If d,, is the (7, j)th term of D, then
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3.16 d“ =1 (all 7/),
di; =0 if the corresponding nodes P;P; of the graph are
not connected by a branch,
dy; = cos (w/k) if the corresponding nodes P,P; of the graph are
connected by a branch labelled “‘&”.

The only other condition is that where the nodes Py, Py, . . ., P, form a circuit
labelled %, the factor em*/* must be put before one of the térms dis, das, . . . , di
and the factor e*/* must be put before the corresponding term with suffixes
reversed (see equation 3.14).

By way of an example, consider the graph

£\

The Schlifli determinant is then

el L
€

2
w

Wi N -
Wl B3t

and its value is 4, and so the graph satisfies the condition 3.15.

4. The groups [p g; r]*. Consider the group generated by p + g+ r
2-fold reflections:

p nodes
r nodes
. —— - ——4
4.1 m >_._ e
*——— - -~ ———¢
~
q nodes

It is denoted by the symbol [p ¢; 7], noting that when m = 2, the graph becomes

*——o— -
4.2 :}—0— -————e

so that [p ¢; r]? = [37%"~!] in the notation of [5, p. 200]. This alternative
notation is useful since it exhlblts the symmetry between the numbers p, g,
r — 1. That is to say, the group is the same whatever the order of the indices.
In general

[pg;r]" = lgp;r]"

and if m = 3, the p, ¢, r may be permuted in any way.
A necessary condition for [p ¢; 7]™ to exist is given by the Schléfli determinant.
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Writing 6 = e7*/”,

D= [ L #tcosr 31| 3 > 0.
fcos™ 1 3 3
oy L 3
} 1y
113
p— 1 : 1 ?
rows 2 .
-
i1
1 1 1
g—1 2 s ]
rows 2 )
-2
1
’f - - ———
! 1 1
r—1 | ? } E
rows o 1
| o
Direct evaluation gives (within a positive factor)
4.3 I — pglr +4cos’ (x/m) — 1} +p4+qg+7r>0.

When m = 2 this reduces to
pgr — ) < p+g+r+1,

which is the condition for group [37%!] to exist in a Euclidean space [3,
p. 143].
When D = 0, the primes are linearly dependent, for this implies (3.15) that
"~ det A = 0. Two cases arise according to whether we take the primes as con-
current or not. Apart from an anomalous case mentioned in a footnote to table
4.4, there are no new groups defined by concurrent primes, and so we take
their equations as in 3.9 with all the ¢; zero except ¢,+1 = 1 (or any other non-
zero constant).

Table 4.4 lists all possible values of p, ¢, r and m satisfying 4.3. The table also
gives suitable sets of reflecting primes (not necessarily in the smallest possible
number of dimensions) and the order of each of the groups (computed from the
abstract definitions in table 4.12).

By applying the rules 4.5-4.9, the abstract definition of each of these
groups may be written down from its graph. The definitions are given in full
in table 4.12.
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4.4 Table of groups [p q; r]™

m group reflecting primes order

2 [3t1m=3] = B, (@), (b) 21 g |
[3122] = E, (@)s, (c) 72.6!
[3t%23] = FEy (a)7, (o) 8.9!
[BL24] = Fy (a)s (c) 192,100 .
3222 =14 (@s, (©)', (d) e
3133 =T (a)s, (e) o
Bu23] =T, (@), () ©

3 11 »-—27 (@),, ) 31!
2 1; 2 (@) (), (g - 72.6!
2 1; 3® (@)s (0, (g) 108.9!
(2 1; 4 (@)e (), (g)' @

4 [T t; n— 2] (a),, (h) 451 5!
[21; 1] (a)s, (h), (k) 64.5!
[2 152 (a)s, (h), (k) @
(3 1; 1]¢ (@)s (h), (k), (! @

m [t 1, »—2" (a),, (m) m*ln!

(@, i — x4 =0 (i=2,3,...,5),

(b) x4 x1=0,

(€) 2(x1+ w2+ xs) — (x4 + x5+ x6 + 27 + x5+ %9) = 0,

(C)' 2(x1+x2+x3)'—(x4+x5+x6+x7+x8+x9)=1»

(d) (%14 %24 %34 s + x5 + x6) — 2(x7 + x5 + x0) = 0,

(€) (w14 x4 x5+ xd) — (v5 + x6 + %7 + x5) = 1,

f) x1—owxs=0 (w a primitive cube root of unity),
(g xit+xetast+ s+ a542%=0,

(g)' X1+ %+ x5+ %0+ x5+ 3 =1,

(h) %y — 1x, = 0,

(k) 14+ %+ x5+ x.=0,

k)Y xitx2txs+x0=1,

(1) X4 = 1, .

(m) x; — 0x2 =0 (6 a primitive mth root of unity).

Denote the nodes of the graph by Py, P, . . ., P;, the node P; being labelled
P4, that is, corresponding to a p-fold reflection. Let P; denote the operation in

If the primes are concurrent, that is, we take x4 = 0 instead of (1), then this is a finite group
of order 64.6), It is the symmetry group of the polytope (37vs*)*! described later (6.13).
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& corresponding to reflection in the prime p;, and let £ be the identity of ©.
Then ® is generated by Py, P, . . ., P, subject to the relations:

45 (P)r =1 i=12...,n).

4.6 P,P; = PP, for every pair of nodes P, P; not connected by a branch.

4.7 (P;P,;)* = 1 for every pair of nodes P,, P, connected by a branch labelled k,
and with p, = p; = 2.

4.8 A relation is required connecting PP ; when p, or p; is not 2. This cannot
be read off from the graph immediately, but the required relation for

e
i
is(P; Pyt = (P; Py

4.9 If Py, Py, . . ., P, form a circuit, one further relation is required connecting

the operations P, P,, . . ., P,. In the case of a circuit of the form
B
R @ R
a suitable relation is (Pp P; P1)? = (P3 Py Ps)™.
Table 4.12 gives the abstract definitions of the groups &(8",) (see §6) and the

finite groups [p g; r]™; 4.10 and 4.11 indicate the method of labelling the nodes.
Abstract definitions for the groups [37:%7] are given in [3, pp. 144-151].

m
r——s0—0— ---—0—9
4.10 P™MQ, Q, Qn.; Qe

[
iy

R
411 /77>R' R . Re  Re
' o9 — - - ————4
1

0y Qo Q Q
4.12 Table of abstract definitions.

group generators relations
S16%9) P, O (a)

@(’Y:‘) P, Ql, Qz, PR Q,,,,l (a), (b)
(55(,1—,, g = {11y Py, Q1 Ry ©)m
OLym =t in=2]"| Py Q1 Ry, Ry, ..., Ry (©)m, (d)

[2 1; 2]3 Pz, P1, Ql, Rl, R2 (C)3, (e)

3 1; 2)° P, Py, Py, Q1, Ry, Ry (©)s, (e), (f)
2 1; 1 Py, Py, Q1 Ra (@4, (@

https://doi.org/10.4153/CJM-1953-042-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1953-042-7

UNITARY GROUPS GENERATED BY REFLECTIONS 375

(@) P™=Q:=1; (PQ)? = (Q:\P)?

(b) Qi2 = (Q’i Qi—1)3 =1 (1: = 27 31 . yno— 1)7
PQ, = QP (z = 2,3, ,nm—1);
Q) =1 Gj=12...,n—1;]i—j]>92),

(C)m P = le = R;? = (Q1R1)3 = (R1P1)3 = (Pl Q1)m =1;

(P1Q1R)? = (R P1Q1)?,

(d R2= (PiR)>= (01 R)>*= (R;R;.1)¥ =1 (t=23,...,n—2);
R:R, = R, R, Gij=1,2...,n=2;|i—j|>2),

(€) Ps* = Ry* = (PyP1)? = (Py01)? = (P2R1)? = (P2R2)? = (P1R2)? = (Q1R2)?

= (RiRy)? = 1,

(£)  P3* = (P3Py)® = (P3P1)? = (P3Q1)? = (P3Ry)? = (P3Ry)? = 1,
(8) Pg? = (P2P1)? = (P:Q1)? = (P:Ry)* = 1.

The above definitions have been checked by the Todd-Coxeter method [15].
In the case of the larger groups the work can be simplified by considering a
polytope II, whose symmetry group is being examined, and taking as the
generating subgroup, the symmetry group of one of the vertex figures of II,.
The vertices of II, are then in 1-1 correspondence with the cosets of this sub-
group, and the work in the coset tables can be continually checked.

I am indebted to J. A. Todd for the following remark about the group
[3 1; 2]%. The given relations (c)3, (e), (f) imply

(P3P:P,QR,Ry)% = 1.

If, however, we postulate (P3P2P1QR1R,)" = 1, the resulting factor group is of
order 18 - 9!, being the collineation group [11, p. 84] corresponding to [3 1; 2]?,
viz, the group of the Mitchell-Hamill configuration in five dimensions [8].

5. Graphs for polytopes. In order to represent a polytope graphically we
add to the graph of its symmetry group one or more rings round the nodes
[4, p. 329]. Of particular interest are the polytopes denoted by a graph with
only one ring, and we define these in 5.1.

First, we suppose that the reflecting primes lie in space of # dimensions, are
n in number and are linearly independent. Let O be the point of concurrency
of the primes. Define G; (+ = 1,2, .., n) as being any point at unit distance
from O and lying on the line of intersection of Py, P2, ..., Pict, Pists - - - » Py
and let P; be the node corresponding to p;.

5.1 If the node P, of the graph is ringed, then the mew graph represents the
polyiope of which one vertex is G, and the other vertices are the images of G, under
the operations of the group.

For example, 3.3 represents a cube if the left node is ringed, and an octahedron
if the right node is ringed.

If, on the other hand, the group is generated by reflections in » 4+ 1 non-
concurrent primes, then G, is defined as the point of intersection of all the primes
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except the ith, and rule 5.1 still applies. Only in these two cases will the graphical
notation for a polytope be employed.

So far, the choice of reflecting primes for a given unitary group has not been
restricted in any way, so that a number of different graphs may correspond to
the same group. It is now convenient to discuss some of the restrictions that
may be imposed, so that the graph of the polvtope has a number of additional
properties. Select the primes so that:

5.2 Reflections in P1, P2, - - - , Pu (07 P1, Do, - - . Pus1) generate the grou; .

5.3 The points Gy, G, ..., G, (or Gy, Gy, . .., G,41) are not equivaicent, that
is to say, one cannot be transformed into another by an operation of the group.

5.4 If there is more than one set of primes salisfying 5.3, choose that se: which
makes as many as possible of the polytopes given by ringing one node different.

5.5 The image of G, under reflection in P; 1s at least as near G, as any other
pont equivalent to G;. Thus the vertex G; of the polytope with the zth node
ringed is transformed by reflection in p; into a point of its vertex figure.

The primes denoted by the graphs 4.1 have all these properties, and con-
versely for a group of this tvpe, the set of primes satisfying 5.2, 5.3, 5.4, and 5.5
is unique, within an operation of the group. There is reason to suppose that
selection according to the above rules is possible for any finite n-dimensional
unitary group generated by # reflections, or any discrete infinite group generated
by n 4+ 1 reflections in non-concurrent primes, but this has not been proved.

With this choice of primes the rule given by Coxeter [5, p. 198] for obtaining
the graph of the vertex figure of a polytope still holds:

5.6 If the ringed node belongs to only one branch, we obtain the vertex figure by
removing that node (along with its branch) and transferring the ring to the node to
which that branch was connected.

For example the vertex figure of 6.7 is 6.9 and the vertex figure of 8.9 is

O
5.7 T>——<

If the polytope is a polygon, application of this rule leaves us with a single
ringed node, labelled “p” say. This is to be interpreted as a p-line |11, p. 85].

5.8 In order to determine the number of vertices of any given polviope 1L, consider
the group &% which corresponds to the graph formed by removing the ringed node
(and any branches connected to it) from the graph of M,. The number of vertices
is then the quotient of the order of & (11,,) by the order of &* [cf. 4, p. 3291

For example, in the case of the polytope 6.10, the group &* has the graph

& &
[ 4 @ & L 4
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This is the symmetry group of the regular simplex a4, and so is of order 5!.
The symmetry group of 6.10 is [2 1; 2]® of order 72.6!, and so the number of
vertices is 72.6!/5! = 432.

Some of the bounding figures of a complex polytope may be determined
from its graph in the same manner as for a real polytope [4, p. 334]. There are,
however, other bounding figures not given by this procedure. A simple example
is the icosahedron 2(6)2(10)2, which, in addition to twenty triangles contains
twelve pentagons of the same edge length. These are not counted as bounding
figures of the real polyhedron since they lie inside the figure. There is no distinc-
tion between imterior and exterior of a complex polyhedron [11, p. 83] and
so in this case these pentagons (which are not given by the graph) must be
included.

In order to facilitate reference, it is convenient to define a symbol for the
polytope whose graph is given by ringing one of the nodes of the graph of
[p g; rI™. Referring to 4.11, if P, is ringed, the polytope is denoted by (p; g; )™
and similarly, suffixes are added to the ¢ or r if nodes Q; or R; are ringed
[cf. 4, p. 331]. For example, (2 1; 3;)?, which is the same as (33 2; 1)3, is the polv-
tope represented by graph 6.7.

6. Fractional 4 polytopes. In # dimensions (z > 4) therc are three real
regular non-degenerate polytopes [2, p. 344]. These are the regular simplex,
the cross polytope, and the measure polytope or orthotope. They are denoted
by @, Ba, and v, respectively. In U, (z > 4), in addition to the simplex there
are two series of regular polytopes: the generalized cross polytopes and the
generalized orthotopes [11, p. 96]. The first of these, which is denoted by 8™,
has mn vertices:

(»1,0,0,...,0)

in the abbreviated notation. (The pre-suffix m implies that the 1 may be multi-
plied by any mth root of unity, and the prime means that the coordinates are
to be permuted in every way. For a fuller explanation see [11, p. 96].) The exten-
ded Schlifli symbol for this polytope is 2(6)2(6) . . . (6)2(2m®)m.

The reciprocal polytope is the generalized orthotope denoted by 4™, and
first described by Coxeter [4a, p. 287]. It has m™ vertices:

6.1 ", 0", ... 6"

where ki, ks, . . ., k, take any integral values and 6 is a primitive mth root of
unity. The symmetry groups of ™, and ¥™, are identical, of order m"n!, and
their abstract definitions are given as &(8™,) in table 4.12. The group is gene-
rated by reflections in the primes 3.6 and so may be represented by the graph
3.7. The polytope 8™, is denoted by ringing the node furthest to the right, and
¥™, is denoted by ringing the node on the left.

Polytopes corresponding to the same graph but with any other node ringed
are what may be called truncations of 8™, or ¥*,. If the node Q, (see 4.10) is
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ringed we may denote the resulting polytope by t,y™, or #,_,_18™, by analogy
with the corresponding notation in the theory of real polytopes [2, p. 354; 5,
pp. 145-148]. The vertices of this polytope are

6.2 Gl ml, ..., n1,0,0,...,0)

with p terms zero and % coordinates in all. They are the centres of the a,_, 1
that bound 8™, or of the y™, that bound y™,.

Evidently 8%, and 2, are the real polvtopes 8, and v, respectively, so that we
conventionally omit the superscript if its value is 2.

The eight vertices of v; may be divided into two sets of four such that each
set consists of the vertices of a regular tetrahedron a;. The same process may
be applied to real ¥ polytopes of higher dimension, and we write v, (which is the
kv, of Coxeter [2, p. 362]) for the polytope whose vertices are the “alternate”
vertices of v,; that is, we select half the vertices of v, in such a manner that no
two are joined by an edge of v,. For example %y, = B4 and in general in the
notation of Coxeter [4, p. 331; 2, p. 372],

3 = la—pr = (111 (n — 3)).

In a similar manner we can select a subset of the vertices of ¥y, so that the
points of this subset are equivalent. Writing the coordinates of the vertices as
in 6.1, instead of allowing ki, k., . . . , k, to take any integral valucs we consider
the points for which '

2 ki=0 (modm).

There are precisely m"~! such vertices and there are m similar subsets in all,
given by the m congruence classes of Y_k; modulo m. Taking these m™! points
as vertices, and lines joining pairs of vertices whose distance apart is /2 as
edges we obtain a polytope which will be denoted by 1y™,.
For example, %v3; has nine vertices:
(wkx’ wkz’ wka)
where w* = 1, by + ks + k3 = 0 (mod 3), or
'4(1v 11 1)! (1, w, O)2)’.
These nine points are the vertices of 8%;, and may be reduced to the more
familiar form (31, 0, 0)’ [11, p. 96] by the transformation
1 11
X* = 1 9
N w0 o
1 o w
In general 1y™, will not be regular, but there are four exceptional cases:
37s = as, %733 = B3ih
6.3
Y4 = B, %‘sz = {m},

where {m} is the real regular m-gon.
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The symmetry group of 1y™, is of order m"~! . n! and is generated by reflections

in # primes,
6.4 2-fold: x1—0xy =0 o = 1),
2-foldl x,—x¢_1=0 (’l= 2,3,‘..,n),

from which we deduce that it is the group {1 1; n — 2]™. Hence 4™, is the
polytope (1, 1; # — 2)™ and its graph is

e

with # nodes. The polytopes corresponding to the same graph but with other
nodes ringed are identical with the truncations of v™, or 8™,, with vertices 6.2.
This may be stated in the form of a rule:

6.5 A polytope is unaltered if 1ts graph is changed by replacing

m% o mb@___._“

by B e or —— O ——---

respeciively.

When m = 2 the rule is already known [4, p. 333]. It is only the polytope
which is unchanged by the above replacements; the order of the group is
increased by a factor m.

Another polytope whose vertices are a selection of the vertices of a v polytope
is that which we shall denote by %v%. It has 2.4"! vertices:

(G R L > k; =0 (mod 2),

where 72 = —1. The symmetry group of this polytope is not generated by =
reflections (see the note to table 4.4), and so cannot be symbolized graphically.
We shall refer to this polytope later as the vertex figure of a lattice.

Polytopes associated with the groups [p ¢; 7]™ may be derived from the poly-
topes Ly™, by using the latter as their vertex figures. In fact,

(Pp 1; n — 2)m = (%’Y'n")+p—l.

For example, (2, 1; 3)3, with graph

———
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has, as its vertex figure (see 5.6), the polytope (1, 1: 3)% = }v%, and so we may
write

(2:1;8)° = (3v°9)™"

It has 4032 vertices (by 5.8), whose coordinates, in the abbreviated notation,
are

6(3, Oy 0, O, Oy 0)’: + x(31y 3IV 311 Oy Ov 0)’1

6.6 6(21 __wk.‘ ___wk-;’ -—wk", _w}:" — ot Z Bo=0 (mod 3),

where A = 1 —w. The edge length is 4/6 and the vertex distance is 3. The related
projective configuration (in which the coordinates of the vertices are interpreted
as homogeneous coordinates in Pj) consists of the 672 points known as the
H-points (the vertices of 112 a-hexahedra) of the Mitchell-Hamill configuration
18:9;13; 14].

Another polytope having the same symmetry group is (3 1:2)% or (2 1; 303
or (3v%)*2, with the graph

6.7 “\3/‘°©

It has 756 vertices,

=+ )\(31. - ;;1.0‘ 0, (). ()}I:

6.8 =+ (wk‘, WL Wt W o:)"", W ). Z k.= 0 (mod3),
and its edge length and vertex distance are both +/6. The related projective
configuration consists of the 126 centres of homologies of the Mitcheli-Hamill
configuration.

Polytopes symbolized by ringing other single nodes ol the graph hive the
same symmetry group, [3 1; 2]® or [2 1; 3] so that the related projective
configuration will again be connected with the Mitchell-Hamill configuration.

For example, (2 1; 3.)% or

=+ (33, 33, 0, 0, O, O)’; =+ )\(32. — b, = sl 0, 0, 0) ':
\

has 30,240 vertices:

+ Mo, o™, 0%, —of, —6", =), 1
+ (20", 20", 2", 20", — "' =), ; 2 k=0 (mod 3).
+ (2 — ), (2 — o), o, o™ W W)

Its edge length and circumradius are 34/2. The related projective configuration
consists of 5040 points lving bv threes on the 1680 x-lines (8, p. 403] of the
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Mitchell-Hamill configuration. Each point is the harmonic conjugate of one of
the 126 points with respect to the other two that lie on the «-line.

The symmetry group of (2 1; 25)3is [2 1; 2]* of order 51,840. Its graph is

6.9 ’_V_Q

and so it may be written (3y%)*!. It has 80 vertices, the points 6.8 that lic on
S x; = 3. Evidently the points 6.6 or 6.8 lying on primes parallel to this will
have the same symmetry group. In particular (2 1,; 2)% or

6.10 ;;;

has 432 vertices, the points 6.6 on > x; = 3.

The collineation group corresponding to [2 1; 2]? is the simple group of order
25,920 which is familiar as the collineation group of the Baker configuration
[1; 12]. Consequently the related projective configurations are associated with
the Baker figure. For example the intersections of the 40 «-lines through any
point of the Mitchell-Hamill configuration meet the prime polar to that point
(8, p. 402] in 40 points forming the projective figure related to (2 1; 2,)%.

The only other group with m = 3 to be discussed is the degenerate group
generated by reflections in # + 1 primes, [2 1; 4]%. The degenerate polytope
(2 1;49% or (3v*)* or

e

is of exceptional interest since its vertices form the lattice associated with the
extreme duodenary form K. of [7]. The simplest way of exhibiting the vertices
(discovered by Todd and Coxeter) is

6.11 (xlr X2, X3, X4y X5, xs)

where the x, are integers of the field R(w) mutually congruent modulo A, and
whose sum is congruent to zero modulo 3.
The polytope (2 1; 4)% or (3v%)*! with graph

has vertices which do not form a lattice but are a subset of the points 6.11.
The coordinate vectors of the vertices are the aggregate of vectors

a -+ \b

where b is any vector of the set 6.11 and @ may be any one of
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(0, 07 0, 0, 0, 0), )\(31, 31, 3], 0. 0, 0)’,
(wk,, wk,’ wk,’ wlu’ wlc.y wka)’ 1
(2(0761, 2wk,’ ___wk;’ _wk.’ —-wk‘, ___wke)l‘ J

Now consider polytopes associated with the groups [p ¢; 7]%. The only finite
group is [2 1; 1]4, and the polvtope (2, 1; 1)* has the graph

Q
O_%
It is (3v%)*! and has 80 vertices:

4(2’ Oy Ov 0),;
(@, %, 4%, "), > k; =0 (mod 4).

> k= 0 (mod 3).

6.12

The edge length and vertex distance are both 2. The related projective con-
figuration consists of 20 points in three dimensions which form the vertices of
five tetrahedra selected out of the 15 tetrahedra that form the Klein configuration
[10, p. 48], the selection being made in such a manner that no three of the five
belong to a desmic system.

The 60 vertices of the complete Klein configuration are related to the 240
vertices of the polytope (3y%;)*!:

4(27 O’ O, 0),v
6.13 (4(1 + Z")y 4(1 + 7)) 09 O),s
(™, 0%, i, ), > k;= 0 (mod 2).

The symmetry group of this figure is of order 46,080. The corresponding real
8-dimensional polytope is (PA)s or 421 [2, p. 385; 5, pp. 201, 204].

The polytope (3v%:)*? is degenerate with vertices
6.14 (%1, %9, X3, X4)

where the x; are integers of the field R (z) mutually congruent modulo (1 — 1)
and whose sum is congruent to zero modulo 2. The vertices form a lattice.
(Both this and the lattice (3v%:)*? bear a remarkable resemblance to the lattices
331, 521, and 222 of [6, PP. 420—421])

The degenerate polytope (2. 1; 2)4, (3v*9)™, or

2>

has vertices with coordinate vectors

6.15 a4+ (I —i)b

O,
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where b is any coordinate vector of type 6.14 and a is any vector

(0,0,0,0), (@, ¢, 7" ), 3 k;=0(mod4).
The degenerate polytope (35 1; 1), (3v*)*? or

4|2

has coordinates of type 6.15 with b of type 6.14 and a any vector of the set
6.12.

O,
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