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Abstract

We present a new derivation of the polynomial identities satisfied by certain matrices 4
with entries 4,, (i, j = 1,...,n) from the universal enveloping algebra of a semi-simple
Lie algebra. These polynomial identities are exhibited in a representation-independent
way as p(A) = 0 where p(x) (herein called the characteristic polynomial of A) is a
polynomial with coefficients from the centre Z of the universal enveloping algebra. The
minimum polynomial identity m(A) = 0 of the matrix 4 over Z is also obtained and it is
shown that p(x) and m(x) possess properties analogous to the characteristic and
minimum polynomials respectively of a matrix with numerical entries. Acting on a
representation (finite or infinite dimensional) admitting an infinitesimal character these
polynomial identities may be expressed in a useful factored form. Our results include the
characteristic identities of Bracken and Green (1] as a special case and show that these
latter identities hold also in infinite dimensional representations.

1. Introduction

In this article we present a simple derivation of the polynomial identities
satisfied by certain matrices with entries from a semi-simple Lie algebra (in finite
or infinite dimensions). Identities of this form are not new and have a long
history. Polynomial identities satisfied by the infinitesimal generators of SI(2, C)
were employed by Dirac [2] in a study of relativistically invariant wave equations.
Later it was shown by Lehrer-Ilamed [13] that n? elements chosen from the
universal enveloping algebra of any Lie algebra satisfy n? identities which, in
certain instances, could be written as a single polynomial identity of degree n for
an n X n matrix.

! Department of Mathematical Physics, University of Adelaide, G.P.O. Box 498, Adelaide, S. A. 5001.
© Copyright Australian Mathematical Society 1985, Serial-fee code 0334-2700/85

2517

https://doi.org/10.1017/50334270000004501 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000004501

258 M. D. Gould (2]

Polynomial identities satisfied by the infinitesimal generators of various classi-
cal groups were also encountered by Louck [14, 15], Mukunda [16] and Galbraith
[15]). Bracken and Green [1] derived the characteristic identities, in finite dimen-
sional irreducible representations, for the Lie groups GL(n), O(n) and Sp(n) for
general n. The results of Bracken and Green [1] have since been extended to finite
dimensional representations of an arbitrary semi-simple Lie algebra by Hanna-
buss [9] using earlier work of Weyl (see also Okubo [18] and Gould [6]).

Recent work of Kostant [12] shows in fact that such polynomial identities hold
also in infinite dimensions. The connection between Kostant’s work and the work
of Bracken and Green was investigated by O’Brien, Carey and Cant [17] using
techniques based on the earlier work of Lehrer-Ilamed. By extending the classical
Cayley-Hamilton theorem to the universal enveloping algebra of gl(n,C) they
demonstrated that the identities of Bracken and Green may be written as a
polynomial identity with coefficients from the centre of the universal enveloping
algebra. In particular the identities of Bracken and Green must hold in infinite
dimensional representations. The techniques of Bracken and Green have also
recently been extended to graded Lie algebras (Jarvis and Green [11]).

In this paper we present a new, simple derivation of the polynomial identities
for an arbitrary semi-simple Lie algebra. It shall be shown that such polynomial
identities may be written in a representation-independent way as a polynomial
identity with coefficients from the centre of the universal enveloping algebra. As a
result of this one sees, in particular, that the polynomial identities satisfied by the
infinitesimal generators of an arbitrary semi-simple Lie group hold also in infinite
dimensional representations. Various properties of these identities (such as
minimality) are also investigated. In the course of our investigation it shall be
shown that, unlike the special case treated by O’Brien et al. [17], that these
polynomial identities do not, in general, follow from the Cayley-Hamilton theo-
rem. Finally we conclude by considering some interesting examples.

2. Notation and fundamentals

Our notation follows that of Humphreys [10]. Let L be a complex semi-simple
Lie algebra of rank /, let U be the universal enveloping algebra of L, and let Z be
the centre of U. Select a Cartan subalgebra A of L, with dual space H* and let ®
denote the set of roots of L relative to H. Let ®* denote the system of positive
roots and take 8 to be half the sum of the positive roots. Finally let A*c H* be
the set of dominant integral linear functions on H and let W denote the Weyl
group.

For any v € H* let 7, denote the translation map defined by

7,(A)A+ v forany) € H*.

https://doi.org/10.1017/50334270000004501 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000004501

(3] Semi-simple Lie algebras 259

The translated Weyl group W is defined as the conjugate 7_;Wr, of W~in the
group of invertible affine transformations of H*. Thus every element of W is of
the form
6 = T_407;,
where 6 € W. W therefore acts on H* according to
6(A)=0(A+8)—8 foranyA € H*.

Now let U(H) € U denote the universal enveloping algebra of H. It is often
convenient to identify U(H) with the ring of polynomial functions on H*. The
Weyl group W acts on U(H) whereif 6 € Wand h € U(H), A € H*, then

(ah)(A) = h(a~'(N)).
Similarly the translated Weyl group acts on U( H) according to
(6h)(A) = h(67Y(N)) = h(oY (A + 8) - 8).
Now let B be the nilpotent subalgebra of L spanned by root vectors x, € L

corresponding to roots « € . For any z € Z it is known (see Humphreys [10])
that there is a unique element f, € U(H) such that

z—f, € UB. (2.1)

Accordingly one obtains an algebra homomorphism Z — U(H) defined by
z — f,. Following Harish-Chandra and Dynkin one, in fact, has the following
result:

THEOREM 1. For any z € Z one has f, € U(H)¥ and the map Z - U(H)Y,
z — f,, is an algebra isomorphism (called the Harish-Chandra isomorphism).

By virtue of this result one may identify Z with the ring of W-invariant
polynomial functions on H*. Moreover if | = rank L = dim H one obtains, from
the above result, the well known fact that Z is generated as an algebra by /
algebraically independent invariants.

For example, let gI(n, C) be the Lie algebra of all n X n complex matrices. This
Lie algebra is not semi-simple but nevertheless is reductive and all the above
results apply. For this it is well known that the centre of the universal enveloping
algebra is generated by n algebraically independent invariants

I,=u(E™), m=1,2,...,n,

where E;; is the elementary matrix with 1 in the (i, j) position and zeros
elsewhere and where we define

(E™)ij= X Ex(E™ V= X (E™ V)i,
k=1 k=1
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From equation (2.1) the invariants /,, determine polynomial functions f,, which

are well known to be given by the W-invariant polynomials
” m A, =N —-r+i1-1
AR RO R (L ey

re=1 I#r

where A = (A,,...,A,) is an arbitrary weight. Clearly this is the eigenvalue of the
invariant /,, on a maximal weight state of weight A. (See for example Edwards [4]
and Okubo [18].)

Returning to the general case we define an infinitesimal character x as an
algebra homomorphism of Z into the scalars C. If z,,...,z, € Z are algebraically
independent then a character x is uniquely determined by the scalars x(z;) which
may be arbitrary complex numbers.

We say that a module M over U admits an infinitesimal character if the
elements of the centre Z take constant values on M. Such a module determines an
algebra homomorphism

Xu:Z—=C, z- xp(2),
where x ,,(2) is the eigenvalue of the central element z on M. In such a case we
say that M admits the infinitesimal character x ,,. If v, is a maximal weight vector
of weight A € H* then v, determines an algebra homomorphism

x»Z~—-C

where x,(2) is the eigenvalue of z € Z on v;. In view of equation (2.1) we see that
X » 1s uniquely determined by

xa(2)=£(A), AeH*

For example, if ¥(A) is a finite dimensional irreducible representation with
highest weight A € A* and z € Z then Schur’s lemma shows that z takes a
constant value on V()). Since ¥(A) has a highest weight vector (which is unique)
of weight A this eigenvalue is necessarily given by x,(z). Thus V(A) admits the
infinitesimal character x,. In particular when z = C, is the universal Casimir
element these eigenvalues are given by the well known formula

X}\(CL) = (A’ A+ 28),
where ( , ) denotes the inner product induced on H* by the Killing form.

The characters x, play a fundamental role in character analysis since it is a
theorem of Harish-Chandra (see Humphreys [10]) that every infinitesimal char-
acter x over Z is of the form x = x, for some A € H*. In view of Theorem 1 it is
clear that the infinitesimal character x, does not characterize the weight A
uniquely since it may happen that x, = x,,, 0 € H*, but A # p. One in fact has
the following result due to Harish-Chandra (see [10]).

THEOREM 2. x, = X, if and only if A and p are W-conjugate:
ie. A=o(p+8)—-8 forsomeseE W.
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In summary one sees that corresponding to any maximal weight vector v, of
weight A € H* is an algebra homomorphism x,: Z — C where x,(z) is the
eigenvalue of the central element z on v,. Conversely every z € Z determines a
(W-invariant) polynomial function on H* given by A — x,(2).

We conclude this section with a well known result due to Harish-Chandra (see
Warner [19] and Dixmier [3]).

THEOREM 3. Let the notation be as above. Let u € U be an arbitrary (non-zero)
element of the universal enveloping algebra of L. Then there exists a finite dimen-
sional representation w of L such that w(u) + 0.

REMARK. In view of the proof of this theorem and Ado’s famous theorem one
sees that this result holds not just for semi-simple Lie algebras but for arbitrary
Lie algebras.

3. Polynomial identities

Throughout we shall let V(A) be a fixed (but arbitrary) finite dimensional
irreducible module over U with highest weight A € A*. Let {A, A,,...,A,} be
the set of distinct weights in V(A ) occurring with multiplicities n(1), n(2),...,n(k)
respectively.

Now U may be imbedded in U ® U by the diagonal homomorphism

d-U-U®U,
defined for x € L by
dx=x®1+1® x,

which is extended to an algebra homomorphism to all of U. In general du for
arbitrary ¥ € U is a more complicated expression which may be written

du=Yu ®u, (3.1)

where u,, v, € U. Now let Y be the algebra
Y=[EndV(M)] ® U,

and let m, be the representation afforded by V(A). Following Kostant [12] we
consider the map

:U->Y
defined for x € L by
I(x)=m(x)®1+1®x,
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which we extend to an algebra homomorphism to all of U. More generally if
u € U with du as in equation (3.1) we have

a(u) =Y m(u,)®u,. (3.2)

From this one sees that 9(u) may be viewed as a d X d matrix (d = dim V(Q))
with entries from U.

Throughout the remainder of this paper we let z € Z be a fixed (but arbitrary)
element of Z. We let 7 denote the matrix

i=-3[0(z)-m(z)®1-1®¢]. (3.3)
We choose this form since when z = C; (the universal Casimir element) we obtain
¢, =-31[3(¢)-m(c)e1-1e (.

Now let {x,,...,x,,} (m = dim L) be a basis for L and let {x',...,x™} be the
corresponding dual basis w.r.t. the Killing form. With respect to this basis the
universal Casimir element may be written

m m
C‘L= Z xrxr= zxrxr’
r=1 r=1

whence we obtain

Ci=-Y m(x)e®x,. (3.4)
r=1
Thus in the case z = C, one sees that C; is a matrix with entries from L. In
particular when 7, is the fundamental contragredient vector representation one
obtains the matrix considered by Bracken and Green [1] (see also Gould [7]) for
the classical groups.
Suppose now that V(p) is a finite dimensional irreducible module over U with
highest weight p € A* and let 7, be the representation afforded by V(). One
may extend 7, to an algebra homomorphism

#,: [EndV(A)] ® U — End ¥(A) ® End V(p),
defined by
Lo ®u > Lp®mu),

where p; € End V(A) and u; € U. In particular if 2 is the matrix defined by
equation (3.3) then

#,(2) = —%[m\ ®7(z)-m(z)®1-18® w#(z)].

Clearly #,(%) is an operator on the tensor product space ¥(A) ® V(u). For
notational convenience, in the following we shall identify 7 and %,(Z). A basis
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may be chosen for V(A) ® ¥V(p) for which ? is represented by a diagonal matrix.
The eigenvalues of 7 are uniquely determined by the infinitesimal characters
occurring in the reduction of ¥(A) ® V(p) into irreducible representations of ¥.
Moreover one knows that the infinitesimal characters occurring are of the form
X+, Where {A;,...,A,} denotes the set of distinct weights of V(A). In fact it is
not hard to show that the highest weights of the representations occurring in
V(A) ® V(u) are of the form p + A, for p + A, € A™. The eigenvalues of 7 on the
space V(A) ® V(u) are therefore of the form

“Axpen(2) = xa(2) = x,(2)],  i=1,. 0k
The correspondence
p = =3[xpn,(2) = xa(2) = x,(2)].

determines a polynomial function on H*. We henceforth denote this polynomial
function by f, ;,

ie. fo(n)=-3xpr(2) = xa(2) = x,(2)], mreH* (35)

From these remarks it follows that on F(u) the matrix Z, as defined by
equation (3.3), satisfies the polynomial identity

IT(z £,k =0 (36)

This result in fact follows from the easily established fact that a diagonal matrix
D with distinct eigenvalues d,,. . . ,d, satisfies the polynomial identity
k

I_II(D -d)=0.
The translated Weyl group acts on the polynomial functions f, , according to
6f, i (r) = £(67(n)) = £..(a7}(p + §) - 8)
= ~[Xs144n, = X2(2) = X510y (2)]- (3.7)
From Theorem 1 one knows that
a(2) = x,(2),

and moreover one sees that the weight 6 '(u) + A, is W-conjugate to p + a(A).
This occurs since

g[67(m) +N] = n+0o(r).
Hence, again by Theorem 1, one has

6-|(p)+)\,(z) = X,‘+a(x,)(2)-
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Substituting into equation (3.7) gives
. 6f..a(1) = [ Xpr00) (2) = x0(2) = x,(2)]-

However it is known (see Humphreys [10]) that the Weyl group W permutes the
distinct weights A,,...,A, of V(XA). Hence there exists a permutation = of the
numbers 1,. ..,k such that 6(A;) = A ,,. Hence

6fz,i(l‘) =fz,ﬂ(i)(p‘)’ p € H*.

Thus W acts on the polynomial functions f,, by permuting them amongst
themselves. From this it follows that any symmetric combination of the f, ;
determines a W-invariant polynomial function. For example the function

k
f= Zlf;,':,
would determine a W-invariant polynomial.
We have shown that on any finite dimensional irreducible representation with
highest weight p € A™* that the polynomial identity (3.6) holds. Expanding the
L.H.S. of equation (3.6) into powers of # one sees that this identity may be written

k
s, () =0, (3.8)
r=0

where S, , = 1 and S, , (r > 1) is the polynomial function defined by
Sz,r = (_1)" Z fz,ilfz,iz T fz,r,'
1<y <ip,<--- <i, <k
Now the S, , are symmetric in the f,;, from which it follows, in view of our
previous remarks, that they are W-invariant polynomial functions. Hence, from
Harish-Chandra’s theorem, there exists elements
C1,Coas-sCLEZ,
which may be identified with the S, , under the Harish-Chandra homomorphism:
XM(Cz,r) = Sz.r(#‘)’ I € H*.

Hence equation (3.8) may be written

k
Y x,(C)7=0, Co=1 (3.9)

r=0
As remarked earlier 7 is a d X d matrix (d = dim V(A)) with entries from U.
Let us therefore choose an orthonormal basis e,,...,e, for the space V(A). With
respect to this basis the entries of the matrix Z may be written Z,,. More generally
if u € U with 9(u) as in equation (3.2) one has

3(u), = Xm(u,) ;0 € U.
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With this definition one sees that entries of powers of the matrix Z are given
recursively by
d

d
(Zm)ij = Z (Zm‘l)tkzkj = Z Zxk(zm_l)kjs m> 1.
k=1

k=1

The matrix equation (3.9) is thus equivalent to the d? identities

Zx,.( hr=0, i,j=1,...4d,

which must hold on an irreducible representation of L with highest weight
peE At

We are now in a position to prove our main result.

THEOREM 4. The matrix Z satisfies the following polynomial identity

k
l Z Cz,rzk_’ =0

r=0

or equivalently the d? identities

Zcz tk-r=0, i,j=1,...,d.

r lj
r=0

ProoF. From equation (3.9) we know that # satisfies the polynomial identity

k
Y x.(C. ) =0

r=0

on a finite dimensional irreducible representation with highest weight p € A™.
Replacing the eigenvalues x,(C, ,) with the (representation-independent) opera-
tors C, , one sees that Z satisfies the polynomial identity

k
> C =0

r=0
on all finite dimensional irreducible representations. In view of Weyl’s theorem of
complete reducibility this identity is thus satisfied on all finite dimensional
representations. Equiva]ently the d? identities

Z G2k "=0, i, j=1,..d. (3.10)
r=0

must hold on all finite dimensional representations. However for each i, j
(=1,...,d) the LH.S. of this equation is a well defined element of U which,
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from the remarks above, necessarily vanishes on all finite dimensional representa-
tions. From Theorem 3 it follows therefore that the identities (3.10) hold as
identities in the universal enveloping algebra. This proves the theorem. Q.E.D.

COROLLARY. Let V be any representation of L (finite or infinite dimensional)
which admits an infinitesimal character x,, p € H*. Then on V, % satisfies the
polynomial identity

Lll(f - f.(p))=0.

ProoOF. By simply reversing the argument presented in Theorem 4 we see that
on V, Z satisfies the polynomial identity

k
Y x.(C )T =0
r=0

where we have replaced the central elements C, , b'y their eigenvalues x ,(C, ,) =
S, .(p). From the form of the polynomial functions S, (n) we see that this
identity may be written in the convenient product form

11(2 _fz,z("')) =0. QED

The above shows that the polynomial identity (3.6) holds on any representation
admitting an infinitesimal character x,, p € H* arbitrary. In the special case
where z = C,; one sees that the polynomial functions f, , are given by

feri(B) = =3 [xun, (C1) = xa(C1) — x,(C1)]
=LA N+ 28) = 2(AL N, +2(p +9)).

Because of the special nature of this case we denote these polynomial functions by
the special convention

fi() =3(A A +28) = 2(A, A, + 2(p + 9)).
Hence the identity
k
TT(C. = 3(A N +28) + 3(X,, A, + 2(n + 8))) =0,
i=1
holds on any representation admitting x, as an infinitesimal character. These
identities include the identities of Bracken and Green [1] as a special case.

By varying the (reference) representation ¥(A) and the central element z one
obtains a whole series of polynomial identities. Examples of these more general

https://doi.org/10.1017/50334270000004501 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000004501

[11] Semi-simple Lie algebras 267

identities appear in the work of Green [8] who considers the case where L is the
Lie algebra gI(n,C), z = C,, and where =, is one of the tensor representations.
These tensor identities of Green are thus also special cases of our general resuit
and shows that these latter identities of Green hold also in infinite dimensions.

Higher order central elements may be obtained by taking traces of powers of
the matrix C;, viz.

I, = u(Cr) = ¥ ()

1=1

[1,,x]=0 forxeL.

Corresponding to each central element z = I,, is a whole series of polynomial
identities. The polynomial functions f,; may be obtained explicitly, for these
higher order cases, from the character formula (see Gould [6])

koo " (b+8+A,a)
XulIn) = Bn(D7)" T1 ===

REMARK. From the point of view of constructing a full set of invariants
1, = u(Cr),

it suffices to consider the simplest possible choice for the reference representation
7, and hence C,. For example if we take m, to be the fundamental vector
representation of the classical Lie groups we obtain the Gel'fand invariants of
GL(n), O(n) and Sp(n). Corresponding to each Gel'fand invariant is a whole
series of tensor (or spinor) identities.

From now on we write the polynomial identity (3.10) in the form

pz,)\(z ) =0
where p, ,(x) is the polynomial over Z given by

k
pz,}\(x) = E Cz,rxk_r'
r=0

We have explicitly included the highest weight label A as a subscript to
emphasize the dependence of the coefficients C, , on the label A. We call p, ,(x)
the characteristic polynomial of Z.

4. Properties of the characteristic polynomial

It is well known that the centre Z of U is an integral domain (i.e. a
commutative ring with identity which admits no non-zero divisors of zero) and as
such may be imbedded, in a natural way, in its field of quotients (see Dixmier [3]).
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Thus we may apply the techniques of polynomial algebras and Galois theory to
the algebra Z. Following the language of Galois theory we let Z[x] denote the
algebra of all polynomials in the indeterminate x with coefficients from Z. Then it
is easily seen that Z[x] is also an integral domain.

For example we see that the characteristic polynomial p, ,(x) of the matrix 7 is
an element of Z[x]. Throughout we assume z is a fixed but arbitrary nontrivial
(i.e.z & C) element of Z.

For our purposes it is also useful to consider the algebra U(H) (the universal
enveloping algebra of the C.S.A. H) which may be identified with the ring of
polynomial functions on H* in a natural way (see Section 2). Then U(H) is also
an integral domain. For notational convenience we denote the algebra U(H) by
A. We denote the set of W-invariant elements of 4 = U(H) by A. Then Theorem
1 shows that the algebras Z and A are isomorphic (Harish-Chandra’s isomor-
phism). So 4 is also an integral domain. If z € Z is arbitrary we denote the image
of z in A under the Harish-Chandra homomorphism by f, € 4.

Since 4 and A are integral domains we may consider the polynomial algebras
A[x] and A[x] which are also integral domains. Then since 4 and Z are
isomorphic we have a natural isomorphism between A[x] and Z[x] which we also
call the Harish-Chandra isomorphism. If g(x) € Z[x] we denote its isomorphic
image in A[x] by §(x) € A[x).

Also since the translated Weyl group W acts naturally on 4 we see that W has
a natural action on A[x]; viz. if

n
g(x)= Y. Cx', Ce4,
r=0

we define the polynomial

6g(x) =Y 6(C)x" forallé € W.
r=0

With this definition it follows that A[x] is the subalgebra of 4[x] fixed by all
elements of W, that is

A[x]) = {q(x) € A[x]16g(x) = g(x), forall 6 € W }.

We find it convenient to work with the polynomial algebras 4[x] and A[x]
because the image of the characteristic polynomial p, ,(x) € Z[x], that is, p, \(x)
€ A[x], splits into linear factors over 4;

k
poa(x) =TT (x = £.)

where f, , are the polynomial functions on H* given by equation (3.5).
. €q
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The characteristic polynomial p, ,(x) of the matrix Z need not in general be the
minimum polynomial. This follows from the observation (see Appendix A) that
the polynomial functions f, ;(p) need not be distinct (although it turns out that
they are distinct if L is a simple Lie algebra). Suppose that the number of distinct
ones is n (< k) and that the f,  are numbered so that the polynomial functions
f1s--+.f, n are distinct. Further for each i € {1,...,n} let n, be the multiplicity of
the polynomial functions f, , in the sequence {f, ,,...,f, ,}. We now define the
W-invariant polynomial functions

Si,=(1)" X i fo r=l...m,
lsy<ip<.-- <i<n (4.1)
.0 = 1.
That the S; , in fact determine W-invariant polynomial functions on H* follows
from the fact that W permutes the polynomial functions /;.i- Using Harish-
Chandra’s theorem we may associate with each of these W-invariant polynomial
functions the central elements

z,.0=17 Cz,,n I‘=1,...,n,
where
x.(C.,)=8.,(n), peH" (4.2)
We call the polynomial over Z defined by
mz,A(x) = Z Cz’,r‘xn" (43)

r=0
the minimum polynomial of 2.

THEOREM 5. (a) The matrix ? satisfies the polynomial identity
m,\(2) = 0.
(b) If ? satisfies the identity
q(2) =0 withq(x) € Z[x]
then m ,\(x) divides q(x) over Z; i.e. there exists r(x) € Z[x] such that
q(x) = r(x)m, x(x).

PROOF. (a) Let ¥(u) be a finite dimensional irreducible representation of L.
Then the distinct eigenvalues of 7 on the space V(A) ® V() are contained in the
set {f,,(1)}/-1. Moreover since Z = - j[m, @ m(2) —m(2) ® 1 — 1® 7,(2)]
may be diagonalized on V(A) ® V(p) it follows that on V(u) the matrix
satisfies

T1( - £.,) = 0.
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Expanding the L.H.S. of this equation into powers of Z (see equations (4.1)—(4.3))
we see that the identity

Y x.(C ) =0
r=0

is satisfied on an irreducible representation with highest weight p € A*. Follow-
ing the proof of Theorem 4 we thus deduce that the identity

n

> C = (4.4)
r=0

is satisfied on all finite dimensional representations. Theorem 3 then implies that
the identities (4.4) hold as identities in the universal enveloping algebra. This
proves part (a).

(b) Suppose g(x) € Z[x] is such that g(Z) = 0. Let §(x) € A[x] denote the
image of ¢(x) under Harish-Chandra’s homomorphism. Then we may define the
polynomial functions

ql=q(fz,l)eA9 i=1,...,n.

Now choose p € A" such that the weights p + A, (i = 1,...,k) belong to A™*.
Following Kostant [12] we say that A is subordinate to p. In such a case the
irreducible representations V(g + A;) all occur in V(A) ® V(p) with full multi-
plicity. Thus acting on V(p) the matrix Z has eigenvalues f, (p) (i = 1,...,n).
Since ¢(£) = 0 we must have

§(f,:)(n) =g,(pr) =0 forall psuch that A is subordinate to p.
But then by Kostant [12] Propositions (4.1)—(4.2) we must have
g;(p) =0 forally € H*.
This implies that
§(f,;)=0 fori=1,...,n.
We thus deduce, since the f, , are all distinct, that §(x) is divisible by

() = T (= 1),

where m, \(x) € A[x] is the image of m,\(x) € Z[x] under Harish-Chandra’s
isomorphism. Put §(x) = m, ,(x)7(x) where 7(x) € A[x]. (See Appendix B for
details.) By the W-invariance of §(x), m,\(x) € A[x), we have

i, A(x)6F(x) = §(x) = m, ,(x)7(x) forallég € W.
Since A[x] is an integral domain we thus have
67(x)=F(x) forallg € W,
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i.e. F(x) € A[x]. Thus we may factor §(x) over 4 according to
3(x) = m, \(x)F(x).
Now let g(x), m, ,(x), r(x) € Z[x] be the images of §(x), /i1, \(x), F(x) € A[x]
under Harish-Chandra’s isomorphism. Then we have
q(x) = m_,(x)r(x)
i.e. m,,(x) divides q(x) over Z. This establishes the result. Q.E.D.

Although the polynomials m, ,(x), p, \(x) € Z[x] need not be equal it turns
out that for a large number of cases the characteristic and minimum polynomials
are the same. In particular we have the following resulits.

THEOREM 6. (L simple). Let z € Z be non-trivial i.e. z & C. Then
(a) The characteristic roots f, ,,. . ., f, , are distinct.
(b) The characteristic polynomial of Z is the minimum polynomial, that is

m, A(x) = p.A(x).

PrROOF. In view of our previous results part (b) follows immediately from part
(a). Thus it suffices to prove part (a). We proceed by contradiction. For suppose
on the contrary

f., =1, ; forsomei#j.

This implies

Xusr(2) = X4 (2) forallp e H*.
Replacing p by p — A; we thus obtain

Xpr(2) =x,(2) forallpe H*
where v = A, — A . Furthermore using W-invariance we have
Xa(,;)+y(z) = Xa(p)(z) = X,.(z) = Xp+p(z) = x&(u)-{-o(v)(z)
forallp€ H*,6 € W (o € W).
Thus we deduce
Xu(2) = Xpiomy(2) forallpe H*, 0 € W.

Now let A(») denote the set of all W-conjugates of ». Since L is simple, A(¥)
contains a basis »,,...,», of H*. We denote the set of all linear combinations of
vy,...,v, with integer coefficients by E, C H*. From the above we easily deduce
that

Xu(2) = x,4+,(z) forallp € E,, p€ H*
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Also for u € H* fixed (but arbitrary)
Pu(p)=xl,¢+p(z)_x't(z)’ pEH*’

determines a polynomial function on H* which vanishes on E,. However E, is
Zariski dense in H* (see Humphreys {10}, pages 132-134). Thus, since polynomial
functions are continuous in the Zariski topology on H* we deduce

P,(p) =0 forallp e H*.
Thus, since p € H* was arbitrary, we have
P(p)=0 forallpu,pe H*.
That is,
Xu(2) = x,4,(z) forallp,pe H*

Clearly this can only occur if x,(z) = a € Cforallp € H* i.e. z € C contrary to
our choice of z. Thus our assumption was false and we have

foo# ), fori#j. Q.E.D.

THEOREM 7. (L semi-simple). Let p; ,(x), m \(x) € Z[x] be the characteristic
and minimum polynomials respectively of C, where C, is the universal Casimir
element of L. Then

PL,)\(x) = mL,)\(x)'

PRrOOEF. As for Theorem 6 it suffices to show that the characteristic roots
f,(u)=%(>\,>\+28)—%()\,,)\,+2(p+8)), i=1,...,k,
are all distinct. Suppose f, = f. We then have
(>\j - AH p‘) = %(Ai’ }‘1) - %(Aj’ )\j) +(>\j - Al’ 6)

Since the R.H.S. is independent of p we have (A, — A, p) = ¢ for some ¢ € C.
Evaluating at p = 0 we obtain (A, — A, p) = 0 for all p € H*. Since the inner
product induced on H* by the Killing form is non-degenerate this forces A; = A
whence i = j. This establishes the result. Q.E.D.

The algebra 4 together with the roots f:1+++:f; , of the minimum polynomial
m, \(x) € A[ x] generate an algebraic extension A, ,of A, that is,

Az,X = A.[fz,l" . ’fz,n] <€ 4.
The extension is algebraic since the f, , satisfy the identity

"hz.)\(fz,l) = O

where i ,(x) € A[x). It is our aim to show that the extension 4, , of 4 is in fact
a normal extension. Before proceeding we establish some notation.
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DEFINITION. Let p(x) be a polynomial with coefficients from an integral domain
A. Set

N
p(x)=Y ax’, a €A
i=0

The largest positive integer N s.t. ay # 0 is called the degree of p(x) and is denoted
(p(x))
A polynomial p(x) € A[x] is called reducible over A if p(x) can be decomposed
p(x) =q(x)r(x),  q(x),r(x) € A[x],
with 3(q(x)) = 1, (r(x)) = 1. If p(x) cannot be so decomposed we call p(x) an
irreducible polynomial over A.

LEMMA 1. The algebraic extension A, , = Al fe1s-- -2 f2.n] is a normal extension of
A i.e. any irreducible polynomial p(x) € A[x] with a root in A,  splits into linear
factors over A, . The associated Galois group of this extension is the translated Weyl
group W.

PROOF. Since p(x) € A[x], we have, by W-invariance,
6p(x) =p(x) forallé e W.

Now suppose p(x) has a root B € A4, ,. Then we may factorize p(x) over 4, ,
according to

p(x)=(x-B)g(x), g(x)e4,,[x]
By the W-invariance of p(x) we thus have
p(x) =(x-d(B))og(x) wheredg(x) e 4,,[x].
(Note that 4, , is invariant under W since W permutes the roots f, ,,....f, , and

leaves A invariant.) Thus p(x) is divisible by factors (x — 6(f8)) as 6 runs
through the elements of W. Now let

Bl = B) BZ""’Br € Az,)\

be the distinct W-conjugates of 8. Then p(x) must be divisible by the polynomial
(see Appendix B)

r

m(x)=TI(x - B) e 4,,[x].

=1

Since the B; are all W-conjugate we thus deduce 6m(x) = m(x) for all 6 € W,
i.e. m(x) € A[x]. By the irreducibility of p(x) over 4 we must therefore have

p(x) =am(x) forsomea € A.

By definition the Galois group of this extensionis W. Q.E.D.
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REMARKS. In the above theorem we used the fact that W acts on the polynomial
functions f, ,, . .., f, , by permuting them around. This implies that 4, , is mapped
onto itself by W, i.e. 4 2. 18 left invariant by w.

In the above we exp101ted the fact that the polynomial algebra Z[x] is
isomorphic to the algebra A[x] which can be imbedded in a larger algebra 4[x].
The advantage of this procedure is that the minimum polynomial m, ,(x) may be
identified with its image /1, ,(x) € A[x] which splits over A into linear factors.
Following O’Brien et al. [17] we can define quite abstractly roots of the minimum
polynomial m, ,(x) independently of this isomorphism as follows.

From the general theory of polynomial algebras the centre Z may be imbedded
in an extension field over which the polynomial m ,(x) splits into linear factors

moa(x) = T (5 -

The roots a,, together with the centre Z generate an algebraic extension of Z
given by

Z,y=Zla,,,...,a,,].

In applications it is useful to regard the operators a,, as elements of an
algebraic extension of Z which commute with the elements of U and which, when
acting on a representation admitting infinitesimal character x,, p € H*, take
constant values given by

Xu(az,) = £,.0(1) = = x40 (2) = xa(2) = x,(2)].

The roots a, ; are thus operator generalizations of the polynomial functions f, ,(¢)
and are useful for obtaining representation-indendent results.

It is clear that, since both the algebras Z,, and 4, , are minimal extension
domains of Z = A over which the minimum polynomial splits into linear factors,
we must have

Az,)\ = Zz,)\'

Hence as a result of Lemma 1 we obtain

THEOREM 8. The extension Z,, = Zla,,,...,a, ] is a normal extension with
Galois group W.

In general the characteristic polynomial p, ,(x) is not irreducible over Z (this
occurs in particular if p, \(x) # m,(x)). We conclude by obtaining necessary
and sufficient conditions for p, ,(x) to be irreducible over Z. Before proceeding
we establish some notation.

Let < denote the usual ordering induced on H* by the positive roots; that is
A > pif and only if A — p is a sum of positive roots. Now given p € H* let A(pn)
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denote the set of distinct weights W-conjugate to p. Also given A € A™* let T'(A)
denote the set of weights p € A satisfying p < A. Then the set of distinct weights
occurring in V(A), A € A", is given by the set

U Aw).

reT(A)

This result follows from the well known result (see Humphreys [10]) that the
weights occurring in V(A) consist of all p € A* such that p < A together with
their W-conjugates. Finally let f, ,, v € H*, denote the polynomial functions

for(8) = =3[ xur(2) = xa(2) = x,(2)] forallp € H*.

We assume, in the following, that the characteristic polynomial p, ,(x) € Z[x]
is minimal (which is always the case when L is simple).

THEOREM 9. (Characteristic polynomial minimal). The polynomial p, \(x) € Z[ x]
may be factored into irreducible polynomials over Z in 1-1 correspondence with all
weights p € A™ such that p < .

PrOOF. In the above notation the image p, ,(x) € A[x] of P.a(x) € Z[x]
(under Harish-Chandra isomorphism) splits into linear factors over 4, , according
to

i’z,x(x)" l_[ H (x—fz,v)'

peT(A) r€A(p)

Now consider the polynomials

mia(x)= I1 (x-1£.)

veA(p)

Since W acts on the roots /., according to (see equation (3.7) and remarks
following)

6f,, = ooy foralle e W(se W)
it follows that W permutes the roots of 7 2a(x). Thus
Gm? \(x) = m?,(x) forallé € W

i.e. mf, (x) € A[x]. Clearly m¢ \(x) is irreducible over A since the roots 1
(v € A(p)) are all pairwise W-conjugate. If m?,(x) denotes the image of Mm% ,(x)
in Z[x] we see that p, ,(x) splits into irreducible polynomials over Z according to

Pz,x(x)= H mf)\(x).

peT(A)

This is enough to establish the result.
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COROLLARY. p, \(x) is irreducible over Z if and only if characteristic roots f, ;
(i = 1,...,k) are distinct (i.e. m,\(x) = p, \(x)) and A\ € A" is minimal where we
say that A is minimal if and only if p. € A with p < N implies p = A.

Note that every semi-simple Lie algebra possesses minimal dominant integral
weights. For g[(n, C) these are the weights of the form (i,0) corresponding to the
antisymmetric tensor representations.

Finally we note that Theorem 5 implies that the minimum polynomial m, ,(x)
necessarily divides p, ,(x). In fact (in the notation of the above theorem) m ,(x)
is necessarily a product of the irreducible polynomials m?,(x) (for some p €
T'(A)). We remark also that the Cayley-Hamilton theorem, as applied by O’Brien
et al. {17), would yield a monic polynomial identity of degree d (= dim V())) as
distinct from the minimum polynomial derived here of degree n (< k = number
of distinct weights in V(A)).

5. Some examples

We conclude by giving the polynomial identities satisfied by the matrix C, for
some simple cases of interest.

(i) Consider the case where L is the Lie algebra of gl(n,C) which is n?
dimensional with basis a;, (i, j = 1,...,n) satisfying the commutation relations

[a;; an/] = 8,5a, — 8,ay,.
The centre Z in this case is generated by the invariants
I, =tr(a™),

where (a™),, is defined recursively according to
n

(@) = 3 ay(a™ 1), = ki (a"") e,

k=1

Let 7* be the fundamental contragredient vector representation. The matrix C;

in this case is given by
n n
CL = - Z W*(ajt)aij = Z El_[alj’
1, =1 i, yj=1

where E; is a typical n X n elementary matrix (1 in the (i, j) position and zeros
elsewhere). This is the matrix

a9 A1n

a;y 4ap a,
a= .

anl an2 ann

https://doi.org/10.1017/50334270000004501 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000004501

[21] Semi-simple Lie algebras 277

considered by Green [8] for g[(n, C). Since the representation #* is n-dimensional
and all its weights occur with unit multiplicity one sees that the matrix a satisfies
a polynomial identity of degree n over the centre Z. The polynomial identities for
the cases n = 2, 3 are given explicitly below:
n=2: a*—(L+Va+i(12+1,-1,)=0,
n=3 a’~(I,+3)a®+3(I}+4I,+4-1I,)a
—[13 —(L+3) L+ 31+ 4L + 4 - 12)] =0.

Since the weights in the fundamental (contragredient) vector representation are
all W-conjugate one sees that the above polynomials are irreducible over Z. A
recursive method for determining the polynomial identities for higher order cases
is given in the paper by Green [8].

(i) Consider the case where L is the Lie algebra of gl(2,C) and =, is the
representation corresponding to the symmetric 2 rank tensor representation. The
corresponding highest weight is A = (2,0) and the distinct weights occurring in
V(A) are (2,0), (1, 1), (0, 2) whence the associated matrix

2
4= C~L =- X Wx(a.j)a,n
1, j=1
satisfies a polynomial identity of degree 3. In this case the weights A = (2,0) and
(0,2) are W-conjugate whilst the weight (1,1) is dominant integral and is fixed by
all elements of W. Hence from the discussion of Section 4 one sees that A4 satisfies
a minimal polynomial identity m(A4) = 0 of degree 3 over the centre Z. The
minimal polynomial m(x) in this case may be factored over Z into a linear factor
times a polynomial of degree 2 over Z. Explicitly A4 satisfies
[4-1-2){42-2(, +1)4 + 2(I} + I, - L,)] = 0.

(iii) Let L be any simple Lie algebra of rank / and let «, be the adjoint
representation of L. In this case the set of distinct weights occurring in 7, are the
roots of L, which all occur with multiplicity 1, together with the zero weight
which occurs with multiplicity /. Hence the matrix C, in this case satisfies a
polynomial identity of degree

d=dimL —rank L + 1,
and does not satisfy a polynomial identity of lower degree over Z. The zero
weight is fixed by all elements of the Weyl group and hence, from the remarks of
Section 4, the associated minimum polynomial must factor over Z into a linear
polynomial times a polynomial over Z of degree d — 1.

(iv) Let L be the Lie algebra of O(n, C) which has basis «;, (i, j =1,...,n)
satisfying

[“ip ] = 8,00 = Sy, — 8,0 + 80y,
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The centre Z in this case is generated by the invariants
I, = tr(a™),

where (a™),; is defined recursively according to

(@)= T ala e = L (@) s,

k=1
Only the invariants I,, I,,... are algebraically independent. Note also that the
universal Casimir element is given by C, = 311I,.

In the case where 7, is the fundamental vector representation the matrix C,

corresponds to the matrix a with entries

(a) 1y =&
considered by Bracken and Green [1]). In this case the matrix a satisfies a
polynomial identity of degree n over Z. The polynomial identities for the lower
order cases are listed explicitly below,

n=3 (a-1)]|a®~a-1iL]=0.

n=4: o' -4’ +(5-1L)a’ +(I, - 2)a - %[14 + 352 - 12)] =0.

n=5 (a-2)(a-3)a-1a-iL(a~-1)(a-2)>

~i[4 -3~ 38)(a-2) = 0.

(v) We conclude with the case where L is the Lie algebra of O(3, C). In this case
C, = 31, is the single invariant generating the centre. The irreducible representa-
tions 7, of O(3, C) are labelled by a single quantum number / which may be an
integer or a half-odd integer. The representation #, is (2/ + 1) dimensional and

the corresponding representation space has an orthonormal basis |))) (m =
—1,...,1) with the properties

Ly ={T=m)+m+ D[,
LIy={T+mT-m+1)| 5,

! !
Lol =mlm),

where

. 1 .
Ly, = —iay,, L,=+% E(alfa T iay).

In this notation the universal Casimir element is given by
C,=3I,=Li+2L L.+ L,
Corresponding to each quantum number / is the matrix 4, defined by
A =3 Z”/(au)aji
iy

=a(Ly)®Ly+m(L)® L, +m(L,)®L._.
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The matrix 4,is a (2] + 1) X (2/ + 1) matrix with entries given by

) { !
(4)1;= I Lol,)Lo + ) L)L+ (U L)L
Thus

(A)), =i8;Lo+ 8, ; I+ i+ 1) —-i)L,
+8, (- i+ (I +i)L.

fori, j=—-I,...,+1L
When acting on the representation 7, of O(3,C) the matrix A, satisfies the
polynomial identity

I (4~ a,(0) =0, 61
where
a, (k)=3(k+m)(k+m+1)=I1(l+1)—k(k+1)]

=mk+i(m-0)(m+1+1).

Note that
a, (k) +a_, (k)=m>-1I(I+1), (5.2)
and
a,(k)a_, (k) =a,, - mk(k+1), (5.3)
where
a, ,=3(I=-m)(l+m+1)(-m+1)(+m).

Note that the central element C; takes the constant value k(k + 1) in the
representation afforded by m, so we may replace the eigenvalue k(k + 1) by the
representation independent operator C, = 31, in (5.3).

In this case the Weyl group has order 2 and the O(3, C) weights m, -m are
W-conjugates. Thus the identity satisfied by 4, may be expressed as a polynomial
identity over the centre Z which splits into quadratic factors over Z. Explicitly we
have, using equations (5.1)-(5.3), for the cases / integer and half-odd integer
respectively.

(a)

!
[4,+ 3G+ D] T[4 +(2+1-m*) A, + a,,, — 3m?L,] = 0, linteger,
m=1

i
() TI[42+(*+1-m*)4,+ a,,, — im™,] =0, [half-odd integer.

me=3
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Appendix A

In Section 4 it was shown that for simple Lie algebras the characteristic and
minimum polynomials coincide. Here we illustrate that for general semi-simple
Lie algebras that the characteristic polynomial need not be minimal. To this end
suppose

L=LeoL,® ---®L, (1>2),

is the decomposition of L into simple (two-sided) ideals. This decomposition
induces a decomposition of the C.S.A. H;
H=H eH,® ---&H,

where H,is a CS.A. of L, (a = 1,...,¢). This is turn induces a decomposition of
the dual

H*=H*® H:® --- ® H*.

Hence every weight A € H* may be uniquely expressed in the form A = A; + A,
+ --- 4+ A,, where A\, € H*. Suppose now that V(A) is a finite dimensional
irreducible representation of L with highest weight A € A*. Then V(A) may be
written as the direct product

V(A) = V(M) X V(A;) X --- X V(X))

where A = A; + A, + --- + A, and where V(A)) is a finite dimensional irreduc-
ible representation of L, with highest weight A ,. (Note that some, not all, of the
V(A,) may be trivial 1-dimensional representations in which case the correspond-
ing highest weights A , are zero.)

Now the centre Z of the universal enveloping algebra of L may be written

Z=2Z,®Z,---®Z, (enveloping algebra product)

where Z, is the centre of the universal enveloping algebra of L,. Hence let us
choose a nontrivial central element

ze”Z, CcZ, zé€C,
and let f, ,, v € H*, denote the polynomial function
Lop(8) = [ xps0(2) = xu(2) = xa(2)], forallp e H*.
Now we have, since z € Z|, that
Xu+s(2)=x,(z) foralpe H*,v€ H} ® --- @ H}.

This shows that the polynomial functions f,, with » € H3 @ --- & H} are all
equal. Assuming some V(A,) (a > 2) is nonzero we see that roots f, ; (notation as
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in Sections 3 and 4) corresponding to weights A; in V(A) such that A, € H @
--- @ HY are all equal. Thus for this case the characteristic polynomial is not
minimal since it has multiple roots.

This example illustrates why multiple roots may occur in the characteristic
polynomial for a general semi-simple Lie algebra. We can thus choose our central
element to ensure the characteristic polynomial is minimal. For example suppose
for each a =1,...,# we choose a non-trivial central element z, € Z, C Z,
z, &€ C. Then in view of the results of Section 4 (in particular Theorem 6) we
arrive at the following:

THEOREM A. With the notation as above we have

(i) the characteristic polynomial of 7, in the case z = z; + 2z, + --- + z,, is the
minimum polynomial.

(i) If z = z,z, - -+ z, then the characteristic polynomial of ? is the minimal
polynomial.

A particular case of this theorem has already been proved as Theorem 7. In the
case of the universal Casimir element C; of L we have

C=C,+C,+ -+,
where C; is the universal Casimir element of L, (a = 1,...,7). Thus Theorem 7
is a particular case of Theorem A(i) (withz, = C; , a = 1,...,1).

Appendix B

For completeness we prove here a result concerning the divisibility of poly-
nomials with coefficients from an integral domain (1.D.) A which was implicitly
assumed in Theorem 5 and Lemma 1 of Section 4.

DEFINITION. Let p(x), q(x) € Al x] be polynomials over an 1.D. A. We say that
q(x) divides p(x) over A if there exists r(x) € A[x] such that p(x) = g(x)r(x).

It is our aim here to prove the following resulit.

LEMMA. Let A be an I.D. and let a,,...,a, € A be distinct (i.e. a, # a, for
i # ). If q(x) € A[x] is such that

g(a;)=0, i=1,...,n,
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then q(x) is divisible by the polynomial

n

m(x) = [1(x - a;) € A[x]

i=1

i.e. there exists r(x) € A[x] such that g(x) = m(x)r(x).

PROOF. We note firstly that an 1.D. 4 may be imbedded in its field of quotients
and secondly that any field may be imbedded in an algebraically closed field. This
implies in particular that if g(x) € A[x] then 4 may be imbedded in an extension
field F over which the polynomial g(x) splits into linear factors

Q(x)=Bl:Il(x_Bi)’ B,B, € F. (B1)

Following the notation of the Lemma let a,,...,a, be distinct elements of 4
such that g(a;) = 0 (i = 1,...,n). From equation (B1) we then have

i/
H(ai_Bj)=0, i=1,...,n,
j=1

and it follows that a,,...,a, must occur among the roots 8,,...,8,, We may thus

write
g(x) = m(x)r(x)
where
m(x) = l:[l(x - a,) € A[x]
and where

r(x) € F[x] 2 A[x].
In order to prove the Lemma it remains to show that r(x) € A[x]. Let us
therefore write

d()= Tex, m(x)=Lbx, r(x)= D
r=0 i=0 i=0
Note that / = n + p and b, = 1. Also, since m(x), g(x) € A[x] we must have, by
definition c,, b, € 4 (i = 1,...,/; j = 1,...,n). Equating coefficients of x"*? we
have
¢=bd,=d,
Similarly equating coefficients of x"*”~! we have

bd, y+b,_1d,=c_,

so that dp € A.

or
dp_1 =C_;— b,,_ldp.

Sincec,_,, b,_, € 4 and d, € A (by the first step) we deduce d,_, € 4.
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This step indicates how to establish the result by recursion. Since equating

coefficients of x"** (k = 0,...,p) we have

Cosk =bpdi + b, ydyy + b, _ydpyy + -
or

di=Cpx~ b1 diiy — b, diia— - (B2)
Assuming (by the recursion hypothesis) d, . ,,...,d, € 4 it follows from equation
(B2) that d, € A. Thus (by finite recursion) we deduce thatd, € 4 (k =0,...,p)
whence r(x) € A[x]. Q.E.D.

References

(1] A.J. Bracken and H. S. Green, “Vector operators and a polynomial identity for SO(n)”, J.
Math. Phys. 12 (1971), 2099-2106.

[2] P. A. M. Dirac, “Relativistic wave equations”, Proc Roy. Soc. London Ser. A 155 (1936),
447-459.

[3] J. Dixmier, Enveloping algebras (North-Holland, Amsterdam-New York-Oxford, 1977).

[4] S. A. Edwards, “A new approach to the eigenvalues of Gel'fand invariants for the unitary,
orthogonal, and symplectic groups”, J. Math. Phys. 19 (1978), 164~167.

[5] M. 1. Englefield and R. C. King, “Symmetric power sum expansions of the eigenvalues of
generalised Casimir operators of semi-simple Lie groups”, J. Phys. A 13 (1980), 2297-2317.

[6] M. D. Gould, “A trace formula for semi-simple Lie algebras”, Ann. Inst. H. Poincaré Sect. A
(N.S.) 32(1980), 203-219.

{71 M. D. Gould, “On an infinitesimal approach to semisimple Lie groups and raising and lowering
operators of O(n) and U(n)”, J. Math. Phys. 21 (1980), 444-453.

[8] H. S. Green, “Characteristic identities for generators of GL(n), O(n) and Sp(n)”, J. Math.
Phys. 12 (1971), 2106-2113.

[9] K. C. Hannabuss, “Characteristic equations for semi-simple Lie groups”, preprint Math. Inst.
Oxford (1972) (unpublished).

(10] J. E. Humphreys, Introduction to Lie algebras and representation theory (Springer-Verlag, New
Y ork-Heidelberg-Berlin, 1972).

[11] P.D. Jarvis and H. S. Green, “Casimir invariants and characteristic identities for generators of
the general linear, special linear and orthosymplectic graded Lie algebras”, J. Math. Phys. 20
(1979), 2115-2122.

[12] B. Kostant, “On the tensor product of a finite and an infinite dimensional representation”, J.
Funct. Anal. 20 (1975), 257-285.

[13] Y. Lehrer-lamed, Bull. Res. Council Israel SA (1956), 197.

[14] J. D. Louck, “Special nature of orbital angular momentum”, Amer. J. Phys. 31 (1963), 378-383.

[15} J. D. Louck and H. W. Galbraith, “Application of orthogonal and unitary group methods to the
N-body problem”, Rev. Modern Phys. 44 (1972), 504-601.

[16] N. Mukunda, “Realizations of Lie algebras in classical mechanics”, J. Math. Phys. 8 (1967),
1069-1072.

{17] D. M. O’Brien, A. Cant and A. L. Carey, “On characteristic identities for Lie algebras”, Ann.
Inst. H. Poincare Sect. A (N.S.) 26 (1977), 405-429.

[18] S. Okubo, “Casimir invariants and vector operators in simple and classical Lie algebras”, J.
Math. Phys. 18 (1977), 2382-23%.

(19] G. Warner, Harmonic analysis on semi-simple Lie groups, Vol. 1 (Springer-Verlag, Berlin, 1972).

https://doi.org/10.1017/50334270000004501 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000004501

