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On Amenability and Co-Amenability of
Algebraic Quantum Groups and Their
Corepresentations

Erik Bédos, Roberto Conti and Lars Tuset

Abstract. 'We introduce and study several notions of amenability for unitary corepresentations and
*-representations of algebraic quantum groups, which may be used to characterize amenability and
co-amenability for such quantum groups. As a background for this study, we investigate the associated
tensor C*-categories.

1 Introduction

The concept of amenability plays an important role in the theory of locally compact
groups and in the theory of operator algebras (see [29] and references therein). The
concept of amenability and its companion, co-amenability, have been introduced and
studied by several authors in various quantum group settings (see [38, 15, 33, 1, 2, 3,
9,26,27,5,6, 7], in chronological order). We refer to [5, 6, 7] for a discussion of the
relationship between these papers. Some recent works related to this topic, which we
received after the first draft of the present article had been submitted for publication,
are [28, 11, 10, 35, 20].

In this paper, we introduce various concepts of “amenability” for unitary corep-
resentations of analytic extensions of algebraic quantum groups (as defined by J.
Kustermans and A. van Daele [23]): co-amenability (a notion inspired by results in
[5, 6]), amenability (inspired by the concept of amenability of a unitary representa-
tion of a locally compact group introduced by M. Bekka [8]) and the weak contain-
ment property (inspired by the classical characterization of the amenability of a group
in terms of weak containment). We present several equivalent formulations of these
properties, and use them to characterize amenability and co-amenability of algebraic
quantum groups. One should note that C.-K. Ng [28] has independently introduced
similar notions for unitary corepresentations of Kac algebras.

This paper is organized as follows. After some preliminaries in Section 2, we in-
clude a categorical interlude in Section 3. Here we show that the category of non-
degenerate *-representations of the universal C*-algebraic quantum group associated
to an algebraic quantum group [22] and the category of unitary corepresentations of
the analytic extension of the dual quantum group (with opposite co-product) are
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naturally isomorphic as tensor C*-categories. This result makes it possible to trans-
fer all notions introduced for unitary corepresentations to non-degenerate *-repre-
sentations and vice-versa. We also derive the absorbing property of the fundamental
multiplicative unitary and of the regular representation. In Section 4 we introduce
the conjugate corepresentation and the Hilbert-Schmidt corepresentation associated
with a unitary corepresentation. Section 5 is devoted to co-amenability, Section 6 to
amenability and Section 7 to the weak containment property, where we also consider
briefly property (T) for algebraic quantum groups. In Section 8 we gather some re-
marks on the relationship between these amenability concepts. Finally, in Section 9
we specialize our study of amenability to the setting of algebraic quantum groups of
discrete type, where it is possible to exploit the structural properties of these quantum
groups to push our analysis further. When we revised this paper prior to its publica-
tion, we realized that a careful tuning of minor parts of the proofs of Lemmas 9.3 and
9.4 gives Theorem 9.5 without having to restrict ourselves to discrete Kac algebras.
We have implemented these changes in the final version. As a noteworthy corollary of
Theorem 9.5 we now obtain a new proof of the recent result due to E. Blanchard and
S. Vaes [10] and to R. Tomatsu [35], stating that amenability of a discrete quantum
group implies (and is therefore equivalent to) co-amenability of its dual.

Every vector space will be over the ground field C. Given a set V, 1y denotes the
identity map on it (but we simply write ¢ when there is no danger of confusion). If
J is a Hilbert space, then B(J) (resp., By(H{)) denotes the algebra of all bounded
(resp., compact) linear operators acting on 3. If B is a x-algebra, M (B) denotes the
multiplier algebra of B. If B is unital, we denote its unit by I, or by I when this
causes no confusion. In this case, we denote by U(B) the unitary group of B. When
B is a C*-algebra, S(B) denotes its state space. As usual @ denotes tensor product;
depending on the context, it may be the tensor product of vector spaces, the Hilbert
space tensor product or the minimal (that is, spatial) tensor product of C*-algebras,
® being used for tensor products in the von Neumann algebra setting. However, we
often use © to stress that we are dealing with an algebraic tensor product. If V,W
are vector spaces, x: V@ W — W ® V is the flip map sending v @ w to w @ v
(v € V,w € W);if H is a Hilbert space then ¥ is the flip map on H ® F{. We use the
leg-numbering notation as introduced in [1].

2 Preliminaries

Throughout this paper, (A, A) denotes an algebraic quantum group in the sense
of [36], see also [37, 23], where A: A — M(A ® A) is the co-product map. We
follow notation and use terminology from these papers. Hence, S denotes the an-
tipode of (A, A), ¢ its co-unit and ¢ a fixed faithful left Haar functional. The func-
tional ¢ is not necessarily tracial. However, there is a unique bijective homomor-
phism p: A — A such that p(ab) = @(bp(a)), for all a,b € A. Moreover,
p(p(a®)*) = a.

The pair (A,, A,) denotes the associated analytic extension (which is a reduced
locally compact quantum group in the sense of [24]); m,: A — A, C B(H) is the
(left) regular representation of A acting on the GNS Hilbert space 3 of p; A: A —
J is the canonical injection; W € M(A, ® By(J)) is the associated multiplicative
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unitary; M = A" = 7,(A)" is the von Neumann algebra generated by 7, (A); and R
is the anti-unitary antipode (which is defined on M).

We denote by (A, A) the dual algebraic quantum group and by (A,, A,) the asso-
ciated analytic extension. We recall that A is the subspace of the algebraic dual of A,
consisting of all functionals ag, where a € A. Here, (aap)( ) = @(ba), and similarly,
(¢a)(b) = @(ab), a,b € A. Since pa = p(a)p, we have A = {palac A}

A right-invariant positive linear functional ¢ is defined on A by setting D(a) =
g(a), for all a € A. Here 4 = ap. Since the linear map, A — .A aw— d,1s a
bijection (by faithfulness of ), the functional 1 is well defined. Further, we have
D(b*a) = p(b*a), foralla, b € A.

As shown in [23], one may assume that the regular representation 7, of A also
acts on H. Accordingly, we identify A, with the C*-algebra generated by #,(A) and
set M = A/’. A useful fact is that both M and M act standardly on H.

We will quite often work with the “opposite” dual quantum group (A, Ar.,op)-
Note that when we add op as a subscript to a co-product map, we mean by this the
opposite co-product. One reason for working with (A, Anop) is that it corresponds
to the dual of (A,,A,) as defined in [24]. Further, the multiplicative unitary as-
sociated to (./fl,7 A,,Op) is simply given by W = YW*X, which fits with the usual
convention for multiplicative unitaries and their duals (cf. [1])

We denote by (A,, A,) the universal (locally compact) C*-algebraic quantum
group associated to (A, A), as introduced by J. Kustermans [22]. We recall here some
details of his construction.

The C*-algebra A, is the completion of A with respect to the C*-norm || - ||, on
A defined by

llall. = sup{||®(a)|| | ® is a *~-homomorphism from A into some C*-algebra}

(The non-trivial fact that this expression gives a well-defined norm on A is shown
in [22]). The C*-algebra A, has the universal property that one can extend from A
to A, any *-homomorphism from A into some C*-algebra.

The definition of A, relies on the following proposition [22, Proposition 3.8],
which we restate here as we will need it in the sequel.

Proposition 2.1  Consider C*-algebras Cy, C, and x-homomorphisms ¢, from A into
M(Cy) and ¢, from A into M(C,) such that ¢,(A)C, is dense in C, and ¢,(A)C, is
dense in C,. Then there exists a unique x-homomorphism ¢ from A into M(C; @ C;)
such that

(¢1(a1) ® ¢>2(az)) ¢(a) = (1 © ¢2)((ﬂl ® az)A(a))

and

¢(a)(¢1(a1) ® ¢2(az)) = (4 O ¢2)(A(a)(a1 ® az))
for every ay, a, € A. We have moreover that p(A)(Cy @ C,) is dense in C; @ C;.

Now, let 7, denote the identity mapping from A into A,,. Hence, 7, is an injective
*-homomorphism from A to A, such that 7,(A) is dense in A,, so 7,(A)A, is
dense in A, (as A?> = A). By applying the above proposition with ¢; = ¢, = 7,
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and exploiting the universal property of A, one obtains that there exists a unique
non-degenerate x-homomorphism A,,: A, — M(A, ® A,) such that

(M © ) () Ay (my(a)) = (7, © ) (xA(a))

and
Ay (my(a))(m, © m,)(x) = (7, © m,)(Ala)x)

foralla e Aandx € A A.

Being a *-homomorphism from A onto C, the co-unit € of (A, A) extends to a
x-homomorphism ¢, from A, onto C, which is easily seen to satisfy the co-unit prop-
erty for (A,, A,). Of course, we identify implicitly here A with its canonical copy
7, (A) inside A, . Note that sometimes we add u as an index to denote the extension
to A, of a x-homomorphism from A into some C*-algebra, and sometimes use the
same symbol to denote the extension when there is no danger of confusion. For ex-
ample, we get a canonical map 7,: A, — A, which is the extension of 7,: A — A,.

Now let (A, A) be an algebraic quantum group of compact type, that is, A has
a unit I. It is immediate that (A,, A,) is a compact quantum group in the sense of
Woronowicz [39, 40], with Haar state ¢, given by the restriction of the vector state
waqy to A,. The unique dense Hopf *-subalgebra [5] of (A,, A,) may be identified
with (A, A, g, S) (via the Hopf *-algebra isomorphism 7,). Using this identification,
we may introduce the family (f;),ec of multiplicative linear functionals on A con-
structed by Woronowicz (see [39, 40]).

Some of the properties of this family are: fy = ¢; f, * f,r = f4,, Wherew x 1 =
(w®@n)A; themapsa — f,+xa = (® f)A@) anda — ax* f, = (f, ® t)A(a)
are automorphisms of A; we have f; = f_; and f, 0 § = f_,; we have p(ab) =
o(b(fi xa* f1)) and S?(a) = f_| * a * fi. We also recall that the following three
conditions are equivalent:

@ istracial; f,=¢ forallze GG fi=¢.

It follows from [21, Theorem 2.12] that M (f[), the multiplier algebra of fl, may be
concretely realized as the subspace of the algebraic dual of A consisting of elements
6 such that (0 ® t)A(a) and (¢ © 0)A(a) belong to A for every a € A. Hence, in the
compact case, we have f, € M(A) forall z € C.

The following description of algebraic quantum groups of discrete type, that is,
those which are dual to algebraic quantum groups of compact type, will be useful.

Proposition 2.2 Let (A, A) be an algebraic quantum group of compact type and let
(U%)aea denote a complete set of pairwise inequivalent irreducible unitary corepresen-
tations of the compact quantum group (A,, A,). Note that we have U* € A © M, (C)
for some d,, < oo, when identifying A as the dense Hopf x-algebra of A.. Write each
U® as a matrix (uf;) over A and recall that the set { ufj|l <i,j < do,0 € A }isa
linear basis for A. Let

da da
My =" fa(ud) = filuf
i=1 i=1

https://doi.org/10.4153/CJM-2005-002-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-002-8

Amenability and Co-Amenability of Algebraic Quantum Groups 21

denote the quantum dimension of U®. Further, set A, = Span{af; [ 1 <i,j < da}
and define

da
Po =My Y filuf)iy € A,

ij=1

Then

(1) () g = 3 f (),
Gi) (4%)* = 02
(i) patl) = Supltl = ) po, where 1 < 1i,j < do, 1 < k,1<ds,a,f € A.

(2) Theset{if; | 1 <i,j<da}isalinear basis for A,.

(3) Each A, isa x-subalgebra offl, which is unital with unit p,. As a x-algebra, A,
is isomorphic to the matrix algebra My, (C).

(4) A=@p, A, (algebraic direct sum).

(5) For each o € A, let Tr,, denote the canonical trace on fla = My, (C) satisfying
Tro(pa) = do. Then

QZJ(X) = @Ma Tra(paxffl), X € A

Proof This result is essentially known (see [31, p. 393-394 and Theorem 3.3] or
[13, p. 722]), but we will need the explicit description presented here in the sequel.
We give a proof for the sake of completeness. It relies on the so-called orthogonality
relations for the U,’s established in [39, 40].

(1) With obvious index notation, we have
(@) (pg)*) =Y @((uip,) (w7 )
= (I/Ma)(l/Mﬁ) Z 6(wf—l(u%)érj(sﬁ'yf—l(ufr)éql

= (1/Ma)(1/M3)3ar 0381 f1 (1) f1 (1)
= (1/M2)0ap60r 0 f-1 () fr (1)

= (1/Ma)as -1 () () )

= ((1/Ma)das 10 5) (1)),

and (i) follows. Concerning (ii), we have

(05" = (S = i,
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using [23, Lemma 7.14]. Further, using (i), we get
Pathy = Mo Y fi(u)ii i
ij
= Mo (1/Ma)Sas Y fi(u) fa (i

ij

_ Al 0
= bap E ity = Sapilyy,

1

which is equal to ukgl Do by a similar computation. Hence, (iii) is proved.

(2) As{ u|1 <i,j < da,o € A }isalinear basis for A and the mapa — disa
linear isomorphism between A and A, (2) is clear.

(3) The first sentence is an obvious consequence of (1). Now, fla may be seen as
a finite dimensional C*-algebra (using the faithfulness of the *-homomorphism 7).
Hence, to show that A,, is isomorphic to My, (C), it is enough to show that if b =
Zi’j bijﬁfyj, b;; € C, is an element of the center ofﬁ"‘, then b = Ap,, that s,

bij = Mi(u%) forsome A e C,1<4,j <d,.

Now, using (1)(i), one sees immediately that 4;b = biy; hold for all k and [ if and
only if

2 b fa Gl = 3 bis fa i)t
& ¥
for all k, I, which in turn is equivalent to

(*) O Y bisf-1(u) = 84 Y byifor(uy), VkLrs.
i j

We introduce now the two complex matrices B = (b;;) and C = (¢;;), where ¢;; =
f (u‘j”i). Then (%) may be rewritten as

(**) 5rkdls = 5slerk7 v k7 la s,

wheredi; =), cibi;and e = ) j by jcjk. From (x%), we clearly get

(BC)g =0=(CB)g, s#1; (BC)y = (BC)xk,

hence that BC = CB is a complex multiple A of the identity matrix. But C is invert-
ible, with inverse C~! = (ci’j), where ci’j = fi(uf;). Indeed, we have

D aich =Y fauh) i) = e(ufy) = oy
j j

Therefore, we can conclude that B = AC~!, that is, bij = A fl(u‘j‘;). This estab-
lishes (3).
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(4) This is an easy consequence of the previous assertions.
(5) Now fix o € A and define a linear functional 7 on A, by

7(x) = (1/M)(xfi), x € A,.

To show (5), a moment’s thought makes it clear that it is enough to show that
7 = Tr,. Owing to the uniqueness property of Tr,, we only have to show that

(a) 7 is tracial; (b) 7(pa) = da.
To show (a), we have to show
(a') by fi) = dblyxf), xy €A

Now, let p denote the automorphism of A satisfying 12)(&?1) = 12)(?),6(&)) foralla,b €
A. Then we get (yxfi) = (xfip(y)), so (a’) follows if y f; = fp(y) hold for all
y € A, thatis, if p(y) = f_1yfi, y € A. This follows from Lemma 2.3.

To show (b), we first observe that

@) (u)*) = o () usy) fi()*)
= 0a5(1/Ma) Y A0 1 ()
k

= Ba5(1/Ma) AL ((u5)") f1 (1),

Using this, we show that p, fi = M, ), 4. Indeed, we have
(PafO()") = Mo > i) (05 £1) (")

i

= Sas Y, A5 AW fr ()

i

= das D Opfil())) = Basfil(u)")
j

= Oap fi(S())) = Sup f1(u)),
while

= 0 > 01 (1) = G for ().

But then we get
7(pa) = (IM)D(pafi) = > (i) = e(u) = da,

and (b) is shown. This finishes the proof of (5) and of the proposition. ]
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Lemma 2.3 Let (A, AA) be an algebraic quantum group of compact type. Let p denote
the automorphism of A satisfying 1(ab) = 1(bp(a)) for all a,b € A. Then

pa) = fadfi, acA.

Proof Being of compact type, (A, A) is unimodular, that is, the modular element
§ of A is trivial. Hence, it follows from [7, Lemma 2.2] that p(4) = (S*(a))” for all
a € A. Therefore, we have

pla)(b) = ($*(a)"(b) = p(bS*(a))
= pST2(bS* (@) = p(S*(b)a) = 4(S~*(b))
=a(fixbxf1) =a((f-1 ©rO fi)(AOLAD))
= (21040 i)(A©)ADb) = (f~1afi)(b)

for all a, b € A, which proves the assertion. [ ]

3 Categorical Interlude

In this section we introduce Rep(A,, A,), Rep(A, A) and Corep (Ar, Amp) as con-
crete tensor C*-categories, and describe explicitly isomorphisms (of tensor C*-cate-
gories) between them. We also discuss some related categories. Finally, we establish
the absorbing property for the regular representation with respect to tensor product.

3.1 Tensor C*-Categories Associated With Algebraic Quantum Groups

We refer to [17, 25] for terminology concerning tensor C*-categories. Let (A, A) de-
note an algebraic quantum group. Let us explain how the category R = Rep(A,, A,)
can be organized as a concrete tensor C*-category with irreducible unit. The objects
in R are the x-representations 7 of A, acting on a Hilbert space H; satisfying the
non-degeneracy (denseness) condition 7(A,)H, = H,. The family of arrows (or
morphisms) between two objects 7w and 7’ is given by

Mor(m,7t") = {T € B(H;,H,/) | Tw(a) = 7' (a)T, Va € A}.

The element 1, € Mor(m, ) is given by the identity on J{,;. The adjoint of an
element T € Mor(m, 7’) is given by its Hilbert space adjoint T* € Mor(n’, 7), so we
clearly have ||T* T|| = ||T||>. The tensor product m x 7’ of two objects 7 and 7’ is
defined as 7 x 7’ = (7 ® w')A,, while on arrows we use the usual tensor product
of operators. The unit in the tensor category is €,. Note that this unit is irreducible,
since Mor(g,,€,) = C. It is clear that this category has natural subobjects and that
one may form direct sums in an obvious way.

Next, we introduce the closely related category R, = Rep(A, A). The objects
in R,z are now the *-representations 7 of A acting on a Hilbert space H; satisfying
the non-degeneracy condition 7(A)H, = H,. Arrows and adjoints are defined in
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a similar way as above. To define the tensor product of objects, we have to appeal
to Proposition 2.1. Let ¢, and ¢, be objects in R,, and consider ¢, (resp., ¢,) as
a *-homomorphism from A into M (By(Hy,)) (resp., M(By(Hg,)) ). As ¢1 and ¢,
are non-degenerate (by assumption), the proposition applies and produces a unique
*-homomorphism ¢; x ¢, from A into M(By(Hy,) ® Bo(Hy,)) = M(Bo(Hy, ®
Hy,)) = B(Hy, @ Hg,) such that

(051(611) ® (252(012)) (91 X ¢2)(a) = (91 © ¢2)((al Y az)A(a))
and
(1 % ¢2)(a)(¢1(a1) ® ¢2(az)) =(© ¢2)(A(a)(ﬂ1 Y az))

for every a;,a, € A. Moreover, we have that (¢ X ¢,)(A)(Bo(Hy,) @ Bo(Hy,))

is dense in By(J4,) @ Bo(Hs,). It follows easily that ¢ x ¢,, when regarded as a
*-homomorphism from A into B(3{, ®{,), satisfies the non-degeneracy condition
in order to qualify as an object in R,j,. Finally, the unit in the tensor category is of
course €.

Not surprisingly, the following proposition holds:

Proposition 3.1 Define P: R — Ryg on objects by P(w) = w o m,, and let P act
trivially on arrows. Then P is an isomorphism of tensor C*-categories.

Proof The only non-trivial fact in this assertion is perhaps to show that P preserves
tensor products.

Let 71, m, be objects in R, and set ¢1 = P(m;), ¢ = P(m3), ¢ = P(m X m). We
have to show that ¢ = ¢; X ¢,.

Now, let a, a;,a, € A. Then we have

P(a)(d1(a1) ® da(ar)) = (my X m)my(a) (mmu(ar) @ mym,(ay))
= (m @ m)(Aumy(a))(m @ ™) (mu(ar) ® mu(az))
= (m @ m) (Aumy(a)(my(ar) @ mu(az)))
= (m O m) (T, © ™) (Aa)(a) @ ap))
= (¢1 © ¢)(Ala) (a1 ® ay)) .

In the same way, one shows that

(¢1(ﬂ1) ® ¢2(ﬂ2)) ¢(a) = (¢ © ¢2)((l11 ® az)A(ﬂ)) .

From the uniqueness property of ¢; X ¢,, we may then conclude that ¢ = ¢; X ¢,,
as desired. u

Another category € = Corep(A4,, Anop) which may be organized as a concrete
tensor C*-category is defined as follows. The objects in € consist of unitary elements

https://doi.org/10.4153/CJM-2005-002-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-002-8

26 E. Bédos, R. Conti and L. Tuset

U € M(A,®By(Hy)), for some Hilbert space Hy, which satisfy the corepresentation
property
(Arop ® YU = U3 Ups.

For objects U and V in C, we set
Mor(U,V) = {T € B(Hy, Hy) | T(we)(U) = (w@) (V)T , Yw € M,}.

The element 1y € Mor(U, U) is given by the identity on Hy. The adjoint of an
element T € Mor(U, V) is given by its Hilbert space adjoint T* € Mor(V,U), so
we have || T* T|| = ||T||*>. The monoidal structure on the objects is determined by
setting

UxV=Vy5U, MU, @By (Hy) @ By(Hy)) = M(A, @ Bo(Hy @ Hy)).
(Clearly U x V is unitary. Moreover,

(Ar,op @)U xV)= (Ar,op ®t®u)(Vi3Urn)
= (Arop ® 1@ )(V13)(Arep ® L @ 1)(Un)
=V Vo Uiz Up = Viu U3 Vou Uss = (U x V)13(U X V)3,

so U x V € C.) The reason for “reversing” the “natural” tensor product will be
evident from Theorem 3.3. Again, on the arrows, we justset T x S=T ® S.

The unit in the tensor category is given by I ® 1 € M(A, ® C), where I denotes
the unit of M(A,). As we clearly have Mor(I ® 1,1 ® 1) = C, this unit is irreducible.

For objects U,V in C, we say that U is (unitarily) equivalent to V, and write
U ~ V, whenever there exists a unitary T € Mor(U, V).

One may clearly introduce several related tensor C*-categories, such as
Rep(Au, Ayop), Corep(A,, Ay), Corep(A,, A,) and Corep(A,, A,,p), along the
same lines. Note that in the sequel we always refer to the monoidal structure de-
fined as above. Nevertheless, it should be noted that there are relations between
the possible choices of monoidal structure in these tensor categories. For example,
if one considers Corep(A,, A,) with monoidal structure given by XXY = X;,Yi3
and Corep(A,, A,qp) with U x V' = V13U, then it is easy to check that the map
X — X* gives an isomorphism between these two tensor categories (acting trivially
On arrows).

3.2 From Corepresentations to Representations and Back

We now recall some results from [7]. First, there exists an injective, not necessarily
*-preserving, homomorphism Q,: A — A} determined by

Q. (a)(#,(b)) = b(S"(a)) = p(S~"(a)b), Va,be A.

In fact, there exists an injective homomorphism Q: A — M, satisfying Q(a)| A =
Q:(a) forall a € A, and such that Q(A) is norm-dense in M.. Foralla € A, we have
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Q(a) = wa(a),A(e) (restricted to M), where ¢ € A is chosen such that ¢ SY&F) = @

(such a choice is always possible).
We will need the following lemma.

—

Lemma 3.2 Leta € A and assume that ¢ € A satisfies cﬁ@ = S(a*).
Then we have

A@) =010 (I (6 A)A).
Proof Recall from [7] that
¢S(a") = Zw(q;‘)ﬁu

where ¢ ® S(a*) = >, A(pi)(q; ®I) for some pi,q; € A, (i =1,...,n).
Note also that the inversion formula from [23, p. 1024] then gives

S ai®pi= (S ©0AS@)) (c@ ).
Hence, we have

(e5(a") (&) = > (a:) pi(b)
=Y wlaetbp) = (o) (12D g @ p))

—wh(won(Xaen))
= (¢b) ((p ©® (ST ® )AS(a))(c® 1)),
while

S(@)(b) = (bS(a*) = (pb)(S(a*))

forall b € A.
From the assumption and the fact that {¢b | b € A} separates points in A (since
 is faithful on A), we get

S(a) = (o) (ST O VAS@))(c@D) = (cp @ (S~ © )AS(a")
= (O p)(S®A@) = SO cp)Ad”),

where we have used that AS = x(S ® S)A. Therefore, we have

a* = (LOcp)Ald) = (Lo ) A@)I ® ),
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)
a=00op) ((I ® C*)A(a)) )

as t © ¢ is *-preserving.
This implies that

Ala) = AL O @) (T@ )A(a)
=oAL (I ")A)
=(0op) (I8 )(AG)AW)
=0Lo) (IRI )6 A)A),

as asserted. ]
The following result tells us that € and R are isomorphic as tensor C*-categories.

Theorem 3.3 Define F: C — R on objects by F(U) = my, where Ty is determined

by
my(a) = (Qr(a) ® YU, Vaec A,

and let F act identically on arrows.
Define G: R — C on objects by G(w) = Uy, where U is determined by

Ur(A@) @ w(b)v) = Y Ala;) @ m(bi)v

i=1

foralla,b € A,v € H;, and the a;’s and b;’s are elements in A chosen as to satisfy
Ala)(b®T) = Z:’Zl b; ® a;. Let G act identically on arrows.

Then F and G are covariant monoidal (tensor preserving) functors which are adjoint-
and unit-preserving, and satisfy GF = id, FG = id.

We also have FW) = 7w, and FU ® 1) = ¢,.

Proof The fact that F and G are well defined on objects is established in [7], where
it is also shown that GF = id, FG = id, F(W) = 7, and FU ® 1) = &,.

We now check that F and G are well defined on arrows. Let U, V be unitary corep-
resentations of (./fl,7 A,,Op), and let T € Mor (U, V). Then, for all a € A, we have

T(Qr(a) ® )(U) = (Qr(a) ® )(V)T,

hence, Tmy(a) = my(a)T. As A is norm-dense in A, we get Ty (x) = my (x)T for
all x € Ay, thatis T € Mor(my, my). Conversely, if T € Mor(my, 7y ), then, using
that Q(A) is norm-dense in M., one readily sees that T € Mor(U, V).

It is obvious that F and G are adjoint- and unit-preserving. To show that F and G
are monoidal, that is, preserve tensor products, it is enough to show that F(U x V) =
F(U) x F(V), thatis, myxv = my X 7y, where U and V are unitary corepresentations
of (Arv Ar,op)-
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Leta, b, f € A, € Hy,n € Hy. Then we have
[(my % mv)(@)](my (D)€ @ 7y () = [(7u x 7v)(@)] (70 (b) © v (f)) (€ @ n)
= (my O ) (A@ b f)) (E@n).

—_—

On the other hand, choose ¢ € A such that éS(a*) = S(a*), so we have Q,(a) =
WA(a),A(c) (restricted to A,). Then

Tuxv(a) = (Qa) ® t ® )(U X V) = (Wam A @t ® ) (Vi3Ur).

Now, choose hy, g € A, (k=1,...,n),suchthat A(a)(b & 1) = Y, i ® g
Further, for each k, choose fl,g,l( eA(=1,...,ng),such that

Ag)(felh =) fiog
1

We then get
([ros) @]y (B)E @ mv (), & @n')
= (VisUn(A) @ mo (D)€ @ mv (f)n), Al) @ &' @ 1)
=Y (Vis(Ag) @ my ()€ @ mv (m, Ale) @ &' @ 1p')

(using the relation between U and )

=Y (A @) @ mv (fim), Al) @€' @n')
Kl
(using the relation between V and 7y)

= elcrg) (ry © ) (e @ f)(E@n), &' @n'),
k.l

forall¢’ € Hy,n' € Hy.
Therefore, it suffices to show that

A@b® f) = ol g) (@ f).
k.l

Now, we have A(a)(b ® f) = A(a)(b® I)(I ® f), while
Seedine =S worow) (ke (Y fed))
k.l k 1
=> (0o o) (@ Ag)(f @)
k
=> @ o) (Iec)AG)(fel)

k

~ (X metoa(ted)ag)) e n.
k
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Hence, this reduces to showing

A@beD =Y heop) (Io)AR)).
k

Now, using the previous lemma, we have
A@beD) = (0o (IeIed)toA)A@)) b
=0t (IRIR)e A)A@(bRIRI))
=0o)(II® ) A)NA@(bI)))

—coop(teredeon) (Y neg))
k
= (L@L@g&)((]@l@c*)(th@A(gk)))
k
— oo (Y meted)Ag)
k

=Y m® o) (Ie)AR),
k

which finishes the proof. ]

We may dualize this result by using Pontryagin’s duality for algebraic quantum
groups [37, 23]. Attached to (A, A), we can first associate an injective homomor-

phism Q,: A — A* ~ A* which is determined by
Q@) (m (b)) = 4 (8(b) = (S(b)a)

for all a, b € A. Then we get a functor F: Corep(A,,A,) — Rep(flu, Amop) deter-
mined on objects by

FU)(@) = Q@) @)U, a€A,
and acting trivially on arrows, which is an isomorphism of tensor C*-categories and

satisfies E(W) = #,, F(I ® 1) = &,.. We will write 7y for £(U) in the sequel.

3.3 The Absorbing Property for 7, and W

We show that 7, and W have an absorbing property with respect to tensoring, which
is analogous to Fell’s classical result for the regular representation of a group [16].

Proposition 3.4  Let U be a unitary corepresentation of(flr7 Anop) and Iy = 1® Iy,
be the trivial unitary corepresentation of (flr, Anop). Then U x W and Iy x W are
equivalent objects in C.
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Proof Set T = xU* € M(By(Hy) ® A,) C B(Hy ® H). It suffices to check that
this unitary satisfies the relation

T(W&)(U x W) = (&) Iy x W)T, Vw e M,.
After some manipulations, this relation reduces to
(WRL)(UHW13ULL) = (wRi@1)(W13U3,).
Now, using the fact that W is a multiplicative unitary, we get
WU = U WisUs, € M(.A, ® Bo(Hy @ H)) .
Thus, we have U§2W13 Up =W U}, and the result clearly follows. [ |

Combining this result with Theorem 3.3, one gets at once that 7 X 7, is equivalent
to I; X 7, for every m € Rep(A,, A,), where I, € Rep(A,, A,) is given by I;(a) =
eu(@Is ,Vae A,

By duality, we have a similar result for 7, and W.

4 Conjugate and Hilbert-Schmidt Corepresentations

In this section, we define the conjugate and the Hilbert-Schmidt corepresentations
associated with a unitary corepresentation. Such objects play an important role in
the classical representation theory for groups and we will need these concepts in later
sections.

4.1 Conjugate Corepresentations

Let (A, A) be an algebraic quantum group and U be a unitary corepresentation of
(A,,A,). Let Hy be any Hilbert space such that there exists an anti-unitary map
J: Hy — Hy. Define then j: B(Hy) — B(Hy) by j(x) = Jx*J*, Vx € B(Hy).
Then j is linear, unital, normal, isometric, *-preserving and anti-multiplicative, with
inverse j~!(X) = J*X*J,X € B(J{y). Note that j(By(Hy)) = Bo(Hy).
Now define
U=(R®j)U e M(.Ar ® Bo(ﬁU)) )

Proposition 4.1 U is a unitary corepresentation of (A,, A,) with Hg = Hy.
Proof We have
U'U=(ReHU)((R® HU) = (R HUU") = R j)U) = Iy, @ Iy,

and similarly

*

UvU = IM(A,) X Iﬁu'
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Furthermore,

(A, @)U = (AR® U = (x(R®R) @ j)(A, @ 1)U
=(X(R®R) ® j)(U13Uz) = (x(R®R) ® )(U3)(x(R® R) ® j)(Ui3)

=(R® HU)13((R® j)U)ss = U3Uss. -

Remark We clearly have U ~U.

Assume now that (A, A) is of compact type and let U be an irreducible unitary
corepresentation of (A,, A,), which is then necessarily finite-dimensional [39, 40].

We will show that the conjugate of U, as defined above, agrees with the conjugate
of U as defined by J. Roberts and L. Tuset [32]. We first recall their definition.

Let U € A ® B(Hy) be given by U = (x ® j)U, where j(x) = JxJ ! for all
x € B(Hy), and J: Hy — FHy is any anti-linear invertible operator such that /* J
intertwines U and (S?®¢)U. Then (A®¢)U = U,3U,; holds as A is x-preserving and
7 is multiplicative. The fact that U is unitary is shown in [32]. (Note that (S* ® 1)U
is the double contragradient representation; it is not unitary.)

Proposition 4.2 Assume that (A, A) is of compact type and let U be an irreducible
unitary corepresentation of (A, A,). Let U = (R ® j)U denote the conjugate of U
as defined before. Let J: Hy — Hy be given by J = ((fij, © j)U)J. Then J is an
anti-linear invertible operator such that J* J intertwines U and (S* ® 1)U. Further, we
have U = U, where U is defined as above.

Proof Recall from [23] that R = S7;/, = 7;/,S, where 7;/5(a) = fi % ax f_)5. Set

V =1® (fijy ® j)(U*). Then V is invertible and (V*)™' = I ® (f_1, ® j)(U*).

Using the corepresentation property of U, a straightforward computation gives that
U=(np0)U) =)o HUIV=xo] JHU =U.

To see that J* J intertwines U and (S*> ® ¢)U, observe first that

T T=T((fip © DU ((fip © DU = (i © )U)* = Fy,

where Fy = (f; ©® 1)U.
Now, insertinga = (+ ©® w)U in $?(a) = f_; * a * f1, one gets

SFOwU=>f(06010f10w)(AGL6)AYU,

for all w € B(Hy)*. Hence (> ® 1)U = (I ® Fy)U(I @ F; '), thatis, J*J = Fy
intertwines U and (§% ® ¢)U, as claimed. [ |
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4.2 Hilbert-Schmidt Corepresentations

Let (A, A) be an algebraic quantum group and U be a unitary corepresentation of
(A, A,). We introduce the Hilbert-Schmidt corepresentation Ugg associated with U
and show that U x U ~ Ugs.

We let ] and j be as in the previous subsection and denote the Hilbert-Schmidt
operators acting on Hy by HS(Hy ). We recall that HS(Hy ) is a Hilbert space with
inner product (x,y) = Tr(y*x), x,y € HS(Hy), where Tr denotes the canonical
trace on B(Hy).

We define first a unitary V: Hy @ Hy — HS(Hy) by

V@ &E) = (€, M€ = (0, I g, &, &,€ € Hy,n € Hy.
Define then a normal unital *-isomorphism V: B(Hy @ Hy) — BHS(Hy)) by
V(X) = VXV*, X € B(Hy @ Hy).
Note that V(By(Hy @ Hy)) = Bo(HS(Hy)). Further, let
1 ®@V: M(A, @ Bo(Hy @ Hy)) — M(A, @ By(HS(Hy)))
denote the canonical extension of
L@ V: Ay @ By(Hy @ Hy) — Ay @ Bo(HS(Hy)) € M (A, ® Bo(HS(Hy))) -

It is clear that ¢ ® V is a unital *-isomorphism.
Define then Uys € M(A, ® Bo(HS(Hy))) by

Ups = (@ V)(U x U).
Proposition 4.3 Ugyg is a unitary corepresentation of (A,, A,), with
Hy,s = HS(Hy),
which is equivalent to U x U.

Proof Upys is unitary as ¢ ® V is a unital *-isomorphism and U x U is a unitary.
Moreover,

(A @ 1)Uns = (@ 1@ VA, @)U X U) = (Uns)13(Uns)as
since U x U satisfies the corepresentation property and ¢ ® ¢ ® V is multiplicative.

Finally, as (w®t)UgsV = V(w&)(U x U), w € M,, we see that Ugs is equivalent
to U x U with unitary V € Mor(Ugs, U x U). []
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It will be useful for us later to have another way of looking at Ups.

Let I (resp., r): B(Hy) — B(HS(Hy)) be the normal x-homomorphism (resp.,
x-antihomomorphism) defined by

(x)(y) = xy (resp., r(x)(y) = yx), x € B(Hy),y € HS(Hy).
It is then straightforward to check that

VI @ x)V* =1l(x), x¢& B(Hy),
V(o DV =r(j (2), z¢€ B(Hy).

Using these relations, one easily gets

I®V)X;3I®V") = ()X, X e B(H)RB(Hy),
I@VZ(I®V*) = (&rj "z, Z e BH)&BHy).

Now, regarding U € M@B(Hy) C B(H)QRB(Hy ), we have:
Proposition 4.4 Upgs = (LRDU(RR1)U.
Proof Indeed,

Ups = I @VU13U (I @ V)
=(IVUI V)T VUL V)
= (&DU&rj ) (R&HU = &)U (R&U. ]

Remark One may also associate with U another Hilbert-Schmidt corepresentation
Ups of (A,, A,;) on HS(Hy ) which is given by
Uns' = (L@ V(U x U),

where y denotes the flip map from B(Hy ® Hy) to B(Hy @ Hy). One easily checks
that Ugs: ~ U x U ~ (U)ys, and that Uys: = (RQr)U(L@U. The two Hilbert-
Schmidt corepresentations associated with U agree when A is commutative.

5 Co-amenable Unitary Corepresentations

Inspired by [5, Theorem 2.5] and [6, Theorem 4.2], we introduce the notion of co-
amenability for unitary corepresentations of (A,, A,).

Definition 5.1 Let (A, A) be an algebraic quantum group. A unitary corepresen-
tation U of (A,, A,) is said to be co-amenable if there exists ¢ € S(A,) such that
(¢ @)U = Iy,
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Note that we can equivalently require that ¢ € S(B(H)) in this definition. The
following result shows that this definition is consistent with the notion of co-amen-
ability for algebraic quantum groups. Recall from [6, 7] (see [5] for the compact case)
that an algebraic quantum group (A, A) is co-amenable if its co-unit ¢ is bounded
with respect to the norm on A given by ||a|| = ||7,(a)||,a € A. Equivalently, (A, A)
is co-amenable if there exists a bounded linear functional ¢,: A, — C such that
(t ®e)A, = (6, ® t)A, = 1. The map ¢, is then a *-homomorphism from A,
onto € and the existence of such a homomorphism characterizes the co-amenability
of (A, A).

Theorem 5.2  Let (A, A) be an algebraic quantum group. Then the following condi-
tions are equivalent:

(1) (A, A) is co-amenable;
(2) W is co-amenable (as a corepresentation);
(3) all unitary corepresentations of (A,, A,) are co-amenable.

Proof The equivalence (1) < (2) follows by [6, Theorem 4.2]. The implication (3)
= (2) is obvious. In order to show (1) = (3), we set ¢ = ¢, and let U be a unitary
corepresentations of (A,, A,). Then

U=(01®¢e R )(A, @)U
= ®¢& ®1)(U13U2)
=UI® (e ®U)
(here I denotes the unit of M(A,) ). Multiplying by U* from the left, we get I® I3, =
I ® (e ® ¢)U and therefore (¢, ® t)U = Iy,. [ |

The next result may be seen as an analog of Day’s classical characterization of the
amenability of a group.

Proposition 5.3  Let U be a unitary corepresentation of (A,, A,). Then the following
conditions are equivalent:

(1) U is co-amenable;
(2) there exists a net (v;) of unit vectors in H such that

im ||[Uwv; ®@€) —v; @&l =0, V&€ Hy.

Proof (2) = (1): By weak*-compactness of S(B(JH)), the net of vector states (w,,)
has an accumulation point ¢ in S(B(H)). Passing to a subnet of (v;) if necessary, we
may suppose that ¢(x) = lim;(xv;, v;), x € B(H).

Now, by assumption we have lim; ||[U(v; ® ) —v; @ ||, = 0, for all £ € Hy. Thus

we((@ @ )U) = ¢((t @ we)U) = lilm((b ® we)(U)vi, ;)

= liyl(U(vi ®E),vi®E) = 11?1(1/1' ®&, v ®&) = we(l)
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for every £ € Hy. Since the set of vector states w; separates the elements of B(J), it
follows that (¢ ® 1)U = 1.

(1) = (2). Let ¢ € S(B(J)) be such that (¢ ® ¢)U = I. As M acts standardly on
H, there exists a net (v;) of unit vectors in H such that ¢(x) = lim;(xv;, v;), x € M.
Then, for all v € Hy,

mUv; ® §),vi ® §) = Iim(( @ we)(U)vi,vi) = $((L ® wU) = we((¢ @ YU)

=we(I) = (£, 8 = lilm(vi ®&v®E).
The conclusion follows easily from this. ]

We may use the results in Section 3.1 to transfer the notion of co-amenability from
corepresentations to representations: the %-representation 2y of A, associated with a
unitary corepresentation U of (A,, A,) is said to be co-amenable if U is co-amenable.
We have for the moment no intrinsic characterization of this notion.

Finally, concerning compact matrix pseudogroups [39], we mention:

Proposition 5.4 Suppose that (A,, A,) is a compact matrix pseudogroup with fun-
damental unitary corepresentation U (so U is finite-dimensional with matrix elements
generating m,(A) as a x-algebra). Then U is co-amenable if and only if (A, A) is co-
amenable.

Proof This result is merely a restatement of [5, Theorem 2.5]. A sketch of the argu-
ment is as follows. Write U = Zi’j u;; ® e;j, where u;; € A and the ¢;;’s form a usual
system of matrix units for B(Hy). If ¢ € S(A,), then (¢ ® 1)U = Iy, if and only if

@(uij) = d;j forall i, jifand only if ¢4 = e. -

In fact, more generally, [5, Theorem 2.5] may be restated as saying that if (A, A) is
of compact type and U is a unitary corepresentation of (A,, A,) such that its matrix
elements generate A, as a C*-algebra, then (A, A) is co-amenable if and only if U is
co-amenable.

6 Amenable Unitary Corepresentations

We first recall the following definition due to M. Bekka [8]. A continuous uni-
tary representation u of a locally compact group G on a Hilbert space J{,, is called
amenable if there exists an invariant “mean” on B(H,), that is, if there exists m,, €
S(B(H,)) such that

mu(ugxu;) =m,(x), VxeB(3H,),vgea.
It is not clear what the direct counterpart of this definition should be in the quan-
tum group setting. However, Bekka also introduces a notion of “topological” invari-

ant mean whose existence is equivalent to the amenability of u, see [8, Theorem 3.5].
Inspired by this result, we introduce the following notion:
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Definition 6.1 A unitary corepresentation U of (A,, A,) is called left-amenable
(resp., right-amenable) if there exists my (resp., m{;)) € S(B(Hy)) such that

my (W) (U (I @ x)U)) = w(l)my (x)
(resp., m{; (wR)(UI @ x)U™")) = w(l)m{;(x))

forall x € B(Hy),w € M,.
The state my (resp., mj;) is called a left-invariant (resp., right-invariant) mean
for U.

Remarks

(i) When U is the unitary corepresentation of (C.(I'), A) associated to a unitary
representation u of a discrete group I', one easily checks that U is left-amenable (resp.,
U is right-amenable) if and only if 1 is amenable. This is a simple consequence of the
fact that (6,&¢)U = u,, where the delta function d, at y € I is considered as an
element of ¢1(T"), that is, of the predual of £°°(T"). Further, in this case, it is quite
obvious that a left- (resp., right-) invariant mean for U is both left- and right-in-
variant.

(ii) We do not know whether the existence of a left-invariant mean for U is equiv-
alent to the existence of a right-invariant one in the general situation. However, we
have that U is left- (resp., right-) amenable if and only if U is right- (resp., left-)
amenable.

Indeed, if my is a left-invariant mean for U, then my o j~! is a right-invariant
mean for U. If m{, is a right-invariant mean for U, then m{; o j is a left-invariant
mean for U. The resp. assertions are proven similarly.

(iii) The property of left-amenability (resp., right-amenability) is clearly invariant
under unitary equivalence.

(iv) By “linearizing” the concept of amenability, one gets a related, but seemingly
independent, notion: a unitary corepresentation U of (A,, A,) is said to be hypertra-
cial if there exists m{] € S(B(Hy)) such that

(1) mj (w&)UI ®x))) =my (W) @x)U)), VxeBHy),YweM,.
Actually, condition (1) is equivalent to
m{; ((w®a)(U)x) = m{(x (w®L)(U)) Vx &€ B(Hy),YweM,,
which in turn is equivalent to
m{;(fy(a)x) = m{;(xfty(a)),Vx € B(Hy), Va € A,.
Hence, hypertraciality of U is equivalent to hypertraciality of 7y in the sense of [4].

This hypertrace property is easily seen to correspond to left- and right-amenability
in the case of a corepresentation arising from a unitary representation of a discrete

group.
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Now recall from [6, 7] that an algebraic quantum group (A, A) is called amenable
if there exists a left-invariant mean for (A, A), that is, if there exists m € S(M) such
that

m ((w®L)Ar(x)) =wDm(x), VxeMVweM,.

A right-invariant mean for (A, A) is defined similarly. By composing with the anti-
unitary antipode R (which is defined on M, see [23, 24]), one easily sees that the
existence of a left-invariant mean for (A, A) is equivalent to the existence of a right-
invariant mean for it. It is then straightforward to check that (A, A, ) is amenable if
and only if (A, A) is amenable.

The following result is well known (see [8] for the equivalence between (3), (4)
and (5); the equivalence between (1), (2) and (3) is merely classical, as explained in
[5,6]).

Theorem 6.2 Let I be a discrete group and let (A, A) be the algebraic quantum group
associated with A = C.(T"), so A = C[I'] is the group-algebra of I". Then the following
are equivalent:

(1) (A, A) is amenable;

(2) (fl7 A) is co-amenable;

(3) T is amenable;

(4) the (left-) regular representation X of I is amenable;
(5) all unitary representations of I' are amenable.

In the case of an algebraic quantum group, it is known [6, Theorem 4.7] that (2)
implies (1). The converse implication holds when (A, A) is discrete (see Section 9).
Amenability of an algebraic quantum group may be characterized through amenabil-
ity of its corepresentations as follows.

Theorem 6.3  Let (A, A) be an algebraic quantum group. Then the following condi-
tions are equivalent:

(1) (A, A) is amenable;

(2) W is left-amenable (as a corepresentation);

(3) W is right-amenable (as a corepresentation);

(4) all unitary corepresentations of (A,, A,) are left-amenable.
(5) all unitary corepresentations of (A,, A,) are right-amenable.

Proof The implications (4) = (2) and (5) = (3) are obvious. The equivalence
between (2) and (3) is just a special case of (ii) in our previous remark.

(2) = (1). Let myy € S(B(H)) be a left-invariant mean for W, and let m to be the
restriction of my, to M. Then m is clearly a state, which is left-invariant since

m((w@)A(x)) = my (W)W (I ® )W) = w()mw (x) = w(I)m(x),

forallx e M, w € M, .
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(1) = (4) and (1) = (5). Let m be a left-invariant mean for (A, A) and let U be a
unitary corepresentation of (A,, A,). We pick a normal state 2 on B(Hy ) and define
my € S(B(Hy)) by

my(x) = m (LEDU*T@U)), x € BHy).

Then we check the validity of the equation expressing the left-invariance property of
my: the Lh.s. is

my (x) = mMU I @ [(we) (U (I @ x)U)HU)
while the r.h.s. is equal to

wmy (x) = wm( (MU (I © x)U))
= m(w®L)A( (L)U*(I ® x)U)) (using left- invariance of m)
= m(w®) (L@@ (A@)(U(I @ x)U)
= m(w@) (L&) ((AR)U)*I @1 ® x)(A&L)U)
= m(w&) (1@&RN) ((U13U)* (I © I ® x)U13Uas3)
— Mm@ (W) (ULULT ® 1 )U13Us).

Hence, the desired conclusion follows from the identity
U1 @ [(w@) (U @ x)U)NU = (w@t@e)(UysU(I @ 1 @ x)U13Us3)

which is easily verified.
Similarly, we define m{;, € S(B(Hy)) by

m{;(x) =mo R((L®Q)(U(I ® x)U*)) ,  x € B(Hy).

Then, using the right-invariance of moR, one now checks that m(; is a right-invariant
mean for U.
It clearly follows that all stated conditions are equivalent. ]

As already mentioned, co-amenability of (A, A) implies that (A, A) is amenable,
hence that (fl, Aop) is amenable. By combining this fact with Theorem 5.2 and The-
orem 6.3, we see that if all the unitary corepresentations of (A,, A,) are co-amenable
then all the unitary corepresentations of (flr7 Anop) are (left- and right-)amenable.
This lends some evidence that there might be some correspondence between
co-amenable elements in Corep(A,, A,) and amenable elements in Corep (A,, Anop).

By using Theorem 3.3, one may clearly transfer the notion of amenability to rep-
resentations of algebraic quantum groups. Theorem 6.3 may then be reformulated in
an obvious manner.

An analog of [8, Theorem 3.6], which characterizes the amenability of a unitary
representation of a group, is as follows.
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Proposition 6.4  Let U be a unitary corepresentation of (A,, A,). Organize TC(Hy),
the trace class operators on Hy, as a Banach M,.-module by means of

Tr((w - s)x) = Tr(s(wR)(U*I @ x)U)),

w € My,s € TC(Hy),x € B(Hy). Then U is left-amenable if and only if there exists
anet (s;) in TC(Hy)T such that

lim||w- s —si|i =0, VweéeM,.
i

Proof The proof is an easy adaptation of the proof of [8, Theorem 3.6]. If (s;) is a
net as above, then a left-invariant mean for U is obtained by picking any weak*-limit
point of the net (m;) C S(B(Hy)) given by m;(-) = Tr(s;-). Conversely, assume
that my is a left-invariant mean for U. As the normal states are weak*-dense in
S(B(Hy)), we may pick a net (t;) C TC(Hy)7 such that my is weak*-limit point
of the net (Tr(#; - )) C S(B(Hy)). Namioka’s classical argument [29] gives then the
existence of a net (s;) with the required properties. ]

One may clearly also obtain a similar characterization of right-amenability for
unitary corepresentations of (A,, A,).

To illustrate the notion of invariant mean for corepresentations, we now consider
the case where (A, A) is of compact type. Then let U be a finite-dimensional unitary
representation of (A,, A,). As (A, A) is amenable, (see the paragraph preceding
Theorem 4.7 in [6]) we deduce from Theorem 6.3 that all unitary corepresentations
of (A, A,) are left- (and right-) amenable. We shall now describe somewhat more
explicitly a left-invariant mean my for U, following the construction given in the
proof of Theorem 6.3.

Identifying A with the dense Hopf *-subalgebra 7,(A) of (A,, A,), we may write
U=)>,ai0b € AOB(Hy) forsomeay,...,ay € A,by,...,by € B(Hy). Recall
that a left-invariant mean for U is provided by

my(x) = ¢ (DU ®x)U)), xe BH),

where we have the freedom to choose any 2 € B(U{U)IJ. Set dy = dim Hy and let
7 = 1/dy Tr denote the normalized trace on B(Hy ). Plugging in ) = 7, we get

my (x) = ¢, (LOTU* T @x)U)) = > (@ 7)(a}a; @ bjxb)))
i

* * 1 * *
= lzj: w(afa;)T(b;xb;) = % Tr(lzj: w(a;a;)b;b; x)
so that my () = Tr(Ky - ), where the density matrix Ky € B(JHy ) is given by

Ky = %(go O 0)(U ®)U*),
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o denoting the automorphism of A given by o(a) = f; xax f;, a € A. We remark
that if ¢ is tracial, then fi = ¢, hence Ky = dLUI , that is, the left-invariant mean for
U isjust 7.

Now assume that U is irreducible. We write U = Ziﬁj ujj; ® mj;, where u;; € A
and the m;;’s form a system of matrix units for B(Hy ) such that mym,, = ;,mg and
my, = my. Using the orthogonality relation

(p((ukm)*uln) = (1/MU)5mnffl(ulk)7

where My denotes the quantum dimension of U, we get

> o) waympm’y = > (1/My)dj1 f—1 ()5

i,7,k,1 i,7,k,1

= (1/My) f-1 (we)mie = (dy /My) Z for (i mi

i,j,k

= (du/M)(f1 @ ) (D mi @ ma)
ik

= (dy/My)(f-1 © )(U).

Hence, in this case, we get Ky = (1/My)(f-1 ® ¢)(U). We summarize what we have
shown.

Proposition 6.5  Assume that (A, A) is of compact type and let U be a finite-dimen-
sional unitary representation of (A., A,). Let dy (resp., My ) denote the usual (resp.,
quantum) dimension of U, and let o be the automorphism of A given by o(a) =
fixax fi, a € A. Then a left-invariant mean my for U is given by my (- ) = Tr(Ky - ),
with density matrix Ky given by

Ky = %(so & (U © )U").

If U is irreducible, then Ky = (f 1 O VU).

7 On Weak Containment

We discuss in this section the notion of weak containment for representations and
corepresentations of algebraic quantum groups. We begin by discussing the stronger
(and easier) notion of containment.

7.1 Strong Containment
We recall the following definition.
Definition 7.1 Let (A, A) be an algebraic quantum group and let 7y, 7, be two

non-degenerate *-representations of A,. We say that 7, is contained in 7,, and write
m < 0y, if there exists an isometry T' € Mor(my, ;).
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Observe that K = T(JH,) is then a closed invariant subspace for m,. Therefore, if
, is irreducible, then any non-degenerate *-representation 7; of A, contained in 7,
is unitarily equivalent to 7.

The interesting case when 7; = ¢, may be characterized as follows.

Proposition 7.2 Let (A, A) be an algebraic quantum group and consider a non-
degenerate x-representation w of A,. Write m = my for a unique unitary corepresenta-
tion U of (A, Arop). The following conditions are equivalent:

(1) eu <my; .
(2) there exists a unit vector & € Hy such that ((Quwe)U = I € M(A,);
(3) there exists a unit vector £ in Hy suchthatU(v®§) =v® &, Vv e H.

Proof We first show (1) implies (2). Assume that (1) holds. Then there exists a
linear map T: C — Hy such that T*T = 1 and Te,(a) = my(a)T foralla € A,.
Consider the unit vector £ = T(1) of Hy. Then the adjoint T*: Iy — Cis given by
T"(n) = (n,€) foralln € Hy. Now, foralla € A C A, we have

Q@) = (Qa)@) (I ® 1) = g(a) = (eu(a)1, )¢
= (T"my(a)T(1), ¢ = (ry(a)T(1), T(1))3¢,
= (mu(@)§, e, = (AD@VUE, 3, = Qa)((L@w)U) .

Since Q(A) is dense in M, it follows that I = (LQuwe)U.

Next, we show that (2) implies (1). Given a unit vector ¢ satisfying (2), we define
the linear isometry T: C — Hy by T(1) = &. By reversing the above calculations,
we see that €,(a) = T*my(a)T holds for all a € A,,. It is easily checked that T €
Mor (e, 7y).

Finally, to prove the equivalence between (2) and (3), observe first that

(lQw)U =1

ifand only if (w,®we)U = 1 for all unit vectors v € H. Now, for a unit vector v € X,
one easily checks that

U8 ve) =1 |UrE —vafl,=0.

Hence, this equivalence is clear, and the proof is finished. ]

Let U,V be unitary corepresentations of (A,, A,). We say that U is (strongly)
contained in V, and write U < V if there is an isometry T € Mor (U, V). It is an easy
exercise to check that U < V if and only if #y < 7y, One may then clearly obtain a
result similar to Proposition 7.2.
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Example Let (A, A) be of compact type and U be an irreducible unitary represen-
tation of (A,, A,). Let {¢; } denote an orthonormal basis for Hy and J be defined as
in Proposition 4.2. Then the isometry R from C into Hy ® Hy determined by

R =Y T He)@e

satisfies R € Mor(I ® 1,U x U), as shown in [32]. Hence, I ® 1 < U x U. It follows
that =Y. J* (e Qe € Hy @Hy satisfies (U x U)(n®€) = n@& foralln € K.
Since (A, A) is compact by assumption, we know that all unitary corepresentations
of (A,, A,) are left- (and right-) amenable, as pointed out in the previous section.
Indeed, we have seen in Proposition 6.5 that a left-invariant mean my for U is given
by

my(x) = Tr(Kyx), x € B(Hy),

where Ky = MLU(f_l ®uU.
Now, let
1

V(&) = YL

V(),

where V: Hy @ Hy — HS(Hy) is defined as in Section 4. It is then not difficult to
check by direct computation that we also have

my(+) = Te(V(E) - V(E)),

that is, we have \5(\5)\7(\5)* = Ky.

7.2  Weak Containment

Let (A, A) be an algebraic quantum group and let 7y, 7, be non-degenerate x-repre-
sentations of A,,. As usual for representations of C*-algebras, we say that 7, is weakly
contained in m,, and write m; < 7, if Ker m, C Ker ;. This relation is obviously
transitive and reflexive, and, of course, m; < 7, implies m; < 7.

Proposition 7.3 With notation as above, we have m, < m, if and only if there ex-
ists a unique surjective x-homomorphism 0: my(A,) — m1(A,) such that 0m,(a) =
m(a), Va € A.

Proof This proofis easy and left to the reader. ]
An almost immediate consequence of this proposition is the following.

Corollary 7.4 ¢, < m, ifand only if (A, A) is co-amenable.
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Remark Let (A, A) be an algebraic quantum group. Note that (A, A) is co-amen-
ableifand only if m < m, for every non-degenerate *-representation m of A,,. Indeed,
if (A, A) is co-amenable, then A, = A,, thatis, 7,: A, — A, is injective (see [6]).
Therefore, {0} = Ker 7, C Ker 7. On the other hand, if (A, A) is not co-amenable,
then ¢, is not weakly contained in 7.

We also remark that the condition €, < 7 and the condition ™ < 7, are generally
independent of each other. In fact, if m = ¢,,, then the first is trivially satisfied, while
the second holds if and only if (A, A) is co-amenable. On the other hand, if 7 = 7,
then second is trivially satisfied, while the first holds if and only if if (A, A) is co-
amenable.

Definition 7.5 Let (A, A) be an algebraic quantum group. A non-degenerate
x-representation 7 of A, is said to have the weak containment property (WCP) if
€, = m, thatis, if Ker 7 C Ker ¢,.

Thus 7 has the WCP if and only if there exists a *-homomorphism 6: 7(A,) — C
such that 7 (a) = e(a) foralla e A C A,.

Definition 7.6  Let (A, A) be an algebraic quantum group, U, V be unitary corep-
resentations of (A,, Amp) and let 7y, my be the associated *-representations of
(Aus Ay).

We say that U is weakly contained in V' if 7y is weakly contained in 7y . Moreover,
we say that U has the weak containment property (WCP) if the trivial corepresenta-
tion I ® 1 is weakly contained in U, that is, if 7y has the WCP.

Corollary 7.7 An algebraic quantum group (A, A) is co-amenable if and only if W,
as a unitary corepresentation of (A, Ar-,cp)) has the WCP.

Proof Asmy; = m,, this is just a reformulation of Corollary 7.4 (see Theorem 3.3).
|

The weak containment property for unitary corepresentations may be character-
ized as follows.

Theorem 7.8 Let (A, A) be an algebraic quantum group, U be a unitary corepresen-
tation of (A, A,op) and let Ty be the associated x-representation of A,,. The following
conditions are equivalent:

(1) I®1 < U, thatis, U has the WCP; )
(2) there exists 1 € S(B(Hy)) such that p((wRL)U) = w(I), Vw € M,;
(3) there exists a net (§;) of unit vectors in Hy such that

Im||[Uv®&) —vR&|,=0 VveH;

(4) there exists a net (§;) of unit vectors in Hy such that

ImU(®E&),ve &) =1, Vved |, =1.
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Further, any of these conditions implies that U is left-amenable, right-amenable and
hypertracial.

Proof The equivalence between (3) and (4) is elementary.

(1) = (2) and (1) = (4): Assume that ] ® 1 < U. By the remark following Def-
inition 7.5, there exists a *-homomorphism 6: 7wy (A,) — C such that 8(7y(x)) =
gy(x) for all x € A,. We extend the state 6 to a state 1) on B(Hy). Then, for all
ace A CA,, wehave

Y((Q(a)@L)U) = Y((Qr(a) ® )U) = ¢Y(my(a))
=¢gyu(a) = (Q:(a) ® VI ® 1) = Q(a)(I) = Qa)(I).

Since Q(A) is dense in M., we get by continuity, Y ((w®)U) = w(I), Yw € M.,
which shows (2).

Further, as ¢, is a *-homomorphism on A,, it is a pure state on A,. From [12,
Proposition 3.4.2, ii)], we can then conclude that there exists a net of unit vec-
tors (§;) € Hy such that €,(x) = lim;(my (x)&;,&;) for all x € A,. Since ¢, =
1 o my as above, this means that ¥(y) = lim;wg(y) for all y € wy(A,). As
(wR)U € 7my(Ay) (see [7, Theorem 3.3]) and Y ((w®e)U) = w(I), for all w €
M., we get lim; we, ((w,®¢)U) = 1 for all unit vectors 7 in H. This just says that
lim;(U(n ® &),n®¢&;) =1 for all unit vectors 7 in I, hence that (4) holds.

(2) = (1): Assume that (2) holds, and let ¢ be as in (2). Let x € Ker my. Choose
a sequence (a,) in A converging to x € A, with respect to the norm || - ||,. Then,
by continuity of my,we get (Q,(a,) ® L )YU = my(a,) — my(x) = 0. Using the
assumption, we have ¥((Q(a,)®t)U) = Q(a,)(I) for all n. By continuity of i) we
therefore get

5u(an) = Qr(an)(l) = Q(an)(l)
= P((Qa,)2)U) = ¥(Qr(a,) ® )U) — 0.

Thus, by continuity of ¢,,, we get £,,(x) = lim,, £,(a,) = 0, so x € Ker ¢,. Hence, (1)
holds.

(4) = (2): Let (&); be a net satisfying condition (4). Using Alaoglu’s theorem,
and passing to a subnet if necessary, there exists a ¢ € S(B(Hy)) such that ¢(x) =
lim; wg, (x), for all x € B(Hy). Since M is in standard form on H, any normal
state w on M is of the form w, for some unit vector v € H. Then Y((w,R)U) =
lim; we, ((w,&)U) = lim; (U(v®&;), v®&;) = 1 = w,(I), so 1 satisfies condition (2).

Hence, we have established the equivalence between conditions (1)—(4).

Finally, assume that (2) holds and set my = 9. Letw € M;rl Then

my ((w@)U) = w(l) = 1.

As U is a unitary in M@B(ﬂf(]), it follows from the Cauchy-Schwarz inequality that
the state my ((w®¢)( - )) on MRB(Hy ) is multiplicative at U and at U*. Hence,

my (w&)(U*(I @ x)U)) = my(w@)U*)my (wee)(I & x))my (we)U)

= my(x) = w)my(x)
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forallx € B(Hy) and w € MII It easily follows that my is a left-invariant mean
for U. Similarly, my is a right-invariant mean for U, and it also serves to show that U
is hypertracial. This finishes the proof. ]

Weak containment and WCP for unitary corepresentations of (A,, A,) are defined
in an analogous way, via weak containment and WCP for the associated representa-
tions of A,.. From a conceptual point of view, it is better to work in this setting, and
we will often do this in the sequel. All statements concerning WCP for unitary corep-
resentations of (A,, Anop) have an analogous statement concerning WCP for unitary
corepresentations of (A,, A,). For example, we have the following counterpart to
Theorem 7.8.

Theorem 7.9  Let (A, A) be an algebraic quantum group and U be a unitary corep-
resentation of (A, A,). The following conditions are equivalent:

(1) I®1 =< U, thatis, U has the WCP;
(2) there exists 1 € S(B(Hy)) such that Y((w@L)U) = w(I), Vw € M,;
(3) there exists a net (&;) of unit vectors in Hy such that

Im||Uv®@vi) — v, =0, VveH;
1

(4) there exists a net (§;) of unit vectors in Hy such that

ImUv®&),v@&) =1, VveXH,||v.=1

Further, any of these conditions implies that U is left-amenable, right-amenable and
hypertracial.

We will illustrate in the next section that amenability of U does not in general
imply that U has the WCP. We now collect some elementary facts about the WCP.

Proposition 7.10  Let (A, A) be an algebraic quantum group and let U,V be unitary
corepresentations of (A, A,).

(1) IfU has the WCP, then U also has the WCP.

(2) IfU andV have the WCP, then U x V also has the WCP.

(3) IfU has the WCP, then Uyg also has the WCP.

(4) IfU x V has the WCP, then U is left-amenable and V is right-amenable.
(5) IfUgs has the WCP, then U is left-amenable and U is right-amenable.

Proof The proof of assertion (1) is an easy exercise, left to the reader. Assertion (2)
is a straightforward application of condition (2) in Theorem 7.9. Assertion (3) fol-
lows from (1) and (2). To prove assertion (4), assume that U x V has the WCP. The
last assertion in Theorem 7.9 tells us then that U x V is left- and right-amenable.
If now M € S(B(Hy ® Hy)) is a left-invariant (resp., right-invariant) mean for
U x V, then one checks without difficulty that my (x) = M(x®1I5¢, ) (resp., my, (y) =
M(Ise, ® y)), x € B(Hy) (resp., y € B(FHy)), is a left-invariant (resp., right-
invariant) mean for U (resp., V). This shows (4). Finally, assertion (5) follows clearly
from (4). [ |
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Remark Let u denote a unitary representation of a discrete group I'. One of the
main results of Bekka in 8] is that u is amenable if and only if its associated Hilbert-
Schmidt representation weakly contains the trivial representation. An interesting
question is whether some quantum group version of this result is true, that is, whe-
ther the converse of assertion (5) in Proposition 7.10 holds, at least in some cases. We
will show that this is true for algebraic quantum groups of discrete type in Section 9
(¢f. Theorem 9.5).

Corollary 7.11 Let U be a finite-dimensional unitary corepresentation of (A,, A,).
Assume that (R ® 1)U = U*. (This is known to hold in the Kac algebra case, cf. [14
Proposition 1.5.1] ).

ThenI ® 1 < Uys, and U is both left- and right-amenable.

Proof Write U = ), a; ® b;, where a; € M, b; € B(Hy),i = 1,...,n. We use
the notation introduced in Section 4. Using Proposition 4.4 we may write Upys =
LODUROGNU. As(ROU = (1 ©r)U*, wehave (RO U = Z]- a; @ r(b3).
Let £ = I3, € HS(Hy). For any ) € J{ we get

Uns(n® &) = (O DURGONU) (n®E)

(
(Za, zm)(Za @ 1)) (1 )
(Zaa ®l(b)r(b*) (n®e&) = Zaa 77®bb*
(

Zaa ®bb) MR =n&®¢

where, in the last equality, we have used the fact that Ei-aia? ® bib;f = UU* =
I5¢ ® Is¢,. Thus, appealing to Proposition 7.2, we have shown that I ® 1 < Uyg. We
may then apply Proposition 7.10 (5) and conclude that U is right-amenable. Finally,
as U is also finite-dimensional, we then easily deduce that U is right-amenable, hence
that U is left-amenable. ]

Proposition 7.12  Let (A, A) be an algebraic quantum group and consider its multi-
plicative unitary W as a unitary corepresentation of (A,, AA,).
Then W has the WCP if and only if Wys has the WCP.

Proof Using assertion (3) of Proposition 7.10, it suffices to show that W has the
WCP whenever Wy has it. So assume that I ® 1 < W. Using the absorbing property
of W (¢f. our remark after Proposition 3.4), we get that Wys = W X W is unitarily
equivalent to Iy x W = Wy3(Is¢ ® Isp)12 = Wi3. According to Theorem 7.9, there
exists 1 € S(B(T{ @ 3)) such that ) ((wW@t@1)W13) = w(l), w € M. Define a state
¥" on B(H) by ¢’ (x) = ¥(Iqx ® x), x € B(H). Then

P (WEW) = Yz ® (WROW) = (W@ W3) = w(I).
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Using Theorem 7.9 again, we deduce that W has the WCP, as desired. ]

Corollary 7.13  Let (A, A) be an algebraic quantum group and consider the multi-
plicative unitary W as a unitary corepresentation of (A,, A,qp). Then (A, A) is co-
amenable if and only if Wys has the WCP.

Proof We just have to combine the dual version of Proposition 7.12 with Corol-
lary 7.7. u

Our interest in such a result is that it is presumably easier to establish that Was
has the WCP than to establish that W has the WCP if one wants to show that (A, A)
is co-amenable.

We conclude this subsection with another proposition involving containment and
amenability.

Proposition 7.14  Let (A, A) denote an algebraic quantum group and U,V be uni-
tary corepresentations of (A,, A,).

If U is left- (resp., right-) amenable and U < V, then V is left- (resp., right-)
amenable.

Proof Let T € Mor(U, V) be such that T*T = I and assume that U is left-amen-
able. Define T: B(3y) — B(Hy) by T(x) = T*xT, and note that T is a nor-
mal *-preserving completely positive unital linear map. Then note that since T €
Mor(U,V) and T*T = I, we have

(W)U = T*(w@)VT
= T(w&)V
= (w®)(RT)V
for all w € M, (the last equality can be checked for elementary V first and then use
continuity). As {(w®¢) | w € M.} separates the elements of MR®B(Hy ), we get

U=(RT)V.
Now, let my € S(B(Hy)) be a left-invariant mean for U, so that

my (w&)U*I @ y)U)) = wmy(y)

forall y € B(Hy) and w € M..
Define my € S(B(Hy)) by my = myT. Then, for x € B(Hy) and w € M., we
get ) i
my (x) = myT(x) = my ((w@)(U*(I @ T(x)U)).
Since (1®@T)V = U is unitary and (®T is completely positive, it follows from a well
known result of M. D. Choi (see e.g., [34, 9.2 ]) that :®T is multiplicative at V and
V*. Hence, we get

RV I @x)V) =TV T(x)ST)V.
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Thus

my (x) = mU((W®L)(L®T)(V*(I ® x)V))
= my ( T(we)(V*I® x)V))
= mv((w®b)(V*(I ® x)V)) .

So my is a left-invariant mean for V and V is left-amenable. The proof of the resp.
part of the statement is similar. ]

It would be interesting to know whether this result still holds if one replaces strong
containment with weak containment. Bekka has shown [8, Corollary 5.3] that this is
true in the classical case and we will also show this for discrete quantum groups in
Section 9.

7.3 On Property (T)

We introduce a version of Kazhdan’s property (T) [19] for algebraic quantum groups.
Then, as in the classical case, we show that every compact quantum group has prop-
erty (T). This implies that none of the non-trivial irreducible unitary corepresenta-
tions of a compact quantum group has the WCP. Furthermore, we show that com-
pactness may be characterized by having property (T) together with co-amenability
of the dual quantum group.

Definition 7.15 Let (A, A) be an algebraic quantum group. We say that (A, A)
has property (T) if ] ® 1 < U = I ® 1 < U for all unitary corepresentations
U of (A, A,), in other words, if &, < & = ¢, < 7 for all non-degenerate *-
representations 7 of A,.

Theorem 7.16  Let (A, A) be an algebraic quantum group of compact type. Then
(A, A) has property (T).

Proof Let U be a unitary corepresentation of (A,, A,) and assume that U has the
WCP. To show the theorem, we have to show that £, < 7#y.

Since (A, A) is of compact type, (A,,A,) is a compact quantum group in the
sense of Woronowicz. Its Haar state ¢, is then left- and right-invariant, and it has a
unique extension to a normal state on M which we also denote by ¢;.

Now, let £ € Hy and setn = ((¢, ® 1)U)E € Hy. Then, for all v € H, we have

while
vean=I® (p o )U)rxiL).
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But

I® ((or @ )U) = (o) ® 1)U
= (L ® e ®)(A, ®)U (using invariance of ;)
=(®e@)(U;3Ux;) =UUR (¢ @)U).

Hence, weget U(v®n) =v®@nforallv € J.

Using the dual version of Proposition 7.2, we will then have shown that ¢, < 7y
if we can show that the vector 77 may be chosen to be non-zero. This may be seen as
follows. Since U has the WCP, we know from Theorem 7.9 that there exists a state ¢
on B(Hy) such that ¢((p,®:¢)U) = 1. This implies that (¢,&¢)U # 0. Hence, there
exists at least one £ € Hy such that

as desired. |

Theorem 7.17 Let (A, A) be an algebraic quantum group. Then (A, A) is of compact
type if and only if (A, A) has property (T) and (A, A) is co-amenable.

Proof If (A, A) is of compact type, then we know from Theorem 7.16 that (A, A)
has property (T). Further, (A, A) is then of discrete type and therefore co-amenable
[6].

Conversely, assume that (A, A) has property (T) and (fl7 A) is co-amenable.
Then, using the dual version of Corollary 7.4, we get &, < 7w, hence ¢, < ftw. This
means that there existsa T: C — H such that T*T = 1 and ¢,(y) = T*2w (y)T for
ally € A,. Thus we have e,(y) = (Rw(y)n,n) forall y € A,, where n=T(~1)isa
unit vector in JH.

Let ¢ denote the vector state w, on B(}). Then, proceeding as in the proof of
Theorem 7.8, (1) implies (2), we get Y(wR)W = w(ls) for all w € M,.. As 1) is
normal, this gives w(t@Y)W = w(ly) for all w € M,, hence (t®¢)W = Is¢. Since
A, is the norm closure of {:@P)W | ¢ € B(H).}, we get Iy € A,, thatis, (A,, A,)
is compact, as desired. ]

It is clear that a more detailed study of property (T) for algebraic quantum groups
would be an interesting task (see [30] for the case of Kac algebras), but this would
take us too far away from the main theme of this paper.

8 Amenability vs. Co-amenability vs. WCP

Let (A, A) denote an algebraic quantum group and U be a unitary corepresentation
of (A, A,).

We show that some of the notions introduced in the previous sections concerning
U are different from each other by producing counterexamples to the various pos-
sible implications. We consider here only left-amenability, as we may obtain similar
statements for right-amenability by considering the conjugate of U.
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(1) U co-amenable does not imply that U has the WCP. In fact, pick (A, A) of
discrete type and such that (A, A) is not co-amenable, e. g, A = C.(F,;). Then (A, A)
is co-amenable since it is of discrete type, cf. [6, Theorem 4.1]. Hence, every corepre-
sentation of it is co-amenable, by Theorem 5.2. In particular U is co-amenable. But
U has not the WCP since (fl, A) is not co-amenable, by the dual version of Corol-
lary 7.7.

(2) U has the WCP does not imply that U is co-amenable. Indeed, pick (A, A)
non co-amenable and of compact type, e.g., A = C[IF,]). Again pick U = W. Now,
(fl, Aop) is co-amenable (being of discrete type). Hence, U has the WCP, using the
dual version of Corollary 7.7. On the other hand, U is not co-amenable, according to
Theorem 5.2.

(3) U left-amenable does not imply that U is co-amenable. Again, pick (A, A)
non co-amenable and of compact type and let U = W. Since any compact quan-
tum group is amenable (see the paragraph preceding Theorem 4.7 in [6]), U is left-
amenable according to Theorem 6.3. On the other hand, according to Theorem 5.2,
U is not co-amenable.

(4) U co-amenable does not imply that U is left-amenable. Let (A, A) be non-
amenable and of discrete type. Being co-amenable, all its unitary corepresentations
are then co-amenable. However, they cannot all be amenable.

(5) U left-amenable does not imply that U has the WCP. Indeed, let I" be any
non-trivial finite group and let A = C(I'). Let A be the usual co-product on A.
Then pick a non-trivial irreducible unitary representation u of I and let U be the
unitary corepresentation of (A,, A,) associated with u. Now, it is clear that (A,, A,)
is amenable and has property (T) (since it is compact). Then U is amenable (by
Theorem 6.3), but U has not the WCP (as remarked at the beginning of subsection
7.3).

Remark Let (A, A) be of compact type. As used several times by now, (A, A) is
then amenable and all the unitary corepresentations of (A,, A,) are therefore amen-
able. If (A, A) is also co-amenable (e.g., we may take the compact matrix pseu-
dogroup A = SU4(2), ¢f. [3, 5]), all these corepresentations are then also co-amen-
able. Further, as (A, A) has property (T), we get that none of the non-trivial irre-
ducible corepresentations of (A,, A,) satisfies the WCP.

On the other hand, (A, A) is always co-amenable since it is of discrete type.
Hence, all the unitary corepresentations of (A, Amp) are co-amenable. If (A, A)
is also co-amenable, then we know that (fl, A) is amenable, hence all these corepre-
sentations are then also amenable.

9 Amenability and Discrete Quantum Groups

As we pointed out in connection with Proposition 7.10, it would be interesting to
know whether the converse of Proposition 7.10 (5) holds. This amounts to asking
whether right-amenability of U always implies that Uyg has the WCP. It does in the
classical case and this is one of the most interesting results in [8]. The problem of
passing from the right-amenability of U to the WCP for Up seems more delicate in
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the general case. We present here a proof of this fact for the case of a discrete quantum
group.

For notational reasons, we let (A, A) be an algebraic quantum group of compact
type and consider its dual (A, A) which is then of discrete type. We use the de-
scription of (A, A) given in Proposition 2.2 and the notation introduced there. We
denote by S = §0p the antipode of (fl, Aop), and by R the anti-unitary antipode of
(flr7 Anop) (which is defined on M). For each a € A, we denote the central mini-
mal projection of M which is given by #,(p, ) with the same symbol p,. Further, we
identify #(Ay) = pafr,(fl) with A, = M, (C) and let Tr,, denote its canonical trace
satistying Tr,(pn) = d,. Finally, we denote the canonical injection from A into K
by A.

Now let U be a unitary corepresentation of (flr, A,}OP). We remark that using the
above identifications and the properties of p,,, one easily deduces that

(pa ® I)U = U(p(y & I) S Aa © B(}CU)’ U(pa ® }/)U* S A(y O) HS(:}CU)
foralla € A and y € HS(Hy). We denote by T, the trace on A, ® B(Hy) given by
T, = Tr, ® Tr, where Tr denotes the canonical trace on B(Hy). Fur‘Eher, we denote
by || - |1, and || - |2« the associated norms on A, ® TC(Hy) and A, © HS(Hy),

respectively.
We establish a series of lemmas.

Lemma 9.1 Foreach o € A, set

dq
bo = Mo Y filusus,

ij=1

so that we have lAJa = pq. The following conditions are equivalent:

(1) U has the WCP.
(2) There exists a net (&;) of unit vectors in Hy such that

lim |U(A(pa) ©€) — Apa) @ & =0 Vo€ A,
(3) There exists a state ¢ on B(Hy) such that
P((W(p, ) OVU) = wj(, (D), Va €A
(4) There exists a state ¢ on B(Hy ) such that
d(my(by)) = M2, Va €A

(5) There exists a state ¢ on B(Hy ) such that ¢y = ,,.
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Proof (1)=-(2) and (2) = (3) follow as in the proof of Theorem 7.8.

(3) = (4): Assume that (3) holds and let ¢ be as in (3). We will show that ¢
satisfies (4). Fix o € A.

We first observe that S(b%) = b,,. Indeed,

S(b; )—MQZﬁ(wws«u,,) )
= M, Zﬁ(““)Zfl(”Jk)f (uagi Juiy

=My Y foa (@) foa () fiu)ufy

ikl

=M ST (S ) fiug
okl i

=M, Y faGuD fi(uugy = Mo > fiuf)ugy = ba.
ikl k.l

Thus, we have

bo (SN = papa = Pa = (SN

Therefore, using the result from [7] recalled at the beginning of subsection 3.1, we
have

Q(ba) = WA AG) = Wi(p,)-

Using [7, Theorem 3.2] and the assumption that ¢ satisfies (3), we get
By (ba)) = ¢((Q(ba)&)U)
= $((wyp,, DOV) = Wy, (D) = $(plpa)
= D(pa) = Plba) = e(ba)
=M, Y fiu§)e(uf;) = M, Z fug) = M2,
ij

and (4) is proved.

(4) = (5): Assume (4) holds and let ¢ be as in (4). Let 1, be the state on A,, given
by 7, = ¢my and let i) denote the restriction of 7, to A. To show that ¢ satisfies (5),
that is 1, = €, it suffices to show that np = ¢.

Fixa € A. As ), filu§)ufy = 3, fi * ufj, we have

() o( D firu) = Ma= (D u).

Setd = ), uf; and observe that we may write (x) as 7 f(d) = fi(d).
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Further, set X;; = f1, * uis — fl/z(u?j)l € A. Then
I D2X%1) = D n( Uiz dy)” o) = 2Re(Fopa Do )
ij ij
+ | fip(ud))?

= > (D w0 Falug s i o)
i,j k.1
— 2Re(fi (W) D ia i nue) ) + i )P
k

=> Sun() fi2(w55) fi2 ()

Jikil

— 2Re( S nlui) fn(uy) fintu)) + 3 fi

i,jk

= fip) fiya(ugy) — 2Re(n fi(uf)) + Y fi(u

jik

=2 filuf) — 2Re(nfi(uf)) = 2( fi(d) — Re(nfi(d))).

Now, as nf1(d) = f1(d) = M, is real, we get
n( o xix) =o.
ij

Since 7) is a positive linear functional, this implies that (X} Xi;) = 0 foralli, j. Using
the Cauchy-Schwarz inequality, we obtain 1(X;;) = 0 for all i, j, that is,

i+ ul) = i), Vi, j,

hence
Ti(fl/z*ﬂ) :fl/Z(a)7 VQEA,
by linearity.
Now, given b € A, leta = f_,/, * b and apply the above: this gives

77(fl/2 * f—1/2 * b) = fl/z(f—l/z * b),

that is, 7(b) = €(b). Thus, we have shown that 17 = ¢, as desired.
(5) = (1): Assume (5) holds. Then we clearly have Ker 7y C Ker ¢, that is, U
has the WCP. [ |

Lemma 9.2 Leta € Aandset ps = S(p,). Then we have

SOV((pa @ DU) =U*(pg@1).
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Proof From the proof of [24, Proposition 3.4], we know that
S((t@w)U) = (L @ w)(U*), w € B(Hy)s.
Hence, we get

(L&W)(S ® V)((pa ® DU) = S(pa (t@w)U))
= S((L@w)U)ps = (L @ w)(U*)pg
= (LB&W)(U*(ps ® 1))

forallw € B(Hy ). [ |

Lemma 9.3  Assume that U is right-amenable. Then there exists a net (y;) in
{y e HSHy) | y = 0, |lyll» = 1} such that

lim |[U(paf-1/2 @ y)U”" = pafo12 ® yilha =0, Vo €A.

Proof We begin as in the proof of Proposition 6.4. Let m]; be a right-invariant mean
for U, so

m{;,(w&)UI @ x)U*) = w(I)m{(x)

forall x € B(Hy),w € M,. As the normal states are weak*-dense in S(B(Hy)),
we may pick a net (s;) C TC(Hy )] such that m(; is a weak*-limit point of the net
(Tr(si+)) C S(B(Hy)).

Now, we define a net (y;) in {y € HS(Hy) | y > 0, ||y|l. = 1} by setting
yi= 5;/2 for all .

Let o € A. Hereafter, we write d,, to denote dp,, € A, whenevera € A.

Let b, b’ € A. Setc, = p~'(b'4)b7. Then we have

h%“‘”[\(b”n),[\(zn)(l) Tr(xs;) = li}nTr( (Wigr) ag)@OUT ® x)U")s;)
= lim () © Tr) (b5 @ y)UT @)U (0o @ 7).
Thus
lign(zf) OTr)(bib e @ xy? — (b, @ y)UI @ x)U* (Vo ® ;) =0,
which gives

lim(¢) ® Tr) (ca @ xy7 — (ca ® yHUI @ x)U*) = 0.
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Write (p, @)U =3 a, ®x, € Ao ® B(Hy). Then, using that Tr is a trace and
Proposition 2.2, we get that

(1) @ Tr)(co @ xy7—(ca @ yHUI @ X)U*) = (¢ © Tr)(co @ xy?)

=Y @ O Tr)(canal ® yixxx?)

s

= @O T (e ®xy7) — (1§ © Tr)(canral @ xx7 y7x,)
=Wo Tr) ((ca ® x)(pa ® yi — z:(a,a;k ® X} yix:))
=W OT)((ca ®X)(pa @y} — Y _ arpodl @ x!yix,))

= M, (Tr, @Tr)((c,l ® x)(paffl ® y?

- Zarpa“:ffl ® x:‘yl-zxr))
rs

converges to zero. Note that if we let b and b’ vary in A, then ¢, will give all elements
in A, (using that A2 = A and Proposition 2.2). Hence, adapting Namioka’s argu-
ment [18, Proof of Theorem 2.4.2] by considering the locally convex product space
H{fla ® TC(Hy), o € A} with the product of the || - ||; o-norm topologies, we may
assume that

liml| pafo1 @y = arpadl for © K yix|,, = 0.

rs

Now, as A, is a matrix algebra, we can apply the linear map S(- f,) on the first
tensor factor and still keep convergence in norm. Thus we get

*) lim|| ps 1 ® y7 = Y f1S@)psSla) © xyix |, , = 0.

s

Lemma 9.2 says that (S© ¢)((po, ® DU) = U*(ps ® I). Since S*(4) = fiaf_, forall
4 € A, wealso get

SO)U(pa®@D) = (L @DU(psf1 ®1I).

Combining these two facts, equation () tells us that

li}anﬂf_l ®yi ~Upsfaa®@yDU||,, =0

Using the Powers-Stgrmer inequality (see [8, Lemma 4.2]), we then get
11?1H paf2®yi = Ulpsforp @ y)U™|,, = 0.

As o — 3 is a bijection of A, we are done. |
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Lemma 9.4  Assume that U is right-amenable. Then there exists a net (y;) in
{y e HS(Hy) | y > 0, ||y|l» = 1} such that

lim [Ups(A(pa) ® i) = Mpa) @ yilla =0 Va €A

Proof Leta € A, y € HS(Hy) and set ps = S(pa) (= R(p,)). Recalling from
Proposition 4.4 that
Uys = G®DU(RRNU

we have

Uns(A(po) @ y) = (DU (R&)(U)(pa @ D(A(pa) @ ).

Now, using Lemma 9.2 and the formula R(-) = f_, /2§( *)fi72> which is easily
checked, we get

R&N(U)(po ® 1) = (RR)((ps @ DU)
=(LOnNROY(pseHU)
= (OnN(fo12®@ DU (pafip @1D)).

Hence, it follows that
Uns(A(pa) ® y) = (@DU @ 1) ((fo1/2 @ DU (pafifr @ 1)) (A(pa) @ y)
= ODUPa @ D)o N ((fo12 @ DU*(pafijp @ 1))
x (A(pa) ® y)
=A0)(UPpaf1p@nU*(fipeD).

Using Proposition 2.2, one sees that

forall B e A, ® HS(Hy).
Therefore, choosing the net (y;) as the one provided by Lemma 9.3, we get

(A VB2 =M|B(fo1p, @ 1)

|2,a

lim |Ups(A(pa) © 7:) = Apa) ® yill2
= lim{| (A © )(U (pa f-12 ® y)U*(fip @ D) = A © )(pa @ 1),
= lim M| U(paf-1/2 @ y)U" = pafo12 @ yil|,,, = 0.
as desired. -

We are now in position to derive the following analog of [8, Theorem 5.1].
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Theorem 9.5  Assume that (A, A) is of compact type. Let U be a unitary corepresen-
tation of (A, A,op). Then U is right-amenable if and only if Uys has the WCP.,

Proof Assume that U is right-amenable. Combining Lemma 9.4 with Lemma 9.1,
we deduce that Ugg has the WCP. The converse implication is shown in Proposition
7.10 (5). |

Remark Let (A,A) and U be as in Theorem 9.5. Recall from 4.2 that we can as-
sociate with U another Hilbert-Schmidt corepresentation Uys: =~ (U)ys. As U is
left-amenable if and only if U is right-amenable, we deduce from Theorem 9.5 that
U is left-amenable if and only if Upss has the WCP.

As a consequence of Theorem 9.5, we present a new proof of the fact that amenab-
ility of a discrete quantum group is equivalent to co-amenability of its dual. This
result is due to Z.-J. Ruan [33, Theorem 4.5] in the case when the dual (compact)
quantum group is assumed to have a tracial Haar state (see also [7]), and has recently
been shown independently by E. Blanchard and S. Vaes [10] and by R. Tomatsu [35]
for any discrete quantum group.

Corollary 9.6 Assume that (A, A) is of compact type. Then (A, A) is co-amenable if
and only if (A, A) is amenable.

Proof We know from [6, Theorem 4.7] that (fl, A) is amenable whenever (A, A) is
co-amenable. Assume now that (A, A) is amenable. From Theorem 6.3, we deduce
that W is right-amenable. Using Theorem 9.5, we obtain that W5 has the WCP. It
follows from Corollary 7.13 that (A, A) is co-amenable. ]

Finally, we improve Proposition 7.14 in the discrete case.

Corollary 9.7 Let (A, A) denote an algebraic quantum group of discrete type and
U,V be unitary corepresentations of (A, A,).

If U is left- (resp., right-) amenable and U < 'V, then V is left- (resp., right-)
amenable.

Proof We leave to the reader to verify that Uyg < Vs whenever U < V. The right-
version of the assertion follows then by applying twice Theorem 9.5 (to the compact
quantum group (A, A,p)). The left-version is shown similarly. [ |

In view of Theorem 6.3 we can now conclude that a discrete quantum group is
amenable if and only if all its irreducible unitary corepresentations are left- (resp.,
right-) amenable.
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