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Abstract. We prove that any strongly mixing action of a countable abelian group on a
probability space has higher-order mixing properties. This is achieved via the utilization
of R-limits, a notion of convergence which is based on the classical Ramsey theorem.
R-limits are intrinsically connected with a new combinatorial notion of largeness which
is similar to but has stronger properties than the classical notions of uniform density one
and IP*. While the main goal of this paper is to establish a universal property of strongly
mixing actions of countable abelian groups, our results, when applied to Z-actions, offer
a new way of dealing with strongly mixing transformations. In particular, we obtain
several new characterizations of strong mixing for Z-actions, including a result which
can be viewed as the analogue of the weak mixing of all orders property established by
Furstenberg in the course of his proof of Szemerédi’s theorem. We also demonstrate the
versatility of R-limits by obtaining new characterizations of higher-order weak and mild
mixing for actions of countable abelian groups.
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1. Introduction

Let G=(G,+) be a countable discrete abelian group and let (T,);cc be a
measure-preserving G-action on a separable probability space (X, A, n). We will call
the quadruple (X, A, u, (Tg)geG) a measure-preserving system. A measure-preserving
system (X, A, u, (Tg)geG) is strongly mixing (or 2-mixing) if for any Ag, A; € A, one has

glijgo (Ao N Ty A1) = ju(Ag)(An). (1.1)

The goal of this paper is to obtain new results about higher-order mixing properties of
strongly mixing actions of abelian groups. These results are motivated by the following
classical problem going back to Rohlin (who formulated it for Z-actions; see [27]).

ROHLIN’S PROBLEM. Assume that a measure-preserving system (X, A, u, (Tg)geG)
is strongly mixing. Is it true that, given any £ > 2, the system (X, A, p, (Tg)geG) is

(€ 4+ 1)-mixing? This would mean that for any Ao, ..., A; € A and any sequences
(g,il))keN, - ,(g,EE))keN in G satisfying that,
(i) foranyjef{l,..., ¢}
: )
1 = o0, 1.2
koo 8K T (12
@i1) and, for any distinct i, j € {1, ..., £},
: () (@)
1 — = 00, 1.3
kggo(gk 8) (1.3)
one has
¢
Jim p (AN T AN NT0Ap) = H)M(Aj). (1.4)
]:

While for Z-actions Rohlin’s problem is still unsolved, an example for 7Z2-actions, due
to Ledrappier, shows that, in general, mixing does not imply mixing of higher orders
[22] (the reader is referred to [30] for more Ledrappier-type examples for Z?-actions).
More precisely, Ledrappier provided an example of a pair S, T of commuting mixing
automorphisms of a compact abelian group X such that, for some measurable set A C X,

w(ANT> AN ST A) —/—> 13(A),
n—oo

where p is the normalized Haar measure on X. The analysis of Ledrappier’s example
undertaken in [1] reveals that Ledrappier’s system is ‘almost mixing of all orders’ in the

sense that, for any £ € N, if the sequences (g,((l))keN, ... ,(g,(f))keN in Z? satisfy (1.2) and
(1.3) and, in addition, the ¢-tuples (g,({]), o, g,ﬁl)) avoid certain rather rarefied subsets
of Z?**, equation (1.4) holds for any measurable Ao, . .., Ay € X (see [1, Theorem 3.3]).

The results obtained in [1] were extended in [2] to a rather large family of systems of
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algebraic origin. The notable classes of Z-actions for which it is known that 2-mixing
implies mixing of all orders include ergodic automorphisms of compact groups [27],
mixing transformations with singular spectrum [18], and mixing actions of finite rank [19,
28]. It is also known that some natural actions of various locally compact groups possess
the property of mixing of all orders (see, for example, [12, 24, 26, 29]).

In view of the results obtained in [1, 2], one might wonder if it could possibly
be true that, similarly to the case of Ledrappier’s system, any strongly mixing action
(X, A, 11, (Tg)gec) of an abelian group G is, in some sense, almost mixing of all orders.
The goal of this paper is to establish a result that can be interpreted as a positive answer to
this question.

At this point, we would like to mention that in the special case when G = Z, our main
theorem (Theorem 1.21 below) has corollaries (Theorem 1.4 and Corollary 1.12) which
provide new non-trivial characterizations of the notion of strong mixing in terms of the
largeness of sets of the form

4
R (Ag, ..., Ap) = {n e I ‘/L(A()ﬂ TA N -NTYAy) — l_[ n(Aj)| < 6}
j=0

(1.5)

and
RE(AO» LR} Al)
4
= {(nl, c..ng) et ’ ‘M(Aoﬂ AN NT"A) — [ A < e}.
j=0

(1.6)

So, if it turns out that sets of the form (1.5) and (1.6) are not always cofinite, our results
still imply that these sets are large in some natural sense, thereby establishing the validity
of the claim that strongly mixing Z-actions are almost mixing of all orders.

Let (X, A, u, (Tg)gec) be a measure-preserving system. Let £ € N and € > 0. For any
Ao, ..., Ay € A consider the set

Re(Ao, - - ., Ar)

14
‘M(AO NTg AL NN Ty Ag) — ]—[ [(A)
Jj=0

={(g1,..-,ge)eG4 <e}. (1.7)

Clearly, the higher is the degree of multiple mixing of the system (X, A, i, (Ty)gec), the
more massive should the set R.(Ag, ..., A¢) be as a subset of G*t. While, for £ = 1, the
strong mixing property of (X, A, u, (Tg)sec) implies that the set R. (Ao, Ay) is cofinite,
this is no longer the case for £ > 2 even if our system (X, A, i, (Tg)4ec) is mixing of all
orders. For example, for any 3-mixing system and any A € A with u(A) € (0, 1), one has
that, if € > 0 is small enough, the set

Re(A, A, A) = {(g1, 82) € G* | [L(AN T AN T, A) — > (A)] < €}
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can only have a finite intersection with any of the ‘lines’ {(g, g) | g € G}, {(g,0) | g € G}
and {(0, g) | g € G}.

In what follows we will show that, for any mixing system (X, A, i, (Tg)gec), the
subsets of G* which are of the form R¢ (A, . . ., Ag) possess a strong ubiquity property
which we will call f)]f and which is quite a bit stronger than the properties of largeness
associated with weakly and mildly mixing systems. In other words, we will show that for
any strongly mixing system the complement of any set of the form R, (Ao, . . ., A¢) is very
‘small’, giving meaning to the claim that (X, A, u, (Ty)gec) is ‘almost strongly mixing’
of all orders. This will be achieved with the help of R-limits, a notion of convergence
which is based on a classical combinatorial result due to Ramsey and, as we will see, is
adequate for dealing with strongly mixing systems. (In particular, we will show that the f);‘
property of the sets R¢ (Ao, . . ., A¢) implies the strong mixing of (X, A, , (Tg)eeG).)

We would like to remark that while the results that we obtain are not as sharp as those
obtained in [1, 2], they have the advantage of being applicable to any strongly mixing
system (X, A, i, (Tg)gec), where G is a countable abelian group. Moreover, as will be
demonstrated in §6, the versatility of R-limits allows one to obtain new and recover
some old results pertaining to multiple recurrence properties of weakly and mildly mixing
actions of countable abelian groups. We would also like to mention that, as will be seen
in §3, the utilization of R-limits brings to life many new equivalent characterizations of
strong mixing (some of which bear a strong analogy with the familiar characterizations of
weak mixing via convergence in density and mild mixing via IP-convergence).

Before introducing the above-mentioned notion of largeness for subsets of G*, we define
a related and somewhat simpler notion in G.

Definition 1.1. Let m € N, let (G, +) be a countable abelian group, and let £ C G.
(1) We say that E'is a X, set if it is of the form

g+ -+ Lk < < k)

where, for each j e {1,...,m}, (g,(cj))keN is a sequence in G which satisfies
limy s o0 g,({]) = 00.
(2) Wesay that E'is a X, set if it has a non-trivial intersection with every X,, set.

Remark 1.2

(a) Note that a subset of G is X if and only if it is cofinite. On the other hand, for any
m > 2,a X% set does not need to be cofinite. Moreover, one can show that for each
m > 2, there exists a X% set which fails to be a X set for each n < m [8].

(b) The notion of X is similar to (but much stronger than) the notion of IP* which has
an intrinsic connection to mild mixing and which plays an instrumental role in IP
ergodic theory and in Ramsey theory (see, for example, [5, 14, 15]). The connection
between these two notions will be discussed in detail in §5.

Since the sets R.(Ag, ..., A¢) are, by definition, subsets of G*, the above-defined
notion of X has to be ‘upgraded’ to the subsets of the Cartesian power G* in order to
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be useful in the study of the asymptotic behavior of multiparameter expressions of the
form

uw(ApNTgArN---NTyAp), g1,...,8 €G. (1.8)

However, it is worth noting that the family of X sets is quite adequate for dealing with
‘diagonal’ multicorrelation sequences. In the case G = Z, such diagonal sequences have
the form

WAy NTY" A N---NTYAy), (1.9)

where ay, . . ., a; € Z, and play an instrumental role in Furstenberg’s ergodic approach to
Szemerédi’s theorem [13, 14]. For example, our main result (Theorem 1.21), while dealing
with the multiparameter expressions (1.8), has strong corollaries of a ‘diagonal’ nature.
The following theorem (which is a version of Theorem 4.4 below) is an example of a new
result of this kind. Note the appearance of X sets in the formulation.

THEOREM 1.3. Let (G, +) be a countable abelian group, let (X, A, u, (Tg)qec) be a

strongly mixing system, and let the homomorphisms ¢1, . . ., ¢¢ : G — G be such that, for
any j € {1, ..., £}, ker(¢;) is finite and, for any i # j, ker(¢; — ¢;) is also finite. Then,
forany Ay, ..., Ay € Aand any € > 0, the set

¢
ROV-9C(Ag, ..., Ag) = {g €G ‘ ‘M(AO N T A1 N N TyA0) — [ 4] < e}

j=0
(1.10)

: *
is Ze-

When G is finitely generated, Theorem 1.3 has a stronger version (Theorem 4.2), which
in the case G = Z can be formulated as follows.

THEOREM 14. Let (X, A, i, T) be a measure-preserving system, let £ € N, and let
ai, ..., ayg be distinct non-zero integers. Then T is strongly mixing if and only if, for any
Ao, ..., Ar € Aand any € > 0, the set

< e}

(1.11)

14
RE- (Ao, s Ag) = {n €z ‘ 'M(Ao N7 AN T A — [T nay)
j=0

is .
For a related result see [7, Theorem 1.11]. See also [20].

Remark 1.5. One can view Theorem 1.4 as a strongly mixing analogue of two theorems
due to Furstenberg which pertain to weak and mild mixing (see Theorems 4.11 and
9.27 in [14], respectively). The first of these two theorems states that the assumption
that (X, A, u, T) is weakly mixing implies (and is implied by the fact) that the sets
R (Ag, . .., Ag) defined in (1.11) have uniform density one. The second one states
that the assumption that (X, A, u, T) is mildly mixing implies (and is implied by) the IP*

https://doi.org/10.1017/etds.2023.63 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.63

1494 V. Bergelson and R. Zelada

property of the sets RV (Ag, ..., Ay). These theorems are instrumental for the proofs
of the ergodic Szemerédi [13] and IP-Szemerédi [15] theorems.

Note that, for £ = 1, both diagonal (see (1.9)) and multiparameter (see (1.8)) multicorre-
lation sequences reduce to the classical expression p(Ag N T, A1). The following theorem
(which is a very special case of stronger results to be established in this paper) shows that,
even in the rather degenerated case £ = 1, X sets provide a new characterization for the
notion of strong mixing for actions of abelian groups.

THEOREM 1.6. Let (G, +) be a countable abelian group and let (X, A, u, (Ty)gec) be a
measure-preserving system. The following statements are equivalent.
(i) (Ty)geg is strongly mixing. In other words, for any € > 0 and any Ao, A1 € A, the
set

Rc(Ao, A1) ={g € G | [n(Ao N TgA1) — u(Ag)u(Ar)| < €}

is cofinite (that is, it is % in G).
(i) Foranym €N, any € > 0 and any Ay, A1 € A, the set Rc(Ag, A1) is ) in G.
(iii) There exists an m € N such that, for any € > 0 and any Ag, A| € A, the set
Rc(Ap, Ay is 27 in G.

We next define the modified versions of %,, and X sets which will be instrumental in
dealing with the multiple mixing properties of strongly mixing systems.

Definition 1.7. Let (G, +) be a countable abelian group and let (gx)ren and (Ax)keN
be two sequences in G. We say that (gx)reny and (hx)ren grow apart if limg_, o

(gk — hi) = oo.

Definition 1.8. Let (G, +) be a countable abelian group, let d € N and let (g;)reny =
(8k.1> - - - » 8k.d)keN be a sequence in G4. We say that (g;)ieN is non-degenerated if, for
each j e {1,...,d},

lim g ; = oo.
k—o00
Definition 1.9. Letd, m € N and let (G, +) be a countable abelian group.

(1) Wesay that E C G?isa £, setif it is of the form

(g + - g ki< <kn)

where, for each j € {1, ..., m}, (g,((‘i))keN = (g,(cjl), ce g,E‘Z)keN is a non- degener-
ated sequence in G? and for any distinct ¢, ' € {1, . . ., d} the sequences (g,ﬁjt))keN
and (g,Ej,)/)keN grow apart. (Note thatif d = 1, then E C G is a X, set if and only if

itis a X, set.)

(2) Wesaythat E C G%isa > setif it has a non-trivial intersection with every %, set
o ad
in G¢.

Remark 1.10. The main difference between f)m sets and X, sets is that im sets are subsets
of Cartesian powers of G and have a built-in feature which guarantees that, asymptotically,
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the elements of %, sets stay away from ‘degenerated’ subsets such as the following subsets
of G*:{(¢,¢.8) | ¢ € G}, {(g.2¢,0) | g € G}and {(g, ¢, h) | g, h € G}.

The following theorem, which is a corollary of Theorem 1.21 below, demonstrates the
relevance of ¥,, sets for dealing with mixing of higher orders.

THEOREM L.11. Let (G, +) be a countable abelian group and let (X, A, i, (Ty)geG) be
a measure-preserving system. The following statements are equivalent.

(i)  (Ty)gec is strongly mixing.

(ii) Foranyl € N, any Ay, ..., Ay € Aand any € > 0, the set

Ré(AO’ LR ] AZ)

¢
= {(81, ... g €G ‘ ‘/L(Aoﬂ ToArN---N Ty Ap) — 1_[ n(Aj| < 6}
j=0

is flz‘ in Gt.
(iii) There exists an £ € N such that, for any Ao, ..., Ay € A and any € > 0, the set

Re(Ao, . .., Ag)is T} in G.

We take the liberty of stating explicitly the following special case of Theorem 1.11 to
stress the applicability of the apparatus developed in this paper to Z-actions.

COROLLARY 1.12. Let (X, A, u, T) be a measure-preserving system. The following
statements are equivalent.

(1) T is strongly mixing.

(i) Foranyl € N, any Ao, ..., Ay € Aand any € > 0, the set

RG(AO’ LR AZ)

¢
‘M(Ao NT"MA N---NT"Ay) — 1_[ wu(Aj)

= {(nl,...,ng) e 7t
=0

< e}
is 22‘ in Zt.
(iii)  There exists an £ € N such that, for any Ao, ..., Ay € A and any € > 0, the set
Re(Ag, ..., Ap)is £} in Z.

We introduce now the notion of convergence that is utilized in the proof of Theorem 1.11
and is based on the classical Ramsey theorem (which, for convenience of the reader, we
state below). We remark that variants of this notion of convergence can also be found in
[10, 11, 21, 23, 25, 31]. Given m € N and an infinite set S C N, we denote by S the

family of all m-element subsets of S. When writing {k{,...,k,} € S ) we will always
assume that ky < - - - < k.

THEOREM 1.13. (Ramsey’s theorem) Let r,m € N and let Cy, . .., C, € N be such
that
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,
N = ] c;. (1.12)
j=1

Then there exist jy € {1, . .., r} and an infinite subset S C N satisfying Sm Cjo-

Remark 1.14. Tt is easy to see that Theorem 1.13 can be formulated in the following
equivalent form that will be frequently used in the sequel.

Letr,m € N, let P be an infinite subset of N and let C1, ..., C, C N be such that
r
P c U C,. (1.13)
j=1
Then there exist jo € {1, ..., r} and an infinite subset S C P satisfying S C Cj.

Definition 1.15. Letm € N, let (X, d) be a compact metric space, letx € X, let (xg) g epnem
be an N(’”)-sequence in X, and let S be an infinite subset of N. We write
R-lim x, = x (1.14)
aeSm)
if, for every € > 0, there exists g € N such that, for any o € S satisfying
min & > max «, one has

d(xg, x) < €.

The following theorem can be viewed as a version of Bolzano—Weierstrass theorem for
‘R-convergence. It follows from Theorem 1.13 with the help of a diagonalization argument.

THEOREM 1.16. Letm € N, let (X, d) be a compact metric space and let (xq) e be an
N _sequence in X. Then, for any infinite set S1 C N, there exist an x € X and an infinite
set S  S; such that
R-lim x, = x. (1.15)
aesim

Remark 1.17. Let (xg)4enen be an N ('”)—sequence in a compact metric space (X, d). The
above-introduced R-limits have an intrinsic connection with iterated limits of the form

lim --- lim Xk, sk (1.16)

j1—>00 Jm—>00
The goal of this extended remark is to clarify this connection.
(a) Using the compactness of X, one can show with the help of a diagonalization
argument that for any increasing sequence (k;);eN, there exists a subsequence
(k}) jen for which all the limits in (1.16) exist.
(b) By Theorem 1.16, there exists an increasing sequence of natural numbers (k) jen SO
that, for § = {k; | j € N}, R-lim,cgom xo exists. Let (k’j) jeN be the subsequence of

(kj) jen which is guaranteed to exist by (a). Letting S; = {k’/. | j € N}, we have

R-lim Xog = lim --- lim X{k/_ B ARE (117)
ozeSfm) Jj1—00 Jm—>00 J17Im
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(c) When X ={1,...,r}, one can use (a) to prove Theorem 1.13. Let r,m € N and
consider a partition N0 — U;‘:l Cj. Let (x¢)yenem be defined by x4 = j if
a € C;. For some increasing sequence (k;)jen in N there exists a jo € {1,...,r}
such that
lim ... lim Xk veokij} = Jjo-
j1—>o00 Jm—>00

By using a diagonalization argument, we obtain a subsequence (k;.)jeN of
(kj) jen with the property that X k)= Jo for any j; < - < j. Now let
J1 Jm

.....

S ={k | j € N}. It follows that sm c cy,.
Before formulating our main result, we need two more definitions.

Definition 1.18. Letm € N and let (G, +) be a countable abelian group. For any sequence

(8 keN = (8k1s - - - » 8km)keN and any o = {ki, . . ., ky} € N we let
m
8o = Z 8kj.j = 8kt t 82+ + Gk (1.18)
j=1
where k| < - - - < ky,.

Definition 1.19. Let m € N, let (G, 4) be a countable abelian group and let

(8 keN = (8k.1> - - - » 8kmdkeN and  (hp)ren = (hi1s - - o, Pem)keN

be sequences in G™. We say that (g )xen and (hy)ien are essentially distinct if, for each
te{l,...,m}, (8k)keN and (A )ren grow apart (that is, limg— oo (gkr — k) = 00).

Remark 1.20. The following observation indicates the natural connection between
non-degenerated, essentially distinct sequences in G™ and X,, sets. Let d,m € N and
let (G, +) be a countable abelian group. Then for any non-degenerated and essentially
distinct sequences

(0] () (0]

(8 DkeN = (815 - - -» &EmlkeN, J €{l,....d},
in G™, the set
((gs". - 8"y |a e N™)
z{(gl(cf,)l +---+g,§,l,,),m,---,g,ﬁffl+~~~+g,§j),m)|k1 < - < ky}
(gD gD D Tk < < k)

isa %, setin G.
We are now ready to formulate our main result (it appears as Theorem 3.1 in §3).

It incorporates some of the characterizations of strongly mixing systems which were
mentioned above.
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THEOREM 1.21. Let £ €N, let (G,+) be a countable abelian group and let
(X, A, 1, (Tg)geG) be a measure-preserving system. The following statements are
equivalent.

() (Tg)geq is strongly mixing.

(i)  For any non-degenerated and essentially distinct sequences

@ ien,  jell,.... 0,

in GO, there exists an infinite S C N such that, for any Ao, . . ., Ag € A,
L
lae%l p(AoNT,mAIN- - NT0A) = ]_!) (A)). (1.19)
J:

More explicitly, if

(g(]))keN = (815{1), e ,gkg))keI\L
foreach j € {1,...,¢}, then
“ Ré@s( uw(ApNT - Ain---NT o0 +kg?, Ag) = 1_£ w(Aj).
(iii) Forany e > 0 and any Ay, . . ., Ay € A, the set
RS(AO, LR ] AK)
¢
= {(81, .8 €G ‘,U«(Aoﬂ Ty Ai N -NTy A — [T Ay < 6}
j=0

is f);‘ in Gt

(iv) Foranye > 0and any Ao, Ay € A, the set Rc(Ag, A1) is X} in G.

The structure of this paper is as follows. In §2 we review some basic facts about
couplings of probability spaces and establish some auxiliary results which will be needed
in §3 and §6. In §3 we prove our main result, Theorem 1.21 (=Theorem 3.1). In §4
we derive some diagonal results for strongly mixing systems. In §5 we describe the
largeness properties of f);,’; sets and, more specifically, of the sets R.(Ag, ..., A¢). We
also juxtapose the properties of f);; sets with those of IP” sets and sets of uniform density
one which are characteristic, correspondingly, of mild and weak mixing. In §6 we utilize
the methods developed in §2 and §5 to obtain analogues of Theorem 1.21 for mildly and
weakly mixing systems.

Remark 1.22. Throughout this paper, we will be tacitly assuming that the measure-
preserving systems (X, A, i, (Ty)gec) that we are working with are regular, meaning that
the underlying probability space (X, A, w) is regular (that is, X is a compact metric space
and A = Borel(X)). Note that this assumption can be made without loss of generality
since every separable measure-preserving system is equivalent to a regular one (see, for
instance, [14, Proposition 5.3]).
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2. Some auxiliary facts involving couplings and R-limits
In this section we review some basic facts about couplings of probability spaces and
establish some auxiliary results which will be needed in §3 and §6.

Definition 2.1. Let N € N. Given regular probability spaces X; = (X;, Aj, uj), j €
{1,..., N}, a coupling of Xy, ..., Xy is a Borel probability measure A defined on the
measurable space

having the property that, forany j € {1,..., N} andany A € A;, k(n;l(A)) = u;(A),
where 7 : ]_[,N: 1 Xi = X is the projection map onto the jth coordinate of H;y:l X;.
(A coupling is just a joining of the trivial measure-preserving systems (X;, A;, u;, 1d;),
Jje€{l,..., N}, whereld; : X; — X; denotes the identity map on X ;.)

We will let C(Xy,...,Xy) denote the set of all couplings of Xj,...,Xy.
C(Xi,...,Xn) is a closed subspace of the set of all probability Borel measures on
]_[7:1 X; endowed with the weak-* topology. With this topology, C(Xy,...,Xy) is a
compact metrizable space. Given a sequence (Ag)ren in C(Xy, . .., Xy),

A ——> A
k— 00

if and only if, forany A € Ay, ..., Ay € Ay,

M(Ap X -+ X Ay) —— A(A] X - - - X Ap).
k— 00

The following proposition follows immediately from the compactness of C(Xy, . . ., Xy)
and Theorem 1.16.

PROPOSITION 2.2. Let X; = (X, Aj, wi), jef{l,..., N}, be regular probability
spaces. For any m €N, any infinite S €N and any N"-sequence (M) genem in
CXy, ..., XnN),

R-lim Ay = A

aeSim

if and only if, forany A| € Ay, ..., Ay € Ay,

R-limAy(Ap X -+ X Ay) = A(A] X - - - X Apy).
aeSim

Our next goal is to establish a useful criterion for mixing of higher orders
(Proposition 2.9). First, we need a definition and two lemmas.

Definition 2.3. Let (Z, D, \) be a regular probability space and let, for each k € N, T} :
Z — Z be a measure-preserving transformation. The sequence (7y)ien has the mixing
property if, for every Ay, A1 € D,

lim A(Ag N T, ' Ap) = A(Ag)A(A)).
k—00
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Remark 2.4

(a) If each of the transformations Ty, k € N, is invertible, (Ty)ren has the mixing
property if and only if (Tk_l) xeN has the mixing property.
(b)  (Ti)ren has the mixing property if and only if, for any f, g € L%(w),

lim / kagdu=/ fdM/ng-
k—oo Jx X X

LEMMA 2.5. Let X = (X, A, u) and Y = (Y, B, v) be regular probability spaces. For
eachk € N, let Ty, : Y — Y be a measure-preserving transformation, and assume that the
sequence (Ty)ken has the mixing property. Let Lo be a coupling of X and Y. Assume that
A is a probability measure on A ® B such that, for any A € A and B € B, one has

lim Ao((Id x T7')(A x B)) = A(A x B). @2.1)

k—o00
Then A = u Q@ v.
Proof. Note that it suffices to show that, for any A € A and B € B,

MA x B) = u(A)v(B). 2.2)
Fix Ae Aand B e B.Since 14 ® 1p = (14 ® 1y)(1x ® 1p), we have by (2.1) that
f (14®1y)(1x ® 1p)dr = A(A x B)
XxY

= lim Ao((d x 7, (A x B))

= lim Id x Ti)(1a @ 1y)(Id x Tx)(1x ® 1p) dAg. (2.3)

k—oo Jxxy

Note that (Id x Tx)(14 ® 1y) = 14 ® 1y and, if we regard B as a sub-c-algebra of
A® B, o|p = v. The rightmost expression in (2.3) equals

lim (1a®1y)(1x ® Tx1p) dro
k—oo Jxxy

= lim E(l4 ® 1y | B)(1x ® Tx1p) dro
k—oo Jxxy

= lim | E(1y® 1y | B)Tilp dv, 2.4)
k—oo Jy

where E(14 ® 1y | B) denotes the conditional expectation of 14 ® 1y with respect to 5.
But (Ty)ken has the mixing property, so the rightmost expression in (2.4) equals

/E(1A®ly|8)dv/ 15 dv = A(A x B). 2.5)
Y Y

By noting that
/E(]lA®]ly|B)dV=/ (11A®]ly)d)»0=f Ly du,
Y XxY X

we have that (2.5) equals u(A)v(B). O]
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LEMMA 2.6. Let m € N, let (X, d) be a compact metric space, and let (xy),enom+1) be
an N _sequence in X. Assume that there exists an infinite S C N with the following
properties: (a) for some x € X, R-limycqm+yXq = x; (b) for each k € S, there exists
vk € X such that

R-lim XU = Yk-

aeS™ | k<min o

Then

lim R-lim  xpgue = lim  y = R-lim xq.
k—00, k€S ¢e S | k<min o k—o00, keS aeSm+1)

Proof. Let € > (. Note that (1) there exists ko € S such that, for any « € S+ with
ko < min o, d(xy,x) <€/2 and (2) for any k € S, there exists an o € S such
that, for any o € S with min & > max (o U {k}), d(X(kyua> Yk) < €/2. 1t follows that,
for any k € S with k > ko and any o € $U with min & > max (o U {k}), d(yk, x) <
d(Xkyua> Yk) + d(X{kyua, X) < €. Since € > 0 was arbitrary,

k—>gor,nkes k=x= a@g?%‘lbx“' U
Remark 2.7. Let m € N and let (x4)y enem+n be an N"+D_sequence in a compact
metric space X. By applying Theorem 1.16 first to the N -sequence (wy)ycpnm =
((X(kyua ) keN) genem In xN (here x(xyue = xo for some fixed xg € X, whenever k > min o),
and then to the N (W‘H)-sequence (Xo)genem+1), We obtain an infinite set S € N for which
(a) and (b) in the statement of Lemma 2.6 hold. A similar reasoning shows that one can
pick S to be a subset of any prescribed in advance infinite set S| C N.

Remark 2.8. In Remark 1.17(c), we indicated how the utilization of iterated limits

_lim s 'lim x{k.il

J1—>00 Jm—>00
leads to a proof of Ramsey’s theorem (Theorem 1.13). In this remark, we show that
Lemma 2.6 and Remark 2.7 (which are corollaries of Ramsey’s Theorem) imply that, for
any infinite set §; € N and any N -sequence (Xg)genew 1D @ compact metric space X,
there exists an increasing sequence (k;) jen in Sy such that, for § = {k; | j € N}, each of
the limits in the formula

’R—limxaz lim --- lim X{kjl .... ki

aeSim J1—>00 Jm—>00

exists. The proof is by induction on m € N. When m = 1, the result follows from the
compactness of X. Now let m > 1 and let S| be an infinite subset of N. By Remark 2.7
and Lemma 2.6, there exists an increasing sequence (kj)jen in Sp such that, for
S={kjljeN}

R-lim x4 = lim  R-lim x{ jue-

aesm j—00 qesm=h
The result now follows from the inductive hypothesis applied to the infinite set S € N and
the N("~D_sequence ((Xfkyua)keN) yenem-1 in the compact metric space X N,
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The following proposition provides a useful technical tool for establishing higher-order
mixing properties of measure-preserving systems. It will be instrumental in §3 for dealing
with strongly mixing systems and in §6 where we will focus on mildly and weakly mixing
systems.

PROPOSITION 2.9. Let (G, +) be a countable abelian group, let (X, A, u, (Tg)geg) be a
measure-preserving system, let £ € N and, for each j € {1, ..., €}, let
(g](cj))keN = (g,ﬁ{f, . ,glgg))keN
be a sequence in Gt. Suppose that, for any t € {1,...,¢} and any j € {l,..., 40},
(Tg(_;>)k€N has the mixing property and that, for any t and any i # j, (T(g(j)_g(i)))keN
k.t k.t k.t
also has the mixing property. Then, there exists an infinite set S C N such that, for any
Ag,...,Ap € A,
t

126-?&9 p(ANT,mAIN- - NT0A) = ]_!) [L(A)).
j=

Proof. The proof is by induction on £. When £ = 1, it follows from our hypothesis that,
for any Ag, A] € A,

R-lim w(Ao N T, 1yA1) = lim u(AoNT 1yAr) = n(Ag)u(Ap).
aeND 8a k—o00 8k.1

Now fix £ € N and suppose that Proposition 2.9 holds for any £’ < £. Let X = (X, A, )
and let up e C =C(X,...,X) be defined by pu(Ag x---x Agy1) = u(AgN---N
— —

£+2 times
A¢41). By the inductive hypothesis, there exists an infinite S € N such that, for any

Al, ..., Apr € A,

A T g ATX X Tean s Aert)
= s X Tt AL O Ty A
= s Tl A1 0 N Ty, Aoy
= St A O T e

AyN---NT wsy o ey @ Aggr)
(jlvz 7g/'1,2)+"'+(gj51+17gj(,5+1>

£+1

=[] n@p. (2.6)
j=1

By Theorem 1.16 and the compactness of C, there exist an infinite set So € S and Ag € C
such that, for any Ao, ..., Agy1 € A,

0+1
R-lim  pa(Ao x Tyoy o Ay X X Toasn e Agg1) = Ao l_[ Aj .
{rorensje}eSS” 2 8jge+1 8ji.2 8jg.e+1 =0

2.7)
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Likewise, there exist an infinite set S| € Sp and A € C such that, for any Ao,...,
Ag_H € A,

R-lim  pua(Ag x T o AL x---xT @ ey  Agtr)
Ut endes1}eS{H ity e it T8

+1
=x<]_[Aj>. (2.8)

j=0

LetY = (I—[?:l X, ®fill A, ®§3 w). Note that (2.6) holds if we substitute S; for S and

(2.7) holds when we substitute S; for Sp. Performing this substitution and applying first
(2.7) and then (2.6)to Ay, ..., Ay € A, we have

l+1
M(X x Ay xox Agpr) = [ | w(A).
j=1

Also, trivially, for any Ag € A,
M(Ag X X x -+ x X) = u(Ao).

Thus, ¢ is a coupling of X and Y.
Using formula (2.7), Lemma 2.6 and applying (2.8) to the set S| = {k; | j € N} (where
we assume that (k) jen is an increasing sequence), we have

lim Ag(Ag X T ) Ay X -+ X T @ryAes1)
t—00 8.1 8ke 1

= lim R-lim  pua(Ag x Tg};)’z—&-m—&-g(” (Tg(l)lAl)

70 e )€S) Jeprttl Sk
X o X T (41 w+ny (T (€+1)A(Z+l))
82 T8, ert 8k
= lim R-lim ua(AoxT 1y , m Al
+g g
= {./2,---,,1'e+1}€S{Z),k:<.1'2 Bu 1782 Blegrt

X oo X T 041y, +1) e+ Agil)
8ks.1 +g.i2,2 +m+g.ig+1,1'+l +

= R-lim )MA(A() x T m 0 Al X - X T 41y

@ty Aggr)
{J1sesjer1}€S) 8jat e e 8 T8y et

{+1
=x<]_[Aj>, (2.9)

j=0

For each j e N, let T; = Tgu) X o X Tg<e+|>. Note that, for any increasing sequence
kj,l kj,l
(ts)sen in N, there exist a subsequence (¢])sen and a measure A’ € C(X, Y), such that, for

any A € Aand any B € ®f: A, lims 00 Ao(A x Ty B) = A'(A x B). By (2.9), A/ =4

and hence, for any A € 4 and any B € ®le] A, limj 00 Ag(A X T;B) = A(A x B).

By Lemma 2.5 applied to X = (X, A, 1), Y = ([T} X, ®‘1] A @'} u) and the

X o X T?;H))jeN, we have that
1 8k ;.1
7 7]

A= ®§:z) w. It follows that, for any Ag, ..., A € A,

sequence of measure-preserving transformations (T*(ll)
8k
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R-lim uw(AgNT (1>A1 N---N Tg(l+1)Ae+])

aES(l“)
£+1
R Jim 1A (A X T Ay % -« x Ty Aggr) = [T r@n.
es! j=0
completing the proof. O

3. Strongly mixing systems are ‘almost’ strongly mixing of all orders
In this section we will prove the following theorem (Theorem 1.21 from the Introduction)
which is the main result of this paper.

THEOREM 3.1. Let £ € N and let (X, A, u, (Ty)geG) be a measure-preserving system.
The following statements are equivalent.

() (Tg)gec is strongly mixing.

(i)  For any £ non-degenerated and essentially distinct sequences

@ ke = (g} - gDken. j € {1, 0},
in G*, there exists an infinite S C N such that, for any Ao, . . ., Ag € A,
14
Relim (A N T AL NN T0A0) = J]:[) W(A)). 3.1
(iii) Forany e > Qand any Ao, . .., Ay € A, the set
Rc(Ao, - ., Ap)

‘,u(Aoﬂ Ty AN - N Ty Ag) — ]_[ (A))

:{(gl,...,gg)EGe
j=0

e

is £} in G*.
(iv) Foranye > 0and any Ag, A| € A, the set Rc(Ag, A}) is EZ‘ in G.

Proof. (1) = (ii): Note that since (T;)gec is strongly mixing, forany ¢ € {1, ..., £} and
any j € {1,..., ¢}, (T (1))keN has the mixing property and that for any ¢ and any i # j,

(T (& ]> (,>)) keN also has the mixing property. Thus (ii) follows from Proposition 2.9.

(il) = (iii): By (ii), we have that, for any € > 0, any Ag,...,, A¢ € A and any ¢
non-degenerated and essentially distinct sequences

@ ke = (8] glDken. el ... 0,
in G¢, there exists an o € N® guch that

&L, ... g) e Re(Ap, . .., Ap),

which implies that Re(Ao, . . ., Ag) is 7.
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(iii) = (iv): Let € > 0, let Ag, A; € A and let (g,(cl))keN = (g,(c’ll), e, g,&?)keN be a
non-degenerated sequence in G*. In order to prove that R (Ao, A1) is =7, it suffices to
show that for some o € N© | gél) € Re(Ag, Ay).

Note that, for any sequence (h,(cl))keN in G with limy_, h,(cl) = 00, one can pick

sequences (h,(f))keN, . ,(h,(f) JkeN in G with the property that, for any distinct i, j €
{13 LRI E}s
: ) _ : ) @)y _
klin;ohk =00 and kgrrgo(hk —h;’) = oo.

Hence, one can find non-degenerated sequences (g,((j ))keN in G¢, j€{2,...,¢},suchthat
(g,(cl))keN, - ,(g,(f))keN are essentially distinct. By (iii), there exists an & € N for which
... 8l) € Re(Ao, AL X, ..., X).

——
£—1 times

This implies that gél) € Rc(Ag, Ay).

(iv) = (i): We will show that, for any &, n € Lg(,u) ={f el | fX f du =0},
lim, 50 (T,&, n) = 0. To do this, it suffices to prove that for any sequence (gx)ren in G
with limy_, oo gx = 00, there exists an increasing sequence (k;) jen in N such that, for any
§.m € L§(),

lim (Ty, &, 1) =0. (3.2)
Jj—00 J

Let (gk)keN C G with limg_s 8k = Q. Let (gk)keN = (gk, ey gk)keN (note that
~———
£ times
(g1 )ken 1s a non-degenerated sequence in GY). We claim that there exist an increasing
sequence (k;)jen in N and a bounded linear operator V : L(z)(u) — L%(M) such that, if
we set S = {k; | j € N}, the following assertions hold.

(1) Forany &, n € Li(1),
(V&) =

= lim
j—o0

Ty, €, )- (33)
(2) Forany Ag, A1 € A, there exists a real number r4, 4, such that

R-lim u(Ap N T_ g, A1) =raga,- 3.4)

aeS®
Let D be a countable dense subset of L%(/L). By a diagonalization argument, one obtains
an increasing sequence (k;.) jeN for which the limit in (3.3) exists for any &,n € D.
Diagonalizing once more, we can pick a subsequence (k;) jen of (k}) jeN for which (3.4)
holds for any Ag, A; from a countable dense subset of A. It follows (by a standard
approximation argument) that all the limits appearing in (3.3) and (3.4) exist for any
&, ne L%(u) and any Ag, A; € A. Notice that (3.3) holds for a unique linear operator V.
Since

sup [[VE[l < sup sup [|Te] =1,
HE 2€G Jigl=<1

we have that V is norm-bounded.
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We claim that V¢ = 0. To see this, note that, by (iv), for every Ag, A1 € A, raga, =
w(Ag) (A1) (otherwise we would be able to find an € > 0 for which the set R (Ag, Ay) is
not X7). Since the linear combinations of indicator functions are dense in L2(w), it follows
that, for any fi, f» € Lz(u),

Retim [ AT, prdu= [ au [ pan. (3.5)
aes® Jx X X
Observe that, by (3.3), T,V = VT, for all g € G. Thus, all the limits appearing in the
expression
lim o lim (T g )
J1—>0o0 Je—>00 /1 Je

exist for any &, n € L%(u). Combining (3.3) and (3.5), we obtain that, for any &, n €

L3(w),
0 ="R-lim N1, & du = R-lim(T, &,
aes® Jx 1 gaé # aeSW( gaé 77)
= lm --- im (T ttg & n) = (V'E, 1),
Jj1—>00 Jje—00 J1 Je

proving our claim.
It follows that in order to prove that (3.2) holds, it is enough to show that L%(u) =
Ker(V*) € Ker(V). To do this, we will first show that V is a normal operator. Indeed, for

any &, € Li(w),

(V¥e,n) =(Vn, &) = lim (T, n,&) = lim (T, &, 1)
j—o0 J j—o00 J
and, hence,

ViVE = lim Ty, VE = lim VT &= VV*E.

So, for any & € L%(u),
IVEI> = (VE, VE) = (V*VE, &) = (VFE, V*E) = [VFE|2 (3.6)

Now take t € N, 5 € L%(u), and set £ = V/~1y. Suppose that n & Ker(V’). Then £ ¢
Ker(V) and, by (3.6), (V*VE, &) #0. Applying (3.6) to V&, we obtain ||V2£[? =
|V*VE|?. So, since (V*VE, &) £ 0, VI+tly = V2g £ 0. This proves that, for each r € N,
if n & Ker(V?), then n & Ker(V!*1). So, L%(u) = Ker(V*%) C Ker(V) and, hence, for any
£.n€ L),

0=(V&, n) = lim (Ty, &, n). O

j—oo 7Y

4. Some ‘diagonal’ results for strongly mixing systems
In order to give the reader the flavor of the main theme of this section, we start by

formulating a slightly enhanced form of Theorem 1.4. (This theorem is a rather special
case of the results of ‘diagonal’ nature to be proved in this section.)
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PROPOSITION 4.1. Let (X, A, u, T) be a measure-preserving system and let ay, . . . , ag
be non-zero distinct integers. Then T is strongly mixing if and only if, for any A, . . . , Ag €
A and any € > 0, the set

< e}

4
{n Y/ ‘ ‘M(AO NTY"A N -NTY"Ap) — ]_[ w(Aj)
j=0

. *
is Ee'

We move now to formulations of more general ‘diagonal’ results.

Let (G, +) be a countable abelian group, let (X, A, i1, (Tg)¢ec) be a measure-preserving
system, let £ € Nandlet¢q, ..., ¢; : G — G be homomorphisms. For any € > 0 and any
Ag, ..., Ay € A, define

< }

We first give two equivalent formulations of a general result which deals with finitely
generated groups.

14
ROP(Ag, ..., Ag) = {g €eG ’ ’M(Ao N Ty AN N Ty A0 —] [ (A))
j=0

THEOREM 4.2. Let (G, +) be a finitely generated abelian group, let (X, A, u, (Tg)geG)

be a measure-preserving system and let the homomorphisms @1, . . ., ¢p : G — G be such
that, forany j € {1, ..., £}, ker(¢;) is finite and, for any i # j, ker(¢p; — ¢;) is also finite.
Then (T,)ge is strongly mixing if and only if, for any Ao, . .., A¢ € A and any € > 0,

the set RZ"%(Ay, . .., Ag) is 5.

Note that if G is a finitely generated abelian group and ¢ : G — G is a homomorphism,
ker(¢) is finite if and only if the index of ¢(G) in G is finite. It follows that Theorem 4.2
can be formulated in the following equivalent form.

THEOREM 4.3. Let (G, +) be a finitely generated abelian group, let (X, A, p, (Tg)geG)
be a measure-preserving system and let the homomorphisms ¢1, . . ., ¢¢ : G — G be such
that, forany j € {1, ..., £}, the index of ¢ ;(G) in G is finite and, for any i # j, the index
of (pj — ¢i) in G is also finite. Then (Tg)gec is strongly mixing if and only if, for any
Ag, ..., Ay € Aand any € > 0, the set R?l""’d”z(Ao, o Ap)is T

We now formulate and prove variants of Theorems 4.2 and 4.3 which pertain to mixing
actions of general (not necessarily finitely generated) countable abelian groups. Unlike
Theorems 4.2 and 4.3, the following two theorems are not equivalent. We will provide the
relevant counterexamples at the end of this section.

THEOREM 4.4. Let (G, +) be a countable abelian group, let (X, A, i, (Tg)gec) be a

strongly mixing system and let the homomorphisms ¢1, . . ., ¢¢ : G — G be such that, for
any j € {1,..., ¢}, ker(¢;) is finite and, for any i # j, ker(¢; — ¢;) is also finite. For any
non-degenerated sequence (8 )keN = (8k,1 - - - » 8k.)keN IN GY, there exists an infinite set
S C N such that, for any Ay, . .., Ay € A,
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[
RA1im 11(Ag N Ty (g1 A1 N+ - N Tpy(en Ae) = [ | (A)).
aeS® i—0
]=
Equivalently, for any Ao, . . ., Ay € Aand any € > 0, the set Rf' """ W(Ao, oA isE]
Proof. Since, for any distinct i, j € {1, ..., £}, ker(¢;) and ker(¢p; — ¢;) are both finite,
we have foreachr € {1, ..., ¢},

lim ¢;(gk) =00 and  lim (¢;(gk,) — ¢i(gk,r)) = 00.
k— 00 k—00
Foreach j € {1, ..., ¢}, let
(glij))keN = (j(gk1)s ... P (8ke))keN.

Then the sequences (g,((l)) keNs - - - » (g,(f)) xeN are non-degenerated and essentially distinct.
By Theorem 3.1(ii), there exists an infinite set S C N such that, for any Ay, ..., Ay € A,

R-lim u(Ag N T¢|(ga)Al n---N Tm(ga)Ag)
aes®

4
:R-limM(AoﬂTgénAlﬁ~~~ﬁTgéz>Ag):u<l_[AJ-). -
j=0

aes®

Remark 4.5. The goal of this remark is to indicate an alternative way of proving
Theorem 4.4. Let G and ¢1, ..., ¢, be as in the hypothesis of Theorem 4.4. In §5
we will show that if £ is a i;‘ set in G¥Y, then {geG|(P1(g),...,0e(g)) € E}
is a X/ set in G (see Proposition 5.22). Thus, for any measure-preserving system
(X, A, u, (Tg)geg), any Ag, ..., Ag € Aand any € > 0, if R.(Ap, ..., Ag)isa f];‘ set,
then R?l """ Pt (Ao, ..., Ag)isa X} set. One can now invoke Theorem 3.1(iii).

The next result complements Theorem 4.4. Note that it provides a somewhat stronger
version of one of the directions in Theorem 4.3.

THEOREM 4.6. Let (G, +) be a countable abelian group, let (X, A, i, (Tg)geG) be a
measure-preserving system and let the homomorphisms ¢1, . . ., ¢¢ : G — G be such that
at least one of $1(G), $p2(G), (P2 — ¢1)(G) has finite index in G. If, for all Ay, . .., Ay €
Aand all € > 0, the set R?"% (Ao, ..., Ag) is X}, then (Ty)gec is strongly mixing.

Proof. We will assume that (¢ — ¢1)(G) has finite index in G; the other two cases can
be handled similarly. For any A;, A> € A and any € > 0, we have

ROV-9U(X, AL, Ay, X, ..., X)
[ —;
£—2 times
={8 € G| In(X N T )A1 N Tpy0) A2 N Ty ) X N - - - N Ty () X)
— u(Au(A2)] < €}
={g € G | |(Tp,()A1 N Tpy(g)A2) — (A (AD)| < €} = RZ27O1(A}, Ay).
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By our assumption, for any € > 0 and any A, A, € A, the set RZ’Z_‘P' (A1, Ap)isa X set
and hence, by Theorem 3.1(iv), (T(¢,—¢,)(g))geG 18 strongly mixing.

We will now prove that (Tg)gec is strongly mixing by showing that for any sequence
(gx)keN in G with limy, oo gx = 00, there exists an increasing sequence (k) jen in N with
the property that for any Ag, A € A,

lim (Ao N Ty A1) = (Ao (Ar).

J—00

Let (gk)ken be a sequence in G with limg_, o gx = 00. By assumption, (¢2 — ¢1)(G) has
finite index in G, so there exist an increasing sequence (k;) jen in N and an element 7 € G
for which {gx;, + 7 | j € N} € (¢2 — ¢1)(G). Since (T(g,—¢,)(g))geG is strongly mixing,
for any Ag, A] € A,

lim w(AgNTg Ap) = lim u(AgN Ty +r(T- A1) = u(Ag)(Ay),
j—o00 J j—o00 J
completing the proof. O

The following proposition shows that the assumption made in Theorem 4.2 that G is
finitely generated cannot be removed.

PROPOSITION 4.7. Let G = @y Z and let £ € N. There exist a measure-preserving
system (X, A, i, (Tg)gec) and homomorphisms ¢y, . .., ¢¢ : G — G satisfying (a) for
any j € {1, ..., £}, ker(¢;) is finite, and (b) for any i # j, ker(¢; — ¢;) is also finite, and
such that every set of the form ROV Ay, L Ay is X5 but (Tg)gec is not strongly
mixing.

Proof. We will only carry out the proof for ¢ = 2; the general case can be handled
similarly. Let ¢1 : G — G be the homomorphism given by

¢]((a]’a2$""an"")):(0’a1709a2""90’al‘l"")'

Note that ¢ is injective (and so ker(¢y) is trivial).

Let X = {0, 1}¢ be endowed with the product topology, let 1 be the (%, %) product
measure on A = Borel(X) and, for each g € G, let S, : X — X be the map defined
by (Sg(x))(h) = x(h + g). The system (X, A, 1, (Sg)gec) is strongly mixing. Define a
measure-preserving G-action (Tg)geg on (X, A, 1) by

T(al,az,..‘) = S(a2,a4,‘..)

and let ¢ : G — G be defined by ¢»(g) =2¢1(g). Note that, for any g = (a1, az, . . .) € G,
Ty1(9) = Ty (@ar.a2...)) = T0.a1.0.02...) = Star.az...) = Sg-
So, for any € > 0 and any Ag, Aj, Az € A,
R?1%2(Ap, Ay, A2)

={g € G| n(Ag N Ty, (g5)A1 N Ty () A2) — (Ao (A (A2)| < €}
={geG||u(AgN S;A1 NS Ar) — (A (A1) (A2)| < €} 4.1)
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It follows from Theorem 4.4 that every set of the form
{g €G|Iu(AgNSgAL NS A2) — n(Ag) (A (A2)| < €}

is X3 and hence, by (4.1), for any Ag, A1, A and any € > 0, R?"¢2 (Ao, A1, A2) is 2.
Noting that for each k € N, T 0,0...) = S(0,,...) i the identity map on X, we see that
(Tg)gec is not strongly mixing. We are done. U

The next result shows that Theorem 4.3 cannot be extended to arbitrary countable
abelian groups.

PROPOSITION 4.8. Let G = @;cy Z and let £ € N. There exist a strongly mixing system
(X, A, u, (Tg)geg) and homomorphisms ¢y, ..., ¢, : G — G satisfying (a) for any
Jell,.... 8}, ;(G) =G, and (b) for any i # j, (¢; — ¢;)(G) = G, and such that,
for some A € A and some € > 0, the set Rf"""m (A, ..., A)isnot T.

Proof. Let (X, A, i1, (Tg)gec) be a strongly mixing system and let py, ..., pp € Nbe £
different prime numbers. For each j € {1, ..., ¢}, let¢; : G — G be defined by

¢jlar,az,a3,...)= (ap}, ap2s ap;-..)

It follows that, for any je({l,...,4}, ¢;(G) =G and since, for any distinct
i,jel{l,..., e}, the sets {p’|k eN} and {p’;|k e N} are disjoint, we have that
(¢ — ¢i)(G) = G as well.

Observe that the subgroup G’ = {(a1,0,0,...) € G |a; € Z} is isomorphic to Z
and that, for any j € {1,..., £}, G' C ker(¢;). Let (gr)ren be a sequence in G" with
limg—, o0 gk = 00. Since, for each k € N, Ty, (g,) = T(0,0,..) = Id, where Id is the identity
map on X, we have that, for any A € A with w(A) € (0, 1), and any k; < - - - < ky,

£+1
(AN T¢1(gkl +'--+gkl)A n-.-N T¢z(gk1+-~+gk¢)A) = w(A) # u * (A).

set
{8k, + -+ 8k L k1 < < ke}

and hence it is not X. This completes the proof. O

5. Largeness properties of f];:l sets

As we have seen above, any strongly mixing system (X, A, u, (Ty)gec) has the property
that the sets Rc(Aq, ..., A,) are f)f;l (moreover, the strong mixing of (Ty)geg is
characterized by this property). This section is devoted to the discussion of massivity and
ubiquity of f);‘;, sets. Since strong mixing is a stronger property than those of mild and
weak mixing, one should expect that the notions of largeness associated with (multiple)
mild and weak mixing are ‘majorized’ by the notion of largeness associated with f):l sets.
This will be established in §5.1 and §5.2. Finally, in §5.3 we will show that f);; sets are
ubiquitous in the sense that they are well spread among the cosets of admissible subgroups
of G™ (the class of admissible subgroups will be introduced in §5.3).
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51. Any =% set in G is an IP" set. 1In this section we will introduce TP sets and
juxtapose them with f];; sets. (IP" sets are intrinsically linked to the multiple mixing
properties of mildly mixing systems. The connection between IP" sets and mildly mixing
systems will be addressed in §6.)

Let (G, +) be a countable abelian group and let F denote the set of all non-empty finite
subsets of N. Given a sequence (gx)ren in G, define an F-sequence (gy)qeF by

Bu=) 8 =8+t a={ki... .k} (5.1)
Jjea
We will write
lim g4, =00
oa—00
if, for every finite K € G, there exists an o9 € F such that, for any o € F with @ >
(that is, min o > max ), go € K.
A set E C G is called an IP set if E = {g, | « € F} for some sequence (gx)ien in G
such that limy_, o0 go = 00. A set E C G is called IP* if it has a non-trivial intersection
with every IP set. IP sets are often defined just as sets of the form

FS((gt)ken) = {8k, +- -+ 8k, k1 <+ <kyy, t eN} ={go | € F}

(without the requirement that limy_, oo g¢ = 00). Our choice of definition for IP sets is
dictated by our interest in the study of asymptotic properties of measure-preserving actions.
The distinction between our definition and the more traditional one is rather mild: for
any infinite set of the form E = {g, | « € F}, there exists a sequence (hx)geN such that
{hg | € F} C E and limy_, o, by = 00.

We now introduce modifications of IP and IP* sets, namely IP sets and IP” sets, which,
as will be seen in §6, are naturally linked with the properties of the sets R.(Ag, . . ., A¢)
in the context of mildly mixing systems.

Definition 5.1. Let (G, +) be a countable abelian group and let d € N. We say that a set
E C G%is an IP set if it is of the form

E={@g",....e acF
where, for each j € {1,...,d}, {géj) | @ € F} is generated by (g,ij))keN as in (5.1) and,
in addition, for any j € {1, ..., d},
lim g\ = oo (5.2)
o—> 00
and, for any i # j,
Jim (g — gg) = o0, (5.3)

(Note thatif d = 1, then E C G is an IP set if and only if it is an P set.)
A set E € G is called an IP" set if it has a non-trivial intersection with every IP set
in G.
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Remark 5.2. Let (G, +) be a countable abelian group, let d € N and let E C Gd be an
IP set. From now on, whenever we pick a sequence (81 )keN = (g 1 & ))kEN in
G? with the property that £ = {(g(]) e 8u )) | € F}, we will ta01tly assume that
(g kens - - - (8P )ren satisty (5.2) and (5.3).

The following lemma unveils an important connection between IP and ¥,, sets.

LEMMA 5.3. Let (G,+) be a countable abelian group and let d,m € N. Any IP set
E C G4 contains a %, set. Namely, there exist non-degenerated and essentially distinct
sequences

@) =@l glken. Jefl.....d)
in G™ with the property that {(g(l) ey 8a )) |a € NWYy C E, where for each
jell.....dyandeacha = (k. ... kn) €N, g =gl .o 4 g |
Proof. Let E be an IP set and let (h)ken = (h(l), ... ,h,(cd))keN be such that
E={(h,|aecFy={hD,. .., b aeF)

Following the stipulation made in Remark 5.2, for any finite set F € G, we can ﬁnd an
ar € F such that, for any @ € F with @ > or and any distincti, j € {1, ...d}, h(()/) ¢ F

and (h((xj) - hg)) ¢ F.In particular, for any distincti, j € {1,...,d},
) : ) @)
lim k)" = d 1 h)'’ —h;’) = oo. 54
Jim oo and tim (1" —h") = o0 G4
Foreach j € {1,...,d}and each k € N, we let
D= D, ). (5.5)
—_—
m times
Note that, by (5.4), the sequences (g,(cl))keN, - ,(g,((d))keN are non-degenerated and
essentially distinct. It follows now from (5.5) that, for any « = {ky, ..., k,} € N (m)
1 d 1 d
(6. ... gDy = (Zh“ 5 Zh( >) ( o }) cE,
which completes the proof. O

Remark 5.4. The proof of Lemma 5.3 actually shows that any IP set is a union of %; sets.
Let E € G be an IP set and let (g1)ken be a sequence such that £ = {g, |o € F}. The
proof of Lemma 5.3 shows that, foreach 7 € N, {gy, +---+ g ki <--- <k}isa >,
set. Hence,

E=Jg, + -+, ki< <k
teN

As an immediate consequence of Lemma 5.3 we have the following result.

COROLLARY 5.5. Let (G, +) be a countable abelian group and let d, m € N. Every f):‘,l
set in G4 is an IP" set.
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Proof. Let E C G% be a fl,’; set and let D € G¥ be an IP set. By Lemma 5.3, we have
that D contains a f]m set and hence E N D # (. Since D was arbitrary, this shows that E
is an TP" set. O]

5.2. Any f);; set in G4 has uniform density one. We start with defining the notions of
upper density and uniform density one in countable abelian groups.

Definition 5.6. Let (G, +) be a countable abelian group, let E C G and let (Fi)ken be a
Fglner sequence in G. (A sequence (F)ren of non-empty finite subsets of G is a Fglner
sequence if, for any g € G,

|(g + Fi) N Fil
k—o00 | Fx|

b}

where, for a finite set A, |A| denotes its cardinality. It is well known that every countable
abelian group contains a Fglner sequence.) The upper density of E with respect to (Fi)xeN
is defined by

|E N Fyl
d(Fk)(E) = lim sup —————
k— 00 | F|

A set E C G has uniform density one if, for every Fglner sequence (Fi)ieN, 3( y(E) =1

Sets of uniform density one are intrinsically connected with weakly mixing
measure-preserving systems. Recall that a measure-preserving action (Tg)gec on a
probability space (X, A, u) is called weakly mixing if the diagonal action (T, x Tg)ecG
on X x X is ergodic. When G is an amenable group, the notion of weak mixing can
be equivalently defined with the help of strong Césaro limits along Fglner sequences.
Namely, (Tg)gec is weakly mixing if and only if, for any Fglner sequence (Fi)ken and
any Ag, A] € A,

Jim |Fk| Z (Ao N T A1) — u(Ag)u(An)| = 0.

It follows that (Ty)eec is weakly mixing if and only if the sets
Re(Ao, A1) = {8 € G | In(Ao N TgA1) — (Ao (A < €}

have uniform density one. The reader will find a few more equivalent forms of weak mixing
in Proposition 6.8 below.

In order to derive the main result of this subsection, namely the fact that every f];; set
has uniform density one, we need first to prove two auxiliary propositions.

PROPOSITION 5.7. Let (G, +) be a countable abelian group, let d € N and let (Fi)keN
be a Folner sequence in G%. For any E C G with d(r)(E) > 0 and any IP set D C G¥,

there exists a sequence (g;)keN = (g(l) ces &y )) in G% such that (a) (g |l e F} C D,
(b) for any distinct i, j € {1,...,d}, (5.2) and (5.3) hold, and (c) for any o € F,
3<Fk>< ﬂ (E —g,g)> > 0. (5.6)
BCa, B#D
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In other words, for each o € F, the set Ey, ={h € G%| forallp Ca, B #90, h+
8p € E} satisfies d(r)(Eg) > 0.

Proof. Let D ={hy | ¢ € F} be an IP set in G¢ generated by the sequence (hy)reny =
(hi1s - - -, hka)ken. We claim that, for any M € N with M > I/E(Fk)(E), there exist

.....

.....

.....

M M
dwp(LﬂE—hu ..... Rd)=§:3mﬂE—hu ..... R) = Md ) (E) > 1,
R=1 R=1
a contradiction. Thus, there exist L, R € N with L < R < M such that d()(E N (E —
hip41,..r)) >0 Wewilllety; ={L+1,...,, R}
Now let Ey = E N (E — hy,). Repeating the above argument, we find L', R" € N, R <
L' < R',suchthaty, = {L' +1,..., R’} satisfies d (r,) (E1 N (E| — h,,)) > 0.1t follows

that yy < y» and that hy,y,, = h,, +h,,. Hence,
dr)(EN(E —hy,)N(E —hy,)N(E —hy,up)) > 0.

Continuing in this way, we can find a sequence (Vx)reN With Y% < yi+1 foreach k € N and
the property that, for any o € F,

3(1:,()( ﬂ (E — hUkefs Vk)> > 0.
BCa, B#D

For each k € N, let g, =h,, and, for each a € F, let g, = Zjea g = hU/ea yi-
Observe that the sequence (g,)qcr satisfies (5.6). Let D' ={g, |« € F}. Clearly
D’ C D. To finish the proof observe that

(ga)ae]—' = (g()l,la cees ga,d)ote]: = (h(Ukeoz )73 EIIEI h(Ukeoz ]/k),d)OlE]:

satisfies (5.2) and (5.3). Indeed, in view of Remark 5.2, forany j € {1, ..., d},
Jm goj = Hm Ay, ;=00

and, fori # j,

Jm (8aj — 8ai) = Hm (., yo).j = AUy i) = 00 O

PROPOSITION 5.8. Let (G, +) be a countable abelian group, letd, m € N and let (Fy)geN
be a Fglner sequence in GH. Any E C G4 with E(Fk)(E) > 0 contains a ¥, set. Namely,
there exist non-degenerated and essentially distinct sequences
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@)= glken.  jell.....d)
in G™ with the property that {(g(l) ey 8a )) | e NWYy C E.
Proof. Fix d € N and let D be an IP set in G?. Let (hy)gey = (h(l), ce h,((d))keN be a

sequence in G¢ with D = {h, | @ € F}. Invoking Proposition 5.7 and passing, if needed,
to a sub-IP set in D, we can assume that, for any o € F,

Z(Fk)< N —h,g)> >0 (5.7

BCa, BF#D

and that (hy)en satisfies (5.2) and (5.3).
Let m = 1. There exists a sequence (o )ken in F such that, for each k € N, ap < ag41

and such that, for any distinct k, k¥’ € N and any distinct i, j € {1, ..., d},
hy) #hy) and  hG) —hG) #h{) —h{). (5.8)

Pick a sequence (Ax)ken of finite subsets of G with the properties that, for each k € N,
(@) |Ax|l =k, (b) Ax € Agq1, and (¢) Uy Ak = G. By (5.7), for each k € N we can
find by = (br1, ..., bkq) in G4 such that, for any r € {1,..., kd® + 1}, by +hy, € E.
By (5.8), for any k e N and any j € {1, ..., d}, there exist at most k natural numbers ¢
for which by ; + h E Ay. Similarly, for any distinct Z, j € {1, ..., d}, one has (b ; —
bii) + (hij,) — hfx’,)) € Ay for at most k natural numbers z.

We claim that there exists € {1, ..., kd? + 1} such that, for any j € {1,...,d},
br,j + h((,/,) ¢ A and, for any i # j, (bi,j — bii) + (hfx{) — hg,)) & Ag. Suppose for con-
tradiction that this is not the case. Since there are d* — d pairs (i, j) with distinct i, j €
{1, ..., d]}, there exist at least k + 1 natural numbers ¢ for which, say, by 1 + h((xlt) € Ai,a
contradiction.

Thus, there exists a sequence (k;);en in N for which the sequences

(brj+hew,  jell,....d)
are non-degenerated and essentially distinct, and
{Bra+hy), . ba+h) |1 €N} CE.

Now let m > 1. By Lemma 5 there exist non-degenerated and essentially distinct
sequences (f,(cj))keN = (fk(]l), ce, fk m_l)keN, jef{l,...,d}, with the property that

(A, 7Dy o e Nt=Dy € D, For each k € N, let

Ep = N — (0, [y, (5.9)

a{l,...k+m—1}, |a|=m—1

By (5.7), for each k € N, E(Fk)(Ek) > 0. It follows from the case m = 1 that there exist
sequences

(gk,j)k€N7 J 6{17"'7[1}’
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with the properties that (a) for any k € N, (gk.1,...,8kd) € Ex, (b) for any j €
{L,....,d}, limg_ o gr,j = 00, and (c) for any distinct i, j € {1, ..., d}, limg o0 gri —
gk,j = 0o. Foreach j € {1, ..., d}, form the sequence
@ ken = D e =g g,
By (5.9) and (a), we have that, for any k € N and any o C {1, ...,k — 1} with || =
m—1,(g1 - gea) + (2, L £A9) € E and hence
1
() F 8t F i+ Gkad) LK1 < -+ < ket < k) C E.

By (b) and (c), the sequences (g ))keN, . ,(g]((d))keN are non-degenerated and essentially
distinct. We are done. O

COROLLARY 5.9. Let (G, +) be a countable abelian group and let d, m € N. Every f];fl
set in G4 has uniform density one.

Proof. We will assume that D C G? does not have uniform density one and show that
D is not a f]* set. Indeed, if D does not have uniform density one, then there exists
a Fglner sequence (Fj)ren in G? for which d(pk)(D) < 1. Let E=G?\ D and note
that d (Fy (E) > 0. By Proposition 5.8, E contains a %, set. This implies that D is not
asr. O

5.3. The ubiquity of f],’,‘l sets. In this subsection we will show that there exists a broad
class of subgroups of G¢ with the property that, for each group H from this class, any f);‘;,
set in G¢ has a large intersection with H. In fact, we will show that either a subgroup H
belongs to this class or G4 \ H is a f],’; set for any m € N.

Definition 5.10. Let (G, +) be a countable abelian group, let d € N and let H be
a subgroup of G¢. We say that H is an admissible subgroup of G? if there exist
non-degenerated and essentially distinct sequences (glgl))keN, . ,(glgd))keN in G such that

(g, . g™ keN) C H.

Example 5.11. Let (G,+) be a countable abelian group and let H = {(g, 4, 0) | g,
h € G} € G3. Clearly, H is not an admissible subgroup of G>.

Example 5.12. Let (G, +) be a countable abelian group with an element g of infinite order.
For any d € N and any distinct ay, . . ., aq € Z \ {0}, the set {(ka1 g, karg, ..., kasg) |
k € 7} is an admissible subgroup of G¢.

Example 5.13. Let (G,+) be a countable abelian torsion group (that is, each of
its elements has finite order). There exist a sequence (gix)ien in G and a nested
sequence of finite subgroups (Gy)yeny With the following properties: (i) Gy is
generated by {g1,..., gn}; (i) for each k € N, gry1 & Gi. Then, for any d € N and
any distinct ay, ..., aq € N, the group generated by the set {(guk, ask> - - - » 8agk) |
k € N} is an admissible subgroup of G?. Indeed, note that, for any k € N and any

https://doi.org/10.1017/etds.2023.63 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.63

Strongly mixing systems are almost strongly mixing of all orders 1517

a,beN with a <b, gax € Gar—1 and (gpx — gak) € Gak. So limg_ o0 gak = 00 and
limy— o0 (8bk — gak) = 00.

The following proposition provides a useful characterization of admissible subgroups.

PROPOSITION 5.14. Let (G, +) be a countable abelian group, let d € N and let H be a
subgroup of G%. The following statements are equivalent.

() H is an admissible subgroup of G.

(i) There existan m € N and a f)m set E € G such that E C H.

(iii) For any m € N, there exists a S set E € G? such that E C H.

(iv) There exists an IP set E € G? such that E C H.

(v) For any je{l,...,d}, mwj(H) is infinite and, for any i # j, (w; —m;)(H)
is also infinite, where for each je{l,...,d}, nj: H — G is defined by
(g1, -5 8d) = &j-

Proof. 1t is not hard to see that (i) and (ii) are equivalent. The implications (i) = (iii),
(iii) = (iv) and (iv) = (v) are trivial. We will now prove (v) = (i).

Let P={m;|je{l,...,d}}U{m; —m|i,je(l,...,d}, i #j} and let M be
the largest non-negative integer for which there exist an F C P with |F| =M and a
sequence (g;)ken in H such that, for any w € F, limy—, o 7w (g;) = 00. Since |P| = d?,
we have M < d?. Also, since, for each = € P, m(H) is infinite, M > 1. If M = d?, then
(i) holds. So, assume for contradiction that M < d2.

By the definition of M, there exist a set Fp € P with |Fy| = M and a sequence
(g)keN in H such that if m € Fy, limg_, oo 7(g,) = 00 and if w € (P \ Fp), then there
exists a finite set Ay € G such that {n(gy) | k € N} C A;. By passing, if needed, to a
subsequence, we can assume that, for each w € (P \ Fp), there exists a g, € G such that
limg_, o0 7(gy) = gx. Letmg € (P \ Fp). By (v), there exists a sequence (g} )xen in H such
that limg_s oo no(g;() = 00. Note that, for any finite set A € H,any 7 € Fpand any t € N,
there exists a k € N such that, for any ¥’ > k,

m(ge +8) = w(g) +7(g) & A

Also, note that there exists a kg € N such that, for any k > ko, 7o(g;) = gx,. It follows
that we can find an increasing sequence (k;);cn in N for which lim,_, n(gk, +g) =00
for each m € Fy U {mo}. This contradicts the definition of M, completing the proof. O

COROLLARY 5.15. Let (G, +) be a countable abelian group and let d € N. A subgroup H
of G4 is either admissible or, foranym € N, G4\ H is a X set.

Proof. If H is not an admissible subgroup, Proposition 5.14(ii) implies that, for each
m € N, H does not contain any ¥,, set in G¢. Thus, G\ H is a X set for each
m € N. O

Before stating and proving one of the main results of this subsection which deals with
the ubiquity of f):; sets in admissible subgroups (Theorem 5.20 below), we need one more
definition and a technical lemma.
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Definition 5.16. Let (G, +) be a countable abelian group, let d, m € N and let H € G¢
be an admissible subgroup A set E C H is called an H- 2* set if it has a non- tr1v1al
intersection with every %, set contained in H. Slmllarly, aset E C H is called an H-IP"
set if it has a non-trivial intersection with every IP set contained in H.

Remark 5.17. Let (G, +) be a countable abelian group, let d € N and let H C G4 be an
admissible subgroup of G¥. It is useful to perceive H-3 sets as relative versions of ¥,
sets in G¢. Note that if H is a proper subgroup of G¢, H-i;,'; sets are not f],’; Indeed,
since, for each m € N, any translation of a flm set in G¥ is again a fim set, every coset
of H contains a f)m set in G¢. It follows that G¢ \ H contains a f)m set for each m € N.
Hence, no H-X setisa &% set

Remark 5.18. Let (G, +) be a countable abelian group, let d, m € N, let H C G4 be an
admissible subgroup and let E be a f);:l set in G¢. It follows from the definition that E N H
is aH—f)j‘n set. Indeed, let D C H bea %,, set. We have (E N H) N D = E N D # . Note
also that, for any g € G, E N (g + H) is the translation of the H-i}; set(—g+ E)N H.
Thus, the cosets of H have a large intersection with E as well.

LEMMA 5.19. Let (G,+) be a countable abelian group, let d,m € N, let H be an
admissible subgroup of G¢ and let (Fy)ren be a Fplner sequence in H. Any E C H with
E(Fk)(E) > 0 contains a f)m set.

Proof. Since H is admissible, there exists an IPset D' € H. The result in question follows
by replacing D by D’ in the proof of Proposition 5.8 and applying an adequate modification
of Proposition 5.7. 0

THEOREM 5.20. Let (G, +) be a countable abelian group, let d, m € N and let H C G4
be an admissible subgroup. Any H-i;; set is an H-IP" set and has uniform density one
in H.

Proof. Let E' C H be an H—i,"; set. By Lemma 5.3, every IP set contains a %, set.
It follows that E’ is an H-IP" set. By Lemma 5.19, we can argue as in the proof of
Corollary 5.9 to show that E’ has uniform density one in H. U

COROLLARY 5.21. Let (G, +) be a countable abelian group, let d € N, let H be an
admissible subgroup of G% and let (X, A, 1, (Tg)geg) be a strongly mixing system. For
any g € G4, each set of the form Rc(Ao, ..., A¢) N (g + H) is the translation of a set
with uniform density one in H.

Proof. This result follows from Theorem 3.1, Remark 5.18 and Theorem 5.20. O

A natural class of admissible subgroups in G¢ is provided by the one-parameter
subgroups of the form

Hp,....pa = {(d1(8). . ... 9a(8)) | g € G},

where ¢1,...,¢qs : G — G are homomorphisms such that, for any j € {1,...,d},
|ker(¢p;)| < oo and, for any i # j, | ker(¢; — ¢;)| < oo. The following proposition,
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,,,,,

and provides an alternative proof of Theorem 4.4.

PROPOSITION 5.22. Let (G, +) be a countable abelian group, let d,m € N and let
¢1,...,¢4: G— G be homomorphisms such that, for any j e {l,...,d}, ker(¢;)
is finite and, for any i # j, ker(¢p; — ¢;) is also finite. If E C G? is a f):; set, then
E'={geG|(pi(g).....0a(8) € E}isa X} setinG.

Proof. Let D C G be the X, set in G generated by the non-degenerated sequence
(8)keN = (8k1» - - - » Skm)keN in G™ (that is, D = {g4 | @ € N/™}). We will show that
DNE #§.

By our assumption on ¢i,...,¢,, for each j e {l,...,m}, the sequences
(¢1(8k,j)keNs - - - » (@a(8k,j))keN are non-degenerated and essentially distinct. Thus, the
set D' = {(¢1(ga), - . ., Pa(8a)) | @ € N™}isa ¥, setin G. Noting that D' N E # §,
we obtain D N E’ # . O

So far we have been focusing on the massivity and ubiquity of general f);‘ sets.
However the ‘dynamical’ 22‘ sets Rc(Ag, ..., Ag), are even more prevalent in G*. For
example, assuming for convenience that G = Z, one can show that the sets of the form
Rc(Ao, . .., Ag) have an ample presence in ‘polynomial’ subsets of Z¢. This is illustrated
by the following polynomial extension of Proposition 4.1 (which is proved in a companion
paper [9]).

THEOREM 5.23. Let £ € N and let py, . . ., pe € Z[x] be non-constant polynomials such

that, for any distincti, j € {1, ..., £}, deg(p;j — pi) > 0. There exists anm € N such that,
for any strongly mixing system (X, A, u, T), any € > 0 and any Ay, . . ., Ay € A, the set

<

(5.10)

. *
is X

The following proposition shows that, in general, f);‘ sets, unlike the sets of
the form R¢(Aop,...,Ay¢), can be disjoint from the polynomial sets Hp,

..... Pe =
{(p1(n), ..., pe(n)) | n € Z}, where p1, ..., py € Z[x].
PROPOSITION 5.24. Let £ € N and let py, . .., pe € Z[x] be non-constant polynomials
such that, for any distincti, j € {1, ..., £}, deg(p; — p;i) > 0. Suppose that deg(p1) > 1.

Then, for any m > 2, H), . ,, contains no Ly, sets. Equivalently, 7t \Hp, . .pisa f);;,
set for each m > 2.

Proof. Since the projection onto the first coordinate of any %, set E C Z¢ is a ¥, set

in Z, it suffices to show that the set {p;(n) | n € Z} contains no %,, sets. Suppose for
contradiction that {p(n) | n € Z} contains a %, set
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D={n) 4 4n ki< <k,

where (n,El))keN, ... ,(n,(cm))keN are non-degenerated sequences in Z.

Choose t1, 1, t3 € N to be such that nt(ll) < nt(zl) < nt(:) and let

I={n +nd + +n” | max{.n.6) <k < <kn)

Clearly, I is an infinite subset of D. So, letting a = ng) — nfll) and b = ng) — ngll), we
havea+1 C Dandb+ 1 C D.

Let (n)ren be an enumeration of the elements of /. One can find an increasing sequence
(kj)jen for which at least two of the sets {ng, | j € N}, {a +ny; | j € N} and {b+
ng; | j € N} are contained in at least one of the sets {p1(n) | n € N} and {pi(—n) | n € N}.
We will assume that {a + ng; | j € N} and {b +ny; | j € N} are contained in {pi(n) |
n € N} (the other cases can be handled similarly). It follows that there exist infinitely many
pairs (n, m) € N x N such that p1(n) — py(m) = b — a. Since b > a, this contradicts the
fact that deg(p;) > 1. O]

6. Multiple recurrence for mildly and weakly mixing systems via R-limits

As we saw above, R-limits can be successfully used to characterize strong mixing and
establish higher-order mixing properties. In this section, we will show that R-limits can be
also useful in dealing with mildly and weakly mixing systems. In particular, we will obtain
analogues of Theorem 3.1 for mildly and weakly mixing systems.

6.1. Mildly mixing systems. In this subsection we will deal with mildly mixing systems
(see Definition 6.4 below) from the perspective of R-limits. The notion of mild mixing,
which lies between weak and strong mixing, was introduced by Walters in 1972 [32]
and rediscovered by Furstenberg and Weiss in 1978 [16]. Mild mixing has multiple
equivalent forms (see [3, 4, 14, 16]) and plays a fundamental role in IP ergodic theory
and its applications, including various refinements of the classical Szemerédi theorem
(see [5, 15]). The multiple recurrence theorems for mildly mixing systems (see [5, 14,
15]) utilize the notion of IP-limit which we will presently define. We will then establish a
connection between IP-limits and R-limits and, finally, prove an analogue of Theorem 3.1
for mildly mixing actions.

Definition 6.1. (Cf. [15, Definitions 1.1 and 1.3]) Let (X, d) be a compact metric space and
let (x¢)qeF be an F-sequence in X. A set F()' C F is an IP-ring if there exists a sequence
(otk)keN in F with o < a1, for each k € N, for which

= Ue

jea

aef}.

For any IP-ring 1), we write

IP-lim xo = x
acFD
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if, for every € > 0, there exists an «g € F (M such that, for any o € F M with o > g,
d(xy, x) < €.

It follows from a result of Hindman [17] that if (x)yeF 1S an F-sequence in a compact
metric space X, then, for any IP-ring ) C F, one can always find an x € X and an
IP-ring 7@ < FU such that

IP-lim xo, = x 6.1)
aeF@
(see [14, Theorem 8.14]). In particular, for any countable abelian group (G, +), any
sequence (gi)ken in G and any probability measure-preserving system (X, A, i, (Tg)g¢eG),
there exists an IP-ring 7 for which
IP-lim Ty,
aeFD
exists in the weak operator topology of L2(u). This implies (and is equivalent to) the fact
that for any Ag, A| € A,

IP-lim j2(Ag N Ty, A1)
aeFD

exists.

THEOREM 6.2. Let (X, d) be a compact metric space, let (G, +) be a countable abelian
group, let (xg)gec be a sequence in X, let xo € X and let (gi)ken be a sequence in G. The
following statements are equivalent.

(i) For any IP-ring FO c F for which IP-lim . rq) xg, exists, one has

IP-lim xg, = xo. (6.2)
acFD
(i) ForanyIP-ring FV C F, there existanm € N and a sequence (hk1, - - Bkm)keN

in G™ such that {hy | @ € N} C {g, | @ € FV} and

R-lim x, = xo. (6.3)
aeNm)
Proof. (i) = (ii): Let " be an [P-ring. Since X is compact, we can assume (by
passing, if needed, to a sub-IP-ring) that IP-lim . 71 x4, exists. Thus, by (i), (6.2) holds.
It follows from the definition of an IP-limit that there exists a sequence (i) in G such
that {hx | k € N} C {gy | « € FV} and limy_, o xn, = xo. This completes the proof of
(1) = (i).

(i) = (i): Let 7 be an IP-ring for which IP-lim, r() x4, = y for some y € X.
Suppose for contradiction that there exists an € > 0 for which d(y, xo) > €. By the
definition of an IP-limit, there exists «g € F such that, for any o € F M with « > oo,
d(xg,, x0) > €. Since {a € FD | @ > ap} is an IP-ring, it follows from (ii) that there
exist an m € N and a sequence (fig,1, . - ., Ak m)keN in G™ such that {h, |« € Nm} <
{go | € F W and o > ap} and R-lim,cnemXp, = Xo. In particular, there exists an
he{ge|aeFDanda > ag} for which d(xy, xo) < €, a contradiction. O
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Remark 6.3. Theorem 6.2 shows that IP-limits can be attained via R-limits. The following
example demonstrates that this is not the case the other way around. Let G = Z, let X =
{0, 1}, let m € N and consider the X,, set E = {31 4. .. 4+ 3kn | k; < ... < k). The set
E is comprised of all the elements of 3N whose base 3 expansion has exactly m non-zero
entries, all of which are 1. It follows that there are no a, b, c € E for which a + b = c.
This, in turn, implies that E contains no IP sets and hence Z \ E is an IP* set. Let (ny)ken
be a sequence in Z and let F C Fbean IP-ring for which IP-lim, . z1) 1g(ny) exists.
Since 0 ¢ E and Z \ E is IP*, one has IP-lim, . 1) 1 (ny) = 0. On the other hand, since
forany k1 < - - - < ky, ILE(3k1 + -4 3km) = 1, one has that, for any infinite set § C N,
R-lim  1p@3X 4. 430y =1,
(ki sk } €SO

Definition 6.4. Let (G, +) be a countable abelian group and let (X, A, u, (Ty)gec) be a
measure-preserving system. (Tg)gec is mildly mixing if, for any sequence (gi)ken in G
for which limy_, o g4 = 00, there exists an IP-ring F () such that, for any f € LZ(M),

IP-lim T, f = / fdu 6.4)
acFD X

weakly.

We are now ready to state and prove the main theorem of this subsection. It can be
viewed as an analogue of Theorem 3.1 for mildly mixing actions. We remind the reader
that a sequence of measure-preserving transformations (7y)xen of a probability space
(X, A, ) has the mixing property if, for every Ag, A € A, limg— oo (Ao N Tk_lAl) =
n(Ao)p(Ar).

THEOREM 6.5. Let £ € N, let (G, +) be a countable abelian group and let (X, A, u,
(Tg)gec) be a measure-preserving system. The following statements are equivalent.
(1) (Tg)gec is mildly mixing.

(i) For any IP set E € G and any m € N, there exist non-degenerated and essentially
) )] )

distinct sequences (g;" JkeN = (g1 - - - » 8k,m)keN, je{l,..., ¥}, in G™ with the
following properties.
1 £
@ {@g ..., e eNM} CE,
(b) Foranyte{l,...,m}and any j €{l,...,¥¢}, (Tg(_;>)k€N has the mixing
k.
property. '

(c) Foranytandanyi # j, (Tg(j)_g(i))keN has the mixing property.
k.t k.t

(iii) For any IP set E C GY, there exist an m € N and non-degenerated and essen-

tially distinct sequences (g,(cl))keN, ce, (g,(f))keN in G™ with {(gé,l), ce géf)) |
a € N} C E and such that, for any Ao, . . ., Ag € A,
¢
RAim (Ao N Tn A1 0+ N T Ao) = ]"[ 1(A). (6.5)
J=0
(iv) Given sequences (g,il))keN, .. ,(g,EE))keN in G such that, for any j € {1,...,4¢},
limy 00 gé]) =00 and, for any i # j, limg_ o gé]) — gg) =00 (and so
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= {(g(l) ce ga)) |a € F) is an IP set), there exists an TP-ring FV such
that,for any Ag, ..., Ay € A,

4
iPE]l:l(rlI)l u(AoNT (1)A1 Nn---N Tgé{)Ag) = l_ll m(Aj). (6.6)
]:
(v) Forany Ay, ...,Ar € Aand any € > 0, the set
Re(Ao, . .., Ap)
4
=%&”qwe# MMH%MNMHQMPFMMQ<4
j=0

. ~ %
isan IP set.

Proof. (i) = (ii): Let me N, let E C G’ be an IP set and let the sequences
M kens - - (B)ew in G be such that E = {(hS", ..., h{) |« € F}. By the
stipulation made in Remark 5.2, for any IP-ring FO C F, the set {(h(l) ce h((f)) |
o € FMD} is again an IP set. Pick (' to be an IP-ring such that, for any Ag, A; € A and
any i, je{l,..., ¢},
IP-lim w(Ap N Th(.i)Al) and, ifi # j, IP-lim u(ApN Th(_,')_h(i)Al) 6.7)
acFD a acFD o —ha
exist. Let (og)ren be the sequence in F generating JF' M (so, in particular, o < o1
for each k € N). It follows from (i) that each of the limits appearing in (6.7) equals
u(Ag)i(Ar) (otherwise, we would have a contradiction with formula (6.4)). Thus, for
any Ag, Ay € Aandany i, j € {1,..., £},

lim p(Ao N T, A1)
k—00 ay
= u(Ao)u(Ay) and,ifi #j,  lim u(AoNT,)_,oA1) = u(Ao)u(Ar).
k— 00 778 73

Foreach j € {1,..., ¢}, let (gm)keN = (h(f) - ,h&i)). It is now easy to check that the

o >
m times
sequences (g,(cl))keN, - ,(g,(f))keN are non-degenerated, essentially distinct, and satisfy
(a)—(c), completing the proof of (i) = (ii).
(il)) = (iii): This follows from Proposition 2.9.
(iii) = (iv): We will prove (iv) by applying Theorem 6.2 to the G*-sequence

X(gronng) = WA N Ty AL N+ - N Ty Ap), (g1, ..., 80) € G,

and the sequence (g,il), Ce, g,iz))keN in G%.

Note that for any IP-ring F®, {(g",.... ¢ e € F®} is an 1P set. By
(iii), there exist an m € N and non-degenerated and essentially distinct sequences
(M, - - . (0)ier in G™ with

(RS, ) Ja e Ny (g, ... gl | € FP)
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for which (6.5) holds. Letting F M be an IP-ring for which the left-hand side of (6.6) exists
for any Ay, . .., Ay € A, we obtain by Theorem 6.2 that (6.6) holds.

(iv) = (v): This implication follows from the definition of P

(v) = (1): Let (gr)ren be a sequence in G with the property that limy_, o0 g¢ = 00.
It suffices to show that, for some IP-ring F M and any Ag, A € A,

IP-lim (Ao N Ty, A1) = u(Ag)u(Ay).
aeFD

By (6.1), there exists an IP-ring FD c F such that, for any Ag, A € A,

IP-lim ;2(Ag N Ty, A) (6.8)
acFD

exists. Let (Vk)keN be' a sequence in FO with Yk < Yk+1, for each k € N, and such

that the sequences (h,((/))keN = (8y;yu)ken, J € {1,. .., £}, in G satisfy that (a) for any

Jell,. .., 0 limyooo Y = 00, and (b) forany i # j, limgooeo by — h = co. For

each g € F, let
Ego ={(h", ..., h9) | @ € Fanda > ap}.
Since E is an IP set, (v) implies that, for any o9 € F, any Ag, A; € A and any € > 0,
Eoy N Re(Ag, AL X, ..., X) # 0.

Thus, for any g € F, there exists an & > «q such that hfxl) € R:(Agp, Ay). Note that

ali)rgo min ( U )/1+(k> = 0.

kea

It follows that, for any By € F, there is an o € F such that hfxl) € R.(Agp, Ay) and such
that B = (Jpeq Vi+tk € FD satisfies B > By. But 88 = 8Useq Matk) = h&”, SO

(Ao N Tgu A1) — n(Ag) (A1) < €.
Since € was arbitrary, for any Ag, A} € A,

IP-lim (Ao N Ty, A1) = u(Ag)u (A1),
acFD

which completes the proof. O

Remark 6.6. We saw in §4 that the versatility of R-limits allows one to obtain from
the multiparameter Theorem 3.1 some interesting results of diagonal nature. Similarly,
one can obtain diagonal results from Theorem 6.5. For example, let G = Z and assume
that (X, A, u, T) is a mildly mixing system. Then, by Theorem 6.5(iv), for any strictly

increasing sequence (ny)reN in Z, any non-zero and distinct integers ay, . . . , @, and any
[P-ring F c F, there exists an [P-ring F@ < 7O guch that, for any Ag, ..., Ay € A,
¢
IP-lim w(Ag N T4 Ay N - - N T Ay) = ]‘[ (A)) 6.9)
aeF® o
]=

(cf. [14, Theorem 9.27] and [15, Theorem 5.4].)
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6.2. Weakly mixing systems. This subsection is devoted to weakly mixing systems
(which were introduced in §5.2) and has a similar structure to that of §6.1. We will first
establish a technical lemma which connects R-limits with Césaro convergence. We will
then prove an analogue of Theorem 3.1 (see Theorem 6.10 below) for weakly mixing
systems and derive a corollary which has diagonal nature.

LEMMA 6.7. Let (G, +) be a countable abelian group, let (X, d) be a compact metric
space, let (xg)geG be a sequence in X, let xo € X, let (Fi)ren be a Folner sequence in G
and let E C G be such that d(r,)(E) > 0. The following statements are equivalent.
()
) 1
lim — 1e(g)d(xg, x0) = 0. (6.10)
k—oo | F| ok
k

(i) For any D C E with E(Fk)(D) > 0, there exist an m € N and a sequence

(8k.1s - - - » 8k.m)keN in G™ for which {gy | o € N(m)} C D and
R-lim x4, = xo. (6.11)
aeNm)

Proof. (i) = (ii): Let D C E be such that 3( F (D) > 0. It follows from (6.10) that

> 1n()d(xg, x0) =0.

lim
k—o00 |F |
geFy

Lete > 0. There exist infinitely many g € D such that d(xg, xo) < € (otherwise, we would
have lim sup;_, . (1/| Fk|) deFk 1p(g)d(xg, xo) > 0). Thus, for each k € N, there is a
gk € D with d(xg,, xo) < 1/k. It follows now that

R-limx

= lim x,, = xp.
(kjent) S8 8k 0

k— 00
(i) = (i): It suffices to show that, for any given € > 0, 3( F)(De) = 0, where
D, ={g € E|d(xg, x0) > €}.

(This will imply that, for each € > 0,

lim sup — Z Lg(g)d(xg, x0)

k— 00 | k| geFy

< lim sup (| il Z €lp\p. (&) + — il Z ﬂDe(g)d(xg»xO)> <e€)

k— o0 g<F; g<F;

Fix € > 0 and suppose for contradiction that 3( Fo(De) > 0. It follows from (ii) that there

exist an m € N and a sequence (gx.1,. . -, 8.m)keN in G™ with {g, | @ € N} C D,
for which (6.11) holds. In particular, for some g € D¢, d(xg, x0) < €, which gives us the
desired contradiction. O
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We collect in the following proposition some equivalent definitions of weak mixing
which will be needed for the proof of Theorem 6.10. The proof is totally analogous to the
classical case G = Z and is omitted.

PROPOSITION 6.8. Let (G, +) be a countable abelian group and let (X, A, i, (Tg)gec)
be a measure-preserving system. The following statements are equivalent.
() (Tg)gec is weakly mixing.
(ii) For any ergodic probability measure-preserving system (Y, B, v, (Sg)gec), the
system

XxY, AQB, n®v, (Tg X Sg)gei)

is ergodic.
(iii))  For any Fglner sequence (Fy)ieN in G there exists a set B C G with E(Fk)(B) =0
such that, for any Ay, A € A,
lim R u(Ao N T A1) = pn(Ag)p(Ar).

8§00, 8¢

(iv) There exists a sequence (gr)keN in G with limy_, o gr = 00 such that, for any
Ag, Ay € A,

lim w(ApgNTg A1) = u(Ag)i(Ar).
k— o0

Remark 6.9. 1t follows from (ii) that, for any two weakly mixing systems (X, A, i,
(Tg)geg) and (Y, B, v, (Sg)gec), (Tg x S, ) is again weakly mixing.

THEOREM 6.10. Let £ €N, let (G,+) be a countable abelian group and let
(X, A, u, (Tg)geGg) be a measure-preserving system. The following statements are
equivalent.

() (Tg)gec is weakly mixing.

(i) Forany Folner sequence (Fi)ieN in Gt any set E C G* with E(Fk)(E) > 0 and any

m € N, there exist non-degenerated and essentially distinct sequences (g,(cj ))keN =

(g,ijl), Cee g;i{,z,)keN, jef{l,..., ¢}, in G™ with the following properties.
@ 1, ... e e e NM}C E.
(b) Foranytefl,...,m}and any j € {l,...,¢}, (Tg(j))keN has the mixing
k.
property. '

(c) Foranytandanyi # j, (Tg(j)_g(i))ng has the mixing property.
kit kit

(ili) For any Fplner sequence (Fi)ren in G¢ and any set E C G' with E(Fk)

(E) > 0O, there exist an m € N and sequences (g,(cl))keN, e, (g,(f))keN in G™
with {(gél), e, géf)) | € N(’”)} C E and such that, for any Ao, . .., Ay € A,
Ja
Z?él\lll(n’)l w(ANT,mAIN---NT,0A) = /]1) [L(A)).
(iv) Forany A, ..., Ay € Aand any € > 0, the set
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e

Proof. (i) = (ii): Foreach j € {1,...,£}, let7; : G!' — G be defined by (g1, ...,
ge) = gj. Note that (Tr;(g))gege 18 a weakly mixing action and, for any i # j,
(T j—m) (@) geGt is also weakly mixing. Moreover (see Remark 6.9),

I T(ﬂj—m)(g)>

e s s 4
i#] gel

Rc(Ag, ..., Ap)

14
‘,U,(Aoﬂ To AL NN T, Ag) — ]_[ W(A))

={<g1,...,ge)eG‘Z
j=0

has uniform density one.

4
(Sg)geGZ = < 1_[ Tﬂj(g) X
j=1

is a weakly mixing G*-action on the probability space

(x. @)
X ,®A,v,
j=1

where v = x - - - X W.
—
£2 times

By Proposition 6.8(iii), there exists a set B C Gt with E(Fk)(B) = 0 such that, for any
2
Ao, Al € R, A,
lim (Ao N SgA1) = v(Ag)v(Ay). (6.12)

g—>00, g¢

We start with proving (ii) for m = 1. Let E € G with 3( £y (E) > 0. By Proposition 5.8
(applied to d = ¢, m =1 and the set (E \ B) € G) there exist non-degenerated and
essentially distinct sequences (g,il))keN, ce (g,ie))keN in G with the property that, for

eachkeN, g, = (g,il), ce g,(f)) € E\ B. It follows now from (6.12) that (Sg, )xen has
the mixing property and hence, forany j € {1, ..., £}, (Tg< 7 )keN has the mixing property
k

and, for any i # j, (Tg( j)_g(i))kEN has the mixing property as well.
k k

Assume now that m > 1. Let (g,E]))keN, S ,(g,ﬁ“)keN be non-degenerated and essen-
tially distinct sequences in G such that, for any distinct i, j € {1, ..., £}, (Tg(_,->)k€N
k

and (Tg(ﬂ g(i))keN have the mixing property. Let (hg)ien = (h(l), e, h,(f))keN be a
K 8k

subsequence of (g,il), R g,ﬁl))keN such that, for any i, j € {1, ..., ¢},
lim hY) = oo and,ifi #j, lim (b — () = oo. (6.13)
oa—> 00 o—> 00

Observe that, by (6.13), {(hg,]), o, h((f)) | ¢ € F}isan IP set. It follows from our choice

of (g,il))kEN, e, (gg))keN,that, forany M € N, any non-empty seto € {1, ..., M}, any
Apg, Ay € Aandany j € {1,..., ¢},
lim pu(T_,yAo N T, (» A1) = n(Ao) (A1), (6.14)
k— o0 o k
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and, for any i # j,
Jim w(T_ o0y A0 N Ty A1) = 1(Ao)i(Ar). (6.15)

Passing, if needed, to a subsequence of (hy)icn, we can derive now from (6.14) and (6.15)
the following equations

IP-lim (Ao N T, ) A1) = pn(Ao) (A1)
aeF o
and, if i # j,
IP-lim (Ao N T, 0 A1) = u(Ao)pu(Ar).
aeF o o

We can conclude now the proof of (i) = (ii) by arguing as in the proof of Proposition 5.8
and imitating the constructions in the proofs of Proposition 5.7 and Lemma 5.3.

(ii)) = (iii): This follows from Proposition 2.9.

(iii) => (iv): Let E = G*\ Rc(Ao, . . ., Ag). It suffices to show that, for any Fglner
sequence (Fi)gen in G¢, 3( F)(E) = 0. To see this, note that if this was not the case, (iii)
would imply that E N R (Ao, . . ., Ag) # 1, a contradiction.

(iv) = (i): This implication is trivial and is omitted. O

We conclude this section with a corollary of Theorem 6.10 which has diagonal nature
(this corollary can also be obtained from the main result in [6]).

COROLLARY 6.11. Let (G, +) be a countable abelian group, let (X, A, i, (Tg)qeG) be

a measure-preserving system and let ¢1, ..., ¢y : G — G be homomorphisms with the
property that, for any j € {1, ..., ¢}, (Ty,(g))geG is weakly mixing and, for any i # j,
(T(¢jf¢,-)(g))geG is also weakly mixing. For any Fglner sequence (Fy)ren in G and any
Ao,...,AgeA,
¢
i 1
Iim — m(Ap N Ty g)A1 N - - - N Ty, g)Ag) — 1_[ w(Aj)| =0. (6.16)
k—oo | Fy| ocF
k

j=0

Proof. By Lemma 6.7, in order to prove (6.16), it suffices to show that for any £ C G with
E(Fk)(E) > 0, there exists a non-degenerated sequence (g;)keN = (8k.1» - - - » k.£)keN 1N
G* with {go | @ € N} C E such that

14
RAAim (A0 0 Ty (g A1 O+ O Ty A0) = [Tr@p. (6.17)
ae .
j=0

By Theorem 6.10(ii), applied to the weakly mixing G-action
14

(Sg)gec = < [1%0 <] T(¢j—¢,-)<g>> ,

j=1 i#] 8€G
there exists a non-degenerated sequence (g1, - - - , 8k,¢)keN in G, with {g, | o € N(Z)} -
E, and such that, for any ¢ € {1, . .., £}, the sequence (Sg, ,)reN has the mixing property.
It follows that forany r € {1,...,¢}andany j € {1,..., ¢}, (T¢j(gk,,))keN has the mixing
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property and, for any # and i # j, (T(¢;—¢;)(g1,))keN has the mixing property as well. The
result now follows from Proposition 2.9. O

Remark 6.12. Taking in Corollary 6.11 G = Z, one obtains the following classical result
due to Furstenberg (cf. [14, Theorem 4.11]).

For any weakly mixing system (X, A, u,T), any non-zero and distinct integers
ai,...,agandany Ay, ..., Ay € A,

N

1
li _—
ylm o= D
n=M+1

¢
w(AgN T AN - NT" A — [ [ u(Ap| =o0.

j=0
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