
Bull. Aust. Math. Soc. 100 (2019), 428–433
doi:10.1017/S0004972719000315

ON THE REGULARITY OF CHARACTER DEGREE GRAPHS

Z. SAYANJALI, Z. AKHLAGHI� and B. KHOSRAVI

(Received 23 January 2019; accepted 11 February 2019; first published online 8 March 2019)

Abstract

Let G be a finite group and let Irr(G) be the set of all irreducible complex characters of G. Let ρ(G) be
the set of all prime divisors of character degrees of G. The character degree graph ∆(G) associated to G
is a graph whose vertex set is ρ(G), and there is an edge between two distinct primes p and q if and only
if pq divides χ(1) for some χ ∈ Irr(G). We prove that ∆(G) is k-regular for some natural number k if and
only if ∆(G) is a regular bipartite graph.

2010 Mathematics subject classification: primary 20C15; secondary 05C25.

Keywords and phrases: finite groups, character degree graph.

1. Introduction

Let G be a finite group, Irr(G) the set of all irreducible complex characters of G and
cd(G) = {χ(1) | χ ∈ Irr(G)} the set of character degrees of G. Denote by ρ(G) the set
of all prime divisors of character degrees of G. The character degree graph ∆(G) is a
graph whose vertex set is ρ(G), and there is an edge between two distinct primes p and
q in ρ(G) if and only if pq divides χ(1) for some χ ∈ Irr(G). Let Γ be a graph and x be a
vertex of Γ. We call x a complete vertex if its degree is n − 1, where n is the order of Γ,
and we call Γ a complete graph if all vertices of Γ are complete. A graph Γ is k-regular
for some integer k if all vertices have the same degree k. We denote the complement of
the graph ∆(G) by ∆(G). This is the graph whose vertex set is the same as that of ∆(G),
and two vertices are adjacent in ∆(G) if and only if they are not adjacent in ∆(G). We
denote the degrees of the vertex x in ∆(G) and ∆(G) by dG(x) and dḠ(x), respectively.

The character degree graph ∆(G) is a helpful tool for studying the character degree
set cd(G). In [1], it is shown that ∆(G) has an odd cycle if and only if Oπ′(G) � S × A,
where A is abelian and S � SL2(uα) or S � PSL2(uα) for a prime u ∈ π. Zuccari [8,
Theorem A] proved that if G is a solvable group and ∆(G) is regular, then ∆(G) is a
complete graph or an (n − 2)-regular graph, where n = |ρ(G)|. Tong-Viet [5] posed the
following conjecture.

Conjecture 1.1. If ∆(G) is k-regular for some integer k ≥ 2, then ∆(G) is a complete
graph of order k + 1 or a k-regular graph of order k + 2.
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Tong-Viet showed that his conjecture is true for k = 3 (see [5]). As the main result
of this note we prove the following theorem.

Theorem 1.2. Let G be a finite group and suppose the character degree graph ∆(G) of
G has more than two vertices. Then ∆(G) is k-regular for some integer k if and only if
one of the following conditions holds:

(a) k = 0 and G � A5 ×C or PSL2(8) ×C for an abelian group C; or
(b) ∆(G) is a regular bipartite graph and in particular, if k , |ρ(G)| − 1, then |ρ(G)|

is even.

By Theorem 1.2, if ∆(G) is a regular graph with odd order then ∆(G) is complete,
providing some evidence for Tong-Viet’s conjecture. If ∆(G) is a regular graph
with even order, then either ∆(G) is complete (as predicted by Conjecture 1.1), or
ρ(G) = X ∪ Y for some disjoint nonempty sets X and Y , such that |X| = |Y | and the
subgraphs induced in ∆(G) by X and Y are complete.

Throughout the paper, all groups are finite and all characters are complex characters.
We denote by π(n) the set of primes dividing n and by π(G) the set of primes dividing
the order of G. If N E G and θ ∈ Irr(N), the inertia group of θ in G is denoted by IG(θ).
We write Irr(G|θ) for the set of all irreducible constituents of θG. We write Z(K) for
the centre of K in G. The rest of our notation follows [4].

2. Preliminaries

Lemma 2.1 [7, Zsigmondy’s theorem]. Let p be a prime and n a positive integer. Then
one of the following holds:

(i) pn − 1 has a primitive prime divisor p′, that is, p′ | (pn − 1) but p′ - (pm − 1) for
1 ≤ m < n;

(ii) p = 2 and n = 1 or 6;
(iii) p is a Mersenne prime and n = 2.

Lemma 2.2 [3, Itô–Michler theorem]. Let ρ(G) be the set of all prime divisors of the
elements of cd(G). Then p < ρ(G) if and only if G has a normal abelian Sylow p-
subgroup.

Lemma 2.3 [4, Theorems 6.2, 6.8 and 11.29]. Let N EG and χ ∈ Irr(G). Let θ be an
irreducible constituent of χN and suppose θ1, . . . , θt are the distinct conjugates of θ in
G. Then χN = e

∑t
i=1 θi, where e = [χN , θ] and t = |G : IG(θ)|.

Moreover, θ(1) divides χ(1) and χ(1)/θ(1) is a divisor of |G/N|.

Lemma 2.4 [1, Theorem A]. Let G be a finite group and let π be a subset of the vertex
set of ∆(G) such that |π| is an odd number larger than 1. Then π is the set of vertices
of a cycle in ∆(G) if and only if Oπ′(G) = S × A, where A is abelian, S � SL2(uα) or
S � PSL2(uα) for a prime u ∈ π and a positive integer α, and the primes in π\{u} are
alternately odd divisors of uα + 1 and uα − 1.
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Lemma 2.5 [2, Proposition 2.4]. Let G be a group.

(a) Suppose that there exists π ⊆ ρ(G), with |π| an odd number larger than 1, such
that π is the set of vertices of a cycle in ∆(G). Then there is a characteristic
subgroup N of G with π ⊆ π(N) such that N is a two-dimensional special or
projective special linear group over a finite field F with |F| ≥ 4.

(b) Let N EG such that N is isomorphic to PSL2(uα) or SL2(uα), where uα ≥ 4 is a
prime power. Then |CG(N) ∩ N| ≤ 2 and the prime divisors of |G/NCG(N)| are
adjacent in ∆(G) to all primes in ρ(N)\{u}.

(c) Let K be any (nonempty) set of normal subgroups of G as in (b) (possibly with
different values of uα) and define K as the product of all the subgroups in K .
Set C = CG(K). Then every prime t in ρ(C) is adjacent in ∆(G) to all the primes
q (different from t) in |G/C|, with the possible exception of (t, q) = (2, u) when
|K| = 1, K � S L2(uα) for some u , 2 and Z(K) = P′, P ∈ Syl2(C). In any case,
ρ(G) = ρ(G/C) ∪ ρ(C).

Lemma 2.6 [6, Theorem 5.2]. Let G � PSL2(q), where q ≥ 4 is a power of a prime p.

(1) If q is even then ∆(G) has three connected components, {2}, π(q − 1) and π(q + 1),
and each component is a complete graph.

(2) If q > 5 is odd then ∆(G) has two connected components, and these are
{p} and π((q − 1)(q + 1)).

(a) The connected component π((q − 1)(q + 1)) is a complete graph if and only
if q − 1 or q + 1 is a power of 2.

(b) If neither of q − 1 or q + 1 is a power of 2, then π((q − 1)(q + 1)) can be
partitioned as {2} ∪ M ∪ P, where M = π(q − 1)\{2} and P = π(q + 1)\{2}
are both nonempty sets. The subgraph of ∆(G) corresponding to each of
the subsets M, P is complete, all primes are adjacent to 2 and no prime in
M is adjacent to any prime in P.

Lemma 2.7 [2, Lemma 2.2]. Let G be an almost simple group with socle S isomorphic
to PSL2(uα), where u is a prime. Let s , u be a prime divisor of |G/S |. Then the
following conclusions hold:

(a) the prime s is adjacent in ∆(G) to every prime in π(u2α − 1);
(b) the prime s is adjacent in ∆(G) to every prime in π(G)\π(S );
(c) the set of vertices ρ(G)\{u} is covered by two complete subgraphs of ∆(G).

Remark 2.8. Let p be a prime number and (x, p) = 1. Let k ≥ 1 be the smallest positive
integer such that xk ≡ 1 (mod p). Then k is called the order of x with respect to p
and we denote it by ordp(x). By Fermat’s little theorem, ordp(x) | (p − 1). Also if
xn ≡ 1 (mod p), then ordp(x) | n.
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3. Proof of Theorem 1.2

Since the ‘if’ part of the theorem is straightforward, we concentrate on the ‘only if’
part. If ∆(G) is bipartite, then the rest of the statement of part (b) of the theorem
follows. So we assume that ∆(G) is not a bipartite graph and we show that G is
isomorphic to A5 ×C or PSL2(8) ×C for some abelian group C.

Since ∆(G) is not a bipartite graph, there is an odd cycle in ∆(G) and we denote
the vertices of this cycle by π. Obviously, |π| > 1 and |π| is odd. By Lemma 2.4,
Oπ′(G) � S × A, where A is abelian and S � SL2(q) or S � PSL2(q) for a prime
power q ≥ 4. Let K be the set of all normal subgroups of G isomorphic to SL2(q)
or PSL2(q) for some prime power q ≥ 4. Note that K is nonempty and we can define
K as the product of all subgroups in K . We fix a subset {N1, . . . , N`} of K such
that K/Z(K) � N1/Z(N1) × · · · × N`/Z(N`). For i ∈ {1, . . . `}, let qi = pαi

i be a prime
power such that Ni/Z(Ni) � PSL2(qi). Set C = CG(K). Note that ρ(C) ∩ ρ(G/C) ⊆ {2}.
(Otherwise, if 2 , r ∈ ρ(C) ∩ ρ(G/C), then, by Lemma 2.5(c), r is adjacent to all
vertices in ρ(C) and ρ(G/C). Since ρ(G) = ρ(C) ∪ ρ(G/C) and ∆(G) is regular, ∆(G)
is a complete graph and so ∆(G) is bipartite, which is a contradiction.)

First, we assume that ` , 1. By Lemma 2.5(c), every prime t ∈ ρ(C) is adjacent
in ∆(G) to all primes q (different from t) in π(G/C). Hence ρ(C) ∩ ρ(G/C) = ∅, as
otherwise ∆(G) is complete. No vertex in ρ(C) in ∆(G) is adjacent to any vertex in
ρ(G/C). Obviously, C does not have any characteristic subgroup isomorphic to a two-
dimensional special or projective special linear group over a finite field of order at
least four. Thus Lemma 2.5(a) guarantees that ∆(C) is a bipartite graph. Since ∆(G)
is regular, ∆(C) is a regular bipartite graph. As K/Z(K) � N1/Z(N1) × · · · × N`/Z(N`)
and ` , 1, by Lemmas 2.5(c) and 2.6, 2 is adjacent to all vertices in ∆(G) and so ∆(G)
is a complete graph which is impossible by our assumption. It follows that ` = 1. In
this case G/C 6 Aut(PSL2(pα1

1 )) and K � SL2(pα1
1 ) or K � PSL2(pα1

1 ). We suppose
p1 , 2 and return to the case p1 = 2 later.

First, assume that 2 is not adjacent to p1 in ∆(G). Then, using Lemmas 2.6, 2.5(c)
and 2.7, 2 is adjacent to all vertices except for p1. So dG(2) = |ρ(G)| − 2 and hence
dG(p1) = |ρ(G)| − 2, which implies that p1 is adjacent to all vertices, apart from 2. If
2 , s ∈ π(G/CK), then, by Lemmas 2.5 and 2.7, s must be adjacent to all vertices
of ∆(G), which is a contradiction, as dG(s) = |ρ(G)| − 1 , dG(2). So we deduce that
π(G/CK) ⊆ {2}. By the above argument, for every odd prime s ∈ π(p2α1

1 − 1) there
exists χ ∈ Irr(G) such that sp1 divides χ(1) and hence there exists θ ∈ Irr(CK) such
that χ(1)/θ(1) divides |G/CK| by Lemma 2.3. Since π(G/CK) ⊆ {2}, we see that sp1

divides θ(1). As ρ(C) ∩ ρ(G/C) ⊆ {2}, it follows that s, p1 < ρ(C) and so, by Lemma
2.2, C has a normal abelian Hall {s, p1}-subgroup, say H. Set

CK = CK/(Z(K)H) � PSL2(q1) ×C/(Z(K)H).

Obviously, there is no irreducible character in Irr(CK) whose degree is divisible by
sp1, since (|C/H|, sp1) = 1 and sp1 does not divide any character degree of PSL2(q1).
So there exists ξ ∈ Irr(Z(K)H), ξ , 1, such that θ ∈ Irr(CK | ξ). Set I = ICK(ξ). By
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Clifford’s theorem [4, Theorem 6.11], there exists a character ψ ∈ Irr(I) such that
θ(1) = |CK : I|ψ(1). As HK E I, sp1 does not divide |CK : I| and hence sp1 divides
ψ(1). Let ψ ∈ Irr(I | ν) for some ν ∈ Irr(HK). Since HK � H × K, ν(1) is not divisible
by both s and p1. Therefore ψ(1)/ν(1) is divisible by either s or p1. As ψ(1)/ν(1)
divides |I/HK|, it follows that ψ(1)/ν(1) divides |C/H|, a contradiction. So we may
assume that 2 is adjacent to p1 in ∆(G). Then 2 is a complete vertex, which implies
that ∆(G) is complete, a contradiction.

Now we may assume that p1 is even. In this case ρ(C) ∩ ρ(G/C) = ∅, since
otherwise ∆(G) is complete by Lemma 2.5. If 2 divides |G/CK|, then, by Lemma 2.7,
2 is adjacent to all vertices in ∆(G/C). Therefore 2 is a complete vertex in ∆(G) and
hence ∆(G) is complete, which is impossible. So 2 does not divide |G/CK|. Assume
that |G/CK| , 1 and r is an odd prime divisor of |G/CK|. By Lemmas 2.7 and 2.5, r is
adjacent to all elements in π(22α1 − 1) ∪ ρ(C). If r is adjacent to 2, then r is a complete
vertex, which implies that ∆(G) is complete, a contradiction. Hence dG(r) = |ρ(G)| − 2.
Then by the regularity of ∆(G), we have dG(s) = |ρ(G)| − 2 for all s ∈ ρ(G). If there
is an odd prime t ∈ ρ(G)\(π(G/CK) ∪ ρ(C)), then there exists χ ∈ Irr(CK) such that
2t divides χ(1), which gives a contradiction because C × K � CK and 2 < ρ(C). So
we may assume that ρ(G) ⊆ π(G/CK) ∪ ρ(C) ∪ {2}. Hence π(22α1 − 1) ⊆ π(G/CK) ⊆
π(Out(PSL2(2α1 ))) and so π(22α1 − 1) ⊆ π(α1). If a is a primitive prime divisor of
22α1 − 1, then, by Remark 2.8, 2α1 divides a − 1 and also a divides α1, a contradiction.
Thus 22α1 − 1 has no primitive prime divisor. By Lemma 2.1, α1 = 3, which is
impossible, as 7 ∈ π(26 − 1) * π(3). Hence |G/CK| = 1 and thus G � C × K. So, by
the structure of G, ∆(K) is regular. Therefore |π(2α1 + 1)| = |π(2α1 − 1)| = 1 and K � A5

or PSL2(8). We now invoke the Feit–Thompson odd-order theorem that every finite
group of odd order is solvable. Since 2 < ρ(C), Lemma 2.2 and the odd-order theorem
together show that C is solvable. Suppose C is nonabelian and |ρ(C)| = m. By [8,
Theorem A], ∆(C) is a complete graph or an (m − 2)-regular graph. So dC̄(s) = 0 or
dC̄(s) = 1, for every s ∈ ρ(C), and hence dḠ(s) = 0 or dḠ(s) = 1. But that is impossible
as dḠ(b) = 2 for every vertex b ∈ ρ(K). So C is abelian, which is our desired result.
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