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The Large Sieve Inequality for the

Exponential Sequence A[0(**)]
Modulo Primes

M. Z. Garaev

Abstract. Let X be a fixed integer exceeding 1 and s, any strictly increasing sequence of positive integers
satisfying s, < n'%/14t°() In this paper we give a version of the large sieve inequality for the sequence
A%, In particular, we obtain nontrivial estimates of the associated trigonometric sums “on average”
and establish equidistribution properties of the numbers A, n < p(log p)>™¢, modulo p for most
primes p.

1 Introduction

Studying trigonometric sums with exponential functions is a traditional question
with a variety of results and numerous applications, for a detailed description see the
Introduction of [10] and extensive references therein. Recently, in a series of works,
spectacular results in this area have been obtained [3-5]. One such result, given
by Bourgain, Glibichuk, and Konyagin [4], states that there exist positive constants
C1,Cy, and C;s such that for § > 0, A C Zj with [A] > p® and any k > 6~ the
following bound holds:

max
(a,p)=1

Z eZ‘/riaxl...xk/p < |A|kp*'7’ v = exp(—Cl/(SCz).

Xl yeee Xk EA

Here p denotes a prime number, Zj is a multiplicative group of nonzero elements of
the field Z,, and | A| is the cardinality of A. Its direct consequence is the bound of the

type

t
(1.1) max ’ eZWi”’\Z/p‘ <tp
(a,p)=1 ; P

for t > p° where t denotes the multiplicative order of A modulo p, (see also [4,
Corollary 1] for the estimate of incomplete sums). The best previously known result
gave a nontrivial estimate only for t > p'/4*9, (see [14]).

Deep results in this spirit have been obtained by Bourgain [3] for double trigono-
metric sums with exponential functions over short intervals. Among many other
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applications, these results, in combination with the approach of [1], have been used
to obtain equidistribution properties of Mersenne numbers M, = 27 — 1,4 < N,
modulo p for most primes p, provided N > t**¢, where t is the multiplicative order
of 2 modulo p, (see [3, Theorem 6, Corollaries 7, 8] for the precise statements).

An alternative approach has been suggested in [10], based on the large sieve in-
equality, to obtain nontrivial estimates of trigonometric sums with exponential func-
tions and to investigate the problem of distribution of A" (mod p),n € §, for gen-
eral sets S, “on average” over primes p. From the result of Erd6s and Murty [8] we
know that for a fixed \ the estimate ¢, > X'/2*°(!) holds for almost all primes p < X,
where ¢, = t,(\) denotes the multiplicative order of A modulo p. This has been used
in [10] to obtain a nontrivial bound for the exponential sum

n

s | 22 e
nesy

for 7(X) + o(w(X)) primes p < X, provided that 8y C [1, N] is sufficiently dense

(thatis [Sx| > N'*°W) and N is of the size X +°(1).

The result in [10] does not apply to sparser sets Sy, but it is shown that such re-
sults can be obtained conditionally; for example, assuming the truth of the Extended
Riemann Hypothesis one can get nontrivial results for sparse sets of cardinality as
small as [Sy| > N1/,

In this paper we provide a new argument which allows us to deal with sparse sets
Sy unconditionally and which improves the corresponding result of [10] for dense
sets Sy too. In particular, we obtain equidistribution properties of \* (mod p),n €
Sy, with |Sy| > N'#/15-°()_ Furthermore, while the result of [10] only applies for
the set of primes p < X with t, > X'/2(logX)", ¢ > 0, our results work when
t, > A, where, depending on how sparse the set Sy is, A varies in (X!/3*<, X1/2+o(D],
This is important in obtaining sharp estimates for the exceptional set of primes p in
the equidistribution problem of the sequence \* (mod p), n € Sy, and in obtaining
exponential cancellations in upper bound estimates for the associated trigonometric
sums. In particular, Theorem 3.1 with A ~ X'/2(log X)~'° has found its appliction
in [2], where equidistribution properties of sequences related to pseudoprimes have
been established.

The underlying idea of our approach is to tie our problem to the set of exponent
pairs for Gauss sums via the large sieve inequality, see Section 7 for the definition. The
results of this paper correspond to the pair due to Heath-Brown and Konyagin. We
show that further improvements can be obtained if one knows how to complement
in a specific way the set of exponent pairs for Gauss sums given by Konyagin [14].
In particular, we establish a connection between our problem and the conjecture of
Montgomery, Vaughan, and Wooley [15].

2 Notation

Throughout the paper the following notations will be used:
A denotes a fixed positive integer, A > 2;

https://doi.org/10.4153/CJM-2009-017-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2009-017-3

338 M. Z. Garaev

X and T are large parameters, T is an integer;
A > X'/3 is a parameter;

sn, = 1,2,..., is a strictly increasing sequence of positive integers (which may
depend on the parameters X, T, A);

Yu, 1 = 1,2, ..., are any complex coefficients (which may depend on the parame-
ters X, T, A) with |y, < 1;

p and g always denote prime numbers;

t, = tp(A) denotes the multiplicative order of A modulo p;

€ =E&AX)={p:p < X,t, > A}; that is the set of all primes p, p < X, with
ty > A

For integers a and b, their greatest common divisor is denoted by (g, b).

Given a set X we use |X| to denote its cardinality. As usual, 7(X) denotes the
number of primes not exceeding X, and 7(n) denotes the number of positive integer
divisors of n. We also follow the standard abbreviation e,,(z) = €2™/™.

In what follows, we use the Landau symbol ‘0, as well as the Vinogradov symbols
‘< and >’ with their usual meanings. The implied constants may depend on the

small positive quantity ¢, A, and other fixed constants, and also on the choice of the
function v(n) (in Corollary 3.2 below, see also (3.1)).

3 Results

The following statement is the main result of our paper. We recall that s, s,, ..., is
any sequence of strictly increasing positive integers.

Theorem 3.1 Forany L > 0 the following bound holds:

2
< (X + s X VAL TL77HXT.

: |
———— max e, (aX’")
> 7(p — 1) @p)=1 ;ﬂ P

pee

If we optimize the choice of L, then the estimate can be reformulated in the form

2
< (14 (FTXTOATHIHX2T,

1 .
> s | e

pee

As we have already mentioned in the Introduction, the result of [8] implies that
for 7(X)(1+0(1)) primes p, p < X, the inequality t, > X'/2*¢%) holds for any given
function g(x) = o(1). With this in mind, assume that the sequence s, satisfies the
condition

(3.1) s, < 0/ im b, = 0,

n—oo

where v, is an absolutely fixed sequence (which, therefore, does not depend on the
parameters T, X, A). Set T = [X(logX)***] and define L = TI"rl(log T)'%, A =
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T'/2L7. Obviously, L7 = X°, A = X/>*(1) 35 X — 0. Therefore, || = m(X)(1 +
0(1)). Incorporating this choice of the parameters in Theorem 3.1, we obtain

2
< X*T+XT*(log T)™ " < XT*(log T) ™.

: |
———— max e, (aX’")
2 7(p — 1) @p)=1 ;7 P

pee

Next, let £ be the subset of & with 7(p — 1) < (log X)'**/2. From the Titchmarsh
bound

(3.2) drlp-1 <X

p<X

(see for example [11, Theorem 3.9] or [16, Chapter 5, Theorem 7.1]) it follows that
the inequality 7(p — 1) < (logX)'**/2 holds for 7(X)(1 + O((log X)~*/?)) primes
P, p < X. That is, we still have |€’| = m(X)(1 + 0(1)). Now, we restrict the range of
summation over p in the above bound to &’. Then

Z max ‘Z%ep(a)\s”)
n<T

2
< m(X)T*(log T) /2.

pee (a,p)=1

From this, by taking 7, = 1, we deduce the following consequence.

Corollary 3.2 Let s, satisfy the condition (3.1) and let T = [X(log X)**?]. Then the

inequality
j X
max E i
<T

(max < T(logT)*E/5
a,p)=

holds for all primes p, p < X, except at most o(7(X)) of them.

We recall that the discrepancy D of a sequence of N points (x;)3_, of the unit
interval [0, 1) is defined as

N
i

. Ala,b)

0<a,b<1

—(b—a)|,

where A(a, b) is the number of points of this sequence which belong to [a, b).

Now let D(p, X) denote the discrepancy of the fractional parts {\*"/p}, n <
X(log X)?*¢, where s, satisfies the condition (3.1). According to the well-known
Erdés—Turéan relation between the discrepancy and the associated exponential sums
(see, for example, [7]), we derive from Corollary 3.2 that for 7(X)(1 + o(1)) primes
p, p < X, the following bound holds with some £, > 0: D(p,X) < (logX)~<'. In
other words, the numbers A, n < X(log X)**¢ are uniformly distributed modulo p
for any given € > 0. In particular, one can take s, = [¢5], where 1 < ¢ < 15/14 and
qn denotes the n-th prime number.

The following statement is an analogy of Theorem 3.1, where the range of sum-
mation over n now depends on p.
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Theorem 3.3 LetT,, p € &, be any positive integers with T, < T and let &; C E.
For any positive numbers L and K the following bound holds:

2

> meplar)

n<T,

1
P
peE T p - (@p)=1

T2 1
X+ 57X "AL+ TL77MXT(log K)? + — -
« Xt JXT(log K) sz; T(p—1)

Taking €, = € and K = T and observing that the last term never dominates, we
see that Theorem 3.3 extends Theorem 3.1 to more general sums at the cost of the
slight factor (log T')?. In some applications one can further relax this factor by special
choices of £; and K.

One may want to have an explicit estimate for | €|, where € = {p: p < X,p & E}.
In this connection we remark that the argument given in [8] immediately yields the

bound
_ 2
€] < log A’
Indeed
IIeI T]X -0,
pcE k<A

Therefore, if w(n) denotes the number of prime divisors of #, then we have

_ A2
€] < w(kgl_[A()\k - 1)) < logA’

where we have used the well-known estimate w(n) < (logn)(loglogn)~!.
For A = X'/2*/() gne can use the results from [13] and [9].

4 Lemmas

We need the version of the large sieve inequality applied to our situation (recall that
vl < D).

Lemma 4.1 Forany K > 1 the following estimate holds:

> ‘ > nexlesn)

k<K 1<c<k n<T
(c,k)=1

2
< (K* +sp)T.

For the proof, see [6, pp. 153—154].
The following statement is due to Heath-Brown and Konyagin [12].
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Lemma 4.2 Let an integer 0 be of multiplicative order t modulo p. Then the following
bound holds:

max ‘Zep(tﬁz < min{p'/2, p!/43/8, pl/845/8}.

(a,p)=

Instead of Lemma 4.2 one can use the estimate (1.1), which however does not
improve our final results.

5 Proof of Theorem 3.1

For L < 1 the estimate of Theorem 3.1 is trivial. Therefore, we will suppose that
L>1.
Let
op(a) = Z%ep(a)\s”).

n<T

For each residue class x (mod t,) we first collect together the values of n for which
s, = x (mod t,) and then express this condition by virtue of rational exponential
sums. Then

)

opla) =D D meplax) = — ZZZ%%(b(sn x))ep(aXs).

x=1 n<T x=1 b=1 n<T
tp|sn—x

For each divisor d|t, we collect together the values of b with (b,t,) = d. Thus

op(a) = ZZ DD ey, jalclsy — x)ep(aX).

d|tp x=1 c<t,,/d n<T
(cty/d)=

We treat the cases of big and small values of d separately. For big values of d we will
enjoy the summation over x in a proper way to get cancellations that are sufficient to
our purposes. The small values of d are treated in a different way. Thus, we define

Vvp = tg/7p1/7 and set

(51) R = max|— Z Z ST ey jalelss — x)ep(aX?)]

djt, x=1 c<t,,/d n<T
d>LvP (cty/d)=

(5.2) R, = max |— Z Z Z Z’Ynetp/d(c(sn—x))ep(a)\x)

dlt, x=1 c<tp/d n<T
d<va (ctp/d)=
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Then max(, p)—1 |0p(a)| < Ry + R,. In particular,
1 R; R;
(5.3) _ max o,(a) —L 4 -2
Zr(p 1 (s, I @l pezgr(p—l) I;T(p—l)

Our aim is to estimate the sums on the right hand side of (5.3).
To estimate R, we divide the interval of summation over x to progressions of the
formy +zt,/d, 1 <y <t,/d, 1 <z<d. Then

tp/d d
Ry = max ZZZ DD e sales — »ep(an x|,
ap dlt, y=1 z=1 c<tp/d n<T
d>va (ctp/d)=
whence
ty/d

Ry <= Z Z‘ Z Z’ynetp/d(c(s,1 y))‘ max ‘Ze (a/\y/\Z’P/d)‘

dlt, y=1 c<%/d n<T
d>LvP (ctp/d)=

The sum over z is estimated by Lemma 4.2. Since \»/? is an element of multiplicative
order d, we derive the following from Lemma 4.2:

mx] > (a)\}’)\”"/d)’ < pSdS,
a’p
Therefore,
(5.4) Ry < Y p'Sd/PRs,
d|t,
d>Lv,
where
1 tp/d
R= i3] Y et |
Poy=1| c<t,/d n<T
(etp/d)=1

Next, applying the Cauchy inequality we obtain

ty/d
R <<—Z DD e, alclsn — y)) =
y— c<t,/d n<T
(c,tp/d)=1
ty/d

dt Z Z Z Z Z ’Y"l’yﬂzetp/d(cl(snl )’) - 62(5"2 - y))

y=1 <t,/d q<%M m<Tm<T
C1 tP/d l(Cz tP/d
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Observe that
d
% (—c1y + ) = { tp/d, ifc; = ¢ (mod t,/d),
1etp/d ay+ay)= 0, ifc; # ¢, (mod t,/d).
y=
Hence,

R? < = Y DD e jalclsn, — s))-

c<ty/d m<Tm<T
(c,tp /d)=1

Estimating trivially the sums over ¢, n;, and n, we obtain R} < % T2. Substituting
this in (5.4), we derive that

P1/4tp
4774
d|t,
d>Lv,

R<7(p—1T?

: 4/7
Since v, = tp/ p'/7, we have

2 22 P 227 —7/4
Ri<r(p—-1)T (va)7/4 =7(p—-1)T°L ,
whence
R2
< T(p _ 1)T2 7/4'

m(p—1)
Application of the Titchmarsh estimate (3.2) yields

R2
(5.5) > —— < xrL
ey T(p—1)

Now we proceed to treat R,. From (5.2) we have

Z Z‘ Z Z%et,,/d(C(sn —x))|.

d|t, x=1 c<t,,/d n<T
d<va (c.ty/d)=

We apply the Cauchy inequality to the sums over d and x and then obtain

R, « —— T(p D > Z’ > e, alelsn = X)) .

dlt, x=1 c<tp/d n<T
d<Lv, (c.ty/d)=
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whence

RZ
(p—1)

— Z Z S DT DD wAme, el — x) — cals, — ).

djt, x=1 c1<t,,/d c2<tp/d m<Tn<T
d<va (cr,tp /d)=1 (2 t, /d)=

<

The summation over x guarantees that ¢; = ¢;. Therefore,

T(P _ 1) < Z Z Z Z an/ynzetp/d(c(snl Snz))

d|t, c<tp/d m<Tn<T
d<Lv, (c,tp/d)=

whence

T(p << Z Z ‘Z’Vﬂetp/d(csn)

d|t, c<tp/d n<T
d<Lv, (c,tp/d)=

Summing up both sides of this bound over p € £, we obtain

ZT(p_l) <<Z Z Z ’Z%etp/d(csn)

peEE dlt, c<tp/d n<T
d<Lv, (c,tp/d)=

We divide the interval (A, X] into disjoint subintervals (X;, X;;], where
X1 = A, X]'H = min{ZXj,X}.
Denote by € ; the subset of € such thatt, € (X;, Xj;,] forany p € &;. Next, define
4/7
Vv =2x;7x7
and observe that Vj does not depend on p, and V; > v, for any p € &;. Thus,

2
Z T(p )< IS ‘ > e, jalesn)

j pEE; dlt, c<t,,/d n<T
d<LV; (ct,/d)=

We remember that j < logX, 2/X; < Xand A < X; < Xji; < 2X; < 2X.
Note that for different primes p, p € &;, the corresponding values of ¢, do not have
to be different. For a given r € (X, X;;,] denote by s(r) the number of all primes
p,p € &, forwhicht, = r. Since p — 1 = 0 (mod r), we have s(r) < X/r < X/X;.
Therefore,

Z T(p_ < Z > > }ZWﬂer/d(CSn)

rG(X Xl d|r c<r/d n<T
d<LVj (c,r/d)=
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Changing the order of summation over r and d we deduce

(5.6) ZT@_U <<Z > Fi),

X d<LV;

where

Fi(d)

> ’ D erjalesy) ’

re(X;,Xjnl 1<c<r/d n<T
r=0 (mod d) (c,r/d)=1

> > ’ > uerlesa) 2

ke(Xjd—1 Xj1d 1] 1<c<k n<T
(k)=

To estimate F;(d) we apply the large sieve inequality given in Lemma 4.1. Then
F](d) < (ij-d_z +s7)T.

Inserting this bound into (5.6), we obtain

Z T(pR_ 5 < Z >3+ 5T,

d<LV

whence ,

R
Z ﬁ < ZX(X +s7VLX; )T,

Since V; = ZX;WXW, we have
Z R} 1/7 —=3/7
———— K XT( Y Xj+srLX'7Y X7,
At i ;

Finally, from the definition of X; we know that

SYxi<x, Y x<nanl
: j

Therefore,
RZ
(5.7) Z — 2 <« XT(X +stX"7ATL).
(p—1)
pee
Theorem 3.1 now follows from (5.3), (5.5), and (5.7). [ |

https://doi.org/10.4153/CJM-2009-017-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2009-017-3

346 M. Z. Garaev

6 Proof of Theorem 3.3

For K < 10 the estimate of Theorem 3.3 is trivial. Therefore, we will suppose that
K > 10.

Set M = [T/K]. Without loss of generality we may assume that for n > 1,

Yrn = 0, STy = ST+ 1.

Applying the shifting argument we obtain

TP 2 1 TP M T2
(6.1) ’; < m ’ ; ;’Ynﬂep(a/\s"”) + h
Further, we have
Ty, M 21 M T
(62) DD wrep(aX™) = 30— Z SN e T e (ar ).
n=1 r=0 b=—T m=1 r=0 n=1

By the Cauchy inequality,

T, M
( S ‘Zzezmz;ﬂ

0<|b|<T n=1 r=0

27 l 5
‘vaezw’%el,(u}\%) ) <
m=1

b(n+r]
2. \ZZe”’"’“ )

0<|b|<T n=1 r=0

r 2
2 Y Qi S 5
‘ E E e~ T ‘ E Y€ 2T+1ep(a)\'") .
0<|b|<T n=1 r=0 m=1
Hence, using

Tp

2L T

AT+ —

‘ E [4 <L |b|’
n=1

we obtain the bound

Tp M
n+r
(X [XX e

0<|b|<T n=1 r=0

27 ) 5
‘vaezw’%el,(u}\%) ) <
m=1

T 1S(b T . )
Tz(z | )<Z|—‘Zl ey ()| ).

0<[b|<T
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where

M
(6.3) NOED IS

Combining this with (6.1) and (6.2), we deduce

‘Z Ynep(aX™)

1 IS(b)|
< (M+1)2( 2. W)

0<|b|<T

T
> % ‘ > Y€ ey (aX'")
m=1

0<|b|<T

T2
+ﬁ.

T

2

)+ ’ZW%WS"'
m=1

Now we take the maximum over a, (a4, p) = 1, and observe that the maximum of
sums is not greater than the sum of maximums. We then divide the estimate by
7(p — 1) and perform the summation over p € &,. This yields

1 )
PO g s | o]

1 |S(b)]
< (M+1)2( > W)X

0<|b|<T

|5(b)|
Z Z T(P -1) (ap

0<|b|<T peé

1 Snx
+ Z r— m X ’vaep(a/\

pEE)

e e (a)\s"')’ )

T? 1
N
2 _

K fo=r T(p—1)
For each b, we apply Theorem 3.1 with , substituted by *y,,ezm'% to the sum

1
Z T(P— 1) @pe

27” 2T+1 e (aAS"‘ )

Thus,

MH
\_/
\_/

Z Ynep(aX™)

<<((M+1)2(

1
pz T(p—1) ¢ ap) 1

b=1

1

T2
X+ s X TAL 4 TL’7/4) XT+—S ——
( S K > (p—1)

pEE)

Now it remains to prove that

T
Z |S(—bb)| < (M+1)logK.
b=1
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To this end, choose ¢ = [log K] and use the Holder inequality to obtain

T
@0 PEs(
b=1

Next, we have

2T+1 2T+1

1 1-1/ 1/2¢
bZ D) (bz S
—1 1

2T+1 I oo
—1
(6.5) E Rl < / x D T gy =20 — 1 < logK.
b=1 1

Besides, from the definition of S(b), see (6.3), it follows

2T+1

(6.6) D ISB =T+ 1),
b=1

where ] denotes the number of solutions to the congruence

¢ l
dox=) yi(mod 2T+1)),  0<x,y <M.
i=1

i=1

Since M < T, then the trivial estimate gives | < (M +1)*~!. Besides, T < K(M+1).

Therefore,
2T+1

D ISB) < K(M + 1),
b=1

whence, in view of (6.4)—(6.6), we conclude that

. [S(b)
> = < (logK)(M+ 1KY « (M +1)logK. n
b=1

7 Exponent Pairs for Gauss Sums

We remark that if in Lemma 4.2 we have the bound

< pt?

t
7.1 max’ e, (ab?
(7.1) (a_yp)ﬂ; o (atf)

with 0 < «, 3 < 1, then the right hand side of the estimate of Theorem 3.1 can be
substituted by

(X + STX% A*ii—i‘ﬁL + TL—3+2/3)XT,
In particular, Corollary 3.2 holds for the sequence s, satisfying

1—2a—p
sy < T1+ T +o(1)'
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Define X to be the set of all ordered pairs {«, 5}, 0 < «, 3 < 1, satisfying prop-
erty (7.1). Konyagin [14] has proved that the set X contains the pairs {«,, 5,} and
{a}, B} defined as

1 2 1
T A T
1 2 3
/ 6,’1:1_

= +
% 2n(n+1)’ nn+1) 2"n(n+1)

for any positive integer n. Next we define the function f: K — R by

1—-2x—y
=14+ —-—=.
fx,9) 32,

The problem is to find the biggest possible value of f(x, y). The result of this pa-
per corresponds to the pair {c, 5,} (which is due to Heath-Brown and Konyagin).
Other pairs give less precise bounds. Next, we note that K is a convex set. That is, if

{a, 8} € X, {a,3'} X,
then forany x, 0 < x < 1,
{xa+ (1 —x)a’,x3+ (1 —x)3'} € XK.

However, this property applied to any two given pairs, in particular to the pairs due
to Konyagin, is not sufficient to get further improvements in our problem. It would
be very interesting, similar to the set of exponent pairs, to carry out a method which
would provide the nontrivial properties of K. The truth of the conjecture of Mont-
gomery, Vaughan, and Wooley [15] would imply {e,1/2 + €} € X, which can be
considered an analogy of the exponent pair hypothesis for Gauss sums.

Finally, we remark that the method we have applied leads to the following gener-
alization of our main result.

Theorem 7.1 Forany L > 0, any pair {«, 5} € X and any complex coefficients
On, 1 < n < T, the following bound holds:

<<

Z T(P —1) @ }Z‘S ep(ar™)

o —20 (3 2
X sx 5 A~ED Y 6 P+ x1 0 (D a)

n<T n<T

where the implied constant depends only on the pair {«, 3}.
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