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0. Abstract. We prove that sufficiently separated sequences are interpolating
sequences for f'(z)(1 — |z|?) where f is a Bloch function. If the sequence {z,} is an 7 net
then the boundedness of f'(z)(1 — |z|*) on {z,} is a sufficient condition for f to be a Bloch
function. The essential norm of a Hankel operator with a conjugate analytic symbol f
acting on the Bergman space is shown to be equivalent to lim sup IF'z)| 1 =1z]).

Izt

1. Introduction. Let D denote the open unit disc in the complex plane C and let L,
denote the collection of holomorphic functions f on D for which ||f||5 = [ |f|’ dA is finite.
Here and elsewhere dA denotes the Lebesgue area measure on D and the unadorned
integral is always taken over D. As usual H” will denote the space of bounded analytic
functions on D. For we D let ¢,(z)=(w—2z)(1-wz)"', ze D be the M8bius map
taking w to 0. For z, w € D the pseudo-hyperbolic distance between z and w is defined by
p(z,w)=|¢.(2)]. For 0<n <1, let D, (n) denote the pseudo-hyperbolic disc of center w
and radius 7. A sequence {z,} in D is called n separated if D, (n)ND, (n)=C
whenever n # m and {z,} is said to be 7 dense if D =U D, (7).

A holomorphic function f on D is called a Bloch function if sup F')I 1=z is
finite. The space of Bloch functions together with the norm

111 = F ) +sup If'(2)] (1~ I2P?)

is denoted by %. An important and useful property of Bloch functions is the Mobius
invariance of the norm:

Ifedu —fWII=If =FON, fe

The “little Bloch space” 9%, is the subspace of % consisting of functions f such that
f'(2)1=|z/)—0 as |z]|—1. It is not hard to verify that %, is the closure of the
polynomials in %.

A sequence {z,} in D is called an interpolating sequence for the drivatives of Bloch
functions (or simply an interpolating sequence) if for each bounded sequence of complex
numbers c,,, f'(z,)(1 = |z.")=c,, n=1,2,. .., for some Bloch function f. One may note
in passing that f'(z)(1 — |z|?) is the derivative of f:D— C when D is endowed with the
pseudo-hyperbolic metric. We will show that a sequence {z,} is interpolating only if it is
sufficiently separated and that interpolating sequences are necessarily separated. As an
application we will estimate the distance from a Bloch function f to the little Bloch space
and then we will estimate the essential norm of a Hankel operator (see Section 3 for the
definition of this Hankel operator) from the Bergman space L2 to L*(D, dA).

2. Interpolating sequences. We begin by organizing in Proposition 1 some well
known facts about Bloch functions.
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ProposiTioN 1. For a holomorphic function f on D the following are equivalent:
(1) fe%;
() If°Pu(z) — f(W)| =clog {28 for some constant ¢ independent of both z and w;
(3) feL2and sup [ |fop, —f(w)|*dA is finite;
weD

@) {fod. —f(W)}.ep is a normal family.

Proof (sketch). Condition 2 is the usual point estimate for Bloch functions. The
claim 12 follows from an integration of the growth condition of f’ and the Mobius
invariance of the Bloch norm. Clearly 2=> 3. The assertion 3= 4 follows from the general
result that any norm bounded family in L? is uniformly bounded on compact subsets of
the disc, and therefore, by Montel’s theorem, is a normal family. Finally 4=>>1 is a
theorem of Pommerenke [8].

The dual of the Bergman space L, can be identified with the Bloch space. There are
several versions of the pairing of this identification [2, Theorem 2.4]; [4, Theorem 2.6];
[5, Lemma 5.1]; here is the version that we will use in this note:

f.8)= [f@F @1 -1z dAG),  feLl and gem

The little Bloch space is the pre-dual of the Bergman space L) [2, Theorem 2.4] with
the pairing

£.8)= [ 1@~ 1208 dAG)  fed and geLl

None of the above identifications are isometries; they are only Banach space
isomorphisms.

To derive a necessary condition for a sequence to be an interpolating sequence, we
first prove a Schwarz-Pick lemma type inequality for Bloch functions.

LEmMA 2. Let f € B. Then
' @A = 1zP) = WA= W =9ifll p(z,w), zandweD.
Proof. Fix f € 3. Then

If'@IA - |z)*=<41f —fOIl, zeD,

(see for example 3, Lemma 2.1, lines 2.2]). Let z € D and pick a such that e™*z = |z|.

Then
1z}
F'@) - O)= f \F"(te)|
12|
<4lf ~fOI | (1-0=as
<4|1f = FO)Il 2I(1 - |z])™"
so that

If (@A =12P) = O =8IIf = fO)l |zl + If = FO [zP =9 If ~fO)l |2].
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Let w € D and replace f by f © ¢,,. Recalling the M&bius invariance of the Bloch norm and
that {¢.,(z)| (1 - |z[*) = 1 — |¢.(2)I*, we have

1f" $u(2)(1 = @ (2)P) = F'(W)A = WP < IIf = f(O)Il 121,
from which the desired result follows by replacing z by ¢,.(z).
CoroLLARY 3. Let {z,} be an interpolating sequence. Then {z,} is separated.

Proof. The usual proof for a sequence to be an interpolating sequence for bounded
analytic functions [6, page 285] is also applicable here. Indeed, let T:3— I be the
operator map T(f) = {f'(z,)(1 — |z,|*)}. Clearly T is bounded and if {z,} is interpolating,
then 7 is onto, so by the open mapping theorem there exists a constant ¢ such that for
each sequence {a,} in [”,

') -z, =a, n=12,...

for some f e B with ||f]|=c ||{a,}ll-- Let n and m be distinct positive integers. Then
there exists f € @ such that ||f|| <c and f'(z,)(1 — |z,/*) = 1 but f'(2,,)(1 = |z,,|*) = 0. Now
by Lemma 2 clearly the sequence {z,} is separated.

We now prove the main proposition of this section. It asserts that if a sequence is
sufficiently separated then it is an interpolating sequence. The author wishes to thank the
referee for suggesting the following statement of the proposition.

ProposSITION 4. There exists a constant ¢, such that, given any n separated sequence
{z,} and any {c,}€l”, there exists an fe B such the: f'(z,)A - |z, =c,, n=
1,2,...,and IfIl=cie(m)(1—c(m)o(l = n))™" licall., where c(n)=(1+n)'z~'n" and
o(1- )—>0 as n— 1—. Moreover, such an f must have norm = |ic,,||«-

Proof. Let {z,} be a n, 0<n <1, separated sequence. Define the operator map
T:Ll—1!' by T(f)={f(z,)(1 —|z.|*)?}. Then T is bounded with ||T||<(1+n)‘x"'n~?
(see for example, [7, page 96, line 4.5]). The adjoint 7" :/”— @ is given by

(- |Z a-lzP?

(T* (@) =D e =1

Let S be the operator defined on [* by

S{ax}) = {(T*{a,})) (21 — |z}
Let I be the identity operator on /™. Then the kth term of (S — I)({a,}) is

> a,(1— 1221 = |21 - Z,2) >

n#k

Let us temporarily write D,(n) for D, (n) and ¢, for ¢,,. The following estimates in (1)
and (2) are well known and the calculations presented are standard:

(1+n)*(1 = |z, ")’ =area(D,) = (1 - n) (1 — |z,[*)* M
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and, if f is analytic on D, then

J, v@iaa@=| ifep@N10ir da)
=)A=l P [ 1fegu)da@)
zi<n
= a1+ 1)L 2P 1 2ol @)

Thus writing c(n) = (1 + 1)*/7n* and applying (2) to f(z) =(1 — Z.z)™>, z € D, we have

IS =D{all-=csup X a1~ 12 | |1-Zz|7 dA(2)

Dn(n)

= ¢ [[{an}Hlwsup(l ~ |2}?) 11— z,z|7* dA(2).
k D —Dyi(n)

By the change of variable z to ¢,,(z) we get the last integral to be equal to

¢ |[[{an}l sup 11 - Zez| ' dA(2)
k' Jizi>n
27
)

= (@)l sup f '( [ 1a=1ad e aoj2z)r ar

sclif@)l. [ -z dAc)
z1>n

In deducing the last inequality we used the fact that the mean modulus of an analytic
function on the circle |z| =r is an increasing function of r. Thus when 7 is sufficiently
close to 1, S is invertible on [, and ||S7'||< (1 — |- S]|)”". Given {c,}el”, write
f=T*({a,}) where f'(z,)(1 = |z,I°) = S({a,}) = c,,. Then, clearly ||f|| = ||{c,}||.. and

*
1= Al

a=n=sn [1{n}los

from which the proposition follows.
CoRrOLLARY 5. Every separated sequence is the finite union of interpolating sequences.

Proof. The decomposition given in [1, page 718], shows that a separated sequence is
the finite union of sequences which are sufficiently separated to be interpolating
sequences.

Let ¢, denote the space of all null sequences. A sequence {z.} is called an
interpolating sequence for the derivative of functions in %, if for every sequence {c,} in ¢,
there exists a function fin %, such that f'(z,)1 — |z, =c., n=1,2,....

CorOLLARY 6. If a sequence is sufficiently separated, then it is an interpolating
sequence for the derivatives of functions in %,.

Proof. Let {z,} be an interpolating sequence. Then we will show that it also
has the claimed interpolating property. Define the operator map T:%,— ¢, by T(f) =
{f'(z,)(1 = z,|%)}. Then T*:I'=> L} and T**:%B—I". The operator T** can be verified
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to be the natural extension of 7', thus T** is onto. In particular 7** has closed range, so
T has closed range. Now a standard argument involving the annihilator of the range of
operators and the kernels of the adjoints shows that T is onto.

Since sufficiently separated sequences are interpolating, a sequence close enough to
a given sequence, which is sufficiently separated to be interpolating, is also an interpolating
sequence. The following proposition shows that this is true for any interpolating
sequence, whether it is sufficiently separated or not. (See [7, Theorem 5.1] for a similar
theorem.)

ProposiTION 7 (Stability of Interpolating Sequences). Suppose {z,} is an interpolating
sequence. Then there exists a number O depending on the sequence {z,} such that if
(2., w,)<6,n=1,2,...,then the sequence {w,} is also an interpolating sequence.

Proof. Let {z,} be an interpolating sequence. Then the operator T: #B— " defined
by T(f)={f'(z,)(1—|z,|*)} is onto, so T*:(I")*— B* is one—one and (since T has
closed range) has closed range. Therefore T* is left-invertible. Recall that the
left-invertible elements in a Banach algebra form an open set. Let S:%—[" be an
operator. Now by a standard argument one can show that there exists a number 6 = 6(T)
such that if ||T — 8| <48, then S is also onto. Let {w,} be a sequence such that
0(2., w,) <8/9 and let S be the operator S(f)={f'(w,)(1—|w,|*)}. By Lemma 2,
T — 8|l <9, so S is onto.

3. Essential norm of Hankel operators. A sequence which is 7/a separated and an
dense, for some a >0, is called an n net. When computing the Bloch norm it suffices to
sup only over a given 7 net as the following proposition shows. But first we note a well
known lemma which is the Paley-Littlewood formula in the context of the Bergman
space.

LemMa 8. Let f be a holomorphic function on D with f(0)=0. Then
WAB=IF (A - 1zPDI1E= I3

Proof. Compute the norms.

ProrosiTioN 9. Let {z,} be an n net. A holomorphic function on D is a Bloch
function if and only if

sup |f"(z.)| (1 = |z,) <.
Proof. Suppose sup If"(z,)] (1 = |24|?) = VM <. Let w e D. Then
[1re0u-fonrEda=3[17e 4. @)F (L~ 1P dAG) (by Lemma )
=3 [IF(@u)F 18P (1 = 12 dAG)

=3[ 1F'@)F (- [8u)P? dAC)
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=c 2 1f @)1 = 12,1271 = | P ()P
(by [7, Theorem 4.1])

=cM D, (1 - |$u(z.)P)

Write ¢, = ¢,,(z,). Then, by the conformal invariance of the pseudo-hyperbolic metric,
{t,} is also a n/a separated sequence. Thus, for some constant ¢ = c(n/a),

> (1= |t,]})?=c D, area(D,(n/a)) < c area(D).

Hence by Proposition 1, we get f to be a Bloch function.
We can now estimate the distance from a Bloch function to the little Bloch space.

ProrosiTION 10. Let f be a Bloch function. Then, for some constant c,
limsup |f'(z)] (1 - |z[*) = dist(f, Bo) <c lim sup |f'(2)| (1 - |z]).
1z}—1 12{—1

Proof. The left-hand side of the inequality follows immediately from the definitions
of & and %,. To prove right-hand side of the inequality, fix an n net which is sufficiently
separated to be an interpolating sequence. Let n be a positive integer. Then by Corollary
6, there exists a ge %, such that g'(z;)(1 -z =f'(z)(1—|z|®) if 1=j=n, and
g'(z)(1 = |z,*) = 0 otherwise. Then by Proposition 9,

If =gl =csuplf'(z) (1 - 151,
from which the desired result follows easily.

Let (f,g),=[fg§dA/2n denote the usual inner product in the Hilbert space
L*(D, dA). Let (L2)* denote the orthogonal complement of L2 in L*(D,dA) and let Q
denote the orthogonal projection of L*(D, dA) to (L2)*. For a function f € L? the densely
defined operator from L? to (L2)*

Hi(@)=0Q(fg), geH”
is called a Hankel operator. In a 1986 paper Sheldon Axler [2] proved that the operator
norm [|Hy| is equivalent to the Bloch norm of f and that H; is compact if and only if

f € B,. After all the hard work of Axler, in the following proposition we estimate the
essential norm ||Hj|, of this Hankel operator.

ProposiTion 11. Let f € B. Then, for some constant c,
¢ limsup|f'(2)] (1~ |2F") = || Hll. = ¢ lim sup |f*(2)] (1 - Jz[").
Proof. Let g€ %,, then H; is compact [2, Theorem 7], so by Axler’s theorem
[2, Theorem 6], we have,
WHjll. = |[H;— Hgll = c I|f - glI.

Thus, ||Hj||. < c dist(f, %,). Now the right-hand side of the inequality in Proposition 11
follows from Proposition 10. To establish the reverse inequality, consider the kernel
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I,(z)=(1—wz)7? zeD. Then
n(1=|wP) ' =L lE =271+ w)(A - W)~

Moreover by differentiating the identity
h(w)= 7" fh(z)(l _w)?dA(z), hel?

we have h'(W)=2x""' [ hzlZdA, he L2
Let K:L2— (L%)* be a compact operator. Since {||1,,]| 'L} goes to zero weakly in L2
as |w|—1, {K(||L,]|"'L.)} goes to zero strongly in L2. Thus,

\H;— K| = “ffv].ilfp IHz(1L)12 " L)]]
=lim sup |14, 1>* [(Hy(L.), 21, )|
= lilrglil:p Wl 1{fL, Q(ZL,)).l
=lim sup |IL,15* |{fL, 2L, )zl
=8"! liIIB'il:p If' (W) (1 = w3,
completing the proof.
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