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A CONSTRUCTION OF SURFACES WITH LARGE
HIGHER CHOW GROUPS

TOMOHIDE TERASOMA

On the occasiton of 60th birthday of Shuji Saito

Abstract. In this paper, we construct surfaces in P? with large higher Chow
groups defined over a Laurent power series field. Explicit elements in higher
Chow group are constructed using configurations of lines contained in the
surfaces. To prove the independentness, we compute the extension class in the
Galois cohomologies by comparing them with the classical monodromies. It is
reduced to the computation of linear algebra using monodromy weight spectral
sequences.

81. Introduction

1.1 Introduction

Let k be a field and X be a variety over k. For nonnegative integers ¢ and j,
Bloch [B] defined the jth higher Chow group CH!(X, j) of codimension i
of X. To study the higher Chow group, it is useful to consider the cycle
map:

I (X): CHY(X, j) — H¥ (X, Q(i))

for x-cohomology theory for x = et(ale), B(etti), dR(ham), D(eligne), when
X is smooth over k. Rich arithmetic invariants are conjectured to appear
from these cohomology theories. First natural question is how big the image
of ¢’ (X) is. For a smooth surface X in P3 over an algebraically closed
field k, the map is trivial for x = et and ¢ = 2, j = 1. We are mainly interested
in the case where k is not algebraically closed. Concerning this question,
there are some previous works, for example, [M], [CMS]. In this paper, we
give an example of a surface over C((¢)), whose image of the cycle map is of
big dimension. We construct many elements in higher Chow group explicitly,
which can be studied in detail.

Let S = Spec(C[t]) and L1, ..., Lg, M1, ..., Mg be linear forms on PZ,.
Let I; and m; be the zero loci of £; and M;, respectively. In the following,
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312 T. TERASOMA
we assume that ngl(li U m;) is a normal crossing divisor. Let f: X — S be
a family of surfaces over S in P?’g defined by

X:={(z,t)eP>x S| L1(x) - Lg(x) +tM1() - Mg(z)=0}.

Let k= C((t)) and n: Spec(k) — S the natural morphism. The fiber of X
at 1 is denoted by X,. In this paper, we consider the image of the etale
cycle map

(1) Cgil(Xn) :CH*(Xp, 1) © Q= H3(X,), Qu(2)).
The main theorem of the paper is as follows.

THEOREM 1.1. Under the above notations, we have

—1)%(d -2
dima, (Im(%! (X)) > (L= (122
As a corollary, we have the following:
COROLLARY 1.2.
d—1)%(d -2
dimg(CH(X,, 1)) > ()2()

Let us explain the contents of the paper. In Section 2, we construct elements
in the higher Chow group of X,,. Moreover, we give a relation between the
image of these elements under the etale cycle map and the extension classes
of relative homologies. In Section 3, we compare the etale extension classes
and extension classes as representations of the (classical) fundamental group
of a punctured disc. Thus we reduce the proof of Theorem 1.1 to the proof of
the relevant statement for representations of fundamental groups. We recall
how to compute the extension classes as representations of the fundamental
group. In Section 4, we recall the monodromy weight spectral sequence and
compute its terms for X a~. The monodromy weight spectral sequence is used
to compute the cokernel of the logarithm of monodromy action. To compute
every term of the monodromy weight spectral sequence explicitly, we use the
model obtained by the blowing up of the original model. In Section 5, we
execute a local computation for the extension class using a nice topological
model. In this model, the extension class is computed by a topological lifting
whose period map can be expressed by the dilogarithmic function. By these
computations, we have the local description for the extensions, which will
be used in the next section. In Section 6, we sum up the previous results to
compute the lower bound for the dimension of the image of the cycle map.
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82. Construction of elements in the higher Chow group and
extension

From now on, we use the same notations for X, X, in the previous section.
In this section, we define an element I';;; in CH 2(X,1), and study the
extension class obtained by the generic fiber I';j1; , of I';j, at 7.

2.1 Elements in the higher Chow group of X
Let us briefly recall the definition of higher Chow group after Bloch [B].
Let A7 be the scheme defined by

AV = Spec (C[mo,...,xj]/<1—2xk>> )
k=0

Let X be a variety over C. The simplicial faces of X x A7 are defined
in [B]. The Bloch cycle complex Z¢(X, j) is defined by the group of Z-linear
combinations of codimension i algebraic cycles in X x A7, which intersect
properly to the simplicial faces. We consider the boundary operator

using simplicial structure defined as in [B]. Then we have a complex
ZN(X,0) = ZN(X, )= ZN(X,j—1) == Z(X, 1) = Z'(X, 0).

The jth cohomology of Z(X,e) is called the jth higher Chow group of
codimension ¢ and denoted by CH(X, 7).
We set
Li:liXS, Ml:leS.

For integers 1 < i, [ < d, the intersection L; N M; is a family of projective
lines over S contained in X. For i # j, we set

piji =l Nl Nmy, Pij1=piju x S.

We fix 1<i<j<k<dand 1<I<d. The three lines L; N M;, L; N M,
Ly N M; form a family of triangles in X. Let (I; nmy)°, ;N my)? and
(I, "' my)? be one-dimensional affine spaces contained in (I; N 1), (l; Nmy)
and (I, Nmy) such that (I; Nmy)° U (1 Nomy)° U (I Nomy)© contains piji, pik
and pg;;. We choose an isomorphism ¢; ji; : A~ (I; N my)° such that
©i,ik,1(0) = pij1, @i k(1) = ik, The isomorphism ¢; ji; induces an isomor-
phism A! x S~ (I; "m;)° x S over S which is also denoted by i jkl-
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DEFINITION 2.1.
(1) Weset Iy jri = {(z,y) € Al x X | ¢; jri(z) =y}. Then it is an element
in Z%(X, 1).
(2) We define an element I';j;; in Z?(X, 1) by

Cijig =T kg + jgig + kg

It is easy to see that OI';;,; = 0. The class of I';;;,; in CH?*(X, 1) is also
denoted by I';jx ;.

For a point = over S, the fiber of f: X — S is denoted by X,. We set
T = (L; N M) U (L; N M) U (L N M).

Let fr:T — S be the natural projection. The fiber of T" and I';j;; at = are
written as T}, and I';jx 4, respectively.

Let I'y, ., be the graph of ¢; jx;. We define an element § by
6= (Pijvl7 ijvl’ P’ﬂ}l’ F%‘,jk,l? F%’,ki,z’ ch,ij,z)

€ (Z°(Pyy x A" @ Z°(Pjry x A%) @ Z°(Pyriy x A%))
@ (ZH(Lin M) x AN @ ZH((Ly 0 M) x AY) @ ZH (L, N M) x Ab)).

Then the sum of cycles § determines an element in CH' (T, 1) by the Mayer—
Vietoris theorem. We have a natural map 7: CH'(T, 1) — CH?(X, 1). The
cycle Ty € CH?(X, 1) is equal to 7(6).

2.2 Cycle maps and connecting homomorphisms

Let Dy = Dr, /) be the Q-dualizing complex of T}, over 7). For a subvariety
W in X the restriction of f to W is denoted by fy. The restriction of f to
X, is denoted by f,. For simplicity we consider the case (i, j, k) = (1, 2, 3).
The complex R fr,.Dr(1)[2] is quasi-isomorphic to

(2) @ RSP, % Q — @ Rf(,nn),«Qu(1)[2].

1<i<j<3 1<i<3

The homomorphism B, ;3 Rf(z,nnm,),,«Qi(1)[2] = R f;.Qi(2)[4] induces a

homomorphism

(3) R 1« Dr(1)[2] = R [ Qu(2)[4]-
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Its cone is denoted by C,. Let SY be the maximal open set of S over which
f:X — S is smooth. By the definition of the cone C,, we have the long
exact sequence:

(4) .= HY(T,, D(1)) = H* (X, Q(2)) = HFY(C,)
— Hi(Tm D(1)) — Hi+2(Xn7 Qi(2) =

The same complex of (3) can be considered over 7. The corresponding
complex are denoted as C;. We have the following similar long exact sequence

of G = Gal(k/k) modules:
(5) coo = H'H (T, D(1)) = H™ (X, Qu(2)) — H'™(Cy)
= H'(T, D(1)) = H™*(Xg, Qu(2)) = -+

By the compatibility of cycle maps and the connecting homomorphisms,

we have the following commutative diagram:
CHYT,,1) & CH?*(X,,1)
cai' | Leg
HI(TTH D(l)) - H3(X777 Ql(2))

The image of § in H'(T,), D(1)) under the cycle map is denoted by §. Then

we have

HY(T,, D(1)) =35 - Q.

2.3 Cycle map and extension group
We study extensions arising from I';jx;. Until the end of this section, we
consider the fibers X, over n — S. The varieties (L; N M;),, T, etc. are

subvarieties of X,. We set 7= Spec(k). Since X,, is a hypersurface in
P3, we have HO(ke, H3(X7, Qi(2))) =0 and by Hochschild-Serre spectral

sequence, we have a map
H(Xy, Qu(2)) = H' (ket, H* (X, Qu(2))).

PROPOSITION 2.2. The image of I';ji; € CHZ(X,,7 1) under the map

2,1

CH?(Xy, 1) =5 HY(Xy, Qu(2)) = H' (ket, H (X, Qu(2))
s equal to the extension class of

0 — H?(Xq, Qu(2)) — H*(Cq) — H' (T, D(1)) = 0

https://doi.org/10.1017/nmj.2018.32 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.32

316 T. TERASOMA

as G-module. In other words, the image of § under the connecting homo-
morphism:

(6)  H'(T, D(1)) — H(G, H' (T, D(1))) = H'(G, H*(Xz, Qu(2)))-

Proof. We consider the long exact sequence (5). We obtain similar long
exact sequence by replacing k by k. Applying the functor HP(G, %), we have
a complex

-+ — HP(G, H'" (T3, D(1))) — HP(G, H'' (X7, Qu(2)))
— HP(G, H™(Cp))
— HP(G, H' (T, D(1))) — HP(G, H" (X5, Qu(2))) —

Since the cohomological dimension of G is one, we have the following exact
sequences by Hochschild—Serre spectral sequence.

0 — HY(G, H"*(T;, D(1))) — H~ (T, D(1))
— HYG, H (T, D(1))) —
0 — H'Y(G, H'(X5, Qu(2))) — H”l(Xn,Ql( )
— H°(G, H* (X, Qu(2))) = 0,
0 — HYG, H'(Cy)) — H'T(C,;) — H°(G, H(Cy)) — 0.

Since the sequence (5) is exact, the homology of
(7) H(G, H™(Cq)) = H°(G, H'(T7, D(1))) = H°(G, H'* (X7, Qu(2)))

and that of
(8)
HY(G, BTy, D(1) & HY(G, HH (Xy, Qu(2))) — H'(G, H'(Cy)

are isomorphic. The following lemma is straight forward.

LEMMA 2.3. Assume that
(9) 0 — H™ (X7, Q(2)) — H Y (Cp) — H (Ty, D(1)) — 0

1s exact. Then a and B are zero maps.
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The homomorphism
(10) H°(G, H'(Ty, D(1))) — H'(G, H™ (X5, Qu(2)))

induced by the isomorphism between cohomologies of (7) and (8) is equal
to the connecting homomorphism arising from the exact sequence (9). The
connecting homomorphism (6) is induced by the following zigzag.

HY (G, H* (X5, Qu(2)))
!
HY(T,, Dyo(1)) = H?(Xy, Qu(2))
l
HY(G, HY(Ty, D(1))).

Therefore the image ¢}’ (Tijrg) = &1 (7(8)) of ['jjk; under the cycle map is
equal to the image of § € HY(G, H'(T%, D)) under the connecting homo-
morphism. 0

§3. Comparison to classical cohomology theory

In this section, we compare extensions for etale cohomologies with those
for classical cohomology theory.

3.1 Comparison to classical theory

Let SY be the maximal open set of S over which f: X — S is smooth.
Let A ={te C||t| <€} be a sufficiently small neighborhood of 0 in S(C)
such that A*(= A —{0}) € S°(C). We fix an element tq in A*.

The restrictions of f and fr to f~1(S%) and f~1(S°) N T are denoted by
Jso and fr o, respectively. We have the following short exact sequence of
etale [-adic local systems on S°.

(11) 0— R*f50,Qu(2) = R?fg0.C = R' f7 50, Dp(1) = 0.

We set 7= Spec(k). Let S° be the strict Henselization under 7 of S
at tg over 1. Then the diagram ty+< S —7 defines an isomorphism
7§ (S0, tg) = 7w§t(S°,7) and isomorphism between the fiber of the exact
sequence (11) at ¢y and that at 7. We have the following diagram

7 (S°(C), to) — (8%, t0) = mi(S°,7)
U U
i (A%, 1) (1, 7).

https://doi.org/10.1017/nmj.2018.32 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.32

318 T. TERASOMA

We can easily see that the above homomorphism induces a homomorphism
e (AT o) = 75 (1, 7)-

By composing the comparison map the fiber of the exact sequence (11) at 77

(12) 0 — H3(Xy, Qi) = H (X, Cy) = Hey(Ty, Ds) — 0

is isomorphic to the exact sequence

(13) 0— HE(X1y, Q1) = HE (X4, Cy) — HE(T, Dg) — 0.

This isomorphism is equivariant under the fundamental groups via the
map c¢;. As a consequence, we have the following proposition.

PROPOSITION 3.1. The extension class e of (12) in HY(n$t(n,7),
H?(X7,Qu(2))) goes to the extension class eq of (13) in H*(m$'(A*, %),
H?(X4,, Qi(2))) under the map c.

The short exact sequence (13) is isomorphic to the following short exact
sequence

(14) 0_>H2(Xt07Q)_>H2(Xtoaj—'to7Q)ﬁHl(EQ)Q)_)O

as a module over fundamental group m{!(A*, ¢) after tensoring with Q;.
Therefore, we have the following proposition.

PROPOSITION 3.2. The extension class € s equal to the exten-
sion class of (14) in HY(m${(A*,To), Ho(Xt,, Q)) via the isomorphism
H?( X4, Qu(2)) =~ Ha(X4, Q) © Qi

3.2 Extensions from the topological side

The surface Xy, contains three affine lines (I; Nmy)°, (I; Nmy)°,
(I, " my)?. We choose a topological path Yjki (TeSp. Vkil, Yiji) connecting
pij1 and pix (resp. pjky and pj; g, priy and pyj;) in (4; Nmy)? (resp. (1 Nmy)°
and (I N'm;)°?). Then we have a topological cycle T = Yijl t Vikd T Vkill-
Since Xy, is simply connected, there exists a 2-chain og in X, such that
7 =0(0p). Then the relative cycle 7 defines a relative homology class in
H2(Xt0a Tto)- Let

¥ :]0,1] = A",

be a path in A* beginning from ¢y ending at ty turning around the origin,
whose homotopy class is a positive generator v of 7§ (A*, ty). We extend

the relative two-cycle o to a continuous family on of relative two-cycle o(s)
in Xy(s)- (0<s<1) such that:
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(1) 9(a(s)) =0(0(0)) (C Ty(s) for all s €0, 1];
(2) o(0)=o0.

We set o(1) = ¢’. Then the chain o — ¢’ becomes a closed two-chain in X,
and we have the homology class [0 — ¢'] in Ha(Xy,, Q). The element [0 — o]
constructed as above defines an element in

HI(T"I(A*a tO)’ H2(Xt0’ Q)) = HQ(Xtov Q)/('Y - 1)H2(Xt07 Q)
~ Coker(Hy(X,, Q) 25 Hy (X4, Q).

Here N is the logarithm of ~. It is equal to €, introduced in the last subsec-
tion. Here v denotes a positive generator of m(A*, #y). As a consequence,
we have the following proposition.

LEMMA 3.3. We have C%I(Fijw) = €.
84. Monodromy weight spectral sequence

4.1 Blowing up and strata

From now on, we consider varieties in the category of complex analytic
spaces. We use the same notations for the complex analytic space associated
to X and the morphism f:X — Al. Let A be a sufficiently small disc
around ¢ = 0 as in the previous section and X the pull back f~(A).

Then the total space Xp has nodes at p;;; = Xo N Py = {Li=L;=
M;=t=0}for 1 <i<j<d, 1<1<d.For example, we can choose a local
coordinate x,y, 2,1 at p;;; such that x = L;, y = L;, 2= M;. Under this
coordinates, Xa is defined by {zy +tz =0} around p;;;. The blowing up
along (U, ; {(pij1, 0)} is denoted by X and the induced morphism X — A

is denoted by f.

Let h;j  be the exceptional divisor over (p;;;,0) (1 <i<j<d,1<I<d).
Then the singular fiber f~1(0) consists of the following d + (d?(d — 1))/2
components.

(1) Proper transforms gy, ..., gq of ; x 0, where g; is isomorphic to the
blowing up of P? along the points p;;; (j # 4, 1 <1< d).

(2) (d?(d—1))/2 exceptional components h;r (1<i<j<d,1<k<d).
Each component h;; ;. is isomorphic to P! x Pl

One-dimensional stratum of the singular fiber consists of the followings.

(1) (d(d—1))/2 intersections l;; = g; Ng; (1 <i<j<d).
(2) d*(d — 1) intersections of m;jx = hij N gi.
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The zero-dimensional stratum consists of the following points:
(1) (d(d—1)(d—2))/6 intersection points p;jr = g; N g; N Gr;
(2) (d?(d —1))/2 intersection points Qij ke = hijr N gi N gj = mij ke N M k-
We have h;;r D m;;r Umg; . The disjoint union of the k-dimensional
stratum is denoted by T®). Then we have

7O = {pijr hi<icj<r<d U {qijk <icj<di<k<d

TW = {l;h<icjca U {mijrh<izi<d 1<k<d;

T® = {gihr<ica U {hiji hi<icj<di<hed:
For example, for d =4, we have

#7170 = 28, #TM =54, #7170 =28,

4.2 The Ei-term of the monodromy weight spectral sequence

In this section, we recall the monodromy weight spectral sequence [PSt,
Section 11.2; p. 259]. We set A*={t€ A|t#0}. Let 77: H — A* be the
universal covering of A*. We consider the following fiber products:

In
1
s
\Lu
—

H L A" o A

We set j=jok. We consider the following complex which is quasi-
isomorphic to the near by cycle sheaf Ry Q =i*j, j*Q.

(15) 00— *Rj.Q(1)'S[1] — i"Rj.Q(2)*[2] — i*Rj.Q(3)*S[3] = 0.

We have H (T())(—1) =0 for odd i and 0 < j < 2. Therefore the F;-terms
of the associate monodromy weight spectral sequence are given as follows:

HY(TO)(=2) H>(TW)(-1) HY(T®)(0) 0 0
0 0 0 0 0
0 HY(TM)(-1) H*(T@)(0)® H(TV)(-1) H*(T™)(0) 0
0 0 0 0 0
0 0 H°(T®@)(0) HO(TMW)(0) H(T©)(0).

Therefore Gry’ (H?(Xy,, Q)) is isomorphic to the cohomology of

HOY(TWY(=1) —» H2(T@)(0) & HO(T)(-1) — H>(TW)(0).
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In this section, we consider the E;-differential for H2(X). We have

HO(TM)( @th @@mmmk,

4,5,k
@ Q zg b @ Q mij, k
4,5,k
HO(TO)(— EB Ql,,, &P Qly,,.
1,3,k 1,5,k

The cohomology class of [l;;] in H?(g;) is denoted by [l;;],,, etc. We identify:

(1) H*(l ) and H* (l21) by [ ]l12 = [ ]1217

(2) HO(QIZ k)( ) and HO(q21 k)( ) by 1Q12k = _IQ21,k;

(3) H(p123)(—1) and H°(p213)(—1) by Lpiay = —Lppiy = —Lpya,, etcs;
(4) H*(hi2,)(0) and H?(ha11)(0) by [2ln,,, = ~[2]ns, -

We describe the differentials.

The map d: HO(TMW)(-1) = H2(T@)(0) & HO(T©)(-1).
The differential is given by

(16) d(]‘lij) - [lij]gi - [lij]g]- + Z 1pijk + Z 1Qij,l7
ki, 1<i<d
(17) d(lmij,l) = [mij}l]gi + [mijl]hij,l - 1f1ij,l‘

The map d: H*(T?)(0) @ HO(T©)(=1) = H>(T™M)(0).
The differential is given by

d([z]g,) = Z ij](@, lij)g, "‘szwk T, Mij k) gi

i i#i k=1
d([x]n,,,) = —mijal (@, mi)n,, + [mgal (@, mg)n,,,
and
d(1p,;.) = [lig] + [Lk] + [kl
d(1q,;,) = —[maa] + [myig] + [Lij]-
Since d[x]p,, , = —d[z]n,,,, this map is consistent with the rule of suffix. We

can check that d? = 0.
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4.3 Description of the 1-cocycle associated to I';jx
We define a closed element ~;;x; in H2(T?))(0) @ HO(T©)(-1) by
Vijkd = [Mijg + Myilng, + Mgkg + miglhe, + Mkig + mikglhy,,
(18) + 1pijk - ]‘Qij,l - 1ij,1 - 1%1',1‘
We prove the following proposition in the next section.

PRrROPOSITION 4.1. The extension class associated to c?(f‘iij) 1$ equal
to the image of vijr1 in GrM H?(Xy,, Q).

§5. Extension class and a topological model

In this section, we compute the monodromy on the cohomologies of W, .
This computation will be used for the computation of C}B’Q(Fijk,l)-

5.1 Computation of monodromy for the homotopical model W,
We define a family of affine varieties W by

(19) Wi zyz+t(l—z—y—2)=0

in A3 ={(x,y,2)|x,y,z € C}. If t #0, 1/4, then it is smooth. Let ¢y be a
sufficiently small complex number. The fiber at to is denoted by W;,. We
consider the cohomology of W;, in this subsection. Let f:W;, — A? be a
map defined by (x,y, z) — (v, z). We set

S={(y,2) € A’ |yz=to,1 —y — 2=0} = {p1, p2}.

Let A2 be the blowing up of C? at two points p, pa. The exceptional divisor
at p; and ps are denoted by FE; and F,. Since the defining equation is
r(yz —t) +t(1 —y — 2) =0, the fiber of f at p; is isomorphic to Al and we
have a map W, — A2. Let D be a curve in A? defined by yz =ty and D
be the proper transform of D. Then we have

Wy, = A2 — D
and a long exact sequence
H2(A2) 2 H2(A2) —~ HXW,) — Hi(A%) = 0.
| | |
Q[D] Q[E\] & Q[E,] H'Y(D)(-1)
I I |
Q(-1) Q(-1) & Q(-1) Q(-2)
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The map « is defined by a(D) = E; + E2. As a consequence, we have the
following proposition.

PROPOSITION 5.1.
(1) There is a sub Hodge structure Va in H*(Wy,) such that
Vo~ Q(-1), H*(Wyy)/Va = Q(-2).
(2) The de Rham part H%dR(.@) is generated by the image of

dy dz
w =

yz —t € HgR(Wto)'

We set Vy = H?(W,,)/Va.
Proof. (2) Let
dx dy dz (yz —t) dx A dy dz

::zyz-l—t(l—x—y—z)7x(yz—t)—|—t(1—y—z) yz —t

be a differential form on A? — Wy,. Then the residue resyy,, (€2) of 2 along
Wy, is equal to w on A2 — D C A2 — D. Therefore w defines a holomorphic
two form on W;,. Since the residue of

z dy /\dz

7yz—t z

along D is equal to dz/z, the image of w under the map H3,(W,) —

~

Hl-(D)(—1) is a generator of Hin(D)(—1). [

5.2 Relative cycles and extension
We define four affine planes Lq, Ly, Lz and M in A3 by L=
{r=0}, Lo={y=0}, Ls={2=0} and M ={1 -2z —y—2z=0}. Then
(LiN M)y, CWyy. We set T=(LiNM)U(LyUM)U (L3N M). Then we
have the following dual exact sequences.
0— H2<Wt07 Q) — HQ(th Ttm Q) i} Hl(,—rtoa Q) — 07
0— Hl(ﬁo) Q) - Hz(Wtoa J'Q) — H2(Wt0> Q) — 07

where j : Wy, — Ty, — Wy, is the open immersion. We set 7 =75, + 75 + 73,
where

71 = {(%, Y, Z):(O’tvl _t)|t€ [07 1]}7
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Yo = {(a:, Y, Z) = (1 —t, Ovt) |t € [07 1]}7
¥3 = {(z,9,2) = (t, 1 —t,0) [ t € [0, 1]}.

Then 7 defines an element in H;(7},, Q), which is also denoted by 7. Let
v be an element in Ha(Wy,, T, Q) such that a(v) is equal to 7. Then ~ is
represented by the relative 2-cycle I' defined by

F={(y,2) |y, 220,y+2<1}.

5.3 Pairing given by period integral
We use the coordinate (y, z) to compute the pairing (v, w). We assume
that t € R and ¢ < 0. Then we have

1 11—z
(’Y,w)Z/ dydz:/ {/ dy }dz.
ryz—t Jo o Yyz—t
It is equal to

[ e ) e [ e (15 4)
[ s (o-siy) v - =)} ¢
— Lis <a%t)) + Lip (1—1a(t)>

_ _%{log(l — a(t)) — log(~a(t))}?

where «(t) < 0,1 — «(t) > 1 are the solutions of the equation
22—z 4+t=0.
Then «(t) — 0 for ¢ — 0. As a consequence, we have
PROPOSITION 5.2.

(1) We have
(v, w) = —5{log(1 — a(t)) — log(—a(t))}*.

(2) Let p; be the monodromy action of a small circle around t =0. Then
we have

(pe(7), w) = =5 {log(1 — a(t)) — log(~a(t)) — 2mi}?,
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and

((pt = 1) -7, w) = 2ri(log(1 — a(t)) — log(—a(t))) + 27,
((pr = 1% - 7, w) = 4.

5.4 Two topological cycles and the monodromy action on the
homology
Definition of 7. Let d be a small circle around 0 in z-plane and & be
its image in D= {yz =t}. Let N5 be its tubular neighborhood in A2 and
= ON5 be its boundary. The cycle v1 is a S bundle over §. By Cauchy
formula, we have
(71, w) = (27Ti)2.
Definition of 7. Let I be a path connecting () and 1—af(t) in
{z€C|z+#0} and I be its image in D = {yz=1t}. We choose a tubular
neighborhood Nj of [ and retraction r: N;— 1 such that r—!(a(t)) C B4
and r~1(1 - a(t)) C E». Note that the point p1 and py are given by
(y,2) = (1 — a(t), a(t)) and (y, z) = (a(t), 1 — a(t)). Then d(r~!(a(t))) and
A(r~1(1 — a(t))) are bounded by T} and Ts in E1 N X; and Ey N X;. Let 2o
be a point in [ and Z5 be the corresponding point in D. Then o(r~1(z))
forms an S'-bundle S over . We set y9 = S U T} U T and we have

1—a(t) g
(72, w) = 2 / ) % — 2ri(log(1 — a(t)) — log(a(t))).

It is equal to 27i(log(1 — a(t)) — log(—a(t))) + 272 by choosing a proper
choice of [.

Action of the monodromy on the topological cycles. By the previous
subsection, we have the following proposition.

PRrOPOSITION 5.3. Under the above notations, we have

(pr = 1) - v =2, (pr = 1)% -y =—.
8§6. Lower bound of the image of cycle map

6.1 Monodromy weight filtration and the element -;;;.;

In this section, we prove Proposition 4.1. We choose an open set Uy of )?0
such that the pair (Uy, Uy N M;) is homeomorphic to (Y, Yo N D) where Y
and Dy is a subvariety of A defined by Yy ={zyz=0}, D={1 -2 —y=
0}. Let U be a sufficiently small tubular neighborhood of Uy. Then U is
homeomorphic to Agc.
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We consider the restriction of the complex (15) to Up, and the induced
filtration M on it. This filtration is also denoted by M. Let X - A= {t €
C | |t| < €} be the family of affine varieties defined in (19). We blow up the
variety X at qo3 = {(z,y, 2,t) = (1,0,0,0)}, g31 = {(z, 9, z,t) = (0,1, 0,0) },
q12 ={(x,y, 2z,t) =(0,0,1,0)}, and we have a family X — A whose closed
fiber is a simple normal crossing variety. Though it is not a proper family of
varieties, we consider a filtration similar to the monodromy weight filtration
in i*Rj,j*Q. The associated spectral sequence will be written as E{}”Z.

PROPOSITION 6.1.

(1) The Ea-terms are given as follows.
—2/4 0,2 2,0
EU,2 =Q(-2), EU,2 =Q(-1), EU,2 =0.

As a consequence it degenerates at Es.

(2) The natural map Eg’q—>E5’g is surjective. As a consequence, the
natural map H?(Xy,) — H?(Uy,) is strictly compatible with respect to
the induced filtration.

Proof. We compute Eg’z. FE-terms are similar as in Section 4.2. The
suffix [ appearing in the symbol m;;; is 1, so we denoted it by m;;. The
differentials are given by the same formula.

HO(T((JI))(_D ~ (1y;)1<i<j<3 D (Imy; ) 1<ii<3s
BT (~1) @ BXTE)0) = ([mijlohr<igics © (Milh, ) 1<iti<s
® (Lg;;)1<i<j<3 D (Lpias)
HQ(T((JI))(O) >~ ([mij])1<izi<s-

The space Eg% is one dimensional generated by

Y123 = [Mi2 + mailh, + [Ma3 + M32]hyy + [M31 + Maslag,
+ 1P123 - 1qu - 11123 - 11131'

In fact, the linear form

* * * *
Yi2g = —[maz +maily,,, — [mas + maal},, — [ms1 +masly,,
* * * *
+ 117123 - 1tI12 - 16123 - 1Q31

https://doi.org/10.1017/nmj.2018.32 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.32

LARGE HIGHER CHOW GROUPS 327

,2

. . —1 . .
vanishes on the image of F; ~“ and nonzero on 7y;23. Therefore the restriction

ES’Q — Eg% is surjective.

We can check that E, 24 4s generated by the class [p123]. Since d > 4, the
class [pi23] — [p124] + [p134] — [p234] defines an element in E; 24 which maps
to [p123] under the natural map E2_2’4 — E5722’4. [

Let ¢: Ho(Uyy, Q) = H2(Xy,, Q) be the homomorphism induced by the
inclusion. Via this inclusion, the filtration M induces that on the image
of ¢+, which is also denoted M.

COROLLARY 6.2.

(1) Then the image of Grl(v): Gr} (Hay(Uy,, Q)) — Gri! (Ho(Uy,, Q)) is
equal to Gr)! (Im(1)).
(2) The image of Gr)! (1) is equal to the annihilator of the kernel of

Gro' H*(Xig, Q(2)) = Grg" H? (Usy, Q(2))
under the natural pairing
Gr' H(Xiy, Q(2)) ® G Ha( X4y, Q) = Q(2).
(3) The image Grd' (1) is generated by vijr1 defined by (18).

6.2 The subspace of Gr}! H*(X;,, Q(2)) generated by ~;ji,
In this subsection, we compute the dimension of the subspace of
Gri' H*(Xy,, Q(2)) generated by the image of 7;;x,;. Eliminating elements

of the form [m;; 1|n,, , using the relation (17), we have an isomorphism

(20)  coker(d: HO(TMW)(—=1) = H>(T®)(0) ® H*(TV)(-1)) ~ W/K,
where

(21) W= <[ul]gz>l @ <[mij71€]gi>i¢j D <1pijk>’i<j<k' D <1Qij,k>i<jvk'

Here u; is the pull back of the line in g;, and K is the space generated by
elements of the form (16). By the definition of u;, we have

islg: = [wi =Y mijilg-
l

Under the isomorphism (20) the class of ;;x; corresponds to
Vijka = [=Mija + Miklg, + [=myng + myiilg, + [—mwig + mugilg,

+ lpijk + 1Qij,l + 161jk,z + 1(1ki,1'
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The projection from W' to ([us]g,)1<i<d (resp. (1g,;,)1<i<j<a) With respect to
the direct sum (21) is denoted by 7, (resp. mq;).

LEMMA 6.3.  Suppose that v=73; ;cq4aijd(li;) is an element in
<'7i*jk,l>' Then v can be uniquely expressed as a linear combination of
d(llu + 11”. + ]‘ljl) for2<i<j<d.

Proof. We set Ajjr =d(1;,; + 1;;, +1;,,). We have Wu('y;‘jk’l) =0 and
mu(d(1y,;)) = u; — uj. Therefore v is a linear combination of A;j;. Since
Avij — Avik + Ak — Aijr =0, v is a linear combination of Ay for i < j.
Since

Wq,l(Alij) = 1Q1i,l + 1qz’j,l + 1¢Ij1,l>
Aij (1<i<j<d) are linearly independent by looking the component
(g )2<icj<d- i
Fori1<i<j<k<m<dand 1<1<d, we set

—

Vijkmid = Vijkg — Vijmi T Vikmi = Vikm,l
= Dijk — Pijm + Dikm — Djkm-
Then (v;5;,) is generated by Yijkma for 2<j<k<m<d and Vyij for
2<i<j<d, 1<l<d.

LEMMA 6.4.

(1) We have
ﬂq,l(VTij,l’) - 5l,l’(1¢hi,z + 1q7.'j,l + 1t1j1,z)

and 741 (Yijkma) = 0.
(2) The set Vija (2<i<j<d,1<1<d) are linearly independent in

==

(Viiea)/ Vigema)- As a consequence, we have

. dd-1)(d—-2)

dim({vijea) [ Gijhp)) = —————

(3) Then the set 11 for (2<i<j<k<d) forms a basis of the space

(Yijkm.1)- As a consequence, we have

dim(yom) = (d— 1)(dg2)(d— 3)'

(4) We have
(d—1)(d—2)(4d — 3)
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Proof. The equalities in (1) and (2) are obtained by direct calculations.
The argument for linear independence is similar to the previous lemma. The
statement (3) is a consequence of (1) and (2). [

PROPOSITION 6.5.  The set {A1i;}i<icj<a forms a basis of (v];;,) N K.
As a consequence, dim((v};;, ) N K) = ((d—1)(d —2))/2.

Proof. Since Ay;j — Zle ’yi"z-j,l is annihilated by m, and 7, it is an
element in (1, ).

d
Alij - Z 'ﬁz’j,l = (3 - d)lpuj =+ Z (1p1¢k + 1pijk + 1pj1k)
=1 ki) k

= Z (1p1ik + lpijk + 1pj1k - lplij)
k#i,j.k

—_—
= - E Mijk,1-

k#i,5,k

As a consequence, Ay;; is an element in <%’jk,l> N K. Thus we have the
proposition. 0

COROLLARY 6.6. The dimension of the subspace of Grit H?(Xy,, Q(2))
generated by vijr1 s equal to ((d —1)(d —2)(2d — 3))/3.

6.3 The dimension of Gr", H%(X;,, Q) and the proof of the main
theorem
In this subsection, we prove the following proposition.

PROPOSITION 6.7. The dimension of Gr,H?*(Xy,, Q) is equal to
((d—1)(d—2)(d - 3))/6.

Proof. Since the monodromy weight spectral sequence degenerates at
Es-term, the Oth, 1st and 2nd cohomology of the following complex is iso-
morphic to Gr*, H?(Xy,, Q), Gr*, H3(Xy,, Q) =0 and Gri! H*(Xy,, Q) =~
Q(—2). Since Es-term is a cohomology of the complex

0— HY(TO)(—2) = HH(TW)(~1) = HY(T®)(0) = 0
and by the expression of strata in Section 4, we have

dd—1)(d-2) ,  dd-1)

dim(HO(T®)(-2)) = : 5
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dim(H>(TW)(-1)) = d(d2_1) +d*(d—-1),
dim(H(T®)(0)) = d+d - d(d;”.
Therefore we have the dimension of Gr™, H?(X;,, Q). [

Proof of Theorem 1.1. The image of the cycle map cggl (X)) contains the
image
Im((yijea)) = H' (m1(A*, o), Ha(Xeo, Q))
= Coker(H*(Xy, Q) 2 H* (X4, Q).
Since the monodromy action is strictly compatible with respect to the

monodromy weight spectral sequence, the graded piece of the above cokernel
is equal to

Gry" H (m (A%, 1), H? (X4, Q))
= Coker(GrM H?*(X4,, Q) N, Gri' H* (X4, Q)).

Now we consider the following homomorphism of vector spaces.

W/K
U
GrM a2(X,) 5 GrMH?(X,,)
/[\
<7ijk,l>'

Let (vijr) be the image of (y;;x,) in Coker(Gr™, H*(X;,) — W/K). Then

we have
dim (yi51) = dim((yijx) + GrY H?(Xy,)) — dim GrM H?(X,,)

> dim(vy;j5,) — dim GT%HQ(XtO)
B (d—1)(d—2)(2d - 3) B (d—1)(d—2)(d—3)
- 3 6
(@122
— 5 .

Thus we have the theorem. [
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