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LOWER AND UPPER BOUNDS FOR COHEN-MACAULAY
DIMENSION

J. ASADOLLAHI AND SH. SALARIAN

Lower and upper bounds for CM-dimension, called CM,-dimension and CM*-dimension,
will be defined for any finitely generated module M over a local Noetherian ring R.
Both CM, and CM*-dimension reflect the Cohen-Macaulay property of rings. Qur
results will show that these dimensions have the expected basic properties parallel
to those of the homological dimensjons. In particular, they satisfy an analog of the
Auslander-Buchsbaum formula.

1. INTRODUCTION

Modules of finite classical (that is projective or injective) dimension over a local
ring R have rather special properties. A hypothesis on finiteness of a classical dimension
imposes stringent restrictions on the structure of the underlying ring.

The best studied non-classical homological dimension is the Gorenstein dimen-
sion. In (1], Auslander and Bridger assign to each R-module M a number denoted by
G —dimg M, and called the Gorenstein dimension, or G-dimension of M. It corresponds
to the Gorenstein property of rings.

In [3], a new homological invariant for a finite module M, called the complete in-
tersection dimension and denoted CI — dimy M is defined, which reflects complete in-
tersection property of rings. Its definition involves a classical dimension and a class of
surjective ring homomorphisms with special kernels.

Modelled on this, some new dimensions have been defined. Veliche [8] introduces the
upper Gorenstein dimension, G*-dimension and Gerko [6] defines the Cohen—Macaulay
dimension, CM-dimension. The class of surjective homomorphisms of these new dimen-
sions is defined such that their kernels satisfy a notion of perfection. More precisely,
in view of the known inequalities gradep M < G —dimg M < pdyp M, the notion of a
perfect module, that is, a module M satisfying gradep, M = pdg M, and the notion of
a G-perfect module, that is, module M satisfying gradep, M = G — dimgr M, was defined
(G-perfect modules are introduced in [5] and studied further in (7}). Using these notions,
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in order to define G*-dimension and CM-dimension, they defined the class of homomor-
phisms @ — R’ to be surjective homomorphisms with respectively perfect and G-perfect
kernels. This plays a key role in their definitions.

So it is a natural try to define another homological dimension, introducing new
notions of perfection. This is the main aim of this paper. To this end, first we show that
CM — dimpg M is greater than or equal to gradep M. So we get a sequence of inequalities

gradep M < CM ~dimg M £ G~dimg M < pdg M.

Hence one can introduce CM-perfect modules as those modules whose grade is equal to
their CM-dimension. Using this, a new homological dimension can be defined as

inf{CM—dimQM'—CM—diqu’ R— R (—Q 1S a }

CM -quasi-deformation

where by a CM-quasi-deformation we mean a diagram of local homomorphisms
R -+ R « @, where R — R’ is flat and Q@ — R’ is a surjective homomorphism whose
kernel is CM-perfect. We show that this dimension shares many basic properties with
other homological dimensions. It localises, it satisfies an analogue of the Auslander—
Buchsbaum formula, and it reflects the Cohen—Macaulay property of rings. Moreover it
interpolates between the Rfdp and CM-dimension, where Rfdp M denotes the restricted
flat dimension of M, defined in [4] as

Rfdr M = sup{depth R, — depthy M, | p € Spec(R)}.

So we call it lower Cohen—Macaulay dimension and denote it by CM,-dimension.
During the work we observed that, by the same argument we used for the proof of
Proposition 2.1, another term can add to the above sequence of inequalities, that is,

grade, M < CM, —dimg M < CM —dimg M < G —dimg M < pdj M.

In fact the argument works for any dimension that localises and satisfies the Auslander—
Buchsbaum depth formula. This means that any such dimension is greater than or equal
to the grade. So, using the class of surjective homomorphisms @ — R’ such that R’
satisfies the equality gradeg R’ = CM, — dimg R’ a new dimension can be defined. It can
be easily seen that it is a homological dimension. In particular, it localises and satisfies
Auslander-Buchsbaum formula. Moreover it is related to the Cohen-Macaulay property
of the ring and interpolates between Rfdg M and CM, —dimg M. This procedure can
iterated and so a sequence of homological dimensions will be obtained.

The third section of the paper is devoted to defining an upper bound for CM-
dimension. It’s definition is based on the upper Gorenstein dimension of Veliche. We
show that it satisfies the basic properties of homological dimensions and corresponds to
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Cohen~Macaulay property of the ring. It will be denoted by CM*-dimension, and in the
hierarchy of homological dimensions it satisfies

G —-dimpg M

Rfd < CM,-dimgM < CM ~dimpg M <
rRM<C imp img {CM'—dimRM

} < G‘—dimRM.

Also we are able to obtain an increasing sequence of homological dimensions, all finer
than CM*-dimension and greater than CM-dimension. All of them are correspond to the
Cohen—Macaulay property of rings.

2. LOWER COHEN-MAcCAULAY DIMENSION

Throughout the paper, R is a local ring with maximal ideal m and residue field
k = R/m. All modules are finitely generated. M always denotes a finitely generated
R-module. Recall that the grade of M was defined by Rees as the least integer i > 0
such that Ext%,(M, R) # 0. When [ is an ideal of R, the grade of the R-module R/I will
be denoted by grade (I, R).

The Cohen—Macaulay dimension of M is introduced by Gerko [6], by the formula

y) .

G -quasi-deformation

where a G-quasi-deformation is a diagram of local homomorphisms R — R’ « @ such
that R — R’ is flat and Q — R' is a surjective homomorphism whose kernel is G-perfect.
It is finer than G-dimension and greater than restricted flat dimension.

PrROPOSITION 2.1. Let M be a finite R-module. Then
gradeg M € CM —dimg M.

Proor: Without loss of generality we may assume that CM — dimg M is finite. Set
J =Anng M. Let p be any minimal prime ideal of J. Then

gradep, M = grade (J, R) < grade (p, R) € depth R,.

Moreover, by the choice of p, it is clear that depth M, = 0. Since by [6, 3.10],
CM —dimpg, M, is less than or equal to CM —dimg M, it is finite. Hence it follows
from the Auslander-Buchsbaum depth formula that CM — dimg, M, = depth R,. Now
the result follows from the inequalities

gradep M < depth R, = CM —dimg, M, < CM —dimp M. 0

The above theorem provides motivation for the following definition.
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DEFINITION 2.2: Let M be a finitely generated R-module. In view of the previous
proposition, we have

gradep M £ CM —dimg M £ G —dimp M.
We call M to be CM-perfect if
gradep, M = CM —dimgy M.

Clearly every G-perfect module is CM-perfect. Let @ be a local ring and J be
an ideal of Q. Abusing terminology, J is called CM-perfect if the Q-module Q/J is
CM-perfect.

We say that R has a CM-deformation if there exists a local ring @ and a
CM-perfect ideal J in Q such that R = Q/J. A CM-quasi-deformation of R is a di-
agram of local homomorphisms R — R’ + Q with R — R’ a flat extension and Q — R’
a CM-deformation. Set M' = M @ R'.

R

LOWER COHEN—MACAULAY DIMENSION. For a module M # 0 over a local ring R,
we define ‘
. . . . R R «Q@Qis a
CM, —dimgp M = inf { CM —dimg M’ — CM —dimg R’
R { @ @ CM -quasi-deformation }
and complement this by CM —dimg 0 = —o0.
The purpose of the next results is to show that CM,-dimension has properties sim-
ilar to those of the other known homological dimensions. First we present a version of
Auslander-Buchsbaum formula for CM,-dimension.

THEOREM 2.3. IfCM,-—dimgM < oo, then
CM, —dimg M =depthpR — depthp M.

ProOOF: By assumption, there exists a CM-quasi-deformation R — R' + Q with
CM —dimg M' < co. Moreover CM, dimp M = CM —dimg M’ — CM — dimg R'. Now
the result follows from the faithful flatness of R — R’ and also Auslander-Buchsbaum
formula for CM-dimension. O

THEOREM 2.4. For any prime p € Suppy M there is an inequality
CM, —dimp, M, < CM, —dimp M.

Proor: It suffices to assume that CM, — dimg M is finite. Let R+ R < Q be a
CM-quasi-deformation with CM — dimg M’ < co. It follows from the faithful flatness of
R — R’ that there exists a prime ideal p’ in R’ lying over p. Let q be the inverse image
of p’ in Q. It follows from the inequalities

gradeg R’ < gradeg R; < CM - dimg, R; < CM —dimg R/,
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that R, — R;, < Qq is also a CM-quasi-deformation. Moreover we can conclude that
CM — dimg, R = CM —dimq R'. Now the result follows using [6, 3.10]. 0

The position of CM,-dimension in the hierarchy of homological dimensions is given
by the following proposition.

PrROPOSITION 2.5. The following inequalities hold
Rfdg M < CM, —dimg M < CM —dimz M,

with equality to the left of any finite term.

PRoOOF: For the first inequality we must only deal the case where CM, — dimp M
is finite. By Theorem 2.3, CM, —dimgz M = depth R — depthgy M and by Theorem 2.4,
CM, —dimg, M, < CM, —dimg M, for all p € Spec R. So for a suitable prime p, we
have Rfdg M = depth R, — depthg, M, = CM, —dimg, M,. But

CM, —dimg, M, < CM. —dimg M = depth R — depth, M < Rfdp M.

Hence CM, —dimgz M = Rfdgp M.

For the second inequality, again without loss of generality we may assume that
CM — dimp M is finite. Now the inequality follows because every G-quasi-deformation is
clearly a CM-quasi-deformation, and so appears in the determination of CM, — dimg M.
The equality follows easily using the Auslander-Buchsbaum formula. 0

Note that with regard to the above proposition, when CM, —dimg M is finite, the
restricted flat dimension is achieved at the maximal ideal.

The next result provides a characterisation for Cohen—Macaulay rings in terms of
the CM,-dimension of their modules.

THEOREM 2.6. The following are equivalent.

(i) R is Cohen—-Macaulay.
(i) CM.—dimg M < oo for every finitely generated R-module M.

PRrooF: (i)= (ii). This follows from [6, 3.9] and Proposition 2.4.

(ii)= (i). Assume that R is not Cohen-Macaulay. We seek a contradiction. Let
T,,ZT2,- - ,Tq4 be a maximal R-sequence, where d = depth R. By our assumption the
ideal generated by this sequence (Z) can not be m-primary. So there exists a prime ideal
p such that (Z) C p C m. Consider the module M = R/p. Clearly depthp M > 0. So
depth R — depthp, M < d. But depthp M, = 0 and depth R, > d. Hence d < depth
R, — depthp M, = CM, —dimg, M,. But in view of the Theorem 2.4, this is a contra-
diction. 0

The n’th syzygy of a finite module M over a local ring R is defined uniquely up to
isomorphism by Syzf(M) = Coker 8,41, where (F, 8) is a minimal free resolution of M.
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If R — R'is a local flat extension, then

SyzF (M') = SyzE(M)Q) R'.
R

PROPOSITION 2.7. IfM #0, for n > 0 there is an equality
CM, — dimpg Syz®(M) = Max{CM, —dimg M — n ,0}.

ProoF: If R -+ R + Q@ is a CM-quasi-deformation, then it is easily seen, that
CM —dimg Syzf’ (M') is finite if and only if CM —dimg M’ is. So it follows that
CM, — dimp, Syz?(M) is finite if and only if CM, —dimpg M is. Therefore we may as-
sume that CM, —dimg M < oo. By Theorem 2.3, it is enough to prove

depth,SyzZ(M) = Min{depthy M +n,depth R} for 0 < n < pdp M.

We prove this using induction on n. By Theorem 2.3, depthy Syz®(M) < depth R for
all 0 € n < pdg M.

The induction start, n = 0 is trivial. The case n = 1 follows from [2, 1.2.6]. The
induction step now completes by another use of [2, 1.2.6]. 0

PROPOSITION 2.8. Let R — S bea local flat extension. Then

CM, — dimg M < CM, — dimg (M ) s)
R

with equality when CM, — dimg (M R S) is finite.
R

ProoF: We may assume that CM, — dimg (M®S) is finite. Let S = R’ « Q be
R
the corresponding CM-quasi-deformation. Since R — S and S — R’ are flat extensions,

the homomorphism R — R’ is also flat, so R =+ R’ « Q is again a CM-quasi-deformation.
This proves the inequality. To complete the proof remember the following equalities

CM, — dims (M @) S) = depth S - depths (M &) 5)
R R

= depth R — depthy M
= CM, —dimgp M.
0
REMARK 2.9. Since the lower Cohen-Macaulay dimension localises and satisfies the
Auslander-Buchsbaum formula, the argument we have used for the proof of Proposition
2.1, can be applied to it. So we can conclude that grade,M < CM, —dimp M. This
lead us to a new notion of perfection, say CM,-perfect modules. Using it, one can in-
troduce CM,-quasi-deformation and use it for defining another homological dimension,
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say CM,,-dimension. All of the above results, are valid for CM,.-dimension. In particu-
lar, it localises and satisfies Auslander-Buchsbaum formula. Furthermore, it interpolates
between restricted flat dimension and lower Cohen—Macaulay dimension. Hence another
use of Proposition 2.1 shows that gradep, M < CM,, —dimg M. Hence the above proce-
dure can be iterated to define new dimensions. So we can record the following sequence
of inequalities

Ridg M < < CM,, —dimgM < CM, -dimp M < CM —-dimg M < G —dimg M.

3. UrPER COHEN-MACAULAY DIMENSION

In (8], Veliche has defined a homological dimension, G*-dim, that corresponds to the
Gorenstein property of rings. Let us recall her definition. A Gorenstein quasi-deformation
of R is a diagram of local homomorphisms R — R’ + @, with R — R' a flat extension
and R’ « @ a surjective homomorphism whose kernel is a Gorenstein ideal, that is, it is
perfect and S2(Q/J) =1 for g = grade (J,Q). As usual set M’ = M@R’. The upper

Gorenstein dimension of the R-module M is defined by the formula

R R «Q is a }

—dimg M = inf { pdp M’ — pd, R’
G" —dimg in {p Q Plq Gorenstein quasi deformation

It can be located in the following sequence of inequalities:
gradeg M € G—dimg M < G*—dimp M < CI —dimg M.

We define an R-module M to be G*-perfect where gradegy M = G* —~dimp M.
Clearly every G*-perfect module is G-perfect. Similarly an ideal J is called G*-perfect if
the R-module R/J is G*-perfect.

A G*-deformation for R is a surjective local homomorphism @ — R such that its
kernel J, is G*-perfect. A G*-quasi-deformation for R is a diagram of local homomor-
phisms R — R’ < Q, where R — R’ is a flat extension and @ — R' is a G*-deformation.
Let M'= M@ R'. We define the upper Cohen-Macaulay dimension of M by

R
. .
CM® — dimp M = inf { G~ dimg M’ ~G" ~dimg R | _R_:ui i,_‘d‘ egr:at?on }

Since every G*-quasi-deformation is a G-quasi-deformation, it follows from the defi-

nition that
CM ~dimg M < CM* —dimg M < G* —dimg M.

The following results, which show that CM*-dimension is really a homological di-
mension with the expected properties, can be proved using exactly the same arguments
as we used in the previous section for proving the similar results. So we omit most of
their proofs.
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THEOREM 3.1. IfCM®—dimzgpM < oo, then
CM* —dimp M = depth R — depthy M.
PROPOSITION 3.2. IfM #0,forn>0
CM* — dimpg SyzZ (M) = Max{CM* — dimp M — n, 0}.

THEOREM 3.3. The following are equivalent.
(i) R is Cohen-Macaulay.
(i) CM* —dimg M < oo for every finitely generated R-module M.
(iii) CM® —dimgk = depth R.
(iv) CM®-dimgk < oo.
ProoOF: (i)=> (ii). Let R be the completion of R with respect to maximal ideal
m. Then R is Cohen—Macaulay and by Cohen’s structure theorem, can be written as a
quotient of a regular ring @ with kernel, say J. It is easy to see that J is G*-perfect. So
R - R « @ is a G*-quasi-deformatiori. Now the finiteness of CM*-dimension follows
from the fact that over regular ring @), every module has finite G*-dimension.
(ii)=> (iii). Follows from 3.1.
(iii)=> (iv). This holds trivally.
(iv)= (i). If CM* —dimg k < oo, then CM — dimg k is finite and so by [6, 3.9], R is
Cohen-Macaulay. 1]

PROPOSITION 3.4. IfR — S is alocal flat extension, then

CM" - dimp M < CM' - dims (M @) 5)
R

with equality when CM* — dimg (M R S) is finite.
R
PROPOSITION 3.5. For any primep € Suppy M,
CM* —dimp, M, < CM* —dimg M.

PROOF: Suppose CM* —dimg M < oo and R = R' « Q is the corresponding G*-
quasi-deformation, with R’ = Q/J. Let p' € Spec(R') be such that RNp' =pand q C Q
be the pre-image of p’. In view of [8, 2.10], the inequalities

grade (J, Q) < grade (J;,Qq) < G* —dimg, Q4/Jq < G* —dimg Q/J

hold. Since J is G*-perfect, they become equalities and so J; is G*-perfect. Hence
R, = Ry, + Qq is a G*-quasi-deformation. Now the proof can be completed easily. 0
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REMARK 3.6. It is clear that for an R-module M, CM® —dimz M is greater than
grade, M. So we can introduce an R-module M, with the property that gradep
M = CM* —dimg M, to be CM*-perfect. Similarly we can define CM*-quasi-deformation,
as a diagram R — R’ « @ of local homomorphism, with R — R’ flat and Q —+ R’ a
surjective homomorphism making R’ into a CM*-perfect Q-module. This means that a
dimension can be introduced as

' -
inf{CM'—dimQM’—CM'—dimQR’ RoR+Qis a }

CM* -quasi-deformation

We leave it to the reader to check, using similar arguments, that all the expected
properties, parallel to those of the homological dimensions, are valid for this new dimen-
sion. If we denote this later dimension by CM**-dim, we obtain a sequence of inequalities

CM —dimgp M £ CM* —dimg M € CM* —dimzg M € G* —dimg M.

So following the above argument, we can introduce CM**-perfect modules and so
another homological dimension can be obtained. Therefore we have the following sequence
of inequalities

CM ~dimgM £ --- K CM™ —dimg M < CM* —dimp M € G* —dimp M.

Summing up the results in sections two and three, we can state the sequence of
inequalities

Rfdg M <--- < CM, ~dimg M < CM ~dimzg M
€ < CM* —dimg M < G* —dimp M.

Note that all the middle terms, reflect the Cohen-Macaulay property of rings. Actually
we don’t know if the displayed inequalities can be strict.
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