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Abstract

The structure of Schur multiplicative maps on matrices over a field is studied. The result is then used to
characterize Schur multiplicative maps f satisfying f(S) C S for different subsets S of matrices including
the set of rank k matrices, the set of singular matrices, and the set of invertible matrices. Characterizations
are also obtained for maps on matrices such that I'(f(A)) = I'(A) for various functions I' including
the rank function, the determinant function, and the elementary symmetric functions of the eigenvalues.
These results include analogs of the theorems of Frobenius and Dieudonné on linear maps preserving the
determinant functions and linear maps preserving the set of singular matrices, respectively.
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1. Introduction

Let M, , be the set of m x n matrices over a field F with at least three elements.
Define the Schur product (also known as the Hadamard product or entrywise product)
of A=la;jl, B=1[bijjle My, by Ao B=lajjb;j]l. A map f:My,—> My, is
Schur multiplicative if

f(AoB)= f(A)o f(B) forall A, B € Mpy.,.

The study of the Schur product is related to many pure and applied areas; see [9].
There has been considerable interest in studying linear maps, additive maps, and
multiplicative maps f on matrices with some special properties such as f(S) € S for
a certain subset of matrices, or I'(f(A)) = '(A) for a given function I on matrices;
for example, see [3, 8, 11, 12, 15] and the references therein. In this paper, we study
Schur multiplicative maps on matrices with some of these special properties.
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In Section 2, we consider general Schur multiplicative maps f : My, , — M, .
In particular, it is shown that under some mild assumptions the Schur multiplicative
map f has the form:

(t)  laijl = Plfij(aij)], where f;; : F — F satisfies f;;(0) =0 for each (i, j) pair,
and P(X) € M,,  is obtained from X by permuting its entries in a fixed pattern.

The result is then used in Section 3 to study Schur multiplicative maps which
map rank-k matrices to rank-k matrices for a given value k. In particular, our
results include the characterization of those Schur multiplicative maps that preserve
the rank function, and those Schur multiplicative maps that map the set of singular
(respectively, invertible) square matrices to itself. In Section 4, we study Schur
multiplicative maps on square matrices which preserve functions related to eigenvalues
including the determinant function and the spectrum. We also characterize maps on
matrices of the form (f) that preserve some special sets and functions. These results
include analogs of the theorems of Frobenius and Dieudonné on linear maps preserving
the determinant functions and linear maps preserving the set of singular matrices,
respectively.

In our discussion, let J, , denote the m x n matrix with all entries equal
to 1, and let O0,, , be the m x n matrix with all entries equal to 0. Denote by
B={Ei, E12, ..., Ey,} the standard basis for M,, ,. When m =n, we use the
notation M,,, J,, 0,, etc. The set of non-zero elements in F is denoted by F*.

A square matrix is a monomial matrix if each row and each column has exactly one
non-zero entry. A monomial matrix is a permutation matrix if all the non-zero entries
equal to the unity in F.

2. Schur multiplicative maps

The structure of a Schur multiplicative map f : M, , = M,, , can be quite
arbitrary if one does not impose any additional assumptions on f. In general, one
can define f(A) =[f;;(A)], where f;; : M;, , — F is any Schur multiplicative map.
For example, one can define f(A) = B for a fixed matrix B satisfying B o B = B;
another example is to define f(A) = Jyu n if a11 #0 and f(A) = E11 otherwise. On
the other hand, if one imposes some mild conditions on a Schur multiplicative map,
then its structure will be more tractable as shown in the following theorem.

THEOREM 2.1. Let f: My, , = My, . The following conditions are equivalent.
(A1) The map f is Schur multiplicative, f (0, ) = Op pn, and f(E;j) 7 Op,p for each
(i, J) pair.
(A2) The map f is Schur multiplicative and f’l[{Om,n}] ={O0m.n}
(A3) There is a mapping P : My, n — My, ,, such that P(A) is obtained from A by

permuting its entries in a fixed pattern, and a family of multiplicative maps
fij : F — F satisfying fl./_.l[{O}] = {0} such that

fai;) =P fij@ij))).
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PROOF. Note that a matrix X € M,, , satisfies X o X = X if and only if all of the
entries of X belong to {0, 1}.

Assume that (A1) holds. Suppose that there exists an X with non-zero (i, j) entry
such that f(X) = 0y, . Then f(E;;) = f(Eij o X/xij) = f(Eij/xij) o f(X) = Opn,
which is a contradiction. Thus, f -1 [{0m.n}] = {O.n}. We see that (A2) holds.

Suppose that (A2) holds. Consider X € B = {Eij:1<i<m,1=<j<n}. Then
f(X)=f(X)o f(X). So, all entries of f(X) lie in {0, 1}, and f(X)#0 by
assumption (A2). For any X, Y € Bwith X # Y, we have f(X) o f(Y) = f(Om.n) =
0y.n- Thus, f(X) and f(Y) have non-zero entries in different positions. As a result,
for each X € B, f(X) has exactly one non-zero entry. Thus, f(B) = B.

We can apply a map P : My, , = My, , such that P(A) is obtained from A by a
fixed permutation of the entries of A so that P(f(E;;)) = E;; for all (i, j). It remains
to show that there are f;; : F — F such that P(f(A)) =[f;j(a;;)] for any A = [a;;].

Replace f by the map A P~!(f(4)), where P~ L(P(X))=X for all
matrices X. If we can prove the conclusion for the modified map, then the same
conclusion will be valid for the original map. So, we assume that P is the identity
map, that is, f(E;;) = E;; for all (i, j) pairs. Now, fix an (i, j) pair. For any a € F,
flaE;j) = f(aE;j) o f(E;j) =bE;; for some b € F. Define f;; :F — F such that
F(@Eij) = fij(@E;j. Since f~'[{Onn}] = O}, fij(x) =0 if and only if x = 0.
Also, for any a, b € F,

fijlab)E;j = f(abE;j) = f(aE;j) o f(bE;;) = fij(a) fij(D)E;j.
Suppose that A = [g;;] and f(A) = [b;;]. Then
bijEij = Eijo f(A)= f(Eij o A) = fij(aij) Eij.
Thus, we see that f(A) = [ fij(a;;)], and the conclusion holds.
The implication (A3) implies (A1) is clear. O

COROLLARY 2.2. Let f : My n — My, 5. The following are equivalent.

(A4) The map f is Schur multiplicative and injective.
(AS) Condition (A3) in Theorem 2.1 holds with the additional assumption that f;; is
injective for each (i, j) pair.

PROOF. Suppose that f is Schur multiplicative and injective. Since f (0, ) =
f(0p.n) o f(0y,,,), all entries of f (0, ,) lie in {0, 1}. Let S be the set of (i, j) pairs
such that the (i, j) entry of f(0,, ,) equals 1. Then, for any X € M,, ,, we have

f(Om,n) = f(X o Om,n) = f(X) o f(om,n)-

Hence the (i, j) entry of f(X) equals 1 for each (i, j) € S.

For (i, j) # (p,q), we have f(Eij)# f(Epg) and f(Eijo Epg) = f(Omn).
Thus, f(E;;) and f(E,4) cannot have a common non-zero entry at the (r, s) position
if (r,s) ¢ S. Because f is injective, f(E;;) # f(0p,,). Thus, every f(E;;) has at
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least one non-zero entry at a position (r, s) ¢ S. Since E;; and E, , cannot have a
common non-zero entry at any (7, s) position with (r, s) ¢ S, we need at least mn pairs
of (r, s) ¢ S to accommodate the non-zero entries of f(E;;). Hence, we conclude that
S =4, thatis, f(0y,,) =0y, and each f(E;;) has exactly one non-zero entry equal
to 1. So, condition (A1) of Theorem 2.1 holds and f has the form described in (A3).
Since f is injective, for x # y in F we have seen that f(xE;;) # f(yE;;) and hence
fij(x) # fij(¥). So, fij is injective for each (i, j) pair.

The implication (AS) implies (A4) is clear. O

REMARK 2.3. We shall see in the subsequent discussion that, in the study of
preserver problems, we can sometimes assume only that:

(AO) f: M, = M, is Schur multiplicative and f (0, ) = O n,

together with some preserving property to conclude that f has the form (f) with some
additional nice structure. In some problems, we believe that one can even remove
the assumption that f (0, ,) = O, in (AO). On the other hand, we shall see that the
assumption (A1) or (A0) are indispensable in certain problems.

Note also that our result and proof are valid if F is replaced by an integral
domain D.

3. Rank preservers

Linear maps, additive maps, and multiplicative maps on matrices mapping the set
of rank-k matrices to itself have been studied by many researchers; for example,
see [2-4, 15] and the references therein. In this section, we characterize Schur
multiplicative maps that map the set of rank-k matrices to itself. We begin with rank-
one preservers.

THEOREM 3.1. Suppose that f: My, — My, is a Schur multiplicative map.
Then f(0p n) = O n and f maps rank-one matrices to rank-one matrices if and only
if there exist permutation matrices P € My, and Q € M, and a multiplicative map
7 : F — F satisfying t (F*) C F* such that:

(@)  f has the form [a;;] — P[t(a;;)1Q; or
(b) m=nand f has the form [a;;] — P[t(aij)]tQ.

PROOF. First we consider the ‘only if’ implication. Note that A € M,, , has

rank one if and only if there are xi, ..., Xp, ¥1, ..., yo € F such that A =[a;;] =
[x1, ..., Xul'[y1, ..., yu]. Thus, for any injective multiplicative map 7 : F — F,
we have

[t@ap]l=[tx)TOPI=[t(x), .., T TG, -y TO)]

with rank one. By this observation, the ‘only if” implication is clear.
Next, we consider the converse. By the given assumption, f satisfies condition (A1)
in Theorem 2.1 and hence its conclusion. Thus, f has the form (}). Without loss
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of generality, we may assume that m < n. The case n < m can be proved by similar
arguments. Since f(X) has rank one for X =3""_, E;, we see that the non-zero
entries of f(X) lie in the same row, or in the same column if m =n. We may
assume that the former case holds. Otherwise, replace f by a map of the form
A+ f(A)'. Note that, if we can prove the result for the modified map, the conclusion
will be valid for the original map. Then there exist permutation matrices P € M,,
and Q € M, so that f(E;;)=PE,;Q for j=1,...,n. Replace f by the map
A P'f(A)Q" so that we have f(E;)=E;; for j=1,...,n. Now, consider
f(X)for X =3%""", Ej;. Since f(Ej1) = E;; and f maps rank-one matrices to rank-
one matrices, we see that f(X) = X. There exists a permutation matrix R € M,
such that f(E;1) = RE;; fori =1,...,m. We may replace f by the map A
R' f(A), and assume that f(E;;) = E;; fori =1, ..., m. For any (i, j) with i # 1
and j # 1, since f(X) has rank one for X = Ey; + Ey; + E;; + E;j, we see that
f(E;j) = E;;. Furthermore, for any 1 < j <n and a € F the matrix f(X) has rank
one for X =akEy +akEyj + Ez + Ejj, so we see that fi1(a) = f1;(a). Similarly,
we can show that f;1(a) = f11(a) for all a € F. Finally, for any (i, j) with i # 1
and j # 1, since f(X) has rank one for X = Eyy + Eyj +akE;| +aE;; with a €F,
fij(@) = fi1(a) = fi1(a) for all a € F. Our conclusion follows. O

The conclusion of Theorem 3.1 may fail if the Schur multiplicative map does not
map O, , to itself. For example, we can choose a fixed rank-one matrix B satisfying
B o B = B and define f(A) = Bforall A € M, ,. Then f is Schur multiplicative and
maps rank-one matrices to rank-one matrices.

Next, we show that one can get a similar conclusion for maps on matrices of the
form (1) even though f;; is not assumed to be multiplicative a priori.

THEOREM 3.2. Suppose that [ : My n — My, has the form (). Then f maps
rank-one matrices to rank-one matrices if and only if there exist invertible monomial
matrices P e M,, and Q € M, and a multiplicative map t:F — F satisfying
©(F*) C F* such that:

(@)  f has the form [a;j] — P[t(a;;)1Q; or
(b) m=nand f has the form [a;;] = P[t(aij)]' Q.

PROOF. The ‘only if” implication can be proved as in the proof of Theorem 3.1.

We consider the converse. Assume that f has the form (f) and maps rank-one
matrices to rank-one matrices. Without loss of generality, we may assume that m < n.
Since f(X) has rank one for X = Z?:l Eqj, we see that the non-zero entries of
f(X) lie in the same row, or in the same column if m =n. We may assume that
the former case holds. Otherwise, replace f by a map of the form A — f(A)’. Then
there exist permutation matrices P € M,, and Q € M, sothat f(Ey;) = Pf1;(1)E1;Q
for j=1,...,n. Let D=diag (f11(1), fi2(1), ..., fin(1)). Since f(E;;) has
rank one, we see that f1;(1)#0 for j=1,...,n. Replace f by the map A~
P*If(A)Q*ID*1 so that we have f(E;;) = E;; for j =1, ..., n. Now, consider
f(X) for X =3"1", E;;. Since f(Ej;)=Ej; and f maps rank-one matrices to
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rank-one matrices, there exists an invertible monomial matrix R € M,, such that
f(Ei1)) =RE; fori=1,..., m. We may replace f by the map A > R_lf(A),
and assume that f(E;;) = E;; fori =1, ..., m. Forany (i, j) withi # 1 and j # 1,
since f(X) has rank one for X = E1; + Ey; + E;1 + E;j, we see that f(E;;) = Ej;.

Note that for any (i, j) pair and any non-zero a € F, f(aE;;) = fij(a)E;; has rank
one, and thus f;j(a) # 0. Furthermore, for any 1 < j <7 and any a € F the matrix
f(X) has rank one for X =aE| +akEyj + Ez + Ej, we see that f11(a) = fi1j(a).
Similarly, we can show that f;1(a) = f11(a) for all a € F. Finally, for any (i, j) with
i#1and j#1, since f(X) has rank one for X = Ey| + E1; +aFE;; +aE;; with
acF, fij(a) = fi1(a) = fi1(a) foralla € F.

Let fi1 =t. Forany a,b €F,let X = E|| +aE12 + bE + abEy. Since f(X)
has rank one, we see that 7(ab) = t(a)t(b). So, T is multiplicative. O

Next, we characterize maps f : My, , = My, , of the form () which map the set
of rank-k matrices to itself for 1 < k < min{m, n}. It turns out that such maps will
preserve the ranks of all matrices, and have very nice structure. The result will be
used to characterize Schur multiplicative maps which preserve rank-k matrices in
Corollary 3.4.

THEOREM 3.3. Let 1 <k <min{m, n}. Suppose that f : My, , — My, has the
form (7). The following are equivalent.

(a) We have rank(f(A)) =rank(A) forall A € My, ;.

(b) The map f maps rank-k matrices to rank-k matrices.

(c) There are invertible monomial matrices P € M,, and Q € M,, and a field
monomorphism t : ¥ — F such that one of the following holds:

(c.i) f has the form A P[t(a;;)]0;
(c.ii) m =n and f has the form A — P[r(aij)]tQ.

Note that for rank preservers f, we have f (0, ,) =0 . Thus, one may further
relax the assumption that f;;(0) =0 for all (i, j) pairs in (f), and conclude that
conditions (b) and (c) are equivalent.

PROOF. The implications (c) implies (a) implies (b) are clear. We focus on the
proof of (b) implies (c). Without loss of generality, we may assume that m < n. The
proof for the case n < m is similar. We divide the proof into several assertions.

ASSERTION 1. There is a diagonal matrix D € M,, and permutation matrices
P € My, and Q € M, such that f(E;;) = PDE;jQfor j=1,...,m.

Consider D={Ej;:1<j<m}. If X is a sum of k matrices in D, then
k =rank(X) =rank(f(X)). So, f(X) must have k non-zero entries lying on k
distinct rows and k distinct columns. Thus, the m non-zero entries of f (21}1:1 E; j)
lie on m different rows and m different columns. Hence, there are permutation
matrices P € M, and Q € M,, such that f(E;;) = Pf;;(1)E;;Q for j=1,..., m.
Let D =diag (f11(1), ..., fium(1)). Then we get the desired conclusion.
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By Assertion 1, we may replace f by the map A — D~!P’ f(A)Q' and assume
that f(E;;) = Ej; for j=1,...,m. We shall make this assumption in the rest of
the proof.

ASSERTION 2. For any (i, j) pair, f;;(F*) C F*.

Leta e F*,andlet X = aFE;; + ) ¢ Ess forasubset Sof {1, ..., m}\ {i, j} with
k — 1 elements. Since f(X) has rank k, we see that f;;(a) # 0.

ASSERTION 3. Forany 1 <i < j <m, we have f(E;; + Ej;) =b;; E;j —|—bi;1Eji
for some b;; € F*.

For simplicity, assume that (i, j)=(1,2), and X =E;p;+ Ep;. If Y =X+

];=3 Ejj, then f(Y) has rank k. So, f(X) = (D) Epg + f21(DEys for some
pFZqandr#s. IfY = ZI;Z% E;; + X, then f(Y) has rank k. Thus, p,q,r,s, €
{1,..., k+ 1}; otherwise, the leading (k + 1) x (k + 1) matrix of f(Y) will be
invertible so that f(Y) has rank larger than k. Furthermore, we must have
(p,q)=(s,r)and f(X) =bE,, —l—b_lEqp forsomebeFwithl <p<g<k+1;
otherwise, f(Y) has rank larger than k. Now, for any s € {3, ..., k + 1}, we have
k =rank(Z) =rank(f(Z)) for any Z e {Y — Ess — E11, Y — Egg — Epo}. It follows
that p,q ¢ {3,..., k4 1}, that is, {p,q}=1{1,2}). So, f(X)=bE;; +b 'Ey
as asserted.

ASSERTION 4. There is an invertible diagonal matrix D € M,, such that one of the
following holds:

O fE;) = D_IE,-j(D DIy foralll <i<mand1<j<m;
(i) f(Eij)=D'E;i(D® I_p) forall 1 <i, j <m.

By Assertion 3, f(E;j+ Ej;)=0b;jE;j+ b;lEij for all (i, j) pairs with
1<i,j<m. Let D~' =diag (1, by1, b31, ..., bu1). Then f(X)=D"'X(D®
Ii_y) for X=E|;+E;; for j=2,...,m. Replace f by the map A+
Df(A)(D~' @ I,_,,). Then:

i) f(En) =En;or
(i) f(En)=Ea.

Assume that (i)’ holds. We prove that (i) holds accordingly as follows. First,

consider f(E;;) for j =3, ..., m. Consider
A=En+En+Ej+En+Ej+Ep+Ejj+)  Eg,
seS
where S is a subset of {3, ..., n}\ {j} with k — 2 elements. Then k =rank(A) =

rank(f(A)). If f(Eyj) = Ej1, then f(A) have rank k + 1, which is a contradiction.
Thus, f(X) =X for X € {Ey;, Ej1}.
Now, suppose that 1 ¢ {i, j}. Let

A:E1]+Eli+E]j+Eil+Eii+Eij+Ejj+ZEs57

seS
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where S is a subset of {2, ..., n}\ {i, j} with k — 2 elements. Then k = rank(A). If
f(Eij) = bi;l E i, then rank(f(A)) = k + 1, which is a contradiction. So, f(E;;) =
bijEj;. If b;; # 1, consider

B=En+Ey+Ej+Ein+Eii+Ej+Eji+ ) E,
seS
where S is a subset of {2, ..., n}\ {i, j} with k — 2 elements. Then rank(B) =k <
k + 1 =rank(f(B)), which is a contradiction. So, we conclude that f(X) = X for
X € {E;j, Ej;}. Our proof of (i) is complete.

If condition (ii)’ holds, we can prove (ii) by a similar argument.

ASSERTION 5. Suppose that m < n. Then condition (ii) in Assertion 4 cannot hold,
and there is an invertible monomial matrix Q € M,, such that f(E;;) = E;; Q for any
l<i<mandl<j<n.

To prove the above assertion, note that if » > m then f(E;,)= E,; for some
g > m because f(E;;)=E;jfor1<i, j<m. If p#1, then for A=E + Ey +
Y ses Ess, where S is a subset of {2,...,n}\ {p} with k — 1 elements, we see
that f(A) has k+ 1 linear independent rows and thus rank(f(A)) =k + 1 and
rank(A) = k, which is a contradiction. So, there are b1; e F* for j=m+1,...,n
such that

{f(Eip):m<r <n}={bi,Ei,:m <r <n}.

We may assume that f(E,) = Ey, for all m < r < n. Otherwise, replace f by a map
of the form A — f(A)Q, where Q € M), is a monomial matrix of the form 7,,, ® é
with é € M,,_,, is an invertible monomial matrix.

To see that condition (ii) cannot hold, consider

A=E\my1+En2+Exn+-- -+ Efks1-
Then there is b € F* such that
fA)=bE\ yy1 +Ex1 +Enn+-- -+ Epq1x

has rank k + 1 while rank(A) = k, which is a contradiction. So, at this point, we have
fX)=XforX=E;;jforl <i,j<mand X € {E}, :m <r <n}.
Now, for E;; withi > 1 and j > m, consider

A=E,+E+E1+E;+ Z Ey,
seS
where S is a subset of {2, ..., n}\ {i} with k — 2 elements. Since k =rank(A) =
rank(f(A)), we conclude that f(E;;) = Ej;.

By the above discussion, we may further replace f by a map of the form
A+ Pf(A)Q for some suitable invertible monomial matrices P € M,, and Q € M,
so that the resulting map satisfies:

(1)  f(Eij) = E;j forall (i, j) pairs; or
(2) m=nand f(E;;) = Ej; forall (i, j) pairs.
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ASSERTION 6. There is a field monomorphism 7 : F — F such that f;; = for
every (i, j) pair.

First, for any a € F, consider A =aE1 +aE1j + Ex1 + Ezj + ) g Ess, where
S is a subset of {3, ..., m} with k — 1 elements. Since k = rank(A) = rank(f(A)),
we have f11(a) = f1j(a). Hence f1; = fi; for j =2, ..., n. Similarly, we can show
that f;; = fij forany j € {1, ..., n}\ {i}.

Next, for any a € F consider A =aFE1 +aEji + Ex;1 + Ejo+ ) g Ess, Where
S is a subset of {3, ..., m} with k — 1 elements. Since k =rank(A) = rank(f(A)),
we have f11(a) = fji(a). Hence fj1 = fi1 for j =2, ..., m. Similarly, we can show
that f;; = fy; foranyr € {1, ..., m}\ {i}.

By the arguments in the above two paragraphs, we conclude that thereis t : F — F
such that f;; = 7 for all (i, j) pairs.

Suppose that 7(a) = t(b) for some a # b in F. Let

k+1
A=Ey +aEnn+ Ex +bEx» + Z Ejj.
j=3

Then rank(A) =k > k — 1 =rank(f (A)), which is a contradiction. So, t is injective.

Now, let
k+1

A=En +aEp+bEy +abEn+ Y Ej;.
j=3
Then k = rank(A) = rank( f(A)) implies that t(ab) = t(a)t(b) for all a, b € F.
Finally, let

A=FE|1+aEy+ (a+b)E3+ Ey +bEx; + E3zp + E3z + Z Eg;q,
seS

for some subset S of {4,...,n} with k —2 elements. Then k =rank(A) =
rank( f(A)). Since

f(A)=En+t(@Ep+1t(a+b)Eiz+ Ey +t(b)Erz + E3p + E33 + Z Eg,
seS

this implies t(a + b) — t(b) = t(a), or equivalently t(a + b) = t(a) + 7(b). Thus,

T is also additive, and the result follows. |

COROLLARY 3.4. Let2 <k <min{m, n} and f : My, , = My 5.

(1) If f is Schur multiplicative, then (b) and (c) in Theorem 3.3 are equivalent
with the additional requirement in condition (c) that P and Q are permutation
matrices.

(2) If f is Schur multiplicative and has the form () (or satisfies any of the
conditions (A1)—(A3) in Theorem 2.1), then conditions (a)—(c) in Theorem 3.3
are equivalent with the additional requirement in condition (c) that P and Q are
permutation matrices.
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PROOF. Suppose that f is Schur multiplicative. Clearly, (c) implies (b) implies (a).

If (b) holds, then condition (A1) in Theorem 2.1 holds, and hence f has the form
(). We can then apply Theorem 3.3 to obtain condition (c) for some invertible
monomial matrices P and Q. Now, if X o X = X, that is, X has entries in {0, 1},
then so is f(X). Thus, we see that P and Q can be chosen to be permutation matrices
in condition (c).

If f is Schur multiplicative and has the form (), we can apply Theorem 3.3 and
the argument in the last paragraph to obtain the conclusion. O

The conclusion in Corollary 3.4(2) is not valid if we just assume that f is Schur
multiplicative and f (0, ,) = Oy, ,. For instance, one can define f by f(0p.n) = Om.n
and f(A) = B for all other A, where B € M,, , is any rank k satisfying B o B = B.
Then f maps all rank-k matrices to a rank-k matrix, but f does not have the structure
described in Theorem 3.3(c).

One can examine the proof and see that condition (b) in Theorem 3.3 (and also
Corollary 3.4) can be replaced by any one of the following conditions:

(b.1) f(A) has rank at most k whenever A € M,;, , has rank k;
(b.ii) f(A) has rank at most kK whenever A € M,, ,, has rank at most k.

In particular, the conclusion holds for those functions which map singular matrices
to singular matrices when m =n. This can be viewed as an analog of the linear
preserver result of Dieudonné [5].

Next, we consider preservers of full rank matrices.

THEOREM 3.5. Suppose that2 <m <n and f : My n — My, » has the form (F).
If f maps rank-m matrices to rank-m matrices, then there exist invertible monomial
matrices P € My, and Q € My, and maps f;j : ¥ — F such that f;;(F*) C F* for all
(i, j) pairs and one of the following holds:
(@)  f has the form [a;;] — P|fij(aij)]10;
(b) m =nand f has the form [a;;] — P fij(aij)]' Q.

If one of the f;; is surjective, then there is an injective multiplicative map © : F — F
such that fij =t for all (i, j) pairs; furthermore, if m >3, then t is a field
automorphism.

PROOF. We divide the proof into several assertions.

ASSERTION 1. There are invertible monomial matrices P € M,, and Q € M,, such
that f(X) =PXQfor X e {E;;:1<j <m]}.

To prove the assertion, let X = Z'}’Zl Ejj. Since rank(f (X)) =rank(X)=m,
we see that f(X) has non-zero entries on m distinct rows and columns. So, there
are permutation matrices P € M,, and Q € M, such that f(E;;) = Pf;;(1)E;; Q for

j=1,...,m. We may replace f by the map A~ P~ f(A)Q~" for suitable
invertible monomial matrices P € M,, and Q € M, so that f(E;;)=Ej; for
j=1 ..., m.
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ASSERTION 2. Assume m < n. There are invertible monomial matrices P € M,,
and Q € M, such that f(X)=PXQforX e {Ej;:1<j<m}U{E;;:m < j<n}.
Moreover, f(E;;) = fij(1) PE;; Q.

By Assertion 1, we may assume that f(E;;)=Ej; for j=1,...,m. For any
r > m, consider X = Ey, + Z?:z Egs. Assume that f(Ey) = fi,(1)Epy. Since
rank(f (X)) =rank(X) =m and f(E;;) = Ej;, it is impossible to have p > 1 or
g < m. It follows that f(Ey,) = f1,(1)Ey, for some g > m. Thus, we may further
modify f by a map of the form A — f(A)(,, ® Q) for a suitable invertible monomial
matrix Q € M, _,, so that

fX)=X forXelE;j:1<j<m}U{E|j:m<j=<n} 3.1

If n=m+1, consider X =E; +1 + Zj#i Ej;. Since rank(f (X)) =
rank(X) = m, we see that f(E; m+1) = fim+1(1) E; m+1 for alli > 1. Now, suppose
that n >m + 1. Consider f(Ey;) for j>m. Let X =Ei, + Eyj + Y ¢ 3 Eg
with » >m and r # j. Assume that f(Ez;) = f2;(1)Epy. Since rank(f (X)) =
rank(X) = m and condition (3.1) holds, we see that p =2, g # r, and g > m. Because
the argument holds for all » > m with r # j, we conclude that f(E;) = f2;(1) Ea;.
Using the same argument, we can prove that f(E;;) = f;;(1)E;; for all i > 1 and
j > m as asserted.

Next, we turn to f(E;;) for 1 <i <m, 1 < j <m withi # j. The result is clear if
m=2. Assume m >3 and f(E;;) = fi; (1) Ep,. Let

X=Eij+Ejmy+ Z Egs,

seS
where S={1,2,...,m}\{i, j}. By the conclusion above f(Ejpt1)=
fimr1(DEj uy1. Since m =rank(f (X)) =rank(X) and (3.1) holds, we see that

(p,q) =G, j)-

ASSERTION 3. Assume that m = n. Then there are invertible monomial matrices
P, O € M,, such that:

i) f(Eij)=Pfij(1)E;; QO forall (i, j) pairs; or
(i) f(Eij)=Pfi;(HE;;Q forall (i, j) pairs.

By Assertion 1, we may assume that f(E;;)=E;; for all j. Consider
X=Ej;+E;;+ Zs¢{i,j} Es. Since m = rank(X) = rank( f (X)), we see that either:
A f(Eij) = fiy(DE;j and f(E;;) = fji(1)Ej;; or
(i) f(Eij) = fi;(DEj; and f(E;;) = f;i(1)E;;.

Assume f(E12) = fi12(1)E12; otherwise replace f by the map A — f(A)'. We
shall prove that conclusion (i) holds. To this end, let

X=En+Ej+Ej+)Y Eg,

seS
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where S={3,...,m}\{j}. Then m =rank(A) =rank(f(A)). If f(Ej) =
fit(Ey;, then f(A) will only have m — 1 non-zero columns so rank(f(A)) < m,
which is a contradiction. Thus, condition (i) holds for (i, j) pairs withi =1 or j = 1.
Now, for X = E;; with 1 ¢ {i, j} and i # j, consider

X=E,;+Ej+Ej +Z Ess,

seS

where S={2,...,m}\{i, j} with m —3 elements. Since m =rank(A) =
rank( f(A)), we see that condition (i) holds.

By Assertions 2 and 3, we get the first conclusion of the theorem, namely, f has the
form [a;;] = P[fij(aij)]Q or m =n and f has the form [a;;] — P[fij(aij)]’Q, We
finish the proof by establishing the following assertion.

ASSERTION 4. Suppose that there is a (p, g) such that f,, is surjective. Then
fij = fpq for each (i, j) pair, and f), is injective multiplicative. Furthermore, if
m > 3 then f), is a field isomorphism.

Assume condition (a) holds. (If (b) holds, replace f by the map A f(A)
and apply a similar argument.) We may further assume that P = I, and Q = I, in
condition (a); otherwise, replace f by the map A — P~! f(A)Q~!. Moreover, we
assume that (p, ¢) = (1, 1), that is, f1; is a surjective map. Otherwise, we may find a
pair of permutation matrices R € M,, and § € M), suchthat RE|; S = E,, and replace
the map f by the map A — R’ f(RAS)S". Furthermore, we may replace f by the map
A f(A)/f22(1) and assume that f>;(1) = 1. Let

Dy =diag (f12(1), 1, f32(1), ..., fm2(1))

and
Dy =diag (f21(1), 1, f23(1), ..., fan(D)).

We may replace f by the map A — Dl_1 f(AD, ! and assume that
fX)=X forXe({Ep:1<i<mjU{Eyj:1=<j<n}
We claim that f;; = f1; foralli > 1. To see this, let a € F and let
{s3,...,smp={1,....,m}\ {1, i}.
Ifb#a,thenY =bEy; +aEj1 + Ey1 + Ein + Y ;3 Eg x has rank m and so has

f) = fu®En + fa@Ein + En + En+ Y fyx(DEgk.
k=3

It follows that f11(b) # fi1(a) whenever b £ a. Since fi; is surjective, fi1(a) is in
the range of f11. Thus, fi1(a) = fi1(a).
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Next, we show that fi; = fi1 for all j > 1. To see this, let a € F and let
{s3,..., s} beanm — 2 element subset of {1, ..., n}\ {1, j}. If b #a, then

m
Y=bE —}—aEU + Ey + E2j + Z Ej,s_,-
=3

has rank m and so has

fY) = fuub)E + fi1j(@Ej + Ex + Ezj + Z S (D) Eg s
=3

It follows that f11(b) # f1j(a) whenever b # a. Since fi; is surjective, fi;(a) is in
the range of f11. Thus, f11(a) = f1;(a).

Now, consider f;; with i, j > 1. LetaeF, {r3, ..., rp}={1,...,m}\ {1, i},
and {s3, ..., sy} be an m — 2 element subset of {1, ..., n}\ {1, j}. If b#£a, then
Z=bE\1 +bE;1 + bEj +aEjj + Y} E,_g, has rank m and so has

f(Z)= fu®En + B Ei + fuBE + fij@Eij + Y frs(DEp 5.
=3

It follows that
f11(b) # fij(a) whenever b #a. (3.2)

Since fi1 is surjective, f;;j(a) is in the range of f;. Thus, fi1(a) = fi;(a).

At this point, we may assume that f;; = fi; = 7 for all (i, j) pairs, with 7(0) =0
and ‘L'(]) = f]l(l) =1.

Now, we show that t is multiplicative. Let a,b€F. If a=0 or b =0, then
t(ab) =0 =t(a)t(b). If ab # 0, then for any ¢ # ab, the matrix

m
X=cEj1+aEp+bEy + ZEjj,
j=2
has rank m, and so is

fX)=t()En +t(@)E1x +Tt(D)Ey + Z Ej;.
=2

Thus, 7(c) # t(a)T(b). Since t is surjective, t(a)T(b) is in the range of t. Thus,
t(ab) = t(a)t(b). Note that for b # a, we have t(b) = f11(b) # fij(a) =1(a) by
(3.2). Thus, 7 is injective.

Finally, suppose that m > 3. Leta,beF. If a=0 or b =0, then t(a +b) =
t(a) + t(b). Suppose that ab # 0. Let ¢ # a + b, and

m
X=FEy1+aEin+cE3+ Exy+bEx+ Exn+ Ezz+ ZEss-
s=4
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Then X has rank m and so is

m
fX)=En+1(@En+t(E;+ Ex +t(0)Ex + Ex+ Exs + ) Ess.
s=4

Thus, 7(c) — t(b) # t(a), or equivalently 7(c) # t(a) + t(b). Since t is surjective,
t(a) 4 t(b) is in the range of 7. Thus, t(a + b) = t(a) + 7(b). O

COROLLARY 3.6. Suppose that f satisfies the hypothesis of Theorem 3.5 and
that f is Schur multiplicative. Then the conclusion of Theorem 3.5 holds with the
additional restriction that P and Q are permutation matrices and f;; is multiplicative
for each (i, j) pair.

Clearly, the conclusion of Corollary 3.6 holds if f is Schur multiplicative and
satisfies any of the conditions (A1)-(A3) in Theorem 2.1. However, the conclusion
is no longer valid if we just assume that f is Schur multiplicative. For instance, one
can define f such that f(0,,,) =0y, , and f(A) = B for all other A, where B is any
rank m matrix satisfying B o B = B.

4. Preservers of determinant and other functions of eigenvalues

Linear maps, additive maps, and multiplicative maps of determinants and functions
of eigenvalues have been studied by researchers; see [6, 7, 16]. In this section, we
study Schur multiplicative maps preserving determinant and related functions. In most
cases, we obtain results for maps of the form (), and then use them to study Schur
multiplicative maps. We begin with an analog of the result of Frobenius [7] on linear
preservers of the determinant function.

THEOREM 4.1. Suppose that [ : M, — M, has the form (t). Then f satisfies
det(f(A)) =det(A) for all A if and only if there are monomial matrices P and Q
satisfying det(P Q) = 1 such that f has the form

A> PAQ or A PA'Q.

PROOF. The ‘only if’ implication is clear. We consider the converse. Note that
f () = P is a monomial matrix with determinant 1. Replacing f by the mapping
A P~lf(A), we may assume that f(I,) =1I,. Furthermore, we may replace f
by a map of the form A+ Q' f(A)Q for a suitable permutation matrix Q, so that
f(Ejj)=Ejjfor j=1,...,n. Now, foranya €F,

a=det(l, + (a — DE;j) =det(f (I, + (a — DE};)) = fjj(a).

So, fjj(a) =aforalla € F.
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Next, we show that f(E;; + E;;) = yij Eij + yij_.lEj,- for all 1 <i < j <n. For
simplicity, assume that (i, j) = (1, 2). Then —1 = det(X) = det(f (X)) for

n
X =Ep+ Ey —l—ZEjj.
i=3

Thus, f(Ei»+ Ea)) =yiEi2+ vy, Ea. Let D=diag (I, yio, ..., yin). We
may replace f by the map A~ D~!' f(A)D, and assume that f(X) =X for all
X=E1j+Ej1 with2 < j <n.

Now, for X, =aE; + Ez + 27:3 Ejj, we have —a =det(X,) = det(f(X,)).
We see that one of the following holds:
() f(Ew)=En, f(E2) = Ez, and fi2(a) =a forall a € F; or
(ii) f(E]z) = E21, f(Ez]) = E12, and f21 (a) =aforalla €F.

We may assume that (i) holds. Otherwise, replace f by the map A — f(A).
We are done if n = 2. Assume that n > 3. For j > 3,let S={3, ..., n}\ {j}, and
Xj=Ep+E;+E;+Ej —I—Ejz-l-ZEss-
seS
Then X ; has determinant 1 and so does
fX)=En+Ej+yEj+Ej+ )/{]-IEjz + Z Eg;s.
seS
It follows that y,; = 1. Next, note that
Xo=Ep+Ejj+akyj+ Ej +Ej2+ZE”
seS
has determinant a and so does f(X,). We conclude that f(aE>;) =ak>; and
f(Ej2) = Ejp. Since det(f (¥y)) = det(Y,) for
Yo=Exn+Ejj+Ey+Ejj+aEjp +Z Ess,
seS
we see that f(aEj2) = aFE j>. Now, note that
Zog=aEj+Eyn+Ej +Z Egs
seS
has determinant a and so does f(Z;). We conclude that f(aE;;) =akE;; and
f(Ej1) = Ej;. Furthermore,
U, =an1 + Eip + E2j + Z Egs
seS

has determinant a and so does f(U,). We conclude that f(aEj1) =akj;.
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We are done if n <3. Otherwise, consider j >4 and S={1,4,...,n}\{j}.
Let X,=En+aE3j+Ejp+)Y gEjj. Using the fact that a =det(X,) =
det(f(Xq4)), we conclude that f(aE3;) = aE3;. Using the matrix Y, = E3; +aEj3 +
Exj+ Y csEjj, wesee that f(aEj3) =aEj3.

We can repeat the above argument until we conclude that f(aE;;) = aE;; for all
(i, j) pairs. O

If f is Schur multiplicative of the form (7), then one can show that conclusion
of Theorem 4.1 holds with the additional restriction that P and Q are permutation
matrices. In the following, we show that one can obtain the same conclusion for Schur
multiplicative maps f : M, — M, such that f(0,) =0, and det(f(A)) = det(A) for
all A e M,,,if n > 3. For n = 2, one can define f by

a b o (@ bc

c d 1 d)°
Then f will be Schur multiplicative and preserves determinant. (In fact, it preserves
all eigenvalues.)

THEOREM 4.2. Suppose thatn > 3 and f : M,, — M,, is Schur multiplicative such
that f(0,) =0, and det(f(A)) = det(A) for all A € M,,. Then there are permutation
matrices P, Q € M,, such that f has the form

A PAQ or Aw PA'Q.

PROOF. Suppose that f satisfies the hypothesis of the theorem. We shall show that
f also satisfies condition (A1) of Theorem 2.1. So, f has the form (f), and we can
apply Theorem 4.1 to get the desired conclusion. We divide our proof into several
assertions.

ASSERTION 1. The function f maps the set S, of permutation matrices back to

itself bijectively.

Suppose that Re€ S,. Let S=E; 2+ Ex+---+ E, -1+ E,1 be the basic
circulant, and let 7 = {R, RS, RS?, ..., RS"™!). For any two distinct X, Y € T:
(1) X o X=X implies f(X) o f(X)= f(X) so that all entries of f(X) belongs to

{0, 1};

2) XoY =0, implies f(X)o f(Y)=f(XoY)= f(0,) =0, so that the non-
zero entries of f(X) must be disjoint from the non-zero entries of f(Y);

(3) £l =det(X)=det(f(X)) so that f(X) has at least n non-zero entries on
distinct rows and columns.

Consequently, f(X) must have exactly n non-zero entries, and therefore each
f(X) is a permutation matrix. In particular, f(R) is a permutation matrix. For
two distinct permutation matrices R, R, the condition f(R;) = f(R7) implies that
1 =det(f(R1) o f(R2)) =det(R; o Ry) =0, a contradiction. Therefore, f(S,) = S,,.
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ASSERTION 2. Two matrices R, Ry € S, satisfy Ry o Ry =0, if and only if
J(R1) o f(R2) = 0.

Recall that a permutation matrix is a derangement if none of its diagonal entries
are non-zero, and there is a fixed number, say, d,, for n x n derangements by basic
combinatorial theory. Now consider

N@R) ={X:XeS,, RoX=0,} ={X:RX"is a derangement}.

Then N'(R) has d, elements and so has N'(f(R)). For X e N(R), we have
0, =RoX,sothat 0, = f(RoX)= f(R)o f(X), and then f(X) e N(f(R)). So
FNV(R)) SN (f(R)). Since each set has d, elements, the sets must be equal. Then
for any permutation matrix Z, Z ¢ N'(R) if and only if f(Z) ¢ N'(f(R)). So for any
permutations Ry, Ry, we have R| o R, =0, if and only if f(R1) o f(R3) =0,.

ASSERTION 3. The function f satisfies condition (A1) in Theorem 3.1.

Note that, for n > 3, each Ej; can be written as E;; = Rj o R, for a pair of
permutations Ry, Ry. Therefore, f(E;;) = f(R1) o f(R2) #0,. So f satisfies (Al),
and, by Theorem 2.1, f is of the form (f), so we can apply Theorem 4.1 and conclude
that f has the asserted form. O

We believe that in the theorem one may even remove the assumption that
f(0,) =0, to obtain the same conclusion. It would be nice to prove or disprove this.

If F is algebraically closed, then det(A) is the product of the eigenvalues of A.
Researchers have studied linear preservers of other elementary symmetric functions of
the eigenvalues; see [1, 10, 13, 14]. Denote by E;(A) the kth elementary symmetric
function of the eigenvalues of A € M,,. Then E, (A) = det(A), and E(A) equals the
sum of the k x k principal minors of A. Defining Ex(A) as the sum of the k x k
minors of A, we can study E;(A) even if F is not algebraically closed. We have the
following result.

THEOREM 4.3. Suppose that f : M,, — M, has the form () and 3 <k < n. Then
Er(A) = Ex(f(A)) for all A if and only if there is an invertible monomial matrix P
and a scalar y € F satisfying y* = 1 such that f has the form

A yPAP™' or A yPA'PL.

If f is Schur multiplicative of the form (T), then the above conclusion holds with the
additional restriction that the matrix P is a permutation matrix and y = 1.

PROOF. The ‘only if” implication is clear. For the converse, consider any k element
subset S of {1,...,n}, and X = ZjeS Ejj. Since 1 = Ex(X) = Ex(f(X)) we see
that f(X) is the sum of k non-zero matricesin {y E;; : 1 < j <n, y € F} with distinct
Jj. Thus, there exists a permutation matrix P € M, such that f(E;;) = y; PE; P’ for
j=1,...,n. Since

1= Ex(X) = Ex(f (X)) =[] s

seS
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for any k element subset S of {1,...,n}, we see that yj=---=y, =y such
that y* = 1.

Replace f by themap A — P’ f(A)P/y so that we may assume that f(E;;) = Ej;
for j=1,..., n. Now,foranya €F,

a= Ek<aE11 —|—Z] =2kEjj> = E; (f(aEll + ZJ =2kEjj)> = f11(a).

So, f11(x) = x for all x € F. Similarly, we can show that f;;(x) = x forall x € F.

Next, we show that f(E;; + Ej;) =y Eij + yi;IEji for all (i, j) pairs. For
simplicity, assume that (i, j) =(1,2). For any subset S of {3,...,n} with
k — 2 elements, consider Xg = Ep + Ep1 + ZjeS Ej;j. We have —1 = Ex(X5) =
Ex(f(Xs)). Thus,

f(Enz+ E21) = yi2Epg + v Eps,

satisfies {p, g, r, s} NS = @. As this is true for all subsets S of {3, ..., n} withk — 2
elements, we conclude that f(E12 + E21) = y12E12 + 21 E21. Since

—1 = Ex(X) = Ex(f (X)),

for X =E;»+ Ey + 21;23 Ej;, we see that y12y21 = 1.
Let D =diag (1, y12, 13, - - -, Y1n)- Replace f by the map A — Df(A)D*1 SO
that we can assume that f(X) = X for
XelEjj:1<j=<n}U{E;; +Ej;:2=<j=<n}
Now, consider X, =aFEiy + Ep + Z];:3 E;; with ae€PF. Since Ei(X,) =
Ev(f(X,)), one of the following holds:

(i)  f(Ew) =E, f(E2) = E3, and fia(a) =a foralla € F; or
(i) f(E12) = E21, f(E21) = Eq2, and fi2(a) = a foralla € F.

We may assume that (i) holds. Otherwise, replace f by the mapping A — f(A)".
For j > 3, let S be an k — 3 element subset of {3, ..., n}\ {j}, and

Xj=En+Ej+Ej+Ei+Ep+) E.

seS

Then 1 = Ex(X;) = Ex(f(X;)) where

fXj)=En+Ej+nE;+Ej +)/2_lej2+ZEss.

seS

It follows that ,; = 1. Next, note that

a=E(Xa) = E(f(Xo)) forXy=En+Ej+aEy+Ej+Ep+ )y Es.

seS
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We conclude that f(aE;;) =akE>; and f(Ej2) = Ejp. It follows that f5;(a) =a.
Since

a=Ep(f(Y) = Ex(Ya) for Yo =En + Eij+ Ezj + Eji +aEja + ) Ey,

seS

we see that f(aEj2) = aE j>. Now, note that

a=Ex(Zs) = Ex(f(Za)) for Zy=aEyj+ Eni + Ejp+ ) _ Ejy.

seS

We conclude that f(aE;;) =akFE;; and f(E ;1) = E ;. Furthermore,

a=Ex(Uy) = Ex(f(Us)) forUs=aEji+ En+ Ej+ ) Es.

seS

We conclude that f(aEj1) =akj.
We are done if n < 3. Otherwise, consider j > 4 and let S be a k — 3 element subset
of {1,4,...,n}\ {j}. Note that

a=E(Xq) = Ex(f(Xa)) forXq=Ex+aEsj+Ejp+ Y Eg.

seS

We conclude that f(aE3;) = aE3;. Next note that

a=E(Yo))=Ex(f(Ya)) forY,=Exn+aEj+Eyj+ Y Es,

seS

We conclude that f(aE;3) =ak;s3.

We can repeat the above argument until we conclude that f(aE;;) = aE;; for all
(i, j) pairs.

The proof for Schur multiplicative maps satisfying (A1) is similar and simpler. O

Note that E£1(A) is the trace function. It is easy to prove that a map f : M, - M,
has the form () and satisfies E1(A) = E1(f(A)) for all A € M,, if and only if

{f(Ejj):1<j<n}={Ej;:1=<j<n}

and, for each j e {1, ..., n} we have f;;(x) =x for all x € F. Moreover, a Schur
multiplicative map f : M,, — M, satisfying (A1) also satisfies E1(A) = E1(f(A)) for
all A € M, if and only if f has the form described in Theorem 2.1 with the additional
condition that

{f(Ejj):1<j<n}={Ej;:1=<j=<n}

and, for each j € {1, ..., n} we have f;;(x) = x forall x € F.
For E;(A), there are a lot of linear preservers; see [10, 14]. In our case, we have
the following result.
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THEOREM 4.4. Suppose that 2 <n and f : M, — M, has the form (}). Then
E»(A) = Ex(f (A)) if and only if:
(a) thereis u = =1 such that juf;; is the identity map on F for all j with

{f(Ejj):1<j<n}={pEjj:1<j<n}; and
(b) fij(a) fji(b) =ab forany a, b € F with
{f(Eij+Ej):1<i<j<n}={Ej+E;j:1<i<j=<n}

If f is a Schur multiplicative map of the form (), then the above conclusion holds
with the additional restriction that f;; is multiplicative in condition (b), and ;=1 in
condition (a).

PROOF. Note that, for A = (a;;), we have

Ex(A)=Ex(an.....am)— Y aijaji.

I<i<j<n

By this observation, the ‘only if” implication follows.

For the converse, note that a = E;(aE;; + Ej;) = E2(f(aE;; + Ejj)) for any
acFandi#j. Weseethat {(f(E;j):1=<j<n}={E;;j:1=j<n} and there is
w = =1 so that uf;; is the identity map on F for each j € {1, ..., n}.

Now,

—ab = Ey(aEij +bE;j;) = Ex(f(aE;ij +bE;;)) = E2(fij (@) Epg + fji(D)Eys),

for some (p, q), (r, s) pairs with p £ ¢ and r % s. We see that (p, g) = (s, r) and
fij(a) fji(b) = ab for all x € F. The result follows.
One can readily verify the last assertion concerning Schur multiplicative maps. O

By Theorem 4.3, one can easily determine the structures of eigenvalue preservers
on M, with n > 4. Here we show that they have the same structure as the preservers
of the spectrum (not counting multiplicities of the eigenvalues) of matrices. Note that
if F is not algebraically closed, A € M,, may not have eigenvalues in F. In such a case,
we may assume that the spectrum of A is the empty set.

THEOREM 4.5. Let T'(A) denote the set of eigenvalues (counting multiplicities) or
the spectrum of A € M,,. Suppose that f : M, — M, satisfies (). Then f satisfies
I'(f(A)) =T (A) forall A € My, if and only if there is an invertible monomial matrix
Q such that f has the form

A Q7'AQ or A Q7'A'Q.

If f is a Schur multiplicative map satisfying f(0,) = 0,, then the above conclusion
holds with the additional restriction that Q is a permutation matrix.
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PROOF. The ‘only if” implication is clear. We focus on the converse. If f preserves
the set of eigenvalues, it will preserve the spectrum. Suppose that f preserves the
spectrum. We shall show that f has the asserted form.

Let Spec(A) denote the spectrum of A € M,,. Then Spec(E;;) ={1,0}. By
Theorem 2.1, f(E;;) = Ejx. Since f preserves the spectrum, we see that j = k. Thus
f(E;i;) = Ej;, and we can assume that all f(E;;) = E;; by replacing the mapping
f with A — Qf(A)Q' for a suitable permutation matrix Q. For any a in the
field consider aE;; with Spec(aE;;) = {a, 0}. We have f(aE;;) = fii(a)E;; with
Spec( fii(a)E;;) = { fii(a), 0}, and therefore we conclude that f;; (a) = a.

Now for X = Ejp + E21 + E1 + Eo» we have Spec(X) ={2,0}. Since we
have already concluded that the diagonal entries map to themselves, we see that
f(Epn+ Ex))=unEpn+ /Ll_21 E>;. Using a similar argument, we can prove that
f(Eij + Ej,') = ,u,,'jE,'j + H“i_leji with Hij € F* for each @, Jj) pair with i < j. Let
D =diag (1, jt12, ..., t1n). Replace f by the map A — Df(A)D~! so that we
have f(X)=X for X e {E;;j:1<j<n}U{E;; + E;;:2<j<n}. We can then
consider two cases:

(i) f(En)=E, f(E2) = Ey;or
(i) f(En)=Ey, f(E1)=Ep

We can assume (i) holds; otherwise, replace f with the mapping A — f(A)'.
Observe that Spec(X,) = {1 +a, 1, 0} for

n
Xg=En+aEpn+ Ex +akxn+ Z Ei;.
i=3

If fia(a) #a, then f(X,) is non-singular, and O ¢ Spec(f(X,)), which is a
contradiction. Therefore fi2(a) = a.

Note that f(Ey;)=E;j or Ejj for j>2. For X; =E;p+ Ej + Ej» + Ezj,
Spec(X;) ={0, —1, 1} = Spec(f(X;)). If f(E1;)=Eji, then Spec(f(X;)) is a
subset of the set of zeros of the polynomial z(z3 — z — 1), which contains neither 1
nor —1. Therefore f(E;;) = Ej and f(Ej1) = Ej;. Forany a € F, 0 € Spec(Y,) =
Spec(f(Yy,)) for

n
Yo=aEn +Ej| +akEy; +ZEii-
i=2

Thus, f(aElj) = aElj. Similarly, f(anl) :anl foralla € F.

We are done if n=2. Assume n>3. For j>3. Since 0¢ Spec(f(X;)) =
Spec(X;) for X; =E;2 + Eyj + Ej1 + ZSES Ess with S={1,...,n}\ {1, 2, j},
we see that f(E>;) = Ezj, and thus f(Ej2) =Ej. Assume n>4. For j >4,
since 0 ¢ Spec(f (X)) =Spec(X;) for X; =Exz+ E3j + Ej> + ) ;g Ess with
S={1,...,n}\ (2,3, j}, we see that f(E3;) = E3;, and thus f(E;3) = Ej3. We
can repeat the argument until we conclude that f(E;;) = E;; for each (i, j) pair with
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i # j. Moreover, for any (i, j) pair with i # j, since 0 € Spec(f(Y)) = Spec(Y)
for Y =aE;; + Eji +aE;; + Zs;éi Eq,, we see that f(aE;j) =aFE;; for any a € F.
Thus, f has the asserted form.

Next, we consider Schur multiplicative maps satisfying f(0,) =0,. Consider
T =TiUT; such that 7y ={E;j:1<j<n}and L={E;;+ Ej;:1<i, j<n}.
Then

FX)=f(XoX)=f(X)o f(X), {l, 0} =Spec(X) = Spec(f (X)),

for X € 77 and {1, —1} € Spec(X) = Spec(f (X)) for X € 7. Thus, f(X) is non-
zero with entries in {0, 1}. Forany X #Y in7,0= f(XoY)= f(X) o f(Y), that
is, f(X) and f(Y) have non-zero entries in disjoint positions. Clearly, it is impossible
to have more than n(n — 1)/2 matrices with more than one non-zero entries in (7).
Thus, at least n matrices in 7 have exactly one non-zero entry. Since none of these
matrices have spectrum equal to {0}, we see that there are exactly n such matrices,
which are the matrices in 77. As aresult, we see that f(77) = 7. Consequently, f(X)
has at least two non-zero entries for each X € 7. Since the non-zero entries can only
lie in the off-diagonal positions, we see that f(X) has exactly two non-zero entries for
each X € 75. Since {1, —1} € Spec(X) = Spec(f (X)), we see that f(X) € 7,. Hence
(1) ="1.

We may assume that f(X)= X for all X € 7;. Otherwise, we may replace f
by a map of the form A +— Pf(A)P' for a suitable permutation P. Note that for
anyl1 < j<k=<n, it X=E;; + Ej;+ Eyj + Eg; then X o X = X and 2 € Spec(X);
moreover, Y € 7 satisfies {1, —1} € Spec(X oY) if and only if ¥ = Ej; + Ej;. It
follows that f(X) o f(X) = f(X) and 2 € Spec(f(X)); moreover, Z € f(7T) satisfies
{1, -1} S (f(X) o Z) if and only if Z = f(Ejx + Eij). Hence f(Ejx+ Eyj) =
Ejx + Exj. As aresult, we have f(X)= X forevery X € 7.

Next, we show that f(E ;) € {E i, Exj} forany 1 < j <k < n. For simplicity, we
assume (j, k) =(1,2). Let X = E1p + E>3 + E3;. Then Y € 7T satisfies X oY =0
whenever Y ¢ Ty = {E12» 4+ E»1, E13 + E31, Ex3 + E3p}. Thus,

JX)o f(¥)=f(XoY)=f(0,)=0,,
whenever Y € T \ 7y. Since
FX)=f(XoX)=f(X)o f(X) and 1€ Spec(X)=Spec(f(X)),

we see that f(X) € {X, X'}. Now, for X = E{» + E>;, we have Ejp =X o }?, and
hence

f(En) = f(X)o f(X)= f(X)oX € {E, Ex}.

By the above arguments, we see that f(E;;) # 0 for any (i, j) pair. Thus, condition
(A1) of Theorem 2.1 holds. Thus, f has the form (}), and hence satisfies the desired
conclusion by the first part of our proof. O
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Clearly, the conclusions of most of the results in this section are valid if f is
Schur multiplicative and satisfies any of the conditions (A1)-(A3) of Theorem 2.1.
If n = 2, the conclusions of the theorems are not valid if we just assume that f is Schur
multiplicative. For example, one may define f by f(A) =0 if A is strictly upper or
lower triangular, and f(A) = A otherwise. However, for n > 3, it is unclear whether
the conclusions of the theorems hold if we just assume that f is Schur multiplicative.
It would be interesting to prove the results under the weaker assumption, or give
examples showing the results are not true.
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