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Abstract

This paper presents a structured study for abstract harmonic analysis of relative convolutions over
canonical homogeneous spaces of semidirect product groups. Let H, K be locally compact groups and
6 : H — Aut(K) be a continuous homomorphism. Let Gy = H %y K be the semidirect product of H and K
with respect to § and Gy/H be the canonical homogeneous space (left coset space) of Gy/H. We present a
unified approach to the harmonic analysis of relative convolutions over the canonical homogeneous space
Gy/H.
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1. Introduction

The notion of relative-convolution operators is a theoretical generalization of other
classical operators in mathematical analysis and functional analysis, such as two-sided
convolutions and Toeplitz operators; see [14] and references therein. The abstract
theory of relative convolutions for homogeneous spaces of locally compact groups
was introduced in [15] and studied in depth in [18].

The class of locally compact semidirect product groups, as a large class of non-
Abelian groups, has significant roles in theories connecting mathematical physics and
mathematical theory of coherent states analysis and covariant transforms; see [1, 2, 4,
7-9, 16, 17] and references therein. This research work consists of theoretical aspects
of the nature of abstract relative convolutions over canonical homogeneous spaces
of locally compact semidirect product groups. This article aims to further develop
harmonic analysis aspects of a unified approach to the abstract notion of convolution
and involution over canonical homogeneous spaces of semidirect product groups,
which is equivalent with relative convolutions in the operator theory framework.
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This paper is organized as follows. Section 2 is devoted to fixing notation and a
summary of classical harmonic analysis on locally compact homogeneous spaces and
locally compact semidirect product groups. In Section 3, we assume that H and K are
locally compact groups and 8 : H — Aut(K) is a continuous homomorphism. Further,
it is assumed that Gy = H x4 K is the semidirect product of H and K with respect to 6.
We present abstract properties of canonical homogeneous spaces of semidirect groups.
Then we study a unified approach to the theoretical aspects of the notion of relative
convolution operators over the canonical homogeneous space (left coset space) Gy/H.

2. Preliminaries and notation

Let X be a locally compact Hausdorff space. By C.(X), we mean the space of all
continuous complex-valued functions on X with compact supports. If u is a positive
Radon measure on X, for each 1 < p < oo the Banach space of equivalence classes of
p-measurable complex-valued functions f : X — C such that

l/p
I Nlzr ) = (f;( Lf ()P du(x)) < 00

is denoted by LP(X, u), which contains C.(X) as a ||.||.»(x,)-dense subspace. Let G
be a locally compact group with the left Haar measure mg and the modular function
Ag. For p > 1, the notation LP(G) stands for the Banach function space LP(G, mg). If
p = 1, then the standard convolution for f, g € L'(G) is defined via

fegn) = fG FOI0 ' dmey)  (xeG).

That is, in the operator terms

fxg()= fG SO)Lyg(-) dmg(y).

The involution for f € L'(G) is defined by f*(x) = Ag(x™")f(x) for x € G. Then the
Banach function space L!(G) equipped with the above convolution and involution is
a Banach x-algebra. The Banach *-algebra L'(G) is commutative if and only if G is
Abelian; see [5, 11, 19] and references therein.

Let H and K be locally compact groups with identity elements ey and eg
respectively and left Haar measures my and mg respectively. Let 6 : H — Aut(K)
be a homomorphism such that the map (A, k) — 6,(k) is continuous from H X K onto
K. There is a natural topology, sometimes called the Braconnier topology, turning
Aut(K) into a Hausdorff topological group (not necessarily locally compact), which is
defined by the sub-base of identity neighbourhoods

B(F,U) = {@ € Aut(K) : a(k),a” (k) € Uk, Yk € F),

where F € K is compact and U C K is an identity neighbourhood. Continuity
of a homomorphism 6 : H — Aut(K) is equivalent with the continuity of the map
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(h, k) — 6,(k) from H X K onto K; see [11, 13]. Then the semidirect product
Gy = H =y K is the locally compact topological group with the underlying set H X K
which is equipped by the product topology and the group operation is defined by

(h, k) g (W', k) = (WK kOp(K))) and (b, k)™ = (W', 6, (k)).
The left Haar measure of the locally compact group Gy is
dmg,(h, k) = &y i (h) dmp(h) dmg (k)
and the modular function Ag, is
A, (h, k) = 6 (WNAr(WAK (k) Y(h, k) € G,
where the positive continuous homomorphism 62’ x - H — (0,00) is given by
dmg(k) = 6Z’K(h) dmg(6,(k)) VYheH. (2.1)

The homomorphism 6 : H — Aut(K) is called trivial if 8, = I forall h € H, where I is
the identity automorphism. If 6 : H — Aut(K) is trivial, then the semidirect product of
H and K with respect to 6 is precisely the direct product of H and K. If 6 : H — Aut(K)
is nontrivial, then H := {(h, ex) : h € H} (respectively K = {(ey, k) : k € K}) is a closed
nonnormal (respectively normal) subgroup of Gg. From now on we may use H instead
of H.

Let H be a closed subgroup of a locally compact group G with the left Haar
measures my and mg, respectively. The left coset space G/H = {xH : x € G} is
considered as a locally compact homogeneous space that G acts on from the left. The
locally compact left coset space G/H is called a locally compact pure homogeneous
space if the closed subgroup H is not normal in G. The function space C.(G/H)
consists of all Py(f) functions, where f € C.(G) and

Py(f)(xH) = f f(xh) dmy (h).
H

The mapping Py : C.(G) — C.(G/H) defined by f +— Pg(f) is a surjective bounded
linear operator; see [5, 11, 12, 19]. Let u be a Radon measure on G/H and x € G.
The translation y* of u is defined by y*(E) = u(xE) for each Borel subset E of G/H.
The measure yu is called G-invariant if u* = u for all x € G. The measure u is called
strongly quasi-invariant if some continuous function A : G X G/H — (0, oo) satisfies
du*(yH) = A(x,yH) du(yH) for x,y € G. If the function A(x, .) reduces to a constant, u
is called relatively invariant under G. A rho-function for the pair (G, H) is a continuous
function p : G — (0, o0) which satisfies p(xh) = AH(h)AG(h)_lp(x) for each x € G and
he H. If H is a closed subgroup of G, the pair (G, H) admits a rho-function and, for
each rho-function p on G, there is a strongly quasi-invariant measure y on G/H such
that each f € C.(G) satisfies

f Pu(f)(xH) du(xH) = f FP() dmo ()
G/H G
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and du*(yH) = p(xy)p(y)~" du(yH) for x,y € G. Moreover, all strongly quasi-invariant
measures in G/H arise from a rho-function in this manner and all these measures are
strongly equivalent. The homogeneous space G/H has a G-invariant measure if and
only if the constant function p = 1 is a rho-function for the pair (G, H) or, equivalently,
Al = Ag. If p is the strongly quasi-invariant measure on G/H arising from the rho-
function p, the mapping Ty : L'(G) — L'(G/H, u), defined by

TuHGH) = [ L dmm,

u p(xh)

is a surjective bounded linear operator with ||Ty|| < 1 and satisfies the following Weil’s
formula [5, 6, 11, 19]:

f Tu(f)(xH) du(xH) = f S(x) dmg(x).
G/H G

Let u be a relatively invariant measure on the homogeneous space G/H which
arises from the rho-function p. Then £ g, that is, the left regular representation of
G on the Hilbert space L*(G/H, ) is the continuous unitary representation ¢z :
G — UL*(G/H, p)) defined by g — 26.1(g), where the unitary operator £¢ g(g) :
L*(G/H,p) — L*(G/H, ) is given by [5, 11]

[€6.1(Q)pl(xH) = @sa(g‘le) (2.2)
p(g)

forg€ G, xH € G/H and ¢ € L*(G/H, p).

Let g : G — G/H be the canonical projection, that is, x — ¢(x) = xH for all x € G.
Let s : G/H — G be a continuous section, that is, a continuous map which is a right
inverse to the canonical projection g, that is, g o s = Ig,y. Then we can define the map
S: G — H given by x - 8(x) := s(xH)'x and also the (left) action of G on G/H can
be rewritten as follows [15, 18]:

gxH =gs(xH)H (g,x€G).
Then a Radon measure u on G/H is called s-invariant under G if

_ An(s(gxH)'gs(xH))
Ag(s(gxH) ' gs(xH))

du(gxH) du(xH)

forall g € G.
Let @ : H — C be a unitary character of H, that is, a one-dimensional continuous
irreducible unitary representation of H. Let (ind%(a), Hingo (o)) be the induced

representation by a. For ¢ € L'(G/H, i), the relative convolution operator S o 1s given
by [15, 18]

Sg = L/H ¢(YH) indg(a)(s(yH)) du(yH). (2.3)
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3. Canonical homogeneous spaces of semidirect product groups

Throughout this paper, we assume that H, K are locally compact groups with given
left Haar measures mpy and mg, respectively, and 6 : H — Aut(K) is a continuous
homomorphism. Let Gy = H <4 K be the semidirect product of H and K with respect
to 6. Then the left coset space

Gy/H = {(h,k)H : (h, k) € Gy}

is a locally compact homogeneous space. The locally compact homogeneous space
(left coset space) Gy/H is called a canonical homogeneous space of the locally
compact semidirect product Gy = H =<4 K. From now on, for k € K the notation kH
stands for the left coset (ey, k)H.

The following theorem states some properties of the canonical homogeneous space
Gy/H.

TueoreM 3.1. Let H, K be locally compact groups and 6 : H — Aut(K) be a continuous
homomorphism. Let Gy = H wy K be the semidirect product of H and K with respect
to 6. Then:

(1) the closed subgroup H is normal in Gg if and only if 0 is the trivial
homomorphism;

(2) fork, k' € K, kH =k'H ifand only if k = k’;

(3)  the canonical left coset space Gy/H is precisely the set {kH : k € K}.

Proor. (1) It is straightforward.

(2) Let k, k" € K. The left cosets kH and k’H are equal if and only if k™'k’ € H,
which implies that k = k’.

(3) Let (h, k) € Gy. Due to the semidirect product law, we can write

(h, k) = (en, k) »<g (h, ex).
Therefore, in the terms of left cosets,
(h,k)H = (ep, k) »<q (h,ex)H = (ey, k)H = kH.
Thus, the canonical left coset space Gy/H is exactly {kH : k € K}. O

Remark 3.2. Theorem 3.1 shows that if 8 is not the trivial homomorphism, then the
canonical left coset space Gy4/H is not a locally compact group. Thus, in this case
traditional harmonic analysis tools and notions such as convolution and involution are
not well defined for the canonical pure homogeneous space Gy/H.

As an immediate consequence of the preceding results, we can conclude the next
useful corollary.

CoroLLary 3.3. Let H, K be locally compact groups, 60 : H — Aut(K) be a continuous
homomorphism and Gy = H »g K. Let p be a rho-function for the pair (Gg, H). Then:
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(1) the linear map Py : C.(Gy) — C.(Gy/H) is given by

Py(f)(kH) = f f(h,kydmp(h) Y f e CGy);
H

(2) the linear map Ty : C.(Gg) — C.(Gy/H) is given by

(h, k)

Tu(f)(kH) = f—de(h) Vf € Ce(Go). (3.D
u p(h, k)

RemMark 3.4. The linear maps Py and Ty have significant roles in classical approaches

of the abstract harmonic analysis over locally compact homogeneous spaces; see [5,

11, 19]. Corollary 3.3 asserts connections of partial integrations on H with the linear

maps Py and Ty.
The function py : Gy — (0, 00) given by
polh k) == Ap(Ag,(W)~" = & (W)™ Y(hk) € Gy=H ey K (3:2)

is a rho-function for the pair (Gy, H), which is called a canonical rho-function for
the pair (Gy, H). For more details concerning analytic and algebraic aspects of the
canonical rho-function, we refer the reader to [10] and the comprehensive list of
references therein.

The canonical rho-function satisfies

f(h,k)pg(h, k) dmg,(h, k) = f

H

f f(h, k) dmpy(h) dmg (k)
K

Gy
for all f € C.(Gy).
Prorosition 3.5. The induced strongly quasi-invariant measure pg via the canonical

rho-function py defined in (3.2) is a relatively invariant measure on the canonical
homogeneous space Gg/H.

Proor. Let uy be the induced strongly quasi-invariant measure on the canonical rho-
function py defined in (3.2) and (4, k), (W', k") € Gg. Then we can write

p((h, k) g (W K))  Spx) 1
p(h' k) S5y () & ()
Thus,
du™ e H) =2 ((h’Z :" 15}; ) gt 1
= 6%, ()™ dyo(K' H)
= po(h, k) dug(k' H),
which implies that py is relatively invariant. O
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4. Function spaces over canonical homogeneous spaces of semidirect
product groups

Throughout this section, we present a unified approach to the abstract harmonic
analysis of LP-function spaces over canonical homogeneous spaces of semidirect
product groups. It is still assumed that H, K are locally compact groups with
given left Haar measures my and myg, respectively, 8 : H — Aut(K) is a continuous
homomorphism and Gy = H <4 K is the semidirect product of H and K with respect
to 6.

The following theorem states basic properties of the relatively invariant measure on
the canonical left coset space Gy/H which arises from the canonical rho-function py
defined in (3.2).

THEOREM 4.1. Let ug be the relatively invariant measure on the canonical left coset
space Go/ H which arises from the canonical rho-function py defined in (3.2). Then

fc " Y(kH) dug(kH) = fK W(kH)dmg(k) My € L'(Go/H, o), 4.1)
f v(kH) dug(kH) = f v(k)dmg(k) VYve LI(K). “4.2)
Go/H K

Proor. Let ¢ € L'(Gg/H, up) and f € L'(Gy) with Ty (f) = . Using Weil’s formula,
we can write

Y(kH) dpg(kH) = f Tu(f)(kH) dyig(kH)

Gy/H Go/H
= fh, k) dmg,(h, k).
Gy
By (3.1),
[ skrdmenio= [ [ sohiosg i dmihn amio
_ S(h, k)
- fH g ) dm)
B Fh k)
_ fk ( LR de(h))de(k).
Thus,
h,k
f ( fh k) )de<h>)de<k)= f T (f)(kH) dmyc (k)
xk\Ju p(h,k) K
= f Y(kH) dmg (k),
K
which implies (4.1). The same argument implies (4.2). O
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The mapping I' =Ty : C.(K) = C.(Gg/H) given by v — I'y(v), where Ty(v) is
defined by I'y(v)(sH) = v(s) for s € K, is well defined, surjective and injective.

The next result is a straightforward consequence of Theorem 4.1, which shows that
the linear map Iy is useful for analysing functions on the canonical homogeneous
space Gy/H.

CoROLLARY 4.2. Let g be the relatively invariant measure on the canonical left coset
space Gg/H which arises from the canonical rho-function pg defined in (3.2) and p > 1.
Then:

(1) the linear map I'y : C.(K) — C.(Gy/H) satisfies
IToOzr GorHue) = MLy YV € Ce(K); (4.3)

(2) the linear map Ty : C.(K) — C.(Gy/H) has a unique extension to the linear map
Iy : LP(K) — LP(Gy/H, ug), which satisfies

T LrGoripg) = IVIlrky  Yv € LP(K).

Proor. (1) Let p>1 and v € C.(K). Then I'y(v) € C.(Gy/H) and hence we have
Y= Te(v)|P € C.(Gy/H). Using Theorem 4.1,

f [Co()(KH)IP dpg(kH) = f [Co()(KH)I” dmi (k)
Go/H K

= f W(&)I” dmg (k),
K

which implies (4.3).
(2) It is straightforward. O

For ¢, ¢' € C.(Gy/H), define the 8-convolution of ¢ and ¢’ by
@ *q @ (sH) := f o(kH)' (k™' sH) dug(kH) VsH € Gg/H. 4.4)
Go/H

Then the integral given in (4.4) converges and the mapping (¢, ¢") — ¢ %4 ¢’ is bilinear.
Let v,v' € C.(K) with ¢ =T'4y(v) and ¢’ = Ty(v"). Then

@ ¢’ (sH) = f @(kH)@' (k™' sH) dpg(kH)
Gy/H

_ f V(W (') dg(KH)
Gy/H

for all sH € Gy/H.
The following proposition states the relation of the 6-convolution with the standard
convolution on K.

Prorosition 4.3. Let ¢, ¢’ € C.(Gyg/H) and v,v' € C.(K) with ¢ = Ty(v) and ¢’ =T4(V").
Then
@xg@ =L(v =) (4.5)
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Proor. Let ¢, ¢" € C.(Gg/H). Let v,V € C.(K) with ¢ =Ty(v) and ¢’ = Ty(v'). For
s € K, the function defined by

Ws(kH) = (kH)¢' (k™' sH) = v(k)V'(k™'s) VkH € Gy/H,

belongs to C.(Gy/H). Invoking Theorem 4.1,

f @(kH)g' (k™' sH) dpg(kH) = f Ys(kH) dug(kH)
Go/H G

o/H
= f Wy(kH) dmg (k).
K
Then
@ g ¢ (sH) = f @(kH)¢' (k™' sH) dpg(kH)
Go/H
= f Wy(kH) dmg (k)
K
= f vk (k~'s) dmg (k)
K
=v*V(s),
which implies (4.5). O

Similarly, one can define the 8-involution of ¢ € C.(Gy/H) by
@ (sH) := AK(s’l)go(s‘lH) VsH € Gy/H. 4.6)

It is evident that
" =Ty(v"),

where v € C.(K) with ¢ = Ty(v).

The next theorem guarantees that the 6-convolution and the 6-involution defined
by (4.4) and (4.6) on C.(Gy/H) have unique extensions to the Banach function space
LY (Gy/H, uy), where pg is the relatively invariant measure on Gy/H which arises from
the canonical rho-function given in (3.2).

THEOREM 4.4. Let ug be the relatively invariant measure on Gg/H which arises from
the canonical rho-function py given by (3.2). The 0-convolution given in (4.4) and
the O-involution given in (4.6) have unique extensions to the Banach function space
LY (Gy/H, g), in which the Banach function space L' (Gg/H, ug) equipped with the
extended 6-convolution and the extended 6-involution is a Banach *-algebra.

Proor. Let ¢, ¢’ € C.(Gg/H) and v,V € C.(K) such that Ty(v) = ¢ and [4(v') = ¢’.
Then Proposition 4.3 implies that ¢ x4 ¢" = Ty(v = v"). Thus,

(g @) = @™ xg ™. 4.7)
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By (4.3), we can write

e %0 1111 Go/mue) = W6V * VL1 Gy )
= vVl
<l vl k)
= I LGy 81) T 0O M L1 (G gt

= 101121y 1) 1€ 111 (G 1) -

Similarly,

™21 Gorbpe) = W6t (G pe)
= ”V*”LI(K)
= ||V||L1(K)

= @l Gy b )

Thus, for ¢, ¢’ € C.(Gy/H),

llo *0 @l Gy /H ) < NN L1 Gy p )0 L1 Gy 1) (4.83)
o™ L1 Gty = NN LN G pag)- 4.9)
For ¢, ¢’ € LY(Gy/H, pg), define the extended 6-convolution and 6-involution

respectively by
¢ *o ¢’ = 1lime, % ¢, (4.10)
" :=limg;’ 4.11)

n

with {¢n}, {¢,} € C.(Gy/H), ¢ =1lim, ¢, and ¢" = lim, ¢, where the limits are
considered in the topology induced by the norm |||z, mu,- The extended 6-
convolution and 6-involution defined by (4.10) and (4.11) are well defined and satisfy

4.7), (4.8) and (4.9). Thus, the extended #-convolution and the extended #-involution
make the Banach function space L'(Gy/H, up) into a Banach function -algebra. O

From now on, we may use the notations %4 for the extended 6-convolution and also
*o for the extended #-involution on L' (Gy/H, ).

CoroLLARY 4.5. Let ¢, ¢" € L'(Gy/H, ). Then
@ *g ¢ (sH) = f @(kH)¢' (k™' sH) dpg(kH) VsH € Go/H
Go/H

and
0" (sH) = Ag(s (s~ 'H) VYsH € Gy/H.

COROLLARY 4.6. Let ugy be the relatively invariant measure on Gy/H which arises from
the canonical rho-function pg given by (3.2). Then:
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(1) the mapping Ty : L"(K) — LY(Gy/H, ug) is an isometric *-isomorphism of
Banach =-algebras;
(2) the 8-convolution is commutative if and only if K is Abelian.

We deduce the following results concerning the structure of the Banach *-algebra
L(Gy/H, o).

CoroLLARY 4.7. Let ug be the relatively invariant measure on Gy/ H which arises from
the canonical rho-function py given by (3.2). Then:

(1)  the Banach *-algebra L'(Gy/H, u1y) admits an approximation identity;
(2) the Banach *-algebra L'(Gy/H, 1) is unital if and only if K is discrete.

Then we can characterize left ideals of the Banach x-algebra L'(Gy/H, uy) as
follows.

ProrosiTion 4.8. Let ug be the relatively invariant measure on Gy/H which arises
from the canonical rho-function py given by (3.2) and J be a closed subspace of
LY (Gy/H, ug). Then J is a left 6-ideal if and only if  is left translation invariant
under K.

The next theorem can be considered as a generalization of Theorem 4.4 for
LP-function spaces of the canonical homogeneous space Gy/H.

THEOREM 4.9. Let uy be the relatively invariant measure on Gy/H which arises from
the canonical rho-function pg given by (3.2) and 1 < p < co. The 6-convolution
xg : Cc(Go/H) X C(Gy/H) — C(Gg/H) has a unique extension to a bounded bilinear
map from LY(Gy/H, ug) X LP(Go/H, j1g) into LP(Gy/H, ug), which makes the Banach
function space LP(Gg/H, ug) into a Banach L'(Gy/H, pg)-module.

Proor. Let ¢, ¢ € C.(Gy/H) and 1 < p < oco. Let u,v € C.(K) with I'g(u) = ¢ and
I'y(v) = ¢. Then
1 0 @llLrGyrH ey = Mot * V| Lr(Gy/Hpg)

= ||lu * V”U’(K)

< MullprgolWllze )

ST 16/ H ) ITo L0 (G H )

= W21 Gy H ) 1PN L2 (G i) -
Thus, the 6-convolution #4 : C.(Gy/H) X C.(Gy/H) — C.(Gy/H) given by (¥, ) —
Y *¢ ¢ is continuous as a bilinear map. Since C.(Gy/H) is ||.||Lr(G,/Hu,)-dense in
LP(Gy/H, pg), we can extend it to a bilinear map

+9 1 L'(Go/H, ptg) X L"(Go/H, ptg) — L”(Go/H, o)
which satisfies
1 0 @llLr(Go/H ) < W L1 Gy 1PN P Gy H )

for all y € L'(Gg/H, up) and ¢ € LP(Gy/H, j1g). o
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For h € H and p > 1, define the operator
Dy, : LP(K) - LP(K)
via v — Dyv, where D;v : K — C is given by
Dyyv(k) := 80 (W) "Pv(@)-1 (k) Yk € K. (4.12)

The next theorem states basic properties of the operators defined via (4.12).
First we need the following result concerning the action of H on the modular
function of K.

Prorosition 4.10. Let H, K be locally compact groups and 0 : H — Aut(K) be a
continuous homomorphism. Then

Ag(6n(k)) = Ax(k) Yhe HVke K. (4.13)
Proor. Let h € H and k € K. Let v € L'(K) be a nonzero positive function. Then we
can write
A (On(k))™! fK v(s) dmg(s) = j;( v(s0,(k)) dmg (s).
Using (2.1),
f v(sOn(k)) dmg (s) = f V(0(5)0n(k)) dmg (On(s))
K K
= 6% k()" ]1; V(On($)0(k)) dmk (s)
= 6% x(h)™! fK V(O)(sk)) dmg (s)
= 8% () Ak () fK WO, (5)) dmi (s)
= 8, () Axc ()™ fK v(s) dm (61 (5))
= Ax (k)™ f v(s) dmg (s).
K
Thus,
A (On(k))™! f v(s) dmg(s) = Ag(k)™! f v(s) dmg(s),
K K
which implies (4.13). O

Then we can prove the following theorem.

Tueorem 4.11. Let H, K be locally compact groups and 6 : H — Aut(K) be a
continuous homomorphism. Let h € H and p > 1. Then:
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(1) Dy :LP(K) — LP(K) is an isometric isomorphism of Banach spaces;
(2) Dy, : L*(K) — L*(K) is a unitary operator satisfying (Dp,)* = Djy-1;
(3) Dy :L'(K)— L'(K) is an *-isometric isomorphism of Banach *-algebras.

Proor. (1) For v € L1(K),
DI g, = %) fK V(O (P dimg (k)
= 8% (B fK R dimg (03(K)

= f (I dmg (k)
K
S,

which implies that the linear map D, : L?(K) — LP(K) is an isometric operator. Thus,
it is injective. Evidently the operator D), maps L”(K) onto LP(K) as well. Hence, the
operator D, is an isometric isomorphism of Banach spaces.

(2) It is straightforward.

(3) Let v,v" € L'(K). Then, for s € K,

Dy(v # V')(8) = &gy () # V' (61 (5))

= () fK VY (G (5)) ()

=60, [ 90 Q0 O 07101 (9) 010
=68, 7 [ 50 QO O 10,1 (9) o
SO ORISR

= fK Dy()®) DR )K" s) dmg (k)
= D, (v) * Dy(v')(s).
Invoking (4.13), we can write
Dy(v*)(s) = &% (v (611 (5))
= 6% k(DA (01 ()™ W (G ()™

= % k(WA (s W(O4-1()™)
= Dp(v)*(s). O

For h € H and p > 1, define the operator

Dy, : LP(Go/H, pg) = L"(Gg/H, 1)
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via ¢ = Dy, where Dy : Gy/H — C is given by
Dpp(kH) := 6. x(h) P (8,1 (k)H) Vk € K.
Let v € LP(K) with ¢ = T'y(v). Then, for k € K,

Dyp(kH) = 531 e (h)'"P (6,1 (k)H)
= 01 () Pv(6)1 ()
= Dyv(k).

The next proposition states some properties of the operators D;, with 4 € H.

Prorosition 4.12. Let H, K be locally compact groups, 6 : H — Aut(K) be a
continuous homomorphism and pg be the relatively invariant measure on Gy/H which
arises from the canonical rho-function given by (3.2). Let h € H and p > 1. Then:

(1) Dy : LP(Gy/H, ug) — LP(Gy/H, 1) is an isometric isomorphism of Banach
spaces;

(2) Dy : LP(Gy/H,ug) — LP(Gg/H, uy) is a unitary operator satisfying (Dj,)* = Dj-1;

3) D, :LY(Gy/H, Hy) — LY(Gy/H, Ug) is an x-isometric isomorphism of Banach -
algebras.

5. Relative convolutions and #-convolutions

In this section, we present connections of the 6-convolution and relative
convolutions. For a complete picture of the mathematical theory of relative
convolutions, see [15, 18]. Throughout this section, it is still assumed that H, K
are locally compact groups, 6 : H — Aut(K) is a continuous homomorphism and
Gy = H ¢4 K is the semidirect product of H and K with respect to 6.

First we state without proof some well-known results concerning the connection of
the left regular representation and induced representations.

ProrosiTiON 5.1. Let ug be the relatively invariant measure on Gy/H which arises from
the canonical rho-function pg given by (3.2). Let (1, C) be the trivial representation of
H on C. Then L g is precisely indg"(t).

Proor. See [5, 11]. O

ProposITION 5.2. The map rg : Gg — U(L*(K)) given by (h, k) > ng(h,k) := LDy, is a
continuous unitary representation of Gy on the Hilbert space L*(K).

Proor. See [3] and references therein. |

Then we can prove the following useful result.

THEOREM 5.3. Let ug be the relatively invariant measure on Gy/H which arises from
the canonical rho-function py given by (3.2). The continuous unitary representations
(mg, L*(K)) and L6,.Hs L*(Gy/H, up)) are unitarily equivalent.
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Proor. Let v € L*(K) and (h, k) € Gy. Then, using (2.2), for s € K, we can write

Tolrg(h, K)vI(sH) = [rrg(h, k)v](s)
= [LyDpv](s)
= Ok (h)*v(0) (k'5))
= Ok () *To(v) (O (k™" 5)H)
= k() PToW)(h™", 641 (k™' 5)H)

_ polen, ex) -1 -1
= ‘/—pg(h,k) Lo, 01 (k™ 5))H)

= [¥6,.H(h, K)v](sH).

Thus, the map Ty : L>(K) = L*(Gg/H, i) is a unitary intertwining linear operator,
which guarantees that the continuous unitary representations (7, L>(K)) and
(L6,.1, L*(Gy/H, uy)) are unitarily equivalent. o

Let sy : Gy/H — Gy be given by sq(kH) := k for all k € k. Then sy is a continuous

section, called a canonical section of the homogeneous space Gy/H.

THEOREM 5.4. Let g be the relatively invariant measure over the canonical

homogeneous space Gy H which arises from the canonical rho-function pg. Then g
is Sg-invariant under Go.

Proor. Let g = (h, k) € Gy. Then we can write

so((h, k) < k' H)™" < (h, k) w sg(k' H) = sp((h, k6, (K" YH) ™" = (h, k) =< k'
= sg((h, kOu(KYH)™" < (h, kOy(K))
= s(kO), (K" YH)™" < (h, k6, (k"))
= 0,(k") k! < (h, kO, (K))
= (h, 0,(k") " k™ kOu(K'))
= (h, ex),
for all ¥’ € K. Thus,
_ Ap(h)
Ag,(h)
=S (h)™" dug(k’ H)
= pe(h. k) dpg(k' H)

= du"P (K H). o

Bnlsol(h ) < KH) ! < () < Sk D) o

Ag, (so((h, k) < K" H) o< (h, k) =< sg(K'H)) " dpe(k’H)

Then we deduce the following interesting result, concerning connections of
6-convolutions with relative convolutions.
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TueoreM 5.5. Let H, K be locally compact groups, 6 : H — Aut(K) be a continuous
homomorphism and Gy = H <y K. The 0-convolution operator over the canonical
homogeneous spaces Gg/H is precisely the relative convolution operator associated
to the canonical section sy and the trivial unitary character1: H — C.

Proor. Let uy be the relatively invariant measure over the canonical homogeneous
space Gy/H which arises from the canonical rho-function py. Theorem 5.4 guarantees
that ug is sg-invariant under Gy. Let (1, C) be the trivial representation of H on C. Also,
let ¢ € L'(Gy/H, up) and s € K. Then, using Proposition 5.1 and (2.3),

[S o9 I(sH) = fG " @(kH)ind5 (1)(so(kH))¢'1(sH) dug(kH)

= fc /Hsﬂ(kH)[indg(l)(k)w'](sH)due(kH)

=f @(kH)¢' (k™' sH) dpg(kH)
Go/H
=@ *g ¢ (sH)

for all ¢ € Cc(Gg/H). This shows that S, ¢" = ¢ #¢ ¢’ and hence we deduce that
the 6-convolution operator over the canonical homogeneous spaces Gy/H is precisely
the relative convolution operator associated to the canonical section sy and the trivial
unitary character: : H — C. O

RemMark 5.6. Theorem 5.5 can be regarded as an explicit construction for relative
convolution (convolution-type) operators over canonical homogeneous spaces of
semidirect product groups with respect to the canonical section.
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