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Explicit application of Waldspurger’s theorem

Soma Purkait

ABSTRACT

For a given cusp form ¢ of even integral weight satisfying certain hypotheses, Waldspurger’s
theorem relates the critical value of the L-function of the nth quadratic twist of ¢ to the nth
coefficient of a certain modular form of half-integral weight. Waldspurger’s recipes for these
modular forms of half-integral weight are far from being explicit. In particular, they are expressed
in the language of automorphic representations and Hecke characters. We translate these
recipes into congruence conditions involving easily computable values of Dirichlet characters.
We illustrate the practicality of our ‘simplified Waldspurger’ by giving several examples.

1. Introduction

In 1983 Tunnell [28] gave a remarkable solution to the congruent number problem, assuming
that the celebrated Birch and Swinnerton-Dyer conjecture holds. This ancient Diophantine
question asks for the classification of congruent numbers, those positive integers which are
the areas of right-angled triangles whose sides are rational numbers. For positive n, write
E, :y? = 2 — n%x; note that E,, is the nth quadratic twist of F;. It is straightforward to show
that n is a congruent number if and only if the elliptic curve E,, /Q has positive rank. Tunnell
expresses the critical value of the L-function of F,, in terms of coefficients of certain modular
forms of weight 3/2. These modular forms are in turn written in terms of theta series of ternary
quadratic forms. Applying the conjecture of Birch and Swinnerton-Dyer, Tunnell is then able
to give a simple and elegant criterion for n to be a congruent number.

Tunnell’s theorem is a highly non-trivial consequence of a theorem of Waldspurger [30]. For a
given cusp form ¢ of even integral weight satisfying certain hypotheses, Waldspurger’s theorem
relates the critical value of the L-function of the nth quadratic twist of ¢ to the nth coefficient of
a certain modular form of half-integral weight. Waldspurger’s recipes for these modular forms
of half-integral weight are far from being explicit. In particular, they are expressed in the
language of automorphic representations and Hecke characters. We translate these recipes into
congruence conditions involving easily computable values of Dirichlet characters. We illustrate
the practicality of our ‘simplified Waldspurger’ by giving several Tunnell-like examples, of
which the following is the simplest.

ProroOSITION 1.1. Let E be the elliptic curve of conductor 50 given by
E:Y?4+XY+Y=X>+X?-3X+1. (1)
Let Q1, Q2, Q3, Q4 be the following positive-definite ternary quadratic forms,

Q1 =252% + 2597 + 22, Qo = 1422 + 9y? + 622 + 4yz + 6xz + 22y,
Qs =252% + 13y% + 222 + 2yz, Qu =172+ 17y + 32% — 2yz — 2z2 + 16zy.
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Let n be a positive square-free number such that 5tmn. Then,
L(E_q,1
( 1, ) .02

L(E_,,1)= NG n

where E_,, is the —nth quadratic twist of E and

(-1 | _
cn—; 5 c#{(z,y, 2) 1 Qi(z,y, 2) =n}.

For the elliptic curve E in (1) and n a positive square-free integer such that 5t n, we give a
similar formula for L(E,, 1) that involves 38 quadratic forms.

We would like to note here that all of the examples we consider deal with newforms whose
levels are neither odd nor square-free. In fact, for newforms ¢ of weight £ — 1 and odd and
square-free level N with L(¢, 1) #£0 and k =3 (mod 4) there is an explicit recipe by Bocherer
and Schulze-Pillot [4] for constructing a modular form of weight k/2, level 4N that is Shimura
equivalent to ¢. Their method uses generalized theta series and the Eichler correspondence
with automorphic forms on quaternion algebras. In particular, they show that given a rational
elliptic curve FE of odd and square-free conductor, an inverse Shimura lift of ¢ (the newform
corresponding to E) comes from ternary quadratic forms if and only if L(E, 1) # 0. We note that
the form they construct belongs to the Kohnen subspace [15]. It follows from Waldspurger [30]
that in these cases the space of Shimura equivalent forms at level 4N is two-dimensional. In
a recent paper Hamieh [12] used [4] and Waldspurger’s recipe to compute a basis for this
two-dimensional space.

We would also like to mention the work of Shin-ichi Yoshida [31] in which he considers 27/3-
and 7/3-congruent number problems and uses Waldspurger’s result (Corollary 5.2 below) to
give a Tunnell-like criterion for a square-free number in certain congruence classes to be 27 /3-
and m/3-congruent.

The paper is arranged as follows. In §2 we review Shimura’s decomposition of the space
of cusp forms of a certain level and half-integral weight into certain subspaces appearing in
Waldspurger’s theorem. In § 3 we review the correspondence between Dirichlet characters and
Hecke characters and we prove a result that allows us to evaluate components of a Hecke
character corresponding to a given Dirichlet character. Next, in §4 we review the correspon-
dence between modular forms of even integral weight and automorphic representations and
prove a result needed for simplifying the hypotheses of Waldspurger’s theorem. In §5 we state
Waldspurger’s theorem in simplified form. To apply Waldspurger’s theorem in conjunction with
the Birch and Swinnerton-Dyer conjectures it is convenient to express the period of the nth
twist of a given elliptic curve in terms of the period of the elliptic curve itself. We do this in § 6.
To apply Waldspurger’s recipes we need to be able to answer questions of the following form:
for a given cusp form of half-integral weight f = a,¢", and positive integers a, M, is a, =0
for all n=a (mod M)? We give an algorithm for answering this question in §7. Finally, §8
is devoted to extensive examples which combine our algorithm [18] for computing Shimura’s
decomposition with Waldspurger’s theorem as made explicit in this paper.

2. Shimura decomposition

Let k > 3 be an odd integer and N a positive integer such that 4 | N. Let x be an even Dirichlet
character modulo N. We denote by S /2(N, x) the space of cusp forms of weight k/2, level
N and character y. Let Sg /2(]\7 , X) be the subspace of Sy /2(INV, x) spanned by single-variablef

TThe term ‘single-variable theta series’ refers to the theta series of gveights 1/2 and 3/2 that come from a
quadratic form of one variable and are of the form }°>° _ 4 (n)nq"™", where v € {0, 1} and ¢ is a Dirichlet
character such that ¢¥(—1) = (—1)".
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theta series when k = 3; for k> 5, we define Sg/Q(N7 x) = 0. More precisely, a generating set
for S’g/z(N7 x) is given by

S = {Z 1/)(771)77”thm2 : 4r,2pt | N and 9 is a primitive odd character of
m=1

—4t
conductor ry such that y = <>¢},

which in fact constitutes a basis for S5 2(N, x), as shown in [18]. The interesting part (from the
point of view of Waldspurger’s theorem) of the space Sy, /5(IV, x) is the orthogonal complement
of 52/2 (N, x) with respect to the Petersson inner product, denoted by 51;/2<N7 X)-

In his thesis Basmaji [3] gave an algorithm for computing a basis for the space of half-integral
weight modular forms of level divisible by 16. The main idea of the algorithm is to use theta
series © =322 ¢", ©; = (6 — V(4)0)/2 and the following embedding,

(p:Sk:/Q(N7X)*>SXS7 fH(feafgl)a

where S = S41)/2(N, x - ng;rl)/2) and V is the usual shift operator. This idea has been

generalized by Steve Donnelly for level divisible by four and is implemented in MAGMA.
Let N’ = N/2. For M | N’ such that Cond(x?) | M and a newform ¢ € Sp<% (M, x*) Shimura
defines

Sk2(N, x, ) = {f € Sj, )2 (N, x) : T2 (f) = Ap(¢) f for almost all pt N},
where T),(¢) = A\p(¢)9, and gives the following decomposition theorem [22].

THEOREM 1 (Shimura [22]). We have S,’ﬁ/2(N, X) =@, Sk/2(N, x, ¢) where ¢ runs
through all newforms ¢ € S2°% (M, x?) with M | N’ and Cond(x?) | M.

We point out that the summands Sy, /2(N, x, ¢) occur in Waldspurger’s theorem and their
computation is necessary for explicit applications of that theorem. However, the above theorem
is not suitable for computation since for any particular prime pt N, we do not know if it is
included or excluded in the ‘almost all’ condition. In [18] we proved the above theorem with a
more precise definition for the spaces Sy 2(N, x, ¢):

Sis2(N, X, 8) = {f € S )2 (N, x) : T2 (f) = Ap(9) f for all pf N},

whilst showing that our definition is equivalent to Shimura’s definition. We also proved the
following theorem that gives an algorithm for computing the Shimura decomposition.

THEOREM 2 (Purkait [18]). Let ¢ be a newform of weight k — 1, level M dividing N’,
and character x2. Let p1, ..., pn be primes not dividing N satisfying the following: for every
newform ¢’ # ¢ of weight k — 1, level dividing N’ and character x?, there is some p; such that

)‘Pi ((b/) 7é )‘PL((b)’ where TPL((b) = )\Pi (d)) ’ (b Then
Sk/2(N, x, ¢) ={f € Sk/2(N, x) ITpf(f) =X, () f fori=1,...,n}.

3. Correspondence between Dirichlet characters and Hecke characters on A& /Q* of
finite order

We shall need the correspondence between Dirichlet characters and Hecke characters on
Aa /Q* of finite order. This material is in Tate’s thesis [26], but we found the presentation in
[6, §3.1] more useful.
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PROPOSITION 3.1. Let x = (xp) be a character on Ag. Then there exists a finite set S
of places, including the Archimedean one, such that if p ¢S, then x, is trivial on the unit
group Z, .

Recall that if x, is trivial on the unit group Z,, then X, is unramified. Thus by the above
proposition, X, is unramified for all but finitely many p.

THEOREM 3 (Bump [6, Proposition 3.1.2]). Suppose that x = (x,) is a character of finite
order on A(S /Q*. There exists an integer N whose prime divisors are precisely the non-
Archimedean primes p such that x, is ramified, and a primitive Dirichlet character x modulo
N such that if p{ N is non-Archimedean, then x(p) = xp(p). This correspondence x +— x is a
bijection between characters of finite order of Aé /Q* and the primitive Dirichlet characters.

In our work, we shall need to start with a Dirichlet character xy of modulus N and then
perform computations with the corresponding Hecke character x. We collect here some facts
that will help us with these computations.

LEMMA 3.2. We keep the notation of Theorem 3.
(i) For any a € Q*, [] xp(a) =1 where the product is taken over all places.
(ii) Suppose that p= o0 and o € QX =R*. Then xoo(e) =1 if a >0 or if x has odd order.
(iii) Let p be a non-Archimedean prime such that p | N and «, B € Z, be non-zero. Suppose
that =« (mod aNZ,). Then x,(8) = xp(c).
(iv) Let p be non-Archimedean such that pt N. Then Y, is unramified.

PROPOSITION 3.3. Let x be a Dirichlet character modulo N (not necessarily primitive) and
let x = (xp) be the corresponding character on Aé /Q*. Let a € Z be non-zero. For a prime g,
let v,4(a) denote the exponent of the highest power of q that divides a.

(a) If ¢ N, then xq4(a) = x(q)" where r =vy(a).

(b) Suppose that g divides N and let ¢q1, . . ., g, be the other primes dividing N. Let b be a
positive integer satisfying

p— 10 (mod aNZjg)
|1 (mod NZj,) i=1,...,r;

such b can easily be constructed by the Chinese remainder theorem. Write

b= q’jq(a) H gjﬁJ
j=1

where the {; are distinct primes. Then

Proof. Let N’ be the conductor of x and note that N’ | N. Now if ¢ { N, then yx, is unramified.
Write a=q"a’ where gfa’. Then o' € Z;. Thus, by definition of unramified, x,(a’) =1.
Moreover, from Theorem 3, x4(q) = x(¢). This proves part (a).

Now suppose that ¢ | N and let ¢, . . ., ¢ be the other primes dividing N. Let b be as in the
proposition. Since N’ | N, we have

p= @ (mod aN'Zy)
1 (mod N'Z,) i=1,...,r
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By Lemma 3.2, x4(b) = x4(a), and x4, (b) =1fori=1,...,r. Now

Xq(a) = Xq(b)
= H xp(b)~ by part (i) of Lemma 3.2,
PFq

= H xp(b)~h since x4, (b) =1,
ptN

= H x(¢;)7P  using part (a).
j=1

This completes the proof. O

4. Local components of the automorphic representations associated to modular forms of
even integer weight

Let k be a positive odd integer with k> 3. Let ¢ =Y~ | ang"™ € Sp% (N, x) be a newform of
weight k — 1, level N and character x.

We can associate to ¢ an automorphic representation p. Let p, be the local component of p
at a prime p.

If g =307 | anq™ is an eigenform, then we define its twist by a character y to be the modular
form ¢, = Z;.Lo=1 anp(n)q".

Waldspurger works with the following different definition of twist: let ¢ be a newform of
weight k& — 1 and character y. Let p a Dirichlet character. We denote by ¢ ® u the (unique)
newform of weight k& — 1 with character yu? satisfying A\, (¢ ® ) = u(p)A,(¢) for almost all
primes p, where A, is the eigenvalue under 7Tj,.

Now fix a prime number p. Let &, be the set of primitive Dirichlet characters with p-power
conductor. The following hold (see [30, §III]):

(i) pp is supercuspidal if and only if for all u € &,, the level of ¢ @ p is divisible by p and

Ap(¢ ® p) = 0;
(i) pp is an irreducible principal series if and only if either:
(a) there exists a character p in &, such that p does not divide the level of ¢ ® y; or
(b) there exist two distinct characters pq, po in &, such that A\p,(¢ @ 1) #0, Ap(¢ ®
p2) # 0;
(iii) pp is a special representation if and only if the following conditions hold:
(a) for all u €&, the level of ¢ ® p is divisible by p; and
(b) there exists a unique p in §, such that A\,(¢ ® p) # 0.
We shall need the following theorem which is extracted from the paper of Atkin and Li [1].

THEOREM 4 (Atkin and Li [1]). Let ¢=> .2 a,q" be a newform of weight k—1,
character x and level N. Let u be a primitive character of conductor m. Then the following
hold.

(a) If ged(m, N) =1, then ¢ ® u= ¢, and it is a newform of weight k — 1, character xu?
and level Nm? (see [1, Introduction]).

(b) Suppose that u is of g-power conductor where q | N and write N = q°* M where qf M.
Then ¢ ® u is a newform of weight k — 1, character xu? and level qS/M for some s’ > 0.
Moreover, Ap(¢ ® p) = u(p)Ap(¢) for all primes pt N (see [1, Theorem 3.2]). In particular,
if s =1 and x Is trivial, then for . with conductor ¢", r > 1, it turns out that ¢ @ 1= ¢, is a
newform of level ¢*" M and character u? (see [1, Corollary 4.1]).

(c) Let ¢ | N. Suppose that ¢ is g-primitive and a, = 0. Then for all characters . of g-power
conductor, ¢ ® = ¢,, is a newform of level divisible by N. (Recall that ¢ is ¢-primitive if ¢
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is not a twist of any newform of level lower than N by a character of conductor equal to some
power of q.) See [1, Proposition 4.1].

(d) Let N =g*M where q{ M; let Q = q°. Let xg be the Q-part! of the character x. If s is
odd and cond x¢g < /Q, then ¢ is g-primitive.
Now suppose that ¢ =2. Then, if s =2, then ¢ is always 2-primitive; if s is odd, then ¢ is
2-primitive if and only if cond xo < /Q; if s is even and s >4, then ¢ is 2-primitive if and
only if cond xg = /@ (see [1, Theorem 4.4]).

We deduce the following corollaries which we use later.

COROLLARY 4.1. Let ¢ =3 7", anq™ € Sp°%(N) be a newform with trivial character. Let
p2 be the local component at 2 of the corresponding automorphic representation. Suppose that
either N is odd or vo(N)=1. Then ps is not supercuspidal. Further, if vo(N) > 2 and ¢ is
2-primitive, then py is supercuspidal, hence if either vo(N) =2 or vo(N) > 1 is odd then po
is supercuspidal.

Proof. If N is odd, take u to be the identity character. Thus, pu € &2 and the level of ¢ ® i is
odd and, hence, p is not supercuspidal. If N = 2M such that M is odd, then as # 0, so taking
u as the identity character we get that As(¢ ® u) = as # 0 and, thus, ps is not supercuspidal.

Let v2(N) > 2. Then az = 0. If ¢ is 2-primitive, then it follows using part (c) of Theorem 4
that for any p € &, ¢ ® u= ¢, is newform of level divisible by 2. Write T2(¢,) = > oo bpg™.
Then, b, = aznp(2n) + p2(2)2"2a, jop(n/2) for all n. Thus, Ta(d,) = 0. Therefore, Az(¢ ®
1) = A2(¢,) =0 and py is supercuspidal. The final statement is a direct application of part (d)
of Theorem 4. m]

COROLLARY 4.2. Let ¢ be as in the above corollary.
(i) If N =pM with M coprime to p and a, # 0, then p, is a special representation.
(ii) If pt N, then p, is an irreducible principal series.

Proof. We first prove part (i). By part (b) of Theorem 4, for any p € &, the level of ¢ ® p
is divisible by p. Further if p is the identity character then \,(¢ ® p) = ap # 0; we claim that
this is unique such character in &,. Let p € &, be such that u is a character of conductor p”,
r>1. Then ¢ ® p= ¢, is a newform in S,_1(p?" M, p?) such that A\,(¢,) = apu(p) =0 and,
hence, A\, (¢ ®@ p) =0.

The proof of part (ii) is obvious and does not require the condition that newform ¢ has
trivial character. a

5. Waldspurger’s theorem and notation

In this section we present Waldspurger’s theorem. We introduce and simplify the notation used
in the theorem. This is needed in the following section where we will discuss how to use the
theorem for elliptic curves and compute critical values of L-functions in terms of coefficients
of corresponding half-integral weight forms. An important application is the computation of
orders of the Tate—Shafarevich groups assuming the Birch and Swinnerton-Dyer conjecture.

Let k be positive integers with k& > 3 odd. Let x be an even Dirichlet character with modulus
divisible by 4. Fix a newform ¢ of level My in S2°% (Mg, x?). Let p be a prime number. Let v,
be the p-adic valuation on Q and Q.. Let m;, = 1,(My) and A, be the Hecke eigenvalue of ¢
corresponding to the Hecke operator T,.

TLet x be a Dirichlet character with modulus le .. .pfln where the p; are distinct primes. Then x can be
written uniquely as a product [] X,ri where x ri has modulus p;t. See [1].
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Let p be the automorphic representation associated to ¢ and p, be the local component of
p at p. Let S be the (finite) set of primes p such that p, is not irreducible principal series. If
p ¢S, pp is equivalent to m(u1p, p2,p) Where pq , and po ), are two continuous characters on
Q, such that gy ppa,, # |-|¥1. Let (H1) be the following hypothesis:

(H1) Forallp¢sS, p1p(—1)=pe,p(—1)=1.

THEOREM 5 (Flicker [11]). There exists N such that Sy /2(N, x, ¢) # {0} if and only if the
hypothesis (H1) holds.

THEOREM 6 (Vigneras [29]). Flicker’s condition (H1) always holds whenever ¢ is a newform
of even weight with trivial character.

Proof. For the proof refer to [29]. O

From the theorems of Flicker and Vigneras we have the following easy corollary.

COROLLARY 5.1. Let ¢ be a newform of weight k — 1, level My, and trivial character Xqriy.
Let x be a Dirichlet character satisfying x? = Xtiv. Then there exists some N such that

Sk/Q(N7 X, ¢) #{0}.

Henceforth, we will always assume that ¢ has trivial character and y is quadratic, thus the
conclusion of the corollary holds. We will now introduce several pieces of notation used by
Waldspurger [30, § VIII] before stating his main theorem.

Let xo be the Dirichlet character associated to x given by

xo(n) == x(n) <_1> (k—l)/2.

n

Let x0,p be the local component of xo at a prime p. For each prime p we will define (page 225)
a non-negative integer n, that depends only on the local components p, and xo,p. Let Ny be

given by
Ny =T o™
P

For prime p and natural number e, we will also define a set U, (e, ¢) which consists of some
finite number of complex-valued functions on Q having support in Z, N Q.

Let N*¢ be the set of positive square-free numbers and for n € N, let n*¢ be the square-free
part of n. Let A be a function on the set N°*¢ having values in C and E be an integer such
that Ny | E. We use the notation e, = v,(E) for all prime numbers p and let ¢ = (¢,) be any
element of [[, U, (ep, ¢). Define

e A=) =3 A m* 2 [ ey(n) ¢, z€H

and let U(E, ¢, A) be the space generated by these functions f(c, A) on H where c€
Hp Up(ep, @)

With the above notation, we are now ready to state the main theorem of Waldspurger
[30, Théoreme 1].

THEOREM 7 (Waldspurger [30]). Let (H2) be the hypothesis that one of the following holds:
(a) the local component ps is not supercuspidal;

(b) the conductor of xq is divisible by 16;

(C) 16 | M¢.
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Let x be a Dirichlet character and ¢ be a newform of weight k — 1 and character x? such
that (H1) and (H2) hold. Then there exists a function Ay on N°¢ such that for t € N*:

k—
Ag(t)” ::L<¢®X01Xtv 5 1) ~6(Xolxt, ;) 2)

Moreover, for N > 1,
Sk/Q ) Xa @ U ¢a A¢
where the sum is over all E > 1 such that N¢ |E|N.

Here y; = (1) is a quadratic character with conductor [t| if t=1 (mod 4), otherwise with
conductor |4t if t =2,3 (mod 4).

REMARK. Note that the function Ay depends only on x and ¢. However, A4 is not
determined by (2), so we cannot use this theorem for computing a basis for the space
Sk/2(N, X, ). However, in Theorem 2 we have already given an algorithm to compute this
space, and if f(z) =" ", a,q™ is one of the basis elements, then we can express the critical
value of the L-function of the twist of the newform ¢ by the character x, 1x¢, in terms of the
square of the Fourier coefficient a; and the factor e(xy 'x¢, 1/2) which depends on the local
components of ¢ and xg.

It is to be noted that €(x, 1/2) for any Hecke character x can be computed as shown in Tate’s
article [27]. In particular, when x is quadratic, €(x, 1/2)=1. Since we will be dealing only with
quadratic characters, we can ignore the e-factor. Moreover, note that if x is quadratic, then
the conductor of xo is at most divisible by 8, so we do not need to consider possibility (b) of
the hypothesis (H2).

Further by Corollary 4.1, possibilities (a) and (c) of the hypothesis (H2) can be simply stated
in terms of the level My. Assuming x to be quadratic, Waldspurger’s theorem is applicable
whenever one of the following holds: My is odd; vo(Mg) =1 and Ay # 0; or vo(My) > 4. The
last condition is the same as possibility (c) of (H2).

We also state the following corollary of Waldspurger [30, p. 483].

COROLLARY 5.2 (Waldspurger [30]). Let ¢ € Sp%(My, x*) be a newform such that ¢
satisfies (H1). Suppose! that f(z) =Y "n" | anq™ € Si/2(N, x, ¢) for some N > 1 such that M,
divides N /2. Suppose that ny, ny € N such that nq/ng € @;2 for all p| N. Then we have the
following relation:

k/2—
nl (¢XO anal)X(TLQ/nl)RQ/Q 1—CL L(¢Xo Xnul)

In what follows (-, -), denotes the Hilbert symbol defined on Q¢ x Q. Recall that (see, for
example, [8]) if p=2 and a, b are odd, then

t s
(2%a, 2tb)s = (|2|> <|Z|> (—1)(a=Db=1)/4,
a

For an odd prime p and a, b coprime to p,

o () ) Q)

In particular, for an odd n, (n, —1) = (=1)®~Y/2 and (2, n)s = (— )(" ~1/8. Also, if v,(n) =
0, then (p, n)p = (%), and if v (n) =1 and n=pn/, then (p,n), = (%)

k/2-1

In this corollary we do not require f to be of the form f(c, Ag).
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We now write down explicitly the definitions of the integers n, and the local factors U (e, ¢)
used in Waldspurger’s theorem. It should be noted that for Waldspurger’s theorem, we require
the values of the functions in Up(e, ¢) only at square-free positive integers. We will first define
a certain set of functions.

Case 1: p odd. Waldspurger considered the following set of functions.

) (1) 2 (B) (4 (5)
_{Cpéa p57 pévcp,&cp,&cpgv 66(:}

We are interested only in values of the functions in A, at square-free numbers in Z, \ {0}.
Let ne€Z,\ {0} be square-free, that is v,(n) =0 or v,(n) =1. We get the following after

simplification:
c;?();(n) =1,
M, v _ J1 ifv,(n)=0;
cp,s(n) = {(5 if vp(n) =1,
6(2) (n) — 1 - (pa n)PXO p(p) 71/25 ! lf v, (n) = 07
P9 1 if v,(n) =1,
(3) 1 if vp(n) =0;
¢ ’s(n) =
240 =15 (omyroptoir om0
@y _ JO if vp(n) = 0;
(M) = {5(p— D)= ifyy(n) =1,
; 212 if v,(n) =0 and (p,n), = —p"?*x0,(p~)d;
cz()’g(n) =<0 if vp(n) =0 and (p, n), =p1/2X0,p(p71)5;

1 if vp(n) =1,

1 if vp(n) =0;
cl(f();(n) = {2Y25 if vy(n) =1 and (p,n), = —p*2x0,(p~1)d;
0 if v,(n) =1 and (p,n), =p"/>x0.,(P")é.

Case 2: p= 2. In this case Waldspurger considered the following set of functions:
D2 B) (@) 6)
Ay —{025» €265 C2,5> C2,5> C2.5) Co 57 € 25 :0eCh.
Let n € Zs \ {0} be square-free so that either v5(n) =0 or vo(n) = 1. We have

1 if va(n) =0;
(0)(71) - {(5 if vo(n) =1,

. 0 — (2, n)2X0’2(2)2_1/2 if va(n) =0 and (n, —1)2 = x0,2(—1);
csham) =<1 if vy(n) =0 and (n, —1)y = —xo,2(—1);
1 if vo(n) =1,
) 6 if VQ(?’L) 0 and ( )Q—XO 2( 1)
e§23(n) = €0 if va(n) =0 and (n, ~1)2 = —x0.2(~1);
0 ifwe(n)=1,
51 if va(n) =0;
(n) = {5 —(2,n)2x02(2)271/2 if vy(n) =1 and (n, —1)3 = x0,2(—1);
1 if vo(n) =1 and (n, —1)2 = —xo0,2(—1),
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0 if va(n) =0;
cg’l;(n) =< 26— (2, n)2X072(2)2*1/2 if v(n) =1 and (n, —1)2 = x0,2(—1);
1 if va(n)=1and (n, —1)2 = —Xo 2(—1),

0 if v3(n) =0, (n, —1)2 = x0.2(—1) and (2, n)s = 2/2x02(271)4;
‘355;( ) = 2125 if vy(n) =0, (n, —1)2 = xo,2(—1) and (2, n)s = =212y 2(271)6;
, 1 if v5(n) =0 and (n, —1)2 = —x0,2(—1);
1 if va(n) =1,
571 () =0;
Cgﬁg(n) — 0 if Z/2('fl) 1, (TL —1)2 = Xo, 2( ) and (2’ n)2 _ 21/2XO,2(2_1)5;
s 21/25 if Z/Q(TL) 1 (TL —1)2 = Xo, 2( ) and (2’ n)2 — _21/2X072(271)6;
)=1

1 if va(n) =1 and (n, —1)2 = —x0,2(—1).

We will be interested in the above functions only for particular values of §. We will specify
and further simplify them later.
Recall that A, is the Hecke eigenvalue of ¢ corresponding to the Hecke operator T}, for any
prime p, and m,, = v,(My). Let X, =p'=F/2)\,. For p{ My let o, and a;, be such that
ap + oy, =X,

/I
ozp~apf1.

It should be noted that if ¢ is rational newform of weight 2, then a, # o s since otherwise
)\2 4, which is a contradiction as A, is rational (pth Fourier coefficient of (b)

Next, we need to consider a subset of Q) /Qp , denoted by Q,(¢), which is defined as
Q(p) ={we Q;/Q;2 : 3f € Sks2(N, x, ¢) for some N and In > 1 such that:
(i) the image of n in Q /Q;2 is w; (ii) the nth coefficient of f # 0}. (3)

Note that the set Q,(¢) depends on the newform ¢ and character x that we started with.
Computation of this set is important in our applications and we will see that we need this
set only in the case when m, > 1 and A, =0. We use the results of §7 and our algorithm in
Theorem 2 to compute most of the elements of this set.

Waldspurger defined another set of local functions on Q) / Q;<2 taking values in Z/2Z:

Lpi={Yen:e€Z,veQ) /Q;ZSuCh that v,(v) =e (mod 2)},

where
(u) = 1 1fu€v(@X and v, (u) =e¢;
Yew 0 otherw1se
If p=2, define
’Yclz,'u = %(’Ye,v + 76,51})7
1 lf 1/2( ) €]
Ve (u) = {O otherwise,
and

0(y) = 1 if vo(u) =eand (u, —1)3 = —x0,2(—1) or va(u) =e+1;
Teltd 0 otherwise.

Now we are ready to define the local factors n, and the set U, (e, ¢) for e = n,. We will be
dealing with several cases and subcases and in each of them we will be simplifying Waldspurger’s
formulae and making them more explicit for our use.
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Case 1: p odd and my, > 1. We consider the following subcases.

(a) A\p=0.
In this case we need to compute §2,,(¢). We know that Q. /Q 2= {1, p, u, pu} where u is
unit in Z, which is a non-square mod p. If there exists a w € Q,(¢) such that v,(w) =0,
then n, =m,, and Up(n,, ¢) = {V0w:w € Q(¢) and v,(w)=0}. In this case, the set
Up(ny, ¢) consists of at most the functions o1 and g ,,. Otherwise, for all w € Q,(¢),
vp(w) =1. In this case n, =m, + 1, and Up(np, ¢) ={710 :w € Qp(¢) and v,(w) =1},
hence Up(an, ¢) consists of at most v, and vq p,. Note that vo,1, Yo,us V1,p, V1,pu are
characteristic functions of 1, u, p, pu modulo Q. ", respectively.

(b) Ap #0.
In this case we must have m, =1, since m, > 2 implies that A, =0. Note that pe S
since by Corollary 4.2 p, is a special representation and, hence, not irreducible principal
series. We have further subcases.

(1) xo0,p is unramified.
Here again n,=m, =1 and U,(1,¢) = {cp )\,} We use the theory of newforms

to simplify the function c . Since m, =1 we get that A, = —wpp(’C 3)/2 and

A, = —wpp~ /2 Here w, € {il} is the eigenvalue under the Atkin-Lehner involution
corresponding to the prime p. Hence, we have in this case,

2172 if v, (n) =0 and (Z) =wpxop(p ")

0 if v,(n) =0 and (Z) = —wyXo,p(P1);

1 if v,(n) =1.

(ii) xo,p is ramified.
We have n, =m, =1 and U,(1, ¢) = {cp A }. As in the above subcase, we get the
following simplification:

1 if v,(n) =0;
6 _ .
e, (n) = & —w,2Y2p=Y/2 i y(n) =1 and (p, n), = wyxo,(p);
0 if vp(n) = 1 and (p, n), = —wpXo,p(p)-

Case 2: p odd and my, = 0. We have the following subcases.

(a) Xo,p is unramified.
Here, n, =m, =0 and U,(0, ¢) = {cz()?/)\/ }. It should be noted that c )\, takes the value
1 at any square-free n.

(b) xo,p is ramified.
We have n, =1 and Uy(1,¢) = {c A pa,} if o # «,, otherwise Uy,(1, ¢) = {cp,ap,

cp ap} We note that if p does not divide the modulus of x, then we do not need to
consider this subcase because in this case xg,, is unramified by Lemma 3.2.

Case 3: p=2 and ms > 1. Consider the following subcases.

(a) A2 =0.
We compute Q3(¢). Note that Q /(@2X2 = {+£1, 2, £5, £10}. If there exists a w € 22(¢)
such that vo(w) =0, then ny =mg + 2, and Us(n2, ¢) = {100 : w € Q2(¢) and ve(w) =
0}. In this case, the set Ua(na, @) consists of at most 501, V0,3, Y05 and 7o7.
Otherwise, for all w € Q3(¢), v2(w) =1 and then ny =mq + 3, and Usz(nz, ¢) = {1 :
w € Qa(¢) and vo(w) =1}, hence Uz (ng, ¢) consists of at most v1.2, 71,6, 1,10 and 71 14.
As above, 7, for ¢ € {1, 3,5, 7} are the characteristic functions of an odd residue class
modulo 8 and 71 ; for j € {2,6, 10, 14} are the characteristic functions of even residue

class modulo Q5 ".
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(b) As #0.
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We must have ms = 1. As before Corollary 4.2 implies that p is a special representation

and hence p € S. We have the following subcases.
(1) xo0,2 is trivial on 1 + 4Z,.
Here ny =2 and Uz(2, ¢) —{0(25;\/} Since mga =1 we get that A =

0y (h=3)/2

and Ny = —ws271/2; wy € {£1} is the eigenvalue under the Atkin-Lehner involution
corresponding to 2. Hence, we have
0 if 1/2( ) ( ) *XO 2(71) and
(-1 -1/s 2 —w2Xo, 2(2 b);
(5) _ J—we ifn(n) =0, (=1)""D/2 = xg5(~1) and
€2, (n) = _1y(n?2-1)/8 _ —1y.
(1) =w2X0,2(27);

1 if 1o(n) =0, (1) 71/2 = —xg5(~1);
1 if vo(n) =1

(i) xo,2 is non-trivial on 1 + 4Z,.

Here ng = 3 and Us(3, ¢) = {cp A v} and we get the following simplification:

—w221/2 if V2( ) ,
0 if Vz(n) s ( )2—)(0 2( ) and
&8 (n) = (2,n)2 = —wax0,2(27Y);
222 —ws if Z/Q(n) =1,(n,—1)2 =x0,2(—1) and
(2,n)2 =wax0,2(271);
1 if VQ(TL) =1,(n,—1)2 = —xo0,2(—1).

Case 4: p=2 and mo = 0. We have the following subcases.
(a) Xo,2 is trivial on 1 4 4Z,.
We have ny=2 and Us(2,¢)= Y b if ag #ab, otherwise

2042’ 2(1

{ Co ag’ Co ag}
(b) Xo,2 is non-trivial on 1 + 4Z,.

Here ny=3 and Ux(3,¢)= {02 ovas 02 a, Y0} if g #ab, otherwise
3 4
(e o 10

We would like to point out the following useful lemma.

U2(27 (b) =

U2 (37 (b) =

LEMMA 5.3. Let x be a quadratic character modulo N such that vo(N) is at most 2. Then,

Xo0,2 is trivial on 1 + 4Z.

Proof. Since x is a quadratic, o is also quadratic with modulus lem(4, N) =

21 N’'. Now the lemma follows from part (iii) of Lemma 3.2.

4N’ where

O

REMARK. These simplifications along with our method to compute a basis for Sy /2(N, x, ¢)
for suitable N and x lead to an algorithm for computing critical values of the L-functions of
certain quadratic twists of ¢. For example, if M, = p® for some odd prime p, then the possible
values for Ny are either 4p® or 4p®*!, hence we compute bases for spaces S /2(4p®, Xtriv, )
and Sy, /2(4p° T, Xeriv, @) and the sets Uz (2, ¢), Uy(cv, ¢), Up(a + 1, ¢) to apply Theorem 7 in

order to obtain the desired results.

Note that in the above we have discussed computation of Up(e, ¢) only for e =n,. But in
certain cases working with the level Ny is not sufficient to obtain the complete information

and one might need to go to higher levels.
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6. Periods

LEMMA 6.1. Let E/Q be an elliptic curve, given by a minimal Weierstrass model, and let
E,, be the minimal model of its twist by a square-free positive integer n. Then there is a
computable non-zero rational number «,, such that

O(E,) = a?"f}?

The proof we give also explains how to compute «,.

Proof. Let w=dx/(2y + a1z + ag) be the invariant differential for the model
E: y2 + a2y + azy = 2+ a2:172 + a4 + ag.
By definition, the period

Recall [23, p. 49] that a change of variable
z=u?r" +r, y=uly +u’sax +1

leads to a model E’ with invariant differential w’ = uw; thus, the periods are related by
Q(E') = |u|Q(FE). Completing the square in y we obtain the model

E’:y'zzx’3+Am’2+Bx'+C
where
bs ba be
A== B=— C=—.
4’ 2’ 4

Since v =1 in this change of variable, w’ = w and Q(E’) = Q(F). Now let the model E” be the

twist of E' by n:

2

E" .y = 2"+ Ang’? + Bn2z" + Cn3.

Note that these are related by the change of variable
/!

y//:n3/2y/7 R ——_

Thus, the invariant differentials satisfy

Thus,

QE") = =
Now the model E” is not necessarily minimal (nor even integral at 2), but by Tate’s algorithm
there is a change of variables
' =X +r, Yy =0V +uPsX +t
with rational u, s, t (and u # 0) such that the resulting model E,, is minimal. By the above

O(E,) = uQ(E") = W\/%E) 0

LEMMA 6.2. Let E:Y?=X?+ AX?4+ BX +C be an elliptic curve with A, B, C € Z.
Suppose that the discriminant of this model is sixth-power free. Let n be a square-free
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positive integer. Then a minimal model for the nth twist is E,, : Y? = X3 + AnX? 4+ Bn?X +
Cn3. Moreover, the periods are related by the formula
Q(Ey)

vn o

Q(En) =

Proof. Let A be the discriminant of the model E:Y2 = X34+ AX? + BX + C. We are
assuming that A is sixth-power free. Thus, it is 12th-power free, and so E is minimal. Now the
model E,, : Y2 = X3 + AnX? 4+ Bn?X + Cn? has discriminant A,, = A - n%. Since n is square-
free this is 12th-power free. Thus, the model for F,, is minimal. The argument in the proof of
Lemma 6.1 completes the proof. O

7. Modular forms are determined by coefficients modulo n

As usual N is a positive integer divisible by 4 and x is a Dirichlet character modulo N. Let
k be an odd integer. Let ¢ be a newform of weight k — 1, level dividing N/2 and character
x2. To apply Waldspurger’s theorem, we need to know (see (3)) for certain primes p, certain
weQy /@;2 and certain forms f =" anq™ € Si/2(N, X, ¢), whether there is some n such that
the image of n in Q /(@Zf2 is w and a, #0. Given such p, f and w we can write down the
first few coefficients of f and test whether the image of n in Q) / Q;2 is w and a, # 0. If there
is such an n, then we should be able to find it by writing down enough coefficients. However,
sometimes it appears that a,, =0 for all n that are equivalent in Q /(@;2 to w. To be able to
prove that, we have developed the results in this section.

THEOREM 8. Let N be a positive integer such that 4| N and x be a Dirichlet character
modulo N. Let f(z) =Y | anq" € Sg/2(N, x). Let a, M be integers such that (a, M) = 1. Let
R = (k/24)[SLy(Z) : T1(NM?)]. Suppose that a,, =0 whenever n % a (mod M) for all integers
n up to R+ 1. Then a,, = 0 whenever n # a (mod M) for all n. Moreover, if M? | N, then the
above statement holds with

%[SLQ(Z) :T1(N)] if—=0 (mod 4);

R=

== =)=

k .
ﬂ[SLQ(Z) T (2N)] if 2 (mod 4).

We will be requiring the analogue, in the case of half-integral weight forms, of the following
theorem of Sturm.

THEOREM 9 (Sturm [25, p. 276]). Let I' be a congruence subgroup and k be a positive
integer. Let f, g € My(T") such that f and g have coefficients in O, the ring of integers of a
number field F'. Let A be a prime ideal of Op. If

ordx(f —g) > %[SLQ(Z) T,
then ordy(f — g) = oo, that is, f =g (mod \).

In the above statement if f(z) =3 _;a,q", then ordy(f) :=inf{n:a, ¢ A}. If a,, € A for
all n, then we let ordy(f) := oco.

LEMMA 7.1. Let I be a congruence subgroup such that I' CT'y(4) and k' be a positive odd
integer. Then the statement of Theorem 9 is valid for T =T" and k =k'/2.
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Proof. Let h:=f—g&€ Sy ,o(I"). By assumption, ordx(h)> (k'/24)[SLa(Z):T"]. Let
W =h* Then h' € My (I'). This is because for any v = [24] €I" and z € H,
h'(v2) = h'(y2)
= (0, 2)" h(2)
= (cz+ d)*F 1 (2).
Also, ordy(h') =4 - ordy(h) > (2k’'/12)[SL2(Z) : T’]. So we apply Theorem 9 to h’ to get that
ordy (k') = co. Hence, ordy(h) = oc. O

We note that the above lemma still holds if f, g € My /2(I'o(N), x); the above proof works
by taking h/ = h*" where n is the order of Dirichlet character .
We will need the following lemmas for the proof of Theorem 8.

LEMMA 7.2. Let M be a positive integer and a € Z such that (a, M) = 1. Define
Lo(n) = 1 ifnzq (mod M);
0 otherwise.

Then we have

NORID D= )

PeX(M) #(
where X(M) denotes the group of Dirichlet characters of modulus M and ¢ is Euler’s phi
function.
Proof. See [20, p. 63, Chapter 6]. O

LEMMA 7.3. Let [25] €Tg(N) and m? | N. Let 0 <v' <m and c//m =0 (mod 4). Then,
() = (5).

The proof of the above lemma requires the following reciprocity law as stated in Cassels and
Frohlich [26, p. 350].

PROPOSITION 7.4. Let P, QQ be positive odd integers and a be any non-zero integer with

a=2%yg, ag odd. Then,
a a .
(P) = (Q) if P=Q (mod 8agp).

PROPOSITION 7.5. Let k be a positive odd integer, x be a Dirichlet character modulo N
where 4| N and f(z) =377 anq™ € My/o(N, x). Suppose that 1 is a Dirichlet character of
conductor m and fy(z) => " ¥(n)an,q™. Then:

() fy € Myjo(Nm?, x9?);

(ii) if m* | N and N/m =0 (mod 4), then fy, € My o(N, x1*);
(iii) if m? | N and N/m =2 (mod 4), then fy € My /2(2N, x¢?).
Moreover, if f is a cusp form, then so0 is fy,.

Proof. The proof essentially follows that of Proposition 17 of [14, Chapter III], which is the
integral weight case, with some necessary changes. We use Lemma 7.3 to obtain (ii) and (iii). O

LEMMA 7.6. Let k, N be positive integers such that k is odd and 4| N. Suppose
that f(z) =3 " anq™ € Sk)2(N, x). Let a, M be positive integers such that (a, M)=1.
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Define
g(z) := Z L.(n)anq™.
n=1
Then g € Sy /2(T'1 (NM?)).

Proof. We have

M8

g(z) = L.(n)a,q"

3
Il
—

M

-1
A
PeX (M)

—= e(M)

= > ap ) d(nand"

PeX (M) n=1
= D wfy,
YeEX(M)

where ay =1(a)"!/@(M). Using Proposition 7.5, for all € X(M) we have fy,€
Sk/2(T1(NM?)). Hence, g € Syyo(T1(NM?)). =

Now we are ready to prove Theorem 8.

Proof of Theorem 8. Let h=f—g¢g where ¢g is as in the above lemma. Since f¢&
Si2(T1(NM?)), so does h. It is clear that

an ifn#a (mod M);

coefficient of ¢" in h = .
0  otherwise.

Thus, h(2) = 3,24 (mod ar) @nd" € Sk/2(L1(NM?)). Since we have assumed a,, = 0 whenever
n#a (mod M) for all integers n up to R + 1, we apply Lemma 7.1 to get h = 0. If M? | N we
apply parts (ii) and (iii) of Proposition 7.5 to Lemma 7.6. O

REMARK. Note that in Lemma 7.6 if all of the Dirichlet characters modulo M are quadratic
then by Proposition 7.5, in fact, g € Si/2 (To(NM?,x)). Hence, in this case Theorem 8 holds
with R = (k/24)[SLa(Z) : To(NM?)]. For example, if N =1984, k=3 and M =8, since all
Dirichlet characters modulo 8 are quadratic we have R = (3/24)[SL2(Z) : T9(1984)] = 384.

8. Applications of Waldspurger’s theorem

In this section we will present a few examples explaining how to use Waldspurger’s theorem.
The idea of using Waldspurger’s theorem for an elliptic curve is motivated by Tunnell’s famous
work on the congruent number problem. We will see, however, that our case needs many
more computations to get any desired result. In the examples that follow we will first use our
algorithm in Theorem 2 to compute the space of cusp forms that are Shimura equivalent to
the given elliptic curve and then use Waldspurger’s theorem to investigate some L-values. We
will follow the notation adopted in the previous section.

8.1. A first example
Our first example will be the elliptic curve E over QQ given by
E:Y?=X*4+X+1.
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The conductor of F is 496 =16 x 31 and E does not have complex multiplication. Let
@ € S5V (496, xtriv) be the corresponding newform given by the Modularity theorem; ¢ has
the following g-expansion:

¢=q—3¢"+3¢" —3¢° — 2¢"" — 4¢"* — ¢"? + O(¢*).

It is to be noted that ¢ satisfies the hypothesis (H1): this follows by Theorem 6, and since
16 | My, ¢ satisfies (H2). Let x be a Dirichlet character with x? = xriy. By Theorem 5 there
exists NV such that S5,5(N, x, ¢) # {0}. Note that we must have 496 | (N/2).

In order to apply Waldspurger’s theorem we would like to compute an eigenbasis for the
summand Ss/5(N, X, ¢) for a suitable N and x. We will assume x to be the trivial character
Xtriv- We use Theorem 2 to find out that S5,5(992, x, ¢) = {0}. However, at level 1984 we get
that the space S5,5(1984, x, ¢) has a basis {f1, f2, f3} where f1, f> and f3 have the following
g-expansions:

fl — q3 4 q43 _ 2q75 + 2q83 + q91 4 3q115 3q123 + O 145 Z anq ,
_ 15 23 31 55 79 119 145
fo=q" +¢* — ' +2¢°° + ¢ - 3¢"2 + O(q anq,

f3 _ q17+q57+q65+2q73—q89—q105+ 137+O 145 chq

We note that the space S5,5(1984, x) is 119-dimensional.
By Waldspurger’s theorem (Theorem 7) there exists a function Ay on square-free positive
integers n such that
Ag(n)’ =L(E—n, 1)
and
53/2(1984a X7 @U ¢7 A¢

where the sum is over all E > 1 such that N¢ | E|1984. We already know the left-hand side
of the above identity. Henceforth, we will be interested in computing the right-hand side. We
will first compute N and then U(E, ¢, Ag) for Ny | E | 1984.

We need to compute local components n, for each prime p. We consider the following cases.

Case 1: p odd and p # 31. In this case m, =0 and since p{ N the local character xo,, is
unramified. Hence we get that n, = 0.

Case 2: p=31. Here m3; = 1. Since A3; # 0, using Corollary 4.2 it follows that the loca21
component ps; is a special representatlon of GL2(Q31) and so 31 € S. Also, note that Z3; /Z3,

is generated by 11 mod Zdl and using Proposition 3.3 we can show that xo.31(11) = 1 Thus
Xo0,31 is unramified and so, nz; = 1.

Case 3: p=2. In this case mo =4 and it is clear from the g-expansion of ¢ that Ay = 0. We
need some information about the set Qa(¢) (see (3)). In our case, looking at fi, fo and f3, we
get that {1, 3, 7} C Qa(¢). Since vo(1) = 12(3) = 12(7) =0, we get ng = mg + 2 =6.

Hence,

N, =31 x 26 = 1984.
Thus, we have F = Z,\\f; =1984 and we would like to know how the space U(1984, ¢, A)

looks. For that the next immediate task will be to compute Uy (e, ¢) where e, = 1,(1984). We
consider the following cases.
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Case 1: p odd and p # 31. Here, e, = 0 and U, (0, ¢) consists of only one function c;?;; defined
on Q. Recall that C;O;\, (n) =1 for n square-free.
p

Case 2: p=31. In this case e3; =1 and as already seen, 31 € .S and X 3; is unramified. So,

Uszi(1, ¢) = {cg‘?))\, }. Note that A3; = —1 and, hence, Ny, = (31)"1/2\3; = —(31)~/2. Again

using Propomtlon 3.3 we can show that X0,31(3171) = —1. Also note that (31,7)3 = (4%). So
for n square-free, we have

2172 if gy (n) = 0 and (31> —1;

iy () = . n
P 0 if v31(n) =0 and 31 =1;
i 1

Case 3: p=2. Here ea = 6. Since Ay =0 and {1, 3, 7} C Qa(¢), we see that U (6, ¢) consists
of 0,1, 70,3, V0,7 Which are the characteristic functions of residue classes of 1, 3,7 modulo 8§,
respectively. By our methods so far we do not know whether 5 belongs to 25(¢) or not.

Recall that U(E, ¢, A,) is the space generated by the functions f(c, As) where c€
U,(ep, ¢). Thus, in our case ¢ = (c,), where, for odd primes p # 31 we have ¢, =c¢ 0 /sy
p “P\~p p/p 14 DA

C31 = Cg?,xgl and for ¢y the possible choices are vo.1, 70,3, V0,5 and 7o,7. By using Waldspurger’s
theorem (Theorem 7) we have

S3/2(1984, x, ¢) = U(1984, ¢, Ay)

and so every cusp form in the space on the left-hand side can be written in terms of

C Ad? ZA¢ sc 1/4Hc

for some ¢ = (c,) € [[ Up(ep, ¢).

We use Theorem 8 to conclude that f; has non-zero nth coefficients only for n =3 (mod 8),
f2 has non-zero coefficients only for n =7 (mod 8) and f5 has non-zero coefficients only for
n=1 (mod 8).

Since f; has non-zero a, only for n =3 (mod 8), taking ¢ as above with ca =~y 3 we get
that for n square-free,

an = BrAg(n)n'/*ca(n)csi(n)

2128, Ay(n)n'/* if v3y(n) =0, (;1) =—land n=3 (mod 8);
B1Ag(n)nt/4 ifvs1(n)=1and n=3 (mod 8); (4)

0 otherwise,

for some complex constant 3;. Similarly, taking co = 70,7 for fo and ¢ = 9,1 for f3 respectively
we get that

by = BaAg(n)n*/ ea(n)esi (n)

2128y Ag(n)n'/*  if vy (n) =0, (;) =-land n=7 (mod 8);
) BeAy(n)nt/4 if r3i(n)=1and n=7 (mod 8); (5)

0 otherwise,
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for some complex constant B> and

Cp = 63A¢(n)n1/402(n)031(n)

21283 Ag(n)n/* if v31(n) =0, (?71) =—landn=1 (mod 8);
= BsAs(n)nt/4 ifvsi(n)=1landn=1 (mod 8); (6)

0 otherwise,

for some complex constant (3.
We have the following proposition which allows us to calculate the critical values of the
L-functions of E_,,, the (—n)th quadratic twists of E.

ProposITION 8.1. Let E be as above and n be a positive square-free integer.
(i) Ifvzi(n) =0, n=3 (mod 8) and (3%) = —1, then

2
ap,

L(E_,, 1) = TR

(ii) If vs1(n) =1, n=3 (mod 8), then

a2
sivn
(iii) Ifvz1(n)=0,n=7 (mod 8) and (g%) = —1, then
b

T 28,5

L(E_p, 1) =

L(E_n, 1)

(iv) Ifvs1(n) =1, n =7 (mod 8), then

b2
BV
(v) Ifvzi(n) =0, n=1 (mod 8) and (3) = —1, then

L(E_,, 1)

2
Cn

205 \/n’

L(E_,,1) =

(vi) If v31(n) =1, n=1 (mod 8), then

2
Cn

Bs*y/n’
Proof. Using Waldspurger’s theorem (Theorem 7) we know the existence of a function Ay
on square-free numbers such that A,(n)”> = L(E_,, 1). The proof now follows using (4)-(6). O

L(E_p, 1) =

We will show now how we use the above to calculate the order of the Tate—Shafarevich
group II(E_,,/Q). We will be assuming the Birch and Swinnerton-Dyer conjecture for rank
zero elliptic curves:

Ii(E_,, -Qgp_, - Cp
o MU :

where Qg stands for the real period of E_,, (since E_,(R) is connected), ¢, for the pth
Tamagawa number of E_,, and E_,, ;o stands for the torsion group of E_,,, all of which are
easily computable.

We have the following lemma.

LEMMA 8.2. Let E:Y? = X3+ X + 1. Then E,, o, =0 for all square-free integers n.
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Proof. Let K =Q(y/n). It is well-known that the map
En(Q) — E(K)

given by

0—0, (X,Y)— (X, Y)
n’ nyn
is an injective group homomorphism?. Thus, it is sufficient to show that F(K) has trivial torsion
subgroup. Recall that the discriminant of F is —496 = —16 x 31. Let p # 2, 31 be a rational
prime and let 3 be a prime ideal of K dividing p. Then F has good reduction at 3. Moreover,
if ey <p — 1, then the reduction map E(K)ior — E(Fg) is injective [13, p. 501], where ey is
the ramification index for 3 and Fy denotes the residue field of 3. Thus, if p > 5 and p # 31,
then this map is injective. Now we take p =5, 7, so E(Fy) is a subgroup of E(Fa5) and E(F4)
respectively. Using MAGMA we find

Since these two groups have coprime orders, it follows that E(K)ior =0 and so Ey, jor =0. O

Further, since the discriminant of F_; is —496 = 2% x 31, by Lemma 6.2 we know that
QUE_n) =Q(E_1)/Vn.

It is clear that the quantity L(E_,,1)/Qg_, is an integer, according to the Birch
and Swinnerton-Dyer conjecture. Using MAGMA we compute this integer for n € {3, 15, 17}.
In particular for n=3 we get that L(E_s3,1)/Qg_, =2. Substituting this in part (i) of
Proposition 8.1 and using Lemma 6.2, it follows that Qg _, =1/ 43,%. Doing similar calculations
with n =15, 17 we get

1 1 1
e 5 T 15 s ¥

Now recall that W(E_,,/Q) denotes the root number for elliptic curve E_,, over rational
numbers. We have the following proposition. The methods used here to compute the root
numbers are well known and we refer to [9].

ProprosITION 8.3. For E as above and n positive square-free the following hold.
(1) If Vgl(n) = O, then

-1 ifn=1,3,7 (mod 8), <;1) =1 or
=5 (mod8), | ~)=-1
n= mod 8), { 37 | =~1lor
n even, (?:11) =—1;

W(E_,/Q) =

3

3
w
=

=1o

=

1  ifn=1,3,7 (mod ), <) =—1or

n=5 (mod 8), (31

n even i =1
"\31) 7

TAs the map simply scales the variables, it takes lines to lines and so must define a homomorphism of
Mordell-Weil groups.
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(ii) If v31(n) =1, then

-1 ifn=5 (mod8) or
W(E_,/Q) = n even,
1 ifn=1,3,7 (mod 8).

Before computing the order of the Tate—Shafarevich group HI(E_,,/Q), we have the following
refinement of Theorem 8.1.

THEOREM 10. Let E:Y?=X34+X+1 and f=fi+ fo+V2fs=>.d.q". Then, for
positive square-free n =1, 3, 7 (mod 8),

2(14°>1(”)+1)QE_1

L(E_,,1)= d?

Proof. Note that d,, = a,, + b, + V2¢,,. It is important for the proof to note that a, =0
for n#3 (mod 8), b, =0 for n#7 (mod 8) and ¢, =0 for n # 1 (mod 8); we proved this by
applying Theorem 8. Tt follows from (4)—(6) that d,, =0 whenever n =1, 3,7 (mod 8) and the
Kronecker symbol (g%) = 1. Further by Proposition 8.3ifn=1,3,7 (mod 8) and (57) = 1, then
W(E_,,Q)=—1and so L(E_,, 1) = 0. Thus, the theorem follows when (37) = 1.

In the case when (37) = —1, the refinement follows by using (8) in Proposition 8.1. O

We have now the following corollary which computes the order of the Tate—Shafarevich group

HI(E-,/Q).

COROLLARY 8.4. Let E:Y?=X34+ X +1 and f=fi+ fo+V2fs=> d.q". Let n be
positive square-free number such that n=1, 3, 7 (mod 8) and E_,, has rank zero. Then,
assuming the Birch and Swinnerton-Dyer conjecture,

9(vs1(n)+1) o

(E-n/Q)| = —5—— - d;
Hp Cp
where the Tamagawa numbers ¢, of E_,, are given by
1 if31fm;

1

1 ifn=3,7 (mod 8); 4 if31|n and n/3LN .
Cco = . c31 = 31

2 ifn=1,5 (mod 8), n/31

cp =H#E_1(F,)[2] for p|n, p#31, and ¢, =1 for all other primes p.

Proof. From Lemma 8.2 we have E_,, 1o = 0 for all square-free integers n. Substituting this
and Q(E_,,) =Q(F_1)/v/n in (7) we get that

— L(E—na 1) i \/ﬁ _ 2(y31(n)+1) -d2'
QE_1 : Hp Cp Hp Cp "
the last equality follows by Theorem 10.
We use Tate’s algorithm (see [24, pp. 364-368]) to compute the Tamagawa numbers ¢,. O

I(E_/Q)|

We have the following easy corollary to Theorem 10.

COROLLARY 8.5. Supposen =1, 3,7 (mod 8) and (37) = —1. Then assuming the Birch and
Swinnerton-Dyer conjecture,

Rank(E_,) > 2 < d, =0.
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Proof. By Proposition 8.3,if n=1, 3, 7 (mod 8) and (37) = —1 then W(E_,,/Q) = 1. Thus,
the analytic rank is even, and so by the Birch and Swinnerton-Dyer conjecture, the rank is
even. The corollary now follows using Theorem 10. m|

REMARK. By Proposition 8.3 if n is a square-free integer such that n =15 (mod 8), then
L(E_,, 1) =0 whenever either v31(n) =1 or v31(n) =0 and (37) = —1. One can also obtain
this by using Waldspurger’s Theorem. In fact, since f1, fo, f3 span S3/2(1984, x, ¢) and none
of them have a non-zero coefficient for n =5 (mod 8) we obtain

Ag(n)ezi(n) =0 whenever n=5 (mod 8).
The statement now follows since c31(n) # 0 if either v31(n) =1 or v3;(n) =0 and (37) = —1.
However, these methods fail to provide any information’ about L(E_,,, 1) if n =5 (mod 8) and
(37) =1. We hope to predict what happens in these cases by either going to higher levels, by
suitably twisting E or by allowing non-trivial characters.

We note here that for newforms ¢ of weight £ — 1 and odd and square-free level Baruch
and Mao [2, Theorem 10.1] obtain Waldspurger-type results for L(¢ ® xp, (k — 1)/2) for all
fundamental discriminants D. In a subsequent paper Mao [17, Theorem 1.3] removes the
square-free condition using the generalized Shimura correspondence.

8.2. Second example

Our second example will be the rational elliptic curve E of conductor 144 given by
E:Yy?=X*-1

The corresponding newform ¢ is given by

¢:q+4q7+2q13_8q19_5q25+4q31_10q37_8q43+9q49+0(q50)-

Here My = 144. Using Theorem 2 for computing Shimura’s decomposition, we find that at the
level 576, the space S3/5(576, Xuiv, ¢) # {0}; and this space has a basis {f1, f2, f3, fa} where
f1, fa2, f3 and f4 have the following g-expansions:

fl — q_q25+5q49 6q73 —6q97+0 100 Zanq ,
fo=a"+4¢* —¢% = 24"+ 0(¢"") anq ,
f3=q" =2¢°" +¢* + 0(¢"") chq,

Fi= ¢ — ¢t — ¢® + O(¢*%) Z dng".
Doing similar calculations as in the previous example we have the following result.

THEOREM 11. Let E:Y?2=X3 —1. Let

F=H/V6+ f2+V2fs+V3f1:=) enqg™

n=1

In fact, performing computations using MAGMA we get, for example, that L(E_n,1) #0 for n =5, 69, 101, 109,
133, 157, 165; these n satisfy the conditions n =5 (mod 8) and (37) = 1. However, for n = 149, 173, which also
satisfy the same two conditions, we get that L(E_,, 1) =0 (using the root number argument Rank(E_,) > 2
for n =149, 173). We do not detect a general pattern.
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Let n # 11 be a positive square-free integer such that n =1 or 2 (mod 3). Then,

Qg

L(E_,,1)=—="".¢2. 9

(B )= €3 )

Further, assuming that the Birch and Swinnerton-Dyer conjecture holds, if E_,, has rank

zero, then
4
(B, /Q)| = o - €2
Hp CP

where the Tamagawa numbers co =3 if n=1 (mod 8), co =1 if n=3,5,7 (mod 8); ¢35 =2;
cp=#E_1(F,)[2] for p|n, p+#3; and ¢, =1 for all other primes p.

REMARK. To consider the case when 3| N, we try to instead work with elliptic curve
E3. The curve E3 has conductor 36 and is isogenous to E_;. Hence, L(E3,,1) =L(E_,, 1)
and L(E,, 1) =L(E_3,,1) for all positive square-free n coprime to 3. Thus, computation of
L(E_3,, 1) for all such n will lead to a formula for L(E,, 1) for all n square-free. Since the
hypothesis (H2) is not satisfied we cannot apply Theorem 7 to E3. Let F:= E3 and ¢’ be
the corresponding newform. Using Theorem 2 we find that Ss/5(72, Xtiv, ¢”) is two-dimensional
spanned by g; and g, where

g1 = q— 2" — 213 + 422 — ¢®° 1 2¢°* + 4¢°7 + O(g"),

g =% — ¢® — 24" + ¢\ + 3¢% + O(¢10).
Let g=g1 +92=> -1 anq™. We try to instead apply Corollary 5.2. Let I ={1,5,13,17},
then for each i in I we obtain

2 _ ~
L(F_,,1)= a”Lu;“l)\/z forn=4 (mod 24).

a;

Also by root number calculations L(F_,,, 1) =0 for n =7, 11,19, 23 (mod 24). So the cases we
are left with are n = j (mod 24) for j € J ={2, 10, 14, 22}. We make the following observation.
Using MAGMA for positive square-free n < 1000 we check that up to 30 decimal places
2. L(F_;,1 j
L(F_p,1)= w L forn =j (mod 24).
a; n

This observation does not follow from Corollary 5.2, for example L(F_74,1)=4"

(L(F_2,1)//37) but 74/2 ¢ Q5"

8.3. Example with a non-rational newform

In this example we start with a non-rational newform 1 and we show that we can get similar
formulae as before for the critical values of L-functions of ¥ ® x_,.

Let ¢ € S5V (62, xtriv) be a newform of weight 2, level 62 and trivial character given by the
following g-expansion,

v=q—¢+ag®+¢*+ (—2a + 2)q5 —ag® +2¢" — &+ (2a — 1)q9 + O(qlo)

where a has minimal polynomial 22 — 2z — 2.
As before using Theorem 2 we get that the space S3/5(124, Xtriv, %) = (f) where f has the
following g-expansion,

f=q+@+1)¢* —¢" —2a¢° —aq" + (—a— 1)¢® + (a + 1)¢° — 2¢'° + O(¢"?).

fIn the case n=1 we still have L(E_p,1)=(Qg_,/vn) €2, but since |E_itor|=6 we get that
I (E—n Q)] = (36/ T1, ) - €.
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Note that Waldspurger’s theorem is applicable for the newform 1 since ps, the local
automorphic representation of ¢ at 2, is not supercuspidal; this follows since v5(62) =1
(see Corollary 4.1).

We have the following proposition.

PROPOSITION 8.6. Let ¢ and f:= ZZO=1 anq™ be as above. Let n be square-free such that
n#3 (mod 8) and (g57) # —1. Then

7.a2

\/ﬁ n
b ~a?  ifvz(n) =0
2\/ﬁ n i

if 1/31(71) = ].7
LW ®x-n,1)=

where =2 L ® x_1,1).
Proof. The proof follows by calculations similar to those in the previous examples. O

8.4. Ternary quadratic forms and Tunnell-like formulae

For a positive-definite integral quadratic form Q(x1, ..., x,,) we define its theta series by
o
0o (z) = Z #{acZ™:Q(a)=n}-q¢"; q=exp(2miz).
n=0

Let Ag = (0°Q/0z;0x;) be the matrix of the quadratic form Q. The level of @ is defined to
be the smallest positive integer Ng such that NQAQ_1 is a matrix with integer entries that
has even integers on the main diagonal. Let dg = det(Ag) if m =0 (mod 4), dg = —det(Ag)
if m=2 (mod 4) and dg = det(Ag)/2 if m is odd. Then the character of @ is defined to be
Xdq = (12).

Shimura [21] showed that g € M,,,2(Ng, Xd,)- Further Siegel [19] showed that if @ and
()2 are positive-definite integral ternary quadratic forms both having level N, character x4
and belonging to the same genus, then fg, — g, € S3/2(IN, xq). Denote by Sy(IN, xq) the
subspace of S3/5(N, xa) generated by all such differences of theta series.

It is interesting, when applying Waldspurger’s theorem to a weight 2 cuspform ¢, to ask
whether the relevant modular form of weight 3/2 belongs to Sy (IV, xq); in this case we would
obtain a Tunnell-like formula expressing the critical values of the L-functions of twists of ¢ in
terms of ternary quadratic forms. We will illustrate this below by presenting several examples.
We point out, however, that this is not always possible. In particular, for the elliptic curve in
our first example, E: Y? = X3 + X + 1, the space S3/5(1984, x4iv, o) has trivial intersection
with the subspace S;(1984, xuiv). Note that L(E, 1) = 0. As we mentioned in the introduction,
for elliptic curves of odd and square-free conductor, Bocherer and Schulze-Pillot [4] showed that
an inverse Shimura lift comes from ternary quadratic forms if and only if the curve has analytic
rank zero. In the examples below we consider levels that are neither odd and square-free but
the result of Bocherer and Schulze-Pillot still seems to hold.

We do not give details of how to compute S,(IN,xq) or the intersection Sy(N, xq) N
S3/2(N, Xa, #). We merely point out that it is straightforward to compute a basis for the space
Sq(N, xq) with the help of an algorithm of Dickson [10, 16] for computing quadratic forms of
a given level and character up to equivalence. Computing the intersection with Ss/5(N, xa, ¢)
is easy using a suitable adaptation of our Theorem 2, and a result of Bungert |7, Proposition 4]
for computing the Hecke action on theta series.

We note here that expressing the forms in S3/5(N, X, ) in terms of ternary quadratic forms
has a big advantage in running time for the computation of coefficients of such modular
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forms for large values of n and, hence, for the computation of critical values of the L-functions
for large twists of ¢. In Example 2 below the run time for computing the first 10° coefficients
of the theta series is just 304.200 s on a modest laptop while the same computation takes
over 36 CPU hours if we do not use the representation in terms of ternary quadratic forms.
Similarly in Example 1 the run time for computing the first 10° coefficients of the theta series
is 358.820 s.

NoOTATION. We will denote by [a, b, ¢, 7, s, t] the ternary quadratic form given by ax? + by? +
cz® +ryz + sz + txy.

ExXAMPLE 1. Let E be an elliptic curve of conductor 50 as in Proposition 1.1. Let ¢ be the
newform corresponding to F,

p=q+¢ - +q*—¢®—2¢" +¢* —2¢° — 3¢" + O(¢"?).

Note that 15(50) =1, hence ps is not supercuspidal and we can apply Waldspurger’s theorem.
We get that Ny =100 and S3,5(100, X4riv, ¢) has a basis consisting of fi and f; where

fi=q+q¢" =" —q¢" —2¢" + 0(¢") Zanq,

fo=a" =" +4¢* — ¢ +2¢" + 0(¢") anq

In fact, it turns out that f1 = (g, — 0g,)/2 and fo = (6o, — 9Q4)/2 where @Q; are the ternary
quadratic forms in Proposition 1.1. This can now be proved along similar lines to Theorem 10.

Again we can compute the order of HI(E_,,/Q) assuming that the Birch and Swinnerton-
Dyer conjecture holds. For example, we get that

IIII(E_g315/Q)| = 33% = 1089.

We can further consider the real quadratic twists F,,. For this we work with the elliptic curve
FE_1 of conductor 400,

E_1:Y?2=X34+ X? 48X —172.

We can show that if 51n, then
L(E, 1
LB, 1) 2 if =1
Vn

/1
L(E177 1) : l ! C?L if <T51) = 715
n

where ¢, is the nth coefficient of the following linear combination of theta series of weight 3/2
and level 1600 coming from the ternary quadratic forms:

L(En7 1) =

1 1 1 1
5" 9[575,17,—2,—4,0] + 5’ 0[5,9,10,2,2,4] + 10 9[174,40070,0,0] ~ 10 ° 0[5,17,20,—8,0,—2]

1 1 1
— 10 0[5,17,20,4,4,2] + 10 9[8,13,20,12,8,4] — 5" 9[1,32,52,—16,0,0] + 5" 9[8,13,17,6,4,4]

=

1
0
+ 1 .0 _ 1 .0 + 1 ]
10 [4,5,400,0,0,—4] 10 [4,16,101,0,—4,0] 10 [400,100,1,0,0,0]
1

1 1
~ 10 '9[125,100,4,0,0,100] +5- 9[89,56,9,74,72,744] -5 '9[49,36,2924,22,16]

10
L.g L.g L.g
— 5 01400,13,8,4,0,0) — 15 * [100,25,17,10,0,0) T 15 * ?[52,32,25,0,0,16]
1 1 9
+ 5 053,33,25,-10,—10,—14] T 5 * 9[400,400,1,0,0,0] T 75 * #[400,25,16,0,0,0]
1
— 5 O201,201,4,4,4,2) + To 01224,80,9,—2,~8,~88] — 10 * 0[209,36,25,20,10,36]
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2.9 4.9 2.9
— 10 " ¥1129,100,16,0,—16,-100] — 7 * ¥[84,81,25,10,20,4] T 5 - U[89,49,41,~6,—14,—38]

2
*01400,29,16,16,0,0] T 5 * 0[125,100,16,0,0,100] — % * ¢[100,96,21,8,20,80]

1
5
+2.9 — 2.9 1+ 2.9
[84,69,29,2,12,28] — 5 " U[400,32,13,8,0,0] T 5 - V[117,52,32,—16,—24,—44]
1 1
+ 5 0[400,25,17,10,0,0] T 5 - 0212,48,17,8,4,48) + 15 * U[208,32,25,0,0,32]

U= = g o

1 1
- 0[212,33,25,-10,—20,—28] — 1g - U[208,33,32,32,32,16) — & * 0[113,52,32,16,8,52]-

Further, using root number arguments, we get that L(E_5,, 1) =0 whenever n # 3 (mod 8)
and L(Es,, 1) = 0 whenever n =5 (mod 8). We have been unable to derive similar formulae for
L(E_5,,1) when n =3 (mod 8) and for L(Ej,, 1) when n #5 (mod 8). We consider the twist
E5 whose conductor is again 50 and for which the minimum level to obtain non-zero Shimura
equivalent forms is 500, however no new information can be obtained from these forms.

EXAMPLE 2. This example formulates Theorem 11 in terms of ternary quadratic forms. Let
E:Y?=X3—1. Let n be a positive square-free integer such that n =1 or 2 (mod 3). Then

Q
L(E—na 1) = jﬁl ’ a?z

where a,, is the nth coefficient of the cusp form f of weight 3/2 and level 576 that can be
written as follows as a linear combination of theta series:

oo
[ = Z anq"”
n=1

S

1 1 1 1
{3 “0[1,36,45,-36,0,0) — 3 014,9,37,0-4,00 T 3 “0144,9,4,0,0,0) — 5 045,36,4,0,0,36]

—_

1
*01144,16,9,0,0,0] T 3 *0149,36,16,0,—16,—36] | T 3 01144,29,5,2,0,0]

1 1
“045,32,20,—16,—12,—24] + V2. <4 *0144,13,13,10,0,0] — 1 0[45736716,0,0,36]>

N = N

+
=

1 1 1
=0 —=-0 _ —-0 g — =0 _
(6 [1,4,144,0,0,00 ~ 5 * [4,4,37,0,~4,0] + 6 0045,36,00-4] ~ & " V[4,13,13,-10,0,0]

1 1 1 1

+ 3 - 001,20,32,~16,0,0] T 6 “0l4,5,29,-2,0,0) — 5 014,9,17,~6,0,0) T+ 5 0[144,16,1,0,0,0]
1 1 1

% - 0116,16,9,0,0,0) — 3 “01144,5,4,4,0,0 T 5 0(37,16,4,0,4,0] T 6 - 0116,13,13,10,0,0]
1 1 1

+ 6 0132,21,4,-4,0,—16] — 6 0(29,16,5,0,2,0] — B - 0[144,36,1,0,0,0] T 3 * 0[144,9,4,0,0,0]
1 1 1

% “0144,144,1,0,0,0] T 5 0149,36,16,0,—16,—36] + 3 0145,32,20,—16,—12,—~24]
1 1

) - 0132,20,20,22,16,16] — 5 t80,32,9,0,0,32] + 3 0(80,17,17,—2,—16,~16]
1

3 '9[41,32,20,16,20,s]>~

EXAMPLE 3. Let E:Y?2+Y = X3 — 7 be an elliptic curve of conductor 27 and let ¢ be
the corresponding newform. Using Corollary 4.1, we get that the local component of ¢ at 2
is not supercuspidal and hence we can apply Waldspurger’s theorem. We have the following
proposition.
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ProprosITION 8.7. With E as above let n be a square-free integer.
(i) Suppose that n=1 (mod 3). Let f be given by
1
n N 5 9 6
f= Z anq" 011,6,15,—6,0,0) T 5 5 V1447442 + 0[27,27,1,0,0,0]

1 1
— 0(28,27,4,0,4,0) — 3 027,742,000 — 3 0116,9,7,—6,—4,—6) T 0[31,16,7,4,2,16]-

If either v3(n) =1, or vr2(n) =0 and n=1, 5 (mod 8), then

L(F_4,1
L(E_p, 1) = (\;) a2,
n
Otherwise,
K
L(E_p,1)=—-d°
vno "

where k= /19 - L(E_19,1) ifn=3 (mod 8) and k =7 -L(E_7,1) ifn="7 (mod 8).
(ii) Suppose that n =0 (mod 3) and let n = 3m. Let h € S3/5(324, Xtriv, ¢) be the cusp form
having the following g-expansion

oo

h=q®— ¢ +2¢%° — g3 — 2¢*® — ¢ — 2¢% + ¢ + O(¢*) anq

Further suppose that (%§) = 1. If either vo(n) =1, or v(n) =0 and n =1, 5 (mod 8), then

/21
L(E_p,1) =L(E_o1,1) -/ = - 2.
n

K
L(E_,,1)=—-b?
where k =/3-L(E_3,1) if n=3 (mod 8) and x = /39 - L(F_39,1) if n=7 (mod 8).
(iii) If n=3m and (%)= —1, then L(E_,, 1) =0.
(iv) If n=2 (mod 3), then L(E_,,,1) =0.

Ifn=3,7 (mod 8), then

The proof of (i) and (ii) follows as in the previous examples, while for (iii) and (iv) one can
use root number arguments. We point out that the cusp form h which appears in (ii) does
not come from ternary quadratic forms. Moreover, since F is isogenous to F_3, for n positive
square-free L(E,,, 1) = L(E_3,, 1). Thus, using the above proposition we are able to compute
the critical values L(FE,,, 1) for all n square-free.

9. Tables

In this section we present tables of orders of Tate-Shafarevich groups for twists of some of
the elliptic curves considered in the previous section. We are assuming that the Birch and
Swinnerton-Dyer conjecture holds.

We first consider the elliptic curve E: Y? = X3 + X + 1 and use the formula in Corollary 8.4
to obtain the following table of orders of III(E_,,/Q) for positive square-free n < 2000 with
n=1,3,7 (mod 8) and L(E_,, 1) #0.

II(E_,/Q)| =1 for n= 15, 17, 23, 31, 43, 57, 65, 79, 89, 91, 105, 137, 145, 151, 155, 161, 179,
201, 215, 217, 239, 251, 263, 303, 305, 313, 321, 323, 337, 339, 393, 395, 399, 401, 403, 409,
465, 471, 527, 551, 571, 595, 601, 611, 619, 633, 651, 663, 673, 681, 697, 699, 705, 755, 759,
767, 787, 843, 849, 871, 879, 895, 921, 953, 959, 991, 1015, 1019, 1057, 1119, 1129, 1153, 1159,
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1171, 1193, 1201, 1209, 1235, 1255, 1257, 1271, 1329, 1339, 1355, 1367, 1385, 1401, 1441, 1479,
1481, 1545, 1553, 1615, 1633, 1641, 1649, 1673, 1689, 1691, 1729, 1731, 1735, 1751, 1759, 1767
1779, 1841, 1851, 1887, 1891, 1921, 1939, 1951, 1959

II(E_,/Q)| = 4 for n = 55, 73, 83, 167, 209, 223, 241, 259, 265, 331, 371, 385, 415, 449, 457,
491, 499, 587, 649, 695, 703, 761, 881, 983, 1023, 1047, 1049, 1067, 1115, 1139, 1145, 1199,
1295, 1297, 1379, 1407, 1439, 1463, 1483, 1577, 1579, 1603, 1655, 1687, 1703, 1705, 1793, 1811
1889, 1903, 1913, 1915, 1937, 1979, 1999

II(E_,/Q)| =9 for n= 115, 119, 123, 177, 203, 247, 271, 291, 347, 427, 433, 447, 455, 489,
523, 579, 615, 713, 719, 739, 743, 771, 817, 823, 827, 863, 899, 905, 911, 943, 951, 1003, 1065
1191, 1195, 1231, 1239, 1267, 1313, 1319, 1391, 1417, 1491, 1505, 1511, 1515, 1531, 1635, 1695,
1711, 1819, 1897, 1977, 1983

|II(E_,,/Q)| =16 for n= 353, 463, 643, 647, 859, 947, 1097, 1111, 1147, 1243, 1345, 1363,
1387, 1393, 1419, 1447, 1487, 1571, 1643, 1667, 1697, 1835, 1855, 1943, 1945, 1987

III(E_,/Q)| = 25 for n = 327, 487, 553, 623, 923, 1207, 1263, 1315, 1455, 1543, 1607, 1627
1747, 1763, 1995

The following is data for higher orders of III(E_,, /Q) which are attained for n as above with
n < 10 000:

II(E_,/Q)| = 36 for n = 383, 635, 967, 2347, 2351, 2383, 2411, 2563, 3155, 3391, 3743, 4091,
4367, 4487, 4519, 4591, 4609, 5323, 5327, 5393, 5423, 5467, 5479, 5555, 5657, 5659, 5803, 5883,
5963, 6691, 6863, 7159, 7215, 7297, 7307, 7343, 7559, 7567, 7607, 7639, 7895, 7963, 8159, 8283,
8515, 8635, 8683, 9047, 9385, 9631, 9665, 9667, 9787, 9791

II(E_,/Q)| =49 for n = 1623, 1753, 2337, 2603, 2927, 2999, 3153, 3279, 3347, 3563, 4043,
4115, 4331, 4507, 4555, 4955, 4971, 5199, 5347, 5595, 5795, 5955, 6131, 6227, 6447, 6593, 6663,
6695, 7123, 7283, 7545, 7591, 7687, 7951, 8071, 8135, 8259, 8407, 8431, 8455, 8567, 8755, 8835,
8897, 8923, 9609, 9771, 9827, 9839

III(E_,/Q)| = 64 for n= 1007, 1727, 2183, 2243, 2455, 2555, 2723, 3763, 3905, 4963, 5137,
5417, 6587, 6935, TA67, 7483, 7811, 8273, 8737, 9343, 9923

III(E_,/Q)| =81 for n= 1567, 2683, 2931, 3247, 3323, 3547, 3587, 3855, 3867, 6087, 6305
6403, 7153, 7223, 7339, 7833, 7993, 8227, 8447, 8779, 8887, 8895, 9327, 9393, 9931

|II(E_,/Q)| =100 for n = 2827, 3463, 4103, 4543, 5207, 5663, 6847, 7415, 8011, 8015, 8335,
8393, 9143, 9323, 9379

ILI(E_, /Q)| = 121 for n = 2743, 5703, 7451, 7703, 7873, 7903, 8795, 8983, 9755, 9763
(E_,/Q)| = 144 for n = 3307, 4643, 9497, 9995

(E_,/Q)| =169 for n = 3687, 6527
(E_,/Q)| =196 for n = 7867, 9355
(E_,,/Q)| =225 for n= 7143
II(E_,,/Q)| =289 for n = 5003, 6823, 8903

EEEEE

Moreover, using Corollary 8.5 we obtain the following list of positive square-free n < 10 000
with n=1,3,7 (mod 8) and (57)=—1 such that d, =0. Hence, for these values of n,
Rank(F_,) > 2, assuming that the Birch and Swinnerton-Dyer conjecture holds.

11, 127, 139, 185, 199, 367, 451, 511, 519, 561, 569, 631, 641, 737, 799, 809, 835, 883, 889
897, 929, 985, 987, 995, 1009, 1081, 1091, 1131, 1137, 1169, 1177, 1283, 1443, 1499, 1561, 1563,
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1639, 1739, 1801, 1871, 1873, 1883, 2207, 2409, 2441, 2479, 2495, 2571, 2627, 2785, 2905, 2935,
3081, 3121, 3143, 3289, 3343, 3377, 3431, 3487, 3499, 3551, 3561, 3799, 3927, 3929, 3959, 4145,
4177, 4200, 4339, 4355, 4395, 4415, 4463, 4481, 4663, 4735, 4811, 4921, 5017, 5169, 5335, 5345,
5449, 5561, 5579, 5665, 5671, 5779, 5793, 5849, 5889, 5919, 5951, 5969, 5979, 5995, 6007, 6031,
6153, 6193, 6211, 6289, 6409, 6465, 6491, 6505, 6719, 6739, 6761, 6857, 6895, 6911, 6959, 6967,
6999, 7023, 7195, 7207, 7265, 7315, 7331, 7359, 7513, 7601, 7643, 7711, 7777, 7815, 8139, 8201,
8241, 8249, 8363, 8369, 8507, 8691, 8769, 8807, 8889, 9127, 9129, 9281, 9311, 9313, 9415, 9417,
9515, 9543, 9551, 9591, 9647, 9795, 9851, 9895

Next we consider the curve E:Y?2 = X3 —1. We use Theorem 11 to obtain the orders of
II(E_, /Q) for n < 100 000 positive square-free with n = 1,2 (mod 3) and L(E_,,, 1) # 0. Here
we present a table for values of such n with |III(E_, /Q)| > 256.

|II(E_,,/Q)| = 256 for n = 33997, 35341, 38821, 48109, 50893, 62 261, 62821, 65285, 70573,
71501, 73309, 75493, 77773, 77797, 84157, 85277, 85333, 89045, 90037, 94 813, 96 613, 97 205

[II(E_,/Q)| = 289 for n = 12893, 14717, 14845, 27893, 28 661, 30029, 37 589, 37621, 39821,
41189, 44789, 45293, 45 677, 45869, 53 149, 53 437, 55061, 55 313, 58 757, 62 989, 68 141, 68 501,
72077, 72301, 72341, 73421, 80317, 80533, 80 813, 82 141, 85 165, 86 357, 87 485, 87 797, 89 501,
89909, 93497, 93565, 95021, 95717, 96221, 96 989, 97 397

II(E_,/Q)| = 324 for n = 34501, 64237, 79693, 82 549

ITTI(E_,,/Q)| = 361 for n = 18773, 30341, 31541, 31 765, 40949, 43517, 43853, 48 341, 49 789,
58733, 59021, 61949, 63773, 69 541, 71693, 75 269, 75949, 76 957, 78 893, 83 093, 83 597, 86 077,
86341, 86813, 86981, 88045, 92357, 93629, 95429, 95957, 96 157, 98 269

II(E_,/Q)| =400 for n = 52261, 64693, 66 373, 80 029

IIII(E_, /Q)| = 441 for n = 15629, 23957, 24533, 49157, 53 549, 66 029, 68 813, 70853, 71 893,
82333, 82781, 86837

[I(E_,/Q)| = 484 for n = 83677, 92797

II(E_,/Q)| = 529 for n = 40829, 51869, 70 157, 70877, 73517, 76 541, 77213, 79901, 83117,

86117

|II(E_,/Q)| =576 for n = 60037, 85669, 99109, 99 469

|II(E_,,/Q)| =625 for n = 56605, 57221, 60101, 61 757, 85853, 92237, 95653
|II(E_,/Q)| =729 for n = 57557, 65309, 69221, 71741, 71837, 82613, 88661, 98573
|II(E_,,/Q)| =841 for n = 76733

III(E_,/Q)| = 1089 for n = 74933

|II(E_,,/Q)| = 1225 for n = 78797

Acknowledgements. This article is part of my thesis and I would like to thank my advisor
Professor Samir Siksek for suggesting this problem and for several helpful discussions. I am
grateful to Professor John Cremona and Dr Neil Dummigan for careful reading of my thesis
and for providing valuable insights and suggestions. I am grateful to the referee for providing
many helpful remarks and suggestions and pointing out many useful references.

https://doi.org/10.1112/51461157013000144 Published online by Cambridge University Press


https://doi.org/10.1112/S1461157013000144

EXPLICIT APPLICATION OF WALDSPURGER’S THEOREM 245

References

1. A. O. L. ATkIN and W. L1, ‘Twists of newforms and pseudo-eigenvalues of W-operators’, Invent. Math.
48 (1978) 221-243.

2. E. BARUCH and Z. Mao, ‘Central value of automorphic L-functions’, Geom. Funct. Anal. 17 (2007)
333-384.

3. J. Basmayjl, ‘Ein Algorithmus zur Berechnung von Hecke-Operatoren und Anwendungen auf modulare
Kurven’, PhD Dissertation, Universitdt Gesamthochschule Essen, Mérz, 1996.

4. S. BOCHERER and R. SCHULZE-PILLOT, ‘Vector valued theta series and Waldspurger’s theorem’, Abh. Math.
Semin. Univ. Hambg. 64 (1994) 211-233.

5. W. BosMma, J. CANNON and C. PLAYOUST, ‘The magma algebra system I: the user language’, J. Symbolic
Comput. 24 (1997) 235-265; see also http://magma.maths.usyd.edu.au/magma/.

6. D. Bump, Automorphic forms and representations, Cambridge Studies in Advanced Mathematics 55
(Cambridge University Press, 1996).

7. M. BUNGERT, ‘Construction of a cuspform of weight 3/2’, Arch. Math. 60 (1993) 530-534.

8. H. COHN, A classical invitation to algebraic numbers and class fields (Springer, 1980).

9. I. CONNELL, ‘Calculating root numbers of elliptic curves over Q’, Manuscripta Math. 82 (1994) 93-104.
10. L. E. DIckKSON, Studies in the theory of numbers (The University of Chicago Press, Chicago, IL, 1930).
11. Y. FLICKER, ‘Automorphic forms on covering groups of GL(2)’, Invent. Math. 57 (1980) 119-182.

12. A. HAMIEH, ‘Ternary quadratic forms and half-integral weight modular forms’, LMS J. Comput. Math. 15
(2012) 418-435.

13. N. Karz, ‘Galois properties of torsion points on Abelian varieties’, Invent. Math. 62 (1981) 481-502.

14. N. KoBLITZ, Introduction to elliptic curves and modular forms, Graduate Texts in Mathematics 97
(Springer, 1993).

15. W. KOHNEN, ‘Newforms of half-integral weight’, J. reine angew. Math. 333 (1982) 32-72.

16. J. LARRY LEHMAN, ‘Levels of positive definite ternary quadratic forms’, Math. Comp. 58 (1992) 399-417.

17. Z. MAO, ‘A generalized Shimura correspondence for newforms’, J. Number Theory 128 (2008) 71-95.

18. S. PURKAIT, ‘On Shimura’s decomposition’, Int. J. Number Theory, to appear,
doi:lO.1142/8179304211350036)(.

19. C. L. SIEGEL, Uber die analytische Theorie der quadratischen Formen, Gesammelte Abhandlungen 1
(Springer, Berlin, 1966) 326—405.

20. J. P. SERRE, A course in arithmetic, Graduate Texts in Mathematics 7 (Springer, 1973).

21. G. SHIMURA, ‘On Modular forms of half integral weight’, Ann. of Math. (2) 97 (1973) 440-481.

22. G. SHIMURA, ‘The critical values of certain zeta functions associated with modular forms of half-integral
weight’, J. Math. Soc. Japan 33 (1981) 649-672.

23. J. H. SILVERMAN, The arithmetic of elliptic curves, Graduate Texts in Mathematics 106 (Springer, 1986).

24. J. H. SILVERMAN, Advanced topics in the arithmetic of elliptic curves, Graduate Texts in Mathematics 151
(Springer, 1994).

25. J. STURM, ‘On the congruence of modular forms’, Number theory (New York, 1984-1985), Lecture Notes
in Mathematics 1240 (Springer, Berlin, 1987) 275-280.

26. J. TATE, ‘Fourier analysis in number fields and Hecke’s zeta-functions’, Algebraic number theory, (eds
J. W. S. Cassels and A. Frohlich; Academic Press, 1967) 305-347.

27. J. TATE, ‘Number theoretic background’, Automorphic forms, representations, and L-functions, Proc.
Sympos. Pure Math. XXXIII 2 (1979) 3-26.

28. J. B. TUNNELL, ‘A classical Diophantine problem and modular forms of weight 3/2’, Invent. Math. 72
(1983) 323-334.

29. M. F. VIGNERAS, ‘Valeur au centre de symétrie des functions L associées aux formes modulaires’, Séminaire
de Théorie de Nombres, Paris, 1979-1980, Progress in Mathematics 12 (Birkhduser, Boston, MA, 1981)
331-356.

30. J. L. WALDSPURGER, ‘Sur les coefficients de Fourier des formes modulaires de poids demi-entier’, J. Math.
Pures Appl. 60 (1981) 375-484.

31. S. YOsHIDA, ‘Some variants of the congruent number probelm IT’, Kyushu J. Math. 56 (2002) 147-165.

Soma Purkait
Mathematics Institute
Zeeman Building
University of Warwick
Coventry, CV4 7TAL
United Kingdom

soma.purkait@warwick.ac.uk

https://doi.org/10.1112/51461157013000144 Published online by Cambridge University Press


http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
http://dx.doi.org/10.1142/S179304211350036X
mailto:soma.purkait@warwick.ac.uk
https://doi.org/10.1112/S1461157013000144

	1. Introduction
	2. Shimura decomposition
	3. Correspondence between Dirichlet characters and Hecke characters on AQ×/Q× of finite order
	4. Local components of the automorphic representations associated to modular forms of even integer weight
	5. Waldspurger's theorem and notation
	6. Periods
	7. Modular forms are determined by coefficients modulo n
	8. Applications of Waldspurger's theorem
	8.1. A first example
	8.2. Second example
	8.3. Example with a non-rational newform
	8.4. Ternary quadratic forms and Tunnell-like formulae

	9. Tables
	References

