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Abstract

In any regular semigroup with an orthodox transversal, we define two sets R and L using Green’s
relations and give necessary and sufficient conditions for them to be subsemigroups. By using R and L,
some equivalent conditions for an orthodox transversal to be a quasi-ideal are obtained. Finally, we
give a structure theorem for regular semigroups with quasi-ideal orthodox transversals by two orthodox
semigroups R and L.
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1. Introduction and preliminaries

The concept of inverse transversal of a regular semigroup was first introduced by
Blyth and McFadden in 1982 [3]. Since then, this class of regular semigroups
has attracted several authors’ attention and a series of important results have been
obtained [1-3, 8—11]. If § is a regular semigroup, then an inverse transversal of S is
an inverse subsemigroup S¢ such that S° meets V(a) precisely once for each a € S
(that is, [V (a) N S°| = 1), where V(a) = {x € S | axa = a and xax = x} denotes the
set of inverses of a. The intersection of V(a) and S? is denoted by Vso(a) and
the unique element of Vso(a) is denoted by a®. It is well known that the sets
I={ecS|ee’=¢}and A={f eS| f°f =f} are left regular and right regular
bands, respectively, and play an important role in the study of regular semigroups
with inverse transversals. Other interesting subsets of Sare R = {x € § | x°x = x°x??}
and L ={x € S | xx? = x?x°}. Both R and L are subsemigroups with R left inverse
(or R-unipotent) and L right inverse (or L-unipotent). Moreover, R N L = S° and
E(R)=1, E(L) = A, where E(S) denotes the idempotents of S. By using R and
L, Saito [9, 10] gave some structure theorems of regular semigroups with inverse
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transversals, while Blyth and Almeida Santos [1, 2] classified the inverse transversals
and gave some equivalent conditions for the inverse transversal S’ to be a quasi-
ideal (defined below). Orthodox transversals were introduced by Chen [4] as a
generalization of inverse transversals, and an excellent structure theorem for regular
semigroups with quasi-ideal orthodox transversals was also given. Afterwards, Chen
and Guo [5] considered the general case of orthodox transversals and investigated
some properties concerning the sets / and A. Similarly two sets R and L (defined
below) are shown to play an important role in the study of orthodox transversals.
In this paper, we investigate some properties concerning R and L, and obtain some
results that are parallel to the corresponding results on regular semigroups with inverse
transversals. The main objective of this paper is to give a structure theorem for the class
of regular semigroups with quasi-ideal orthodox transversals.

In a previous publication [7] we constructed regular semigroups with quasi-ideal
orthodox transversals by a formal set (B, R), where R is a regular semigroup with a
right ideal orthodox transversal S° and B a band with a left ideal orthodox (in fact,
band) transversal E°. Evidently, there are different conditions on the structural ‘brick’
B and R. The present paper corrects this asymmetry by giving a new construction
of regular semigroups with quasi-ideal orthodox transversals by way of two regular
semigroups R and L. The semigroups R and L share a common orthodox transversal
S¢, which is a right ideal of R and a left ideal of L. Many of the conditions on R and
L are symmetric and one is weaker than that in [7] (that is, if x € §? or a € §° then
a * x = ax in this paper; instead of if x € E° or e € E°, then e * x = ex in [7]).

Let S be a semigroup and §° a subsemigroup of S. Then S is said to be an orthodox
transversal of S if the following conditions are satisfied.

(1.1) Foralla € S, Vso(a) # 0.
(1.2) Ifa, b € S and {a, b} N S? # @, then Vgo(a)Vso(b) C Vso(ba).

Note that, if S is an orthodox transversal of S, then S is a regular semigroup
by (1.1) and §° is an orthodox subsemigroup of S by (1.2).
A subsemigroup S° of § is said to be a quasi-ideal of S if S°SS° C S°.
The following theorem will be frequently used without further mention.
(1.3) Let e and f be D-equivalent idempotents of a semigroup S. Then each element
a of R, N L has a unique inverse a’ in Ry N L., such thataa’ =eanda’a = f.
(1.4) Let a, b be elements of a semigroup S. Then ab e R, N L if and only if
L, N Ry contains an idempotent.

Finally, we list two basic results that are used in this paper.

LEMMA 1.1. [5] Let §° be a subsemigroup of S and Vso(a) # 0 for each a € S. Then
the following conditions are equivalent:

(1) 8¢ is an orthodox transversal of S;
(2) IE(S)CS 1, E(S))AC A, E(S°)] S E(S), AE(S?) C E(S).
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LEMMA 1.2. [5] Let S° be an orthodox transversal of S. Then the following
conditions are equivalent:

(1) [Iisaband;
2) ESYHICI;
B) (VfeD)@A[reES), [FLSf) fFES)f S ES);
@ (Ve ek, fLf) [FES)f S ES).

We adopt the terminology and notation of [4, 6, 8].

2. Some properties

We begin this section by investigating some elementary properties of the sets R
and L. For any result concerning R there is a dual result for L, which we list but omit
its proof.

THEOREM 2.1. Let S be a regular semigroup with an orthodox transversal S°. Let

R={xeS|(Vx°e€Vs(x)) Ax% € Vso(x?)) x°x = x°x°},
L={acS|Va’eVs(a)) 3a’ € Vs (a®) aa’ =a’a’}.

Then

R={xeS| 3y’ €Vs(x),Iy” € Vse(y?)) y’x = y’y*’}
={xeS|(3e’ € E’ xLe’},

L={aeS|@b° e Vs(a),Ib% € Vso(b°)) ab’ = b*°b°}
={aeS|3f°eE’aRf).

PROOF. It is evident that
R={xeS|(Vx?e€Vs(x)) (Ax°° € Vgo(x?)) x = xx°x°}.

For the first equation, we only need to show that, for x € S, if there exist
v2 € Vso(x), y?° € Vso(y?) such that y°x = y°y?°, then x € R. We notice that
xLy°x = y°y? since y° € Vso(x). For x?, y° € §°, x e V(x°) N V(y°) # 0, by [5,
Lemma 2.2] we have Vso(x?) = Vgo(y?), so y°° € Vso(x?). So xLy°y°° Lx°y°° and
hence x = xx?y?°. Thatis, x € R.

For the second equation, if x € R, then xLx°x = x°x%° € E(S°). Conversely, if
there exists e’ € E? such that x Le?, then for any x° € Vgo(x), x°Rx°xLxLe®, thus
x°x € E° by [5, Theorem 2.4]. So x°xR5°x° and thus there exists x%° € Vo (x9)
such that x°x = x°x°° since every idempotent in R0 is of the form x°x®" for some
x°" € Vso(x?). Therefore x € R, and the theorem is proved. O

Notice that
I={ecElS)|(Qe*cE%eLle*), A={fecEWS)|AfTeE’ fRf,

and by Theorem 2.1, we have the following result.
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COROLLARY. Let R and L be as in Theorem 2.1. Then RN L = S° and E(R) =1,
E(L)=A.

As we know, I and A are subbands of S if S° is an inverse transversal of S (see [11]).
But in general, the corresponding result fails to be true if §° is an orthodox transversal
of § (see [5]). In [5], Chen and Guo proved, in general, that if S is an orthodox
transversal of S, then the semibands I and A generated by I and A respectively are
bands, and they also gave some equivalent conditions for /, A to be bands. By R and
L, we obtain an equivalent condition for / and A to be bands, which is parallel to the
result on regular semigroups with inverse transversals.

THEOREM 2.2. Let S be a regular semigroup with an orthodox transversal S°. Then
R (L) is a subsemigroup of S if and only if I (A\) is a subsemigroup of S.

PROOF. Suppose that R is a subsemigroup of S. Lete, f € I. Thene, f € R and
so ef € R since R is a subsemigroup. Also we have ef € E(S) by [9, Theorem 2.6],
whenceef €e E(S)NR=1.

Conversely, suppose that / is a subsemigroup of § and let x, y € R. Then

xy — xx()xOOyyOyOO
= x- xoxooyyo . x()xOOyyO . yOO

— xy . yoxo . xOOy‘
By the definition of an orthodox transversal, we have y°x? € Vg0 (x°°y), and so

00 ,,0,.0 .00

Yox? - xy =y y?yoxx®yy -y
E yO . yOOyOEO . yyO . yOO
Cy?-E°-y% (since yy° €I, yy°Ly’’y° € E°)
C E°.

00

So we have xy = xy - y°x? - x?°yLy’x? - x°°y € E’; by Theorem 2.1, xy € R. O
LEMMA 2.3. Let S be a regular semigroup with an orthodox transversal S°. If x € R
ory €L, then Vso(y)Vse(x) C Vso(xy).
PROOF. If x € R, then for any x° € Vgo(x) there exists x°° € Vso(x°) such that
x%x = x°x°°. For any y° € Vso(y),

x%xyy’® =x°x%°yy° € E(S°)A C E(S)
and

yy°x°x = yy°x°x°° € IE(S°) C E(S).

Thus
xy - y°x% xy=x-x%xyy° - x°xyy’ -y =x - x%°xyy° -y = xy

https://doi.org/10.1017/51446788708000566 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788708000566

[5] A new construction for regular semigroups 181

and
yOxD . xy . yOxO — yO . yyoxox . yy0x0x . xO — yO . yyoxox . xO — y0x0.
For the choice of x? and y°, we have Vgo(y)Vso(x) C Vso(xy). O

THEOREM 2.4. Let S be a regular semigroup with an orthodox transversal S°. Then
the following statements are equivalent:

(1) 89 is a quasi-ideal;

(2) E(S°)I S E(S%), AE(S?) S E(S°);

(3) AIC S

(4) SS°CR,S°SCL;

(5) Risaleftideal and L is a right ideal of S.

PROOF. Obviously, (1), (2) and (3) are equivalent.

(1) implies (4). If (1) holds, then yx°L(yx?)°yx? € §° N E(S) = E(S°), whence
SS§? € R; and dually S°S C L.

(4) implies (5). If (4) holds, then forany x € S and y € R, we have xy = xyy°y?’ €
SS§? C R, whence SR C R; and dually LS C L.

(5) implies (3). If (5) holds, then for [ € A and i € I, there exist i°, [° € E(S?),
such thati =ii?, [ =[°l. Thus

li=1ii°cSS°CSRCR and li=I0°lieS°SCLSCL,
whence /i € R N L = S? and we have (3). O

THEOREM 2.5. Suppose thata, a’ € L and ala’, y,y € R and yRy'. Then
¥y Vso(d'yhd'a’ S Vso(ay),
where y° € Vso(y) N Vso(y'), a® € Vso(a) N Vso(a').

PROOF. Take s € Vso(a'y’). Then

ay(y°y'sa’a®)ay = ay'sa’y = aa’a’y'sa’y'y°y = aa®a’y'y’y = ay
and
°y'sa’a®)ay(y°y'sa’a®) = y°y'sa’y'sa’a® = y°y'sa'a’. O

3. The main theorem

The main objective in this section is to give a structure theorem for regular
semigroups with quasi-ideal orthodox transversals. In what follows R denotes a
regular semigroup with a right ideal orthodox transversal S°. Then by [7, Lemma 1],
E(R) =1 is a band, consequently R is an orthodox semigroup and we will denote
the minimum inverse semigroup congruence on R by y. For a € R, the R-class of R
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containing a will be denoted by R, and the y-class containing a will be denoted by
T (a). Then T (a) N §? = Vso(a) and by [5, Theorem 2.6] and since R is orthodox,

Veo@ N Vs (D) £0 >  Vsola)=Vso(b) <= T(a)=T(b)
foralla, b € R.
We define K (a) = K(b) if R, = R, and T (a) = T (b) for a, b € R and we define a

relation IC on R by (a, b) € K if K(a) = K(b). Then K is an equivalence relation
on R.

THEOREM 3.1. Let R and L be regular semigroups with a common orthodox
transversal S°. Suppose that S° is a right ideal of R and a left ideal of L. Let
L x R —> S8° described by (a, x) —> a * x be a mapping such that for any x, y € R
and foranya, b € L:

(1) (axx)y=ax*xxyandb(ax*x)=ba *x;
2) ifxeS°oraeS° thena*x=ax; and
(3) ifa,d €eLandald’,y,y € Rand yRY', then

Y7y Vso(a' % yha'a® € Vso(a x y),
where y° € Vso(y) N Vo ('), a® € Vgo(a) N Vso(a').
Define a multiplication on the set
I'=R/K|x|L/L={(Kx, La) € R/K x L/L| Vso(x) N Vso(a) # ¥}

by
(Kx, Lg) (Ky’ Lb) = (Kxx”(a*y)» L(a*y)y"b)-

Then T is a regular semigroup with a quasi-ideal orthodox transversal that is
isomorphic to S°.

Conversely, every regular semigroup with a quasi-ideal orthodox transversal can
be constructed in this way.

To prove this theorem, we give a sequence of lemmas as follows.
LEMMA 3.2. The multiplication in " is well defined.

PROOF. First it is easy to see that (Kyyo(qxy)» Lasy)yon) € I, since
(a*¥)°x%°x° € Vgo(xx°(a * y)) N Vso((a * y)y°b) # .
Let x?, x{ € Vso(x) N Vgo(a), then
Ryxo(asy) = Ruxfany) and T (xx%(ax*y)) =T (xx{(a xy)),

and hence the multiplication in I" is not dependent on the choice of x°. There is a dual
result for y°.
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Finally we prove that the multiplication in I" is not dependent on the choice of

x,a,y,b. Let
(KX7 La) = (KX’v LLI’)? (Ky9 Lb) = (Ky/v Lb/)
We then have
(Ky, Lg) (Kya Lp) = (Kxx”(a*y)a L(a*y)y"b)a
and

(Kx/, La/) (Ky/, Lb/) = (Kx’x”(a’*y’), L(a’*y’)y”b/)v

where x? € Vgo(x) N Vso(x) and y? € Vo (y) N Vo ().
Next we prove that T (xx°(a x y)) = T (x'x%(a’ * y')). Take s € Vgo(a’ * y’), then
y°y'sa’a® € Vso(a x y) by (3). Since S? is orthodox,

yOy/SXOOX() c VSU(X/xo(a/ * y/))’

y2y'sa’a’x?°x? = y°y'sx?°x? € Vgo(xx%(a * y)),

where x%° € Vgo(x?). So
Vso(xx%(a % y)) N Vso(x'x%(a’ %)) # 0
and hence Vo (xx%(a * y)) = Vso(x’x°(a’ * y')), that is
T(xx%axy))=T&'x%d *y'))

as required.

To show that Ryyo(axy) = Ry/xo(asy), notice that xx? =x'x? since xRx’" and
x° € Vgo(x) = Vgo(x'), and x°a = x°a’ since aLa’ and x° € Vgo(a) = Vso(a'). Take
s € Vso(a' % y'), then (a * y)° = y°y'sa’a® € Vso(a * y) by (3). So

xx%(a x y)Rxx%(a * y) (ax y)°x°°x° =e,

x'x%(a’ * yYRx'x%(a’ * y)sx?°x° = f.
Thus

/ /
e = xx()(a * y)yUy sa a()x()()x()

= xx%a * yy°y)sx?°x° (a'a’x°° = x’ since a’ € L)
=x'x%a % y)sx?°x°  (xx° =x'x° and yRyRyy?)
=x'x%a’ * y)sx°x° (x° € S and x%a = x°a’)

= f

Therefore Ryyo(asy) = Ry/xo(a/sy)- Dually we have Lgxy)yyop = Lasyyyop'- O
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LEMMA 3.3. The set ' is a semigroup.
PROOF. Lete, f, g €I, where e = (K, Ly), f = (Kx,, La)), 8 = (Kx,, Lg,). Then

(ef)g = (Kxx"(a*xl)’ L(a*xl)xfal) (Kx,, Lay)

= (Kxx"(u*xl) (axx1)°x%9x°(((axx1)x{ay)*x2) L(((a*xl)xi’al)*xz)xguz)

= (Kxx" (axx1)x{(ar*x2)» L(a*xl )x{ (ay *xz)xgaz) .

On the other hand,

e(fg) = (Kx, Lg) (lex?(al*xz)’ L(al*xz)xgaz)

= (Kxx"(a*xl)x‘l’(al*xz)a L(a*xl)xl”(al*xz)xé’az)-

Therefore (ef)g = e(fg). O

LEMMA 3.4. Let W ={(K,, Ly) | x € §°}. Then W is an orthodox subsemigroup of
I isomorphic to S°.

PROOF. We only need to notice that, for x, y € §°, (K, Ly) = (K, Ly) if and only
ifx =y. O
LEMMA 3.5. Lete = (K, L,). Put
M(e) = {(Kyo, Lyo) € W | x° € Vso(x)}.
Then Vi (e) = M (e).
PROOF. Take f = (Kyo, Lyo) € W, where x° € Vso(x). Then
(Kx, La) (Kxo, Lxo) (Kx, La) = (Kxxo(asx,)xo (x0xx)> L(axx?)x0 (x05x)x°a)

= (Kxx"ax"x""x"x ’ Lax"x""x"xx”a)

= (Kx , La)-
Also

(Kxo, Lxo) (Kx, Lg) (Kyo, Lyo) = (Kyoxxoxooxoqxo, Lxoxxoqxoxooxo)
= (KX07 on)'
Thus f € Vi (e).
Conversely, let f = (Kyo, Lyo) € Viy(e), thenefe=e, fef = f. So
(Kx’ La) (Ky"v Lyo) (Kx’ La) = (Kxxoay"xv Lay"xx"a) = (K)m La)y
(Ky”’ Ly”) (Kx, La) (Ky"7 Ly”) = (Ky”xx"ay"7 Ly"xx”ay”) = (Ky"’ Ly")-

Therefore x =xx°ay’x since x and xx°ay’x have a common inverse by
T (xx°ay®x) = T (x). Similarly y° = y°xx®ay®. Then x has an inverse

x# — xoyooxoxooxo — xoyooxo.
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On the other hand, x°y?°x? € Vso(xy“x); thus x and xy°x have a common inverse
and so x = xy°x. Similarly y’ = y°xy°. Hence y° € Vso(x) and therefore f € M(e).
Now the proof of the lemma is completed. o

LEMMA 3.6. The set W is a quasi-ideal orthodox transversal of T'.

PROOF. Take e = (K., L,) €', and x? € Vgo(x) N Vso(a). It follows from
Lemma 3.5 that Viy (¢) # @, and hence condition (1.1) holds. To check condition (1.2),
take f = (K, Ly) € W, where y € §°. Then ef = (Kyxoqy, Lay) since xx°(a *x y) =
xx%ay and (a x y)y°y = ayy’y = ay by the assumption y € §°. Now let

¢ =(Kyo, Lyo) € Vig(e), f'=(Kyo, Lyo) € Vi (f).

Then f'e’ = (Kyoxo, Lyoyo). Obviously xx“ay has an inverse

(xxnay)# — yoxoxooxo — yoxo.
That is to say, (Kyoxe, Lyoxe) € M(ef) and thus f’e’ € Vy (ef). Similarly we have
e’ f' € Vi (fe). Hence condition (1.2) holds and W is an orthodox transversal of T".
Take wi, wo € W and s € I'. It is a routine matter to show that wisw; € W, so W
is a quasi-ideal of I". O

Now we turn to prove the converse part of Theorem 3.1. Let S be a regular
semigroup and S° a quasi-ideal orthodox transversal of S. Let R and L be described as
in Theorem 2.1. Then R and L are orthodox semigroups with an orthodox transversal
S? which is a right ideal of R and a left ideal of L. For every (a,x) € L X R,
put a * x =ax. Then a x x = ax = a®a’axx°x°’ € §° since $¢ is a quasi-ideal of
S. Clearly the map satisfies (1) and (2). By Theorem 2.5 the condition (3) holds.
Therefore we get a regular semigroup I' in the same way as in the first part of
Theorem 3.1. Finally we shall prove that I" is isomorphic to S.

Let (Ky, Ly) € T'. Define 6 : T' — S by (K, L,)0 = xx°a, where x° € Vgo(x).
It is evident that, for every y° € Vso(x), xx°a = xy°a since xx°’aHxy’a and

yxx° € V(xx®a) NV (xy°a).

We first have to show that 6 is well defined. If (K, L;) = (K, Lp) then Ry = R,,
VS(’ (x) = Vso(y), La = Lb and so

xx°aRxx°RxRyRyy’Ryy°Dh,
xx°alx®alalbLy’bLyy°b.

Thus xx°aHyy°b and we also have
¥oxx° € V(xx°a) NV (yy°b).

Therefore xx°a = yy°b since no H-class contains more than one inverse of
some element.
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Take (K, Lq), (Ky, L) € T'. Then

((Kx, Lq) (Ky, Lp))0 = (Kxxoay, Layyb)0
= xx’ay(ay)’a”a’(ay)y’b
= xx%ayy’b
= (Kx, La)0(Ky, Lp)0,

and so 6 is a homomorphism.
For every x € S,

xx°x% e R, x%x°xe€L and x°¢€ Vgo(xx°x°?) N Vgo(x?°x°x),

(Kxxoxoa, anoxox)g :xxoxoo . Xo . )COO.XOX = X.

Therefore 6 is surjective.
Now let (Ky, Lg), (Ky, Lp) € I such that (K, Ly)0 = (K, Lp)0, thatis xx°a =
yy°b. So
xRxx°Rxx°a = yy’bRyy°Ry

and
alx®alxx’a=yy’bLy’bLb.

That is Ry =Ry and L, =L,. It is easy to see that x° € Vso(xx°a) and y° €
Vso(yy°b), so
Vso(x) = Vso(xx’a) = Vo (yy°b) = Vso (y).

Hence 6 is injective.
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