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1. Introduction

Let R be the set of real numbers, and let S; denote the class of all real valued
functions f on R which are smooth to the first order (i.e. the derivative f*) exists
and is continuous) and have compact support. The first order variation of f on
an open set U is given by

L(,U) = f 17D (x) | dx

and in the case where U = R we have the total first order variation of f, usually
denoted by I,(f).

L0 = [ roe]as
We wish to establish an alternative expression for the total first order variation.

Let P be the set on which f*) is non zero. Since P is open we can find a countable
collection of mutually disjoint open intervals (a;, by;) such that

p=U (alj’blj)
j=1

Now we define d; = | Sf(byy) —f(a, j)| > 0 and hence d; is the first order varia-
tion of f on the interval (a,;, b,;). Thus it is easily seen that

Il(f) = '§1 dj

We will show that the sequence {d;} can be rearranged to give a sequence {d; }
such that d;, =d; ,, for all n =1,2,-- and such that

n

d; = Er:— alln=1,2,--
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where ¢, — 0 as n —» oo . If, for each A > 0 we define the open set F, = {xlxeR
and 0 < f(x) <4} then it is possible to show that

lim I,(f,F;) = 0.

2-0
Let m be a natural number. We use S,,,; to denote the subclass of S; containing
all functions f which are smooth to order m + 1 (i.e. the (m + 1)th derivative
F™* D exists and is continuous). It seems intuitively reasonable that increased
smoothness in f will be associated with decreased first order variation. We
will show that it is now possible to write

ky
dj, = ot alln=1,2,

where k,—0 as n— ooand hence to show that

lim AYm*D=1 p (f,F) = 0.
A-0
It is now possible to explain the origin of the problem and to suggest an
extension and application of the above results. Let feL (the class of all

integrable functions). The first order variation of f on an open set U can be
defined as

1,(/,U) = sup f FEWD(x)dx
']

where the supremum is taken over all infinitely differentiable functions i such
that spt. () = U and with || <1 (we are using the uniform norm). This
definition can now be extended to cover more general sets. When U = R we
have the total first order variation I,(f). We use B, to denote the subclass of
L consisting of those f with compact support for which I,(f) is finite. We can
now use the co-area formula ([1]) to show that

lim I,(f,F,) =0

A—0
Following investigations by Michael ([5], [6], [7], ) and Goffman ([2], [3])
which make implicit use of this result it is possible to state the following theorem

“Let f € B; and choose ¢ > 0. We can find g€ S, such
that the set {xlxe R and f(x) # g(x)} has measure less
than ¢ and such that I,(g) <I,(f)+¢e.”’

Let m be a natural number. The (m + 1)th order variation of f on an open set
U can be defined as
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sl 20) = sup f FEOP™D (x)dx

where the supremum is taken over all infinitely differentiable functions y such
that spt(y) = U and with || < 1. This definition can now be extended to
cover more general sets. When U = R we obtain the total (m + 1)th order
variation. Let B,,,, denote the subclass of B, for which I, ,(f) is finite. For
m = 1, the method described above for smooth functions can be modified ([4])
to show that

lim AYM*D=L [ (fF) =0

A0
This result is then used to establish the theorem stated below

“Let feB,,, and choose e > 0. We can find g€ S,
such that the set {x I x € R and f(x) # g(x)} has measure
less than € and such that I,,,.,(9) < I,.,(f) +¢&”

It is believed that this theorem can be proved for all values of m and that the
work in this paper can be modified to provide a basis for the proof. It should
be noted however that, as in [4], these result may only provide a partial answer
to the corresponding theorem in RZ.

2. Variation in S,

Let fe S,. Since f* is continuous and has compact support it follows from
the integral definition that

L(f) <o

LeMMA 2.1. The sequence {d;} can be rearranged to a sequence {d; }
such that d; 2d; ., for all n = 1,2, - and in fact we can write

Cn

d =" alln=1,2
n

j"
where {c,} is bounded and has limit zero.

PROOF. Let D = {dj forallj = 1,2,.-}
D = d~|;>d->1 eachr =1,2,3,-
r My -1 I=r e

Since d; >0all j = 1,2, .- it follows that D = (J;%, D,.

Because X7, d; < oo it follows that each set D, is finite and hence the
sequence {d;} can be rearranged to give a sequence {d; } where d; =d; ...
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We define the sequence {c,} by letting ¢, = nd; . Now for each p = 1,2, -
we have

M=

d;, <L|(f)

n=1

Sopod;, < Il(f)
soe, <)

On the other hand if we take ¢ >0 we can choose N such that for each

p=1,2.- we have

N+p

Xz d; <e
n=N+1
L.p. djN+p <e

. A

.CN4p<E (1 + ?)

colimsup ey, <6
p=®

Since ¢ is arbitrary it follows that {c,} has limit zero.
LEMMA 2.2. For each A >0 we have

IL(f,F)SN.L+ X 4,

n=N+1

for all N =1,2,3, -

PRrROOF. Since F, is open

1L/, Fy) Lrwmna

Il

E | fP(x) | dx

i=1 Fon(agj-byy)

f FD(x)dx i
Fsn(ayj,bygy)

Now suppose d;= A Consider the case where

fla)) S0< A= f(by))
We can choose (¢;,{;) such that (¢;,{;) = F;N(a,;,b;;) and also f(¢;) = 0,
f€) =4

o«

x

j=1
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. J fPx)dx = f fOx)dx = A
Fis n(agj.by) €58
By using similar reasoning it can be shown in all cases where d; = A that

i f f“’(x)dx] <
Fy n(a1j,b1)

Now if we choose N,; such that
diwlgl>djwl+1

then we have
K

z

I,(f,F) < Npd + f O |
n=N,+1 Fz n(atjnbijn)

<N A+ g‘. } [ FP(x)dx ‘

n=N,+1

J(@rsnibjn) !

= Nl‘)' + Z d.ln
n=N;+1
and it is easily seen that for each N = 1,2, -

NA+ X d; SN+ X d,
n=N+1

n=N;+1

THEOREM 2.3 lim I,(f,F,) = 0.
A0

o

n=n+1 d;, <¢&2 and then choose

PRrOOF. Let £ > 0. Choose N such that X
A sufficiently small such that NA < ¢/2. It follows that

L(,F)SNi+ X d, <e¢

n=N+1

- lim I,(f,F;) = 0.

A0
3. Variationin S, ,
Let m be a natural number and suppose that f € S,,, ;. The (m + Dth order

variation of f on an open set U can be defined as

sl 0) = [ |10 )] ax
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and in the case U = R we have the total (m + 1)th order variation usually
denoted by I,,.,(f). Since f™*! jis continuous and has compact support it
follows from the definition that

Im+l(f)< 0.

Consider the intervals (ay;,b,;). If we write hy; = b;; — a;; and if we choose
L such that spt(f) <[ — L/2, L/2] then

X h ;L

ji=1

We define a,;€(ay;,by;) such that |f(a,))| 2 [f@ (x)| for all xe(ay;b,)).
Since a,; is a local extremum of f(x) it follows that f®(a,;) = 0.
Define b,; = inf{x|x> b,; and f®(x) = 0}. Obviously f® (b, ;) =0 and
we also know that if b;; < a,, then from the definition of b,; we have b,; < a,,.
Hence the intervals (a,;,b,;) are mutually disjoint. We also know that
by;€(az;, by;). If we write hy; = b,; — a,; then we have

We can deduce in addition that

|f(b1,) f(‘h,)l

1j — Ay; hl

(1) I IE

J

If m=1 we need not continue. Otherwise suppose that for some natural
number i with 2<i<m we have mutually disjoint intervals (a;;, b;;) with
fP(a;) = fP(by;) = 0 and with a point b,_,;€(a;; b;;] such that fU" (b))
= 0. Define a;,; € (a;;, b;y) such that |f(a;.))| 2 [P ()] for all xe(ay, by)).
Since a;44; is a local extremum of f(x) it follows that f¢*"(a;,,;) = 0. We
define b;,,; = inf {x|x = b;; and f9*"(x) = 0}. Obviously f*"(b;.,)) =0
and we also know that if blJ < a; then from the definition of b;,,; we have
bi+1; £ ais1 . Hence the intervals (a,,,;, b;.,;) are mutually disjoint. We know
that b;; € (a;4 1), biy ;] and if we write h;,,; = by, ; — a;,; then it is true that

Zh;SL
i=1
We also have

lf(i_ 1)(bi—lj) "f(i— 1)(aij) I

bi—lj - 4

|f(i)(ai+ 1,‘)‘ 2

and since f¢V(b,—;;) = 0 and hy; = b;; — a;; = b;_y; — a;; it follows that
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> (i_l) 2.
@ a2 —’f—hﬂ

By induction it follows that the intervals (a;;,;, b;+,;) can be defined for
eachi = 2,3, ..., m. Now since the intervals (a,,;, a,,+ ; ;) are disjoint it follows that

L) = LU™) 2 '>=:1 £ (@ 1) = f™ (a))|

() 2 'El ]f(m) (am+1j)]

and by repeated use of (2) and finally using (1) this becomes

=] d
3) L)z X 5

i=1 hmjhm—lj' 'h2.ih1f

It is convenient now to quote a standard inequality

LemMMA 3.1. Let x;; >0 each i = 1,---,m and each j = 1,---, p. Suppose
that Xf.y x;; S L foreachi =1,---,m. Then

LEMMA 3.2. The sequence {d;} can be rearranged to a sequence {d; }
such that d; = d; ., for all n=1,2,---and in fact we can write

Jn+1

d; = i— alln =1,2,--

In nm+1

where {k,} is bounded and has limit zero.
ProoF. Define k, = n™*'d;,. Now for each p =1,2,--- we have

14 d.
2 ! é m+1(f)

n=1 Pmjm=1j,-""h2;. 14,

. dip ("gl }T‘___‘l‘—"—) by Im+1(f)

N YT
k m+1
- pm-fl * me é Im+1(f)

. kp é Lm Im+ l(f)
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On the other hand if we take ¢ >0 we can choose N such that for
p = 1,2,--- we have

N+p d'
Z ______._‘l___._ < —_—
n=N+1 hmj,,"“ 'h2j,.h1j,. Lm

Thus as above we deduce that

kN+p pm+1 - e
(N+pmt L™ —L"

: m+1
Soknep< e( 1+ —];)

colimsup by, Zs

p~©

Since ¢ is arbitrary it follows that {k,} has limit zero.

THEOREM 3.3 Foreach AwithO0< A <1 we have

Al/("ﬁ.l)-lIl(f,F;_)él + (2L)mlm+1(f)
m

and in addition

lim AV DTL(f,F) =0

A0

PrROOF. Choose N such that 1/2N £ AV™*D < /N

LULFDSNA+ T d,

n=N+1

< Am/(m+1) + § Lm'1m+1(f)
N n=N+1 nmtl

<o g o [ 2
N

xm+1

L"1I N
_ am/(m+1) m+1
= A + “mN"

<{1+ (2L)"',I’,;l+1(f) } Jmi(m+
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Now choose ¢ >0, and find N such that
g £ m+1
k,,§2m(z) alln = N.

Take A sufficiently small that 0 < AY/™*1 < ¢/2N. Choose N; = N with

€ 1/(m+1) &
< —
an, =4 < 7N,
Now it follows that
s 2]
I(f,F) £EN/A+ X d,,
n=N;+1
< Emmen | F Z’ﬂ’i/f);";i
2 n=Ni+1 n"*
m+1 0
€ € dx
< 2, m/(m+1) _) It
_21 +2m(4' le i

m+1
— & smm+1) (i) 1
2./1 + 2m 3 N

< 8Am/(m+l)
Since ¢ was arbitrarily chosen it follows that

lim 2™ D71 [(f,F) = 0

i=0
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