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(rece ived August 11, i960) 

This note i s to complement the ear l i er paper on the same 
subject (Canad. Math. Bull . 3 ( i960) , 41-57) in two points. 
The f irst part presents a s impler proof of the minimum property 
(cf. 1. c. sect ion 3) of the orthogonal functions VJJV(X) (cf. 1. c. 
p. 46). In the second part we introduce another orthogonal 
sys tem of sect ional ly l inear functions X 0 (x) , . . . , X n (x) which 
leads to a particularly s imple interpolation formula. These 
functions appeared, mutat is mutandis , in the author1 s study on 
sect ional ly l inear functions over an infinite range about which a 
report wi l l be given e l s e w h e r e . 

1- Minimum property of the functions I}JV(X). Since the 
functions ^ ( x ) , . . » , ^ n ( x ) a r e l inearly independent, it wi l l be 
poss ib le to e x p r e s s the 4>v(x) as l inear combinations of the 
ijiv(x), v i z . 

4» • (x) - i|i (x), A ( x ) = I|I (x) - a{±\ . . . . 
O O 1 1 O 

• m w - * m ( X ) + p£> + m _ l W + £> V z W +... 
+ Pt")+ûW. . . . 

m o 
( n ) 

with certa in numerica l coeff ic ients p r . Hence 
m 

m o i l m - 1 m - i m 

with coeff ic ients t\ depending l inearly on the £ . Thus with 
regard to the orthogonality relat ions 

(2) (4i , + ) = 0 , 
u v 
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and 

(4): 
H P - M-

(f , f ) = <r « + cr TJ + 
m m o o 1 1 

m - 1 ! m - l m m 

This wi l l have i t s l eas t poss ib le value if al l r\ vanish , that i s 
if f (x) =I|I (x), q. e . d . H 

m m 

It need hardly be mentioned that this method of proof i s 
we l l known. 

2. An orthonormal s y s t e m of sect ional ly l inear functions. 
We cons ider the following s y s t e m of n + 1 sect ional ly l inear 
functions: 

X M = 4» (*) 
o 

X (x) = -
V X 

° x l - x o 
1 

1 V x > + xT^Z *2
(x)» 1 ~o 

x v + 1 x v - 1 
x v - 1 v ( x v + 4 - x v ) ( x v - x v _ 1 ) T v + l 4 + . .(x) 

4» . o< x ) x v + 1 - x*. • v + 2 

X ( X ) = Î 
n " 1 « b - 1 " " n - Z * n - l ( x ) 

(v = 1 , 2, . . . f n - 2 ) , 

^ n - * n - . 2 

(*n " ^ - l H ^ - l - X n - 2 ) n 
<t> (x), 

^ (x) = + (x). 
D X n - X n - I n 

X J x ) s 

It i s readily es tabl i shed that 

f 0 for x < x y - 1 

l inear increas ing for x v œ^ £ xjC x v 

1 for x = x v 

l inear decreas ing for x v £ x < x v + ^ 

0 for x>^ x v + l 

where for v = 0 the f irst two, for v = n the las t two en tr i e s are 
to be neg lec ted . These functions represent an orthonormal 
sys t em: 

<v *v>=w= {Vitiii 
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and therefore a bas i s of the space of all sectionally l inear 
functions over the partition V . 

n 

Any such function can thus be written in the form 

f(x) = 2 n b Y (x) 
v= o v A v 

with the coeff ic ients 

b = (f, x ) = f<x )• 
V ** V V 

The coeff ic ients , being the "vertex value sff of the function f(x), 
therefore require no computation at all . In particular one has 

<f> (X) = (X - X ) X ( X > + (X - X ) Y (X) + . . . 
V V V - l *"V V + i V - l ^ V + i 

+ (x - x ) Y (x), (v s 1, 2 , . . • , n), 
n v - l a n 

<f>o(x) = 1 = X0M + Xt(x) + . . . + Xn(x)» 

It may be pointed out that in the sum 

f(x) = S n f(x ) X (x) v=o v ^ v 

for every fixed value of x in the interval [a ,b ] at m o s t two , 
consecut ive , t e r m s are different from zero: If x < x < x » 

m— — m+1 

f(x) = f ( x ) X ( x ) + f ( x ) X x 4 ( x ) . 
m * m m+1 ^ m + l 
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