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ON THE MAGNITUDE OF INTEGER POINTS
ON ELLIPTIC CURVES

AKos PINTER

The known effective bounds for the magnitude of integer points on elliptic curves
are exponential in the “height” of curve. The bound given in this note is polynomial
in the height and depends slightly on the discriminant.

INTRODUCTION

One of the most classical diophantine problems is to describe the structure of
rational or integer points on elliptic curves. For the rational case we refer to [3] and
[11]. The first effective bound for the integer solutions z,y to the elliptic equation

(1) V¥ =2z+az+b=f(z) (a,b€Z, 4a®+ 270 #0)

was derived by Baker [1] in 1968. As usual, let H(f) and D(f) denote the height and
the discriminant of the polynomial f, respectively. Baker proved that all the solutions
z,y of (1) satisfy

max(|2|, y]) < exp{ (10°H($))"* }.

Later, this bound was improved by several authors (see [9, 12, 13]), but those estimates
are still exponential in H(f). Corresponding to certain related results in the function
field case (see (7] and [8]), Lang [6] conjectured that if (z,y) is an integral point on the
elliptic curve (1) then

ma.x(|:n| ’ Iyl) e H(f)k,

where ¢ and k are absolute constants. We remark that an affirmative answer to
Lang’s conjecture would solve Pillai’s conjecture, for instance, and some other classical
polynomial-exponential diophantine equations (see {10, Chapters 11, 12]). However,
Lang’s conjecture seems well beyond the reach of current techniques.

The purpose of this note is to point out that a recent result of [2] on Thue equations
gives a reasonable bound which is polynomial in the height of f.
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THEOREM. All the rational integer solutions z,y to the equation (1) satisfy

max (|z|, ly]) < H(f)* exp{(zp)cx(wﬂ)’}’

where P = P(D(f)) and w = w(D(f)) denote the greatest prime factor and the number
of distinct prime factors of D(f), respectively, and c; is an eflectively computable
absolute constant.

By the Nagell-Lutz theorem, Lang's conjecture is true for trivial elliptic curves
(when the Mordell-Weil group of the curveis trivial). We construct an infinite paramet-
ric family of non-trivial curves for which Lang’s conjecture is true. Let @ and b be fixed
in (1) and suppose that there exists a solution (z9,yp) to equation (1) such that y? does
not divide the discriminant of f (for example, a = —1,b =1 and (zo,¥0) = (56,419)).
By using the Nagell-Lutz theorem again it is easy to see that the curves

(2) ¥ = 2° + anta +bn® = fa(a),

with (n,y) =1 are non-trivial. Supposing n satisfies the inequality
n > exp{2P(nD(f))1(“PUNHDTY

our Theorem implies

yo - H(fa)"/? < max(|z],lyl) < H(fa)™.

PROOF OF THE THEOREM
The proof of the Theorem is a straightforward consequence of the following lemmas.

LEMMA 1. Let (z,y) € Z? be an arbitrary but fixed solution to (1). Then there
exists a binary form F, ,(X,Y) € Z[X,Y] of degree 4 with

H(F,,) <10*max (a*,|D(f)*) = M and D(F.,)=4°D(f),
furthermore, if the equation
F, 4(p,q) = £1 in integers p,q
implies max (|pl,lgl) < M, then
max (|2, ly]) < 70M* M.

ProOF: This result is essentially proved in [1, p.8], with the same constants.
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LEMMA 2. Let F(X,Y) be a binary form of degree n > 3 with non-zero discrim-
inant D(F). The equation
F(z,y) = £1 in integers z,y
implies
n (4 2
max |z, ly]) < H(f)*/" exp{(2P(D(F)))*(H«PEN+TY,
where ¢3(n) is an effectively computable constant depending only on n.

PROOF: Using an effective result of Evertse and Gydry [4, Lemma 11] on homoge-
neous S-unit equations in three variables and the argument of the proof of Theorem 1
in [2] one can see that

max (|z|, ly]) < H(F)*/™ exp {((w(D(F)) +2) - P(D(F))- |D|)°3(")(“’(D(F))+1)} ,

where D denotes the discriminant of the splitting field of the polynomial F(X,1) and
c3(n) is an effectively computable constant depending only on n. Finally, inequality
(9) of [2] completes the proof of Lemma 2.

COROLLARIES

In the sequel cy4,... ,co will denote effectively computable absolute constants. Ap-
plying the Theorem to the relation —276% — 4a® = D(f), we have

H(f) = max(|a|, [8]) < D(f)* exp{(2P)°4(“’+1)2}
and it leads to a bound independent of H(f).
COROLLARY 1. The equation (1) in integers z,y implies
max (|z[, |y]) < -D(f)sz9 exp{(zp)cs(w-%l)z}.

Let g(X) = a0 X® + a1X? + a3 X + a3 € Z[X] be a cubic polynomial with distinct
zeros. By a simple transformation, the equation

(2) ¥* = a0z’ + 12 + ar7 + a3 in integers z,y

can be written as

yl2 — 213 + a':c' +bl — h(zl)’
where y' = 27apy, z' = 9apz + 3a;, o' = 27(3aoa2 —af) and b = 27 (27a§a3+
2a3 — 9a9a,; az) . A simple calculation gives

o, H(h) < 10°H(g)*, D(h) = 3"%a§ D(g),

(3)  max(la],lyl) < max(le'], /1) + | 3-

and we obtain
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COROLLARY 2. All the rational integer solutions z,y to the equation (2) satisfy

< 1 .
max (|z|,|y]) < Zin, B;,

where

2
By = H(g)* exp {(2P)*1+1'}

B, = (a;‘;D(g))szg exp{(zpl)c7(wl+l)2} + e 5

’
3(10

Bs = exp {2 ((21}1)%(“’””)2 + (cﬁagD(g))Ggo)} + |aoas],

and P, = P(ayD(g)),w1 = w(aoD(g)).
PRrOOF: From the Theorem, Corollary 1 and (3) it follows that

(4) max (|z], |y|) < min (B, B,).

By a theorem of Gydry [5, Theorem 1] we get g(X) = ¢*(X + a) with some a € Z and
g* € Z|X] satisfying

(5) H(g*) < exp{es (aﬁD(g))w}.

The equation (2) implies g*(z + a) = y* for each solution, and inequalities (4) and (5)
yield

o < exp { (2P + (a3 D(5))™}.

Since |aoz| < (aoy)’ + |a§a3| , Corollary 2 is proved.

As the following example shows, the dependence upon the coeflicients is necessary.
Let m # 0 be a fixed rational integer and consider the family of elliptic equations

(6) gn(z) =2° —3nz’ + (3n* —)z—n®+n+m? =y in integers z,y,
where n > 3. One can verify that D(g,) =4 — 27m* and
(z,y) = (64m® — 8m? + n,512m° — 96m° + 3m)

is a solution to (6) (see [14]); that is, z > (1/5) |D(yn)|3/2 +n.
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