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Students are often ill-prepared for the leap in expectations within disciplines when
they make the transition from secondary to university-level instruction. Moreover,
another equally large challenge exacerbates these vertical disciplinary gaps. At all
levels, instruction takes place largely in disciplinary silos — in language and literature,
history, mathematics, science, and so on. Learning goals in these silos are often
phrased in very different language, e.g. ‘becoming a reader’ (or writer) in language
arts, ‘inquiry’ in science, and ‘problem solving’ in mathematics. Such horizontal gaps
result in instruction being far less coherent from the student’s perspective than it
might be. The Teaching for Robust Understanding framework, known as TRU,
may provide a means of addressing both kinds of gap. TRU focuses on the nature
of learning environments that support the development of students as powerful
learners. Through the lens of the TRU framework one can see commonalities across
disciplines and across grade levels, and shape instructional practices accordingly.
Within any particular discipline, treating students as active sense makers and arrang-
ing learning environments to provide opportunities for active sense making may help
to bridge the gap between secondary and higher education.

There are many differences in educational systems across Europe. However, as
indicated by the rationale for the ‘Mind the Gap: Bridging Secondary and Higher
Education’ conference discussed in this supplement, there is some homogeneity in
the challenges that students face when making the transition from secondary school
to university. The issues in the ‘United’ States are similar. The US is diverse in its array
of school systems at the pre-college and collegiate level. Each state has its own set of
standards and curricula for all content areas, resulting in commonalities but also sig-
nificant variation. There is great diversity at the collegiate level. There are widely dif-
fering graduation rates in privately and publicly funded two- and four-year institutions
in what has traditionally been the non-profit sector of the academic market. There is
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also a growing for-profit sector, which has been notorious for its high failure rates and
resulting student debt."! The ‘gap problem’ is very real.

Formally, the path to a Bachelor’s degree is four years for full-time students.
According to College Atlas (2019), 30% of college students in the US drop out after
their first year of college; 56% drop out by year 6 of their college career. Many factors
affect graduation (see Leonhardt and Chinoy 2019); but the high first-year dropout
rates point to a significant jump in expectations in colleges and universities.

The line of argument in this paper is general and a case will be made that it
applies to all disciplines, although most examples will be drawn from mathematics.

Vertical Gaps in Mathematics

Calculus straddles the border between secondary school and university, and versions
of calculus at the two levels often differ. This has long been an issue in the US.
‘Calculus reform’, which began in the 1980s (Douglas 1986), was the result of stu-
dents’ high failure rates in university calculus courses — whether or not those students
had studied high school calculus.
A survey by the Conference Board on the Mathematical Sciences (Anderson and
Loftsgaarden 1987) indicated that nearly 600,000 students were enrolled in first-year
Calculus I in American colleges and universities in the 1986-87 academic year.
Failure rates are alarmingly high. In mainstream calculus courses in 1986-87, only

46% students completed the entire first year calculus course with a grade of D or
better. (Ferrini-Mundy and Gaudard 1992, 56)

In 2012, the Mathematical Association of America (an association of mostly profes-
sional mathematicians at the college level) and the National Council of Teachers of
Mathematics (whose membership consists largely of pre-college mathematics teach-
ers) issued a Joint Position Statement on Teaching Calculus that tacitly acknowledged
the gap between many high school calculus courses and college-level instruction. It
recommended ‘the re-envisioning of the role of calculus in secondary and postsec-
ondary mathematics education’, suggesting that:

1. Students who enroll in a calculus course in secondary school should have
demonstrated mastery of algebra, geometry, trigonometry, and coordi-
nate geometry;

2. The calculus course offered in secondary school should have the sub-
stance of a mainstream college-level course;

3. The college curriculum should acknowledge the ubiquity of calculus
in secondary school, shape the college calculus curriculum so that it
is appropriate for those who have experienced introductory calculus in

1. It must be noted that the phrases ‘non-profit’ and ‘for profit’ do not adequately describe the situation.
Even in the non-profit sector, tuition and residency costs in the US are typically assumed to be the
student’s burden. They are often very high — many tens of thousands of dollars per year. Scholarships
or fellowships may mitigate some costs, but student debt has been a major public issue in the US. It
represents a significant challenge for those who graduate, who at least have a diploma to show for
their efforts.

https://doi.org/10.1017/51062798720000940 Published online by Cambridge University Press


https://doi.org/10.1017/S1062798720000940

S106 Alan H. Schoenfeld

high school, and offer alternatives to calculus. (Mathematical Association of

America and National Council of Teachers of Mathematics 2012).
Documentation of the calculus ‘problem’ in the US can be found in Bressoud et al.
(2015). But the US is hardly an outlier in this regard. The ‘calculus gap’ was a major
theme of the working group on calculus at the 13th International Conference on
Mathematics Education (see, for example, Bressoud et al. 2016) and a recent confer-
ence on Calculus in upper secondary and beginning university mathematics in
Norway (Monaghan et al. 2019).

Calculus represents just the beginning of the ‘gap problem’; gaps in expectations
widen as students progress through the mathematics curriculum. In K-12, learning
mathematics is typically focused on mastering and applying procedures with little
‘distance’ between what the students have been prepared to do and what they are
expected to do when assessed. In early college years, expectations for both greater
distance and more autonomy in learning represent the first major gap students
experience. But there is much more to come. As students advance the nature of
the demands on them changes, with the emphasis on applying methods diminishing
as the bulk of instruction turns to understanding and proving mathematical results.

Proof is a notoriously difficult mathematical concept for students. Empirical studies
have shown that many students emerge from proof-oriented courses such as high
school geometry [Senk 1985], introduction to proof [Moore 1994], real analysis
[Bills and Tall 1998], and abstract algebra [Weber 2001] unable to construct anything
beyond very trivial proofs. Furthermore, most university students do not know what
constitutes a proof [Recio and Godino, 2001] and cannot determine whether a pur-
ported proof is valid [Selden and Selden, 2002]. (Weber 2019)

Consequently, many students find themselves in a discipline they barely recognize.
‘Transition to proof’ courses are common and often unsuccessful. In simplest terms, stu-
dents begin to experience the discipline in ways that professionals live the discipline — and
it comes as a shock. This was not what they thought it was like to do mathematics!

I suspect this phenomenon is general. My wife became a French major because
she loved the language and loved reading it. Little did she know that her PhD in
French would involve analysing the literature — had she known, she said, she would
have been an English major. Hugh Burkhardt (personal communication, 2019) noted
that he once chaired a Joint Matriculation Board panel on History A-level.

There was universal agreement among school and university History teachers that
‘History is about inference from data’. Yet any suggestion that tasks that assess this
directly (they exist) should be included in the exam was dismissed. ‘The rounded
essay’ on (no doubt well-practised) topics in the syllabus was the only acceptable
task-type.” Vertical gaps exist in part because students are not exposed to central
aspects of disciplinary thinking until late in their disciplinary pursuits. This need
not be the case.

The Issue of Horizontal as well as Vertical Gaps

The motivation for the ‘Mind the Gap’ conference was that there are significant
jumps in expectations — ‘vertical gaps’ — in most if not all academic disciplines as
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students transition from secondary school to university. As a precursor to what fol-
lows, however, it is important to highlight ‘horizontal gaps’, the differences in
instruction and perspective between academic disciplines.

The existence of academic or disciplinary ‘silos’ at the university or professional
level is broadly acknowledged. According to the American Association of Colleges
and Universities (2019, emphasis in original),

The frequent and increasingly predictable accusation that institutions of higher edu-
cation operate in ‘silos’ is based on the primarily vertical organization of those insti-
tutions; their various schools, colleges, business operations, student support services,
real estate and economic development arms, foundations, and athletic programs
operate in parallel with one another, more focused on promoting their own internal
goals and objectives than on adhering to, elucidating, or accomplishing broader
institutional purposes.

Jacobs (2014) notes that excessive compartmentalization at the university level keeps
undergraduates from making connections that would enable them to have a more
holistic and integrated undergraduate educational experience. This lack of horizontal
coherence is clearly echoed at the pre-college level. In the US, students in English
Language Arts learn different writing genres, e.g. the ‘five paragraph essay’ (see,
for example, https://papersowl.com/blog/five-paragraph-essay-outline or https:/
essaypro.com/blog/5-paragraph-essay/). In mathematics they frequently learn bodies
of content, applying learned techniques to exercises close to those they have practised
on; ‘problem solving’ is honoured but seldom developed. In science courses they
often learn content as reflections of disciplinary epistemology — e.g. the rhetoric is
about science as ‘inquiry’, but physics is taught as applications of key principles
in important content areas, etc. Like the other fields, history has its own norms —
and standards for instruction.’

Existing standards foster horizontal incoherence. Forty-one of the 50 states in the
US have adopted ‘common core’ standards (Common Core State Standards Initiative
2019). The two subjects taken in almost every grade are English Language Arts (see
http://www.corestandards.org/ELA-Literacy/) and Mathematics (see http://www.
corestandards.org/Math/. (The ELA standards also contain ‘college and career readi-
ness’ standards for reading and writing, reading standards for literacy in history/social
studies, and for literacy in science and technical subjects.) Comparable territory is cov-
ered for science by the Next Generation Science Standards (2013), at https://www.
nextgenscience.org/.

Of the 93 pages in the Common Core standards for Mathematics, three pages are
devoted to descriptions of key mathematical practices (problem solving, reasoning,
constructing and critiquing reasoned arguments, etc.), the list of which is then posted

2. The educational system in the US is loosely coupled, with each state having its own authority for
setting standards and assessment. However, there is less freedom here than it might seem, because
of various constraints — e.g. federal funding incentives to the states and the existence of a small num-
ber of publishing houses for textbooks. Thus there can be significant overlap, but also significant
differences, in the standards and curricula implemented by any two states.
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Analyze functions using different representations

7. Graph functions expressed symbolically and show key features of
the graph, by hand in simple cases and using technology for more
complicated cases.*

a. Graph linear and quadratic functions and show intercepts,
maxima, and minima.

b. Graph square root, cube root, and piecewise-defined functions,
including step functions and absolute value functions.

c. Graph polynomial functions, identifying zeros when suitable
factorizations are available, and showing end behavior.

d. (+) Graph rational functions, identifying zeros and asymptotes
when suitable factorizations are available, and showing end
behavior.

e. Graph exponential and logarithmic functions, showing intercepts
and end behavior, and trigonometric functions, showing period,
midline, and amplitude.

Figure 1. A sample high school mathematics standard from the Common Core State
Standards for Mathematics (p. 69).

periodically as a leitmotif throughout the volume. The vast majority of the volume is
devoted to descriptions of the content students are to learn— see, for example, Figure 1.

The Next Generation Science Standards take a radically different approach to
instruction in science, with an emphasis on ‘the three dimensions of science learning’:

The National Research Council’s (NRC) Framework describes a vision of what it
means to be proficient in science; it rests on a view of science as both a body of
knowledge and an evidence-based, model and theory building enterprise that contin-
ually extends, refines, and revises knowledge. It presents three dimensions that will
be combined to form each standard... Dimension 1: Practices... Dimension 2:
Cross-Cutting Concepts... Dimension 3: Disciplinary Core Ideas. (https://www.
nextgenscience.org/three-dimensions).

Figure 2 presents a sample high school science standard.

The most closely relevant segment of the Common Core high school standards for
English Language Arts, a part of the writing standards for grades 11 and 12, is given
in Figure 3.

Consider a typical student’s experience. Mathematics instruction and mathemat-
ics writing have their own norms, apart from the other fields. Science focuses on
‘inquiry’ and basic principles. And, although expository writing concerns the mar-
shalling of evidence, writing classrooms in which students take on expository tasks
grounded in disciplinary content and expository norms are rare. Instruction is expe-
rienced in silos.

This is a major challenge. In 2014, San Francisco Unified School District
(SFUSD) had many largely independent instructional departments (mathematics,
science, social studies, English language arts, etc.), each of which had its own form
of professional development tied to disciplinary standards. SFUSD had more than
1600 pages of professional development manuals! Teachers were living their
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HS.Structure and Properties of Matter
HS.Structure and Properties of Matter
Students who demonstrate understanding can:

HS-PS1-1. Use the periodic table as a model to predict the relative properties of elements based on the patterns of
electrons in the outermost energy level of atoms. [Clarification Statement: Examples of properties that could be predicted from pattems
could indude reactivity of metals, types of bonds formed, numbers of bonds formed, and reactions with oxygen. | [Assessment Boundary: Assessment is limited
to main group elements. does not include und ding of ionization energy beyond relative trends. ]

HS-PS1-3. Plan and d an i igation to gather evid to the structure of substances at the bulk scale
to infer the strength of electrical forces between particles. [Carification Statement: Emphasis is on understanding the strengths of
forces between particles, not on naming specific intermolecular forces (such as dipole-dipole). Examples of partiches could include kons, atoms, molecules, and
networked materials (such as graphite). Examples of bulk properties of substances could include the melting point and boling point, vapor pressure, and surface
tension. | [Assessment Boundary: Assessment aoes not include Raoult's law calculations of vapor pressure. |

HS5-P51-8. Develop models to illustrate the ges in the ¢ ition of the nucleus of the atom and the energy

1 during the pr of fission, fusion, and radioactive decay. [Clarificaton Statement: Emphasis is on simple
quz ditative modeds, such as pictures or diagrams, and on the scale of energy released in nuclear processes relative to other kinds of transformations. )
[Assessment Boundary: Assessment does not include quantitative calculation of energy released. Assessment is kmited to alpha, beta, and gamma radicactive

decays.]
HS-P52-6. Commnnicate sclemiﬂc and technical information about why the molecular-level structure is important in the
functi g of di i * [Claif

taternent: Emphasis is on the sttractive and repulsive forces that determine the functioning
of the material. Exn'nDk:s could include why electrically conductive materials are often made of metal, flexible but durable materials are made up of long chained
molecules, and pharmaceuticals are designed to interact with specific receptors. | [Assessment Boundary: Assessment is limited to provided molecular structures
of specific designed materials. ]

The nce e above were dev ing the following elements from the NRC document A Framewark for K-12 Science Educalion.
Science and Engineering Practices Disciplinary Core Ideas | Crosscutting Concepts |
Developing and Using Models PSL.A: Structure and Properties of Matter Patterns
Madeling in 9-12 builds on K-8 and progresses to using, = Each atom has a charged substructure consisting of a = Different pattems may be observed at
synthesizing, and developing models to predict and show nucleus, which is made of protons and neutrons, each of the scales at which a system is
refationships among variables between systems and their surrounded by electrons, (HS-P51-1) studied and can provide evidence for
components in the natural and designed worlds. = The periodic table orders elements horizontally by the causality in explanations of
= Develop & model based on evidence to ilustrate the: nurnber of protons in the atom’s nuceus and places {H5-PS1- lJ,{HS—PSI 3)
relationships between systems or between components of a thase with similar chemical properties in columns. The | Energy and
system. (H5-P51-8) repeating patterms of this table reflect patterns of outer - Inmﬂmmmmm
= Use a model to predict the relationships between systems or electron states. (HS-PS51-1) conserved, but the total number of
between components of a system. (H5-F51-1) = The structure and interactions of matter at the bulk plus neutrons Is conserved. (H5-PS1-8)
Planning and Carrying Out Investigations scale are determined by electrical forces within and Structure and Function
thmadmmhmmwsh&ﬂbuldsmx‘s between atoms. (H5-PS1-3),/secondary fo HS-PS2-6) = Investigating or designing new systems or
that provide | PSL.C: Nuclear Processes structures requires a detailed examination
mmmmmmmw = Nuclear processes, inchuding fusion, fission, and of the properties of different materials, the
empirical models. radioactive decays of unstable nudes, involve release or structures of different components, and
= Plan and condu and absorption of energy. The total number of neutrons plus. connections of components to reveal its
produneduhomsmebmhr protons does not change in any nuclear process. (HS- function and/or solve a problem. (HS-PS2-
evidence, and in the design: decide on types, how much, and PS1-8) 6)
accuracy of data needed to produce reliable measurements PS2.B: Types of Interactions
and consider limitations on the precision of the data (e.g., = Attraction and repulsion between electric charges at the
wdmmm&um}.mmum atomic scale explain the structure, properties, and
accordingly. (HS-PS1-3) transformations of matter, as well as the contact forces
d between material objects. (secondary fo HS-PS1-
Obtaining, rif ion in 9-12 1) (secondary to HS-PSI-3)(H5-PS2-6)
mmK—Gaﬂwwmﬂmﬂ!vﬁvm
refiability of the claims, methods,
scientific and technical information (e.g. about
the process of development and the design and
of & proposed process or System) in formats
cluding orally, graphicall , and
{HS-PS2-6)

Figure 2. A sample high school science standard (Structure and properties of matter)
from the Next Generation Science Standards.

professional lives and preparing instruction in silos. With that level of fractionaliza-
tion, it is impossible to conceptualize the coherence of the student’s experience as
learner.

In sum, pre-college students typically have little opportunity or experience to view
learning as a whole. The gaps they experience between disciplines in secondary
school are every bit as challenging as the within-discipline gaps they experience when

they enter the university. The challenge they face is twofold, with both horizontal and
vertical gaps.

There is a way to address both kinds of gaps.

The Teaching for Robust Understanding (TRU) Framework
We begin with mathematics. The framing question for this discussion is:

Is it possible to identify a small number of attributes of mathematics classrooms with
the following property: students who emerge from classrooms that demonstrate
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Grades 11-12 students:

& Write arguments to support claims in an analysis of substantive topics or texts,
using valid reasoning and relevant and sufficient evidence.

a.

Introduce precise, knowledgeable claim(s), establish the significance of the
claim(s), distinguish the claim(s) from alternate or opposing claims, and
create an organization that logically sequences claim(s), counterclaims,
reasons, and evidence.

Develop claim(s) and counterclaims fairly and thoroughly, supplying the
most relevant evidence for each while pointing out the strengths and
limitations of both in a manner that anticipates the audience’s knowledge
level, concerns, values, and possible biases.

Use words, phrases, and clauses as well as varied syntax to link the major
sections of the text, create cohesion, and clarify the relationships between
claim(s) and reasons, between reasons and evidence, and between claim(s)
and counterclaims.

Establish and maintain a formal style and objective tone while attending to
the norms and conventions of the discipline in which they are writing.
Provide a concluding statement or section that follows from and supports
the argument presented.

2. Write informative/explanatory texts to examine and convey complex ideas,
concepts, and information clearly and accurately through the effective selection,
organization, and analysis of content.

a.

Introduce a topic; organize complex ideas, concepts, and information so
that each new element builds on that which precedes it to create a unified
whole; include formatting (e.g., headings), graphics (e.g., figures, tables), and
multimedia when useful to aiding comprehension.

Develop the topic thoroughly by selecting the most significant and relevant
facts, extended definitions, concrete details, quotations, or other information
and examples appropriate to the audience’s knowledge of the topic.

Use appropriate and varied transitions and syntax to link the major sections
of the text, create cohesion, and clarify the relationships among complex
ideas and concepts.

Use precise language, domain-specific vocabulary, and techniques such as
metaphor, simile, and analogy to manage the complexity of the topic.
Establish and maintain a formal style and objective tone while attending to
the norms and conventions of the discipline in which they are writing.
Provide a concluding statement or section that follows from and supports
the information or explanation presented (e.g., articulating implications or
the significance of the topic).

Figure 3. Sample high school writing standards from the Common Core State
Standards for English Language Arts (p. 45).

those attributes tend to be knowledgeable, flexible and resourceful mathematical
thinkers and problem solvers? (These will be referred to as ‘powerful mathematics
learning environments’.)

This framing question is posed in terms of the learning environment rather than what
the teacher does or what content is discussed. This is not to minimize the way the
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discipline is represented in classroom materials and discourse, or the role of the
teacher. However, the most important factors shaping the growth of students’ under-
standings are the affordances provided by the learning environment for the student’s
intellectual and personal development. The Teaching for Robust Understanding
(TRU) framework, elaborated below, thus focuses on the environment and the stu-
dent’s experience of it. In addition, this framing calls for identifying a small number
of attributes that matter. Supporting pragmatic improvements requires a small num-
ber of foci of improvement. Providing a teacher or a professional learning commu-
nity with a long list of important items is of little to no value — long lists get lost and
are impossible to focus on.

The Teaching for Robust Understanding framework was derived as follows. An
extended literature search identified as many aspects of powerful mathematics
learning environments as could be found. The hundreds of classroom descriptors
identified through the literature review were distilled into a set of five coherent cate-
gories, called ‘dimensions of powerful classrooms’. Concurrently, the research
team reviewed dozens of videotapes of mathematics classrooms. The team sought
consistencies between the emerging dimensions of the TRU Framework and the
performance in the videotapes. A classroom scoring rubric was developed, and
correlations between classroom performance on the rubric and student outcomes
on measures of thinking and problem solving were found (Schoenfeld 2013, 2014,
2017; Schoenfeld ez al. 2018).

A representation of the framework is given in Figure 4. A brief rationale for the
importance of the five dimensions of TRU Math is as follows.

Dimension 1, the quality of the mathematics discussed, is clearly critical; what
individual students learn is unlikely to be richer than what they experience in the
classroom. But whether or not individual students’ understanding rises to that
level depends on many other factors, which are captured in the remaining four
dimensions.

Cognitive Demand is Dimension 2. Research dating back to Vygotsky’s Zone of
Proximal Development (Chaiklin 2003; Vygotsky 1978; Wertsch 1984) indicates that
students are more likely to understand and retain material if they are primarily
engaged in sense making as opposed to memorizing — that is, if they are engaged
in productive struggle, working as a meaningful level of cognitive demand (see,
for example, Henningsen and Stein 1997; Hess 2006; Stein and Smith 1998;
Webb 2002).

Dimension 3, equitable access, concerns the question of which students instruc-
tion is designed for — the most advanced or most promising students, ‘average’
students, or all students? In the TRU framework, it is axiomatic that all students
should be fully engaged with the central content and practices of the domain and
profit from it.

Dimension 4 is fundamentally about students’ mathematical identities. In the US,
there has for decades been a 50% attrition rate from mathematics courses once math-
ematics becomes optional in the curriculum (National Research Council 1989).
Moreover, mathematics is hated and feared by many. Students develop their sense
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The Five Dimensions of Powerful Mathematics Classrooms

Agency, F ti

The Mathematics Ownership, and ormative
2 Assessment

Identity
The extent to which The extent to which The extent to which The extent to which The extent to which
classroom activity students have classroom activity students are provided classroom activities
structures provide opportunities to structures invite and  opportunities to “walk  elicit student
opportunities for grapple with and support the active the walk and talk the thinking and
students to become make sense of engagement of all talk” — to contribute to ~ subsequent
knowledgeable, important of the students in conversations about interactions respond
flexible, and mathematical ideas the classroom with mathematical ideas, to those ideas,
resourceful and their use. the core to build on others’ building on
mathematical Students learn best mathematical ideas and have others  productive
thinkers. Discussions when they are content being build on theirs —in beginnings and
are focused and challenged in ways addressed by the ways that contribute addressing emerging
coherent, providing that provide room class. Classrooms in  to their development misunderstandings.
opportunities to and support for which a small of agency (the Powerful instruction
learn mathematical growth, with task number of students willingness to “meets students
ideas, techniques, difficulty ranging get most of the “air engage), their where they are” and
and perspectives, from moderate to time” are not ownership over the gives them
make connections, demanding. The equitable, no content, and the opportunities to
and develop level of challenge matter how rich the  development of deepen their
productive should be conducive  content: all students  positive identities as understandings.
mathematical habits  to what has been need to be involved thinkers and learners.
of mind. called “productive in meaningful ways.

struggle.”

Figure 4. The five dimensions of powerful mathematics classrooms.

of themselves vis-a-vis mathematics from their classroom experience with mathemat-
ics (Lampert 1990; Schoenfeld 1985). Do they see themselves as sense makers, having
a sense of agency? Do they see themselves as the passive recipients of mathematical
knowledge, whose responsibility is to practice and learn the content demonstrated to
them? Or, perhaps, do they see themselves as unfit for mathematics, not gifted
while others are? The question is the nature of the affordances that classroom instruc-
tion provides to enable students to develop a sense of mathematical agency, the
feeling that they can author mathematics and ‘own’ what they have produced,
and develop positive mathematics identities (see Aguirre et al. 2013; Brown-Jeffy
and Cooper 2011; Engle 2011; Gay 2018; Institute for Learning 2016;
Martin 2009).

Dimension 5 concerns formative assessment, the issue of how student thinking is
made public so that it can be used to adjust instruction. Much of real learning is in-
the-moment and contingent — a student reveals a misconception, a small group
comes up with an interesting idea in discussion, etc. The challenge is to bring such
thinking out in the open and leverage it for productive discussions; without a mean-
ingful feedback loop the relevant adjustments of cognitive demand are impossible
(Bennett et al. 2019; Black and Wiliam 1998; Burkhardt and Schoenfeld 2019).

A few points should be emphasized. First, although there are only five dimensions
to the framework, it represents a distillation of the literature on teaching for robust or
powerful understanding. Thus, the five dimensions are comprehensive. Moreover,
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the evidence is that the better a learning environment does along the five dimensions,
the more students emerge as knowledgeable and flexible thinkers and problem
solvers. Second, the shift of attention from the teacher to the environment is funda-
mentally important. The key question is not ‘is the teacher doing particular things to
support learning?’, it is, ‘are students experiencing instruction so that it is condu-
cive to their growth as mathematical thinkers and learners?’” Third, the framework
is not prescriptive; it respects teacher autonomy. There are many ways to be an
excellent teacher. The question is, does the learning environment created by the
teacher provide each student rich opportunities along the five dimensions of the
framework? Crucially important, the framework serves to problematize instruc-
tion. Asking ‘how am I doing along each dimension; how can I improve?’ can lead
to richer instruction without imposing a particular style or particular norms on
teachers.

The TRU project team offers tools for professional development — see https:/
truframework.org/ for tools and papers. However, those tools are not intended to
tell teachers what to do, but to support individual and collective reflection on teach-
ing practices. Discussions of mathematical content focus on the ‘big ideas’ of mathe-
matics and how to emphasize them, independent of grade level (Schoenfeld 2019,
2020); given that dimensions 2 through 5 of the TRU framework focus on the
students’ classroom experiences, they are necessarily independent of grade level.
Perhaps more important, TRU represents a student-centred way of thinking about
instruction, and it provides a language and a framework for focusing on classroom
interactions.

K-8 teachers in the US tend to teach one grade only —e.g. a teacher will identify as
a ‘seventh grade teacher’. In professional development meetings some years ago, we
found that seventh grade teachers were not fully conversant with the ways that their
students had been prepared in sixth grade; nor did they know how the content they
were teaching in seventh grade would be used by those teaching eighth grade. Gaps
exist at every level — although they tend to be most extreme when students make the
transitions from elementary to middle school, middle school to secondary school,
and of course, secondary school to university.

There is, unfortunately, no research base on the impact of mathematics profes-
sional development on gaps at the pre-college level. In fact, there are scant data
in general regarding the impact of mathematics teachers’ coaching and professional
development (Baldinger 2018). Thus there does not exist a comparative research base
for what follows.

There is reason to believe that the TRU Framework is an effective mechanism for
ameliorating gaps. TRU professional development meetings bring together teachers
and others to discuss ways to enhance instruction, with the foci suggested in Figure 4.
That TRU focuses on ‘big ideas’ is undoubtedly impactful. However, we suspect that
the real impact of engagement with TRU is that it provides a common language and
perspective for conceptualizing and discussing what matters in instruction. Chicago
contains 660 schools and nearly 400,000 students. Two years into professional
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development with the TRU Framework, the director of mathematics professional
development for the Chicago Public Schools noted,

For the first time in my experience, a school principal can talk with a high school
math teacher, an eighth grade math teacher, and a second grade teacher about what’s
going on in their classrooms, using TRU as a common language. This has facilitated
both administrative decision-making in support of teachers and discourse between
teachers at different grade levels. (Brownell ez al. 2016)

When teachers have common instructional foci and a common language for dis-
cussing them, gaps diminish.

Hypothetically, the same can happen vis-a-vis the gap between secondary school
and university. As a university faculty member, I can say with confidence that a focus
on big ideas and student sense-making (key aspects of TRU) will prepare K-12 stu-
dents more adequately for mathematics at the university level. The kinds of disciplin-
ary agency and identity developed via TRU are necessary attributes for success at
university. Students who enter universities having become more independent, auton-
omous, and agentive learners will have a much greater likelihood of success.

This is only half the story, for it places the burden of bridging the gap on the
shoulders of the K-12 community. Consider the main dimensions of the TRU
Framework: focusing on major disciplinary content and practices, supporting
sense-making for all students, fostering disciplinary identities, and being responsive
to student thinking. It stands to reason that if university mathematics instruction was
organized with these goals in mind, students would do better in them — and the gap
between K-12 and university could be shortened from both sides. Organizing peda-
gogical change at the university is, however, a major challenge: faculty are in general
more autonomous with regard to instruction and there are fewer opportunities for
pedagogical support. Nonetheless, over the past quarter century there has been a
marked increase among university mathematicians both in research in mathematics
education and in the pedagogy of mathematics at the university level. In 1994, the
Conference Board of the Mathematical Sciences published the first volume of
Research in Collegiate Mathematics Education (Dubinsky et al. 1994), the first
compendium in the US of research articles about University level mathematics
education. There were barely enough articles to sustain the publication of an addi-
tional volume once every three years. A small informal conference called RUME
(Research on Undergraduate Mathematics Education), launched in the early
1990s, became a ‘Special Interest Group’ of the Mathematical Association of
America (see http://sigmaa.maa.org/rume/Site/News.html). The group and its annual
conferences have grown steadily in size. In 2015 the first issue of the International
Journal of Research in Undergraduate Mathematics Education was published.
IJRUME, as it is known (https:/link.springer.com/journal/40753), publishes four
or five issues a year. There is a growing community of university mathematicians
and mathematics educators with an interest in the kinds of issues discussed in this
paper. However, given the lack of incentives and mechanisms for sustained or
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collective attention to pedagogical issues, it will take significant efforts, over time, to
make progress.

And what of subject areas other than mathematics? A case can be made that both
the challenges and productive approaches to dealing with them are much the same
as in mathematics. The ‘vertical” challenges are well known. Moreover, as noted pre-
viously, there are horizontal gaps at every grade level. Students face challenges in
understanding key intellectual practices in each discipline, and in developing the
kinds of independence and agentive behaviour that would enable them to succeed
more generally as learners.

This is where the TRU framework has the potential to bridge horizontal gaps,
making the learner’s experience more coherent at all grade levels. A first bridge
was built in the teacher preparation programmes at the University of California,
Berkeley. At Berkeley, as around the US, mathematics and science instruction pro-
ceeded along parallel tracks: mathematics focused on ‘problem solving’, while sci-
ence focused on ‘inquiry’. Although the first dimension of TRU Math focuses on
mathematics, dimensions 2 through 5 focus on the student experience of instruction;
these clearly apply to science instruction. We replaced the focus on mathematics in
the first dimension with a focus on science, using contemporary science education
documents such as the Next Generation Science Standards (NGSS 2013) to specify
content and process goals for science instruction. These parallels enabled a deeper
unification of teacher preparation in the mathematics and science branches of the
programme: there were similar sheets for lesson observations in both disciplines,
which were identical except for the first dimension, and joint conversations about
lesson preparation that emphasized all five dimensions of the framework. Soon
afterward the elementary teacher preparation programme at Berkeley joined in, say-
ing that dimensions 2 through 5 of the framework echoed and facilitated the ‘whole
child” approach of the programme. Then English Language Arts joined in as well.

Concurrently, the San Francisco Unified School District, concerned about the
incoherence of its instructional and professional development efforts, began to recon-
ceptualize its overall theory of action. Core notions from the TRU framework —
access; rich content; agency, authority and identity, and assessment — are at the cen-
tre of SFUSD’s theory of action for instructional practice and for curriculum and
professional development, for all disciplines — see Figure 5.

In addition, the Chicago Public Schools, an early and successful adopter of the
TRU Mathematics framework, is now employing the framework for professional
development and instruction in all content areas.

The domain-general version of the TRU Framework is given in Figure 6.
Domain-general tools for professional development are available at the TRU
Framework website, https://truframework.org/.

The key point is that the TRU framework provides a perspective for reflection
and action, at both the K-12 and collegiate levels. Disciplinary engagement
(Dimension 1) can be problematized, with an eye toward having students engage
in key sense-making practices and having as much of the content as possible emerge
from such sense-making activities. Some of this will be domain-specific, potentially
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Theory of Action for Continuous Improvement
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Figure 5. Draft theory of action, San Francisco Unified School District (SFUSD
2015).
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Figure 6. The domain-general version of the TRU framework.
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ameliorating vertical gaps; but some of it will also be more general, potentially ame-
liorating horizontal gaps. A focus on equitable access (Dimension 3) and the kinds of
classroom activities that help students build both productive habits of mind as stu-
dents and positive disciplinary identities (Dimension 4) can have a significant impact
on both horizontal and vertical gaps. Finally, curricula, assignments, and classroom
activities can be re-examined with an eye toward making student thinking public and
maintaining productive struggle (Dimensions 5 and 2), thereby contributing to access
and sense-making.

All of this work is in its early stages and discussions of impact on gaps are
necessarily conjectural. At present, the efforts that have been undertaken are best con-
ceptualized as a laboratory for exploration rather than a promissory note for
improvement with regard to the horizontal and vertical gap problems. But there is
at least a plausibility case. Two major school districts that adopted the TRU frame-
work in mathematics found results within mathematics sufficiently promising that they
expanded their efforts to all subject areas, seeking to enhance horizontal coherence.
Improvements within K-12 look promising with regard to secondary-to-university
gaps, but evidence remains to be gathered. Whether these ideas will be taken up at
the university level, and to what effect, remains to be seen. Time and data will tell.
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