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Abstract

Consider the nth-order neutral differential equation
dll
(E) dz—,,[x(t)+2pix(t— T +8) gx(t—0,) =0
5 x

where n>1, 6 =1, #, X are initial segments of natural numbers , p;, 7,, o, € R and
g, >0 for i€ # and k € % . Then a necessary and sufficient condition for the oscillation
of all solutions of (E) is that its characteristic equation

A" Zpie_h" +0 Z qke-la" =0
F b 4

has no real roots. The method of proof has the advantage that it results in easily verifiable
sufficient conditions (in terms of the coefficients and the arguments only) for the oscillation of
all solutions of Equation (E).

1991 Mathematics subject classification (Amer. Math. Soc.) primary 34 K 40; secondary
34K 15,34 C 10.

1. Introduction

Consider the nth-order neutral differential equation

n

(E) gt_" x(t) + Zpix(t -7,)| +0 Z qx(t—0,)=0
5 Z
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where n>1, 6 = +1, £, % are initial segments of natural numbers, p,,
7,, 6, €R and g, >0 for i € # and k € Z . In the case where [ = &
Equation (E) reduces to the (nonneutral) equation

(E,) X +83 gx(t-0,)=0,
p 4

while when Z = @ Equation (E) yields

x(1)+ > px(t— r,.)] =0,
_ e
which admits a (nonoscillatory) solution of a polynomial form. Thus we

assume that Z # @. When p, > 0 or p, < 0 for i € # Equation (E)
leads, respectively, to

gt—” [x(t) + Zpix(t - ri)} +0 Equ(t -0,)=0,
rd b 4

n

(E,) &

or
gt—" [x(t) - Zpi(t — ri):, +d qux(t -a,)=0,
Pz X

while in all other cases Equation (E) can be written in the form

(E3) gt—n [x(t) + Epix(t - Ti) - erx(t - pj)] +§§qu(t -0,)=0,
I J

where p; > 0 and r; > 0 for i €I, j e J. Observe that the former two
equations are special cases of the latter one and therefore it suffices to study
Equation (E,).
It is easy to see (cf. [9, 11]) that in the case where
I,={iel:7,<0}ClI, J1={jeJ:pj<0}gJ
are nonempty, by taking

T=max]|7,] and =max|p.
nax|z,| p=max|p)l

Equation (3) leads to an equation of the same form with 7, >0 and p ;> 0
for ieI and j € J. So in the sequel we will assume 7, > 0 and p;> 0
for i € I and j € J. Finally, because o, € R, (E;) can be written in the
following form

(1) :117 [x(t)+zpix(t_T,‘)_erx(t—'pj):l
1 J
+6 (qux(t—ak)+2(jkx(t+&k)) =0
Kl KZ
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where I, J, K|, K, are initial segments of natural numbers, p;, 7, I
Pis > 4, €(0,00) and 0,, 6, €[0,00) for iel, jeJ, ke K, UK,.
Note that when 6 = —1 and K, = & Equation (1) admits a nonoscillatory
solution so we exclude this case.

Our aim in this paper is to obtain a necessary and sufficient condition under
which all solutions of Equation (1) oscillate. Indeed, we prove that every
solution of Equation (1) oscillates if and only if its characteristic equation

(2)
FA=iA"+1" Zpie_l"' -y r].e—'lpf +6 (Z g% + > qkel"") =0
T 7 K K

has no real roots. That is, the oscillatory character of the solutions is deter-
mined by the roots of the characteristic equation. This is in contrast with the
fact that the stability character is not determined by the characteristic roots.
Some of these differences as well as some applications of neutral differential
equations are discussed in [2, 3, 4, 5, 6, 14, 15, 23, 24]. Especially, higher
order neutral differential equations were encountered in the study of vibrat-
ing masses attached to an elastic bar and also as the Euler equations in some
variational problems (see Hale [15, p. 7]).

Necessary and sufficient conditions (in terms of the characteristic equa-
tion) for the oscillation of all solutions of first order neutral differential equa-
tions have been obtained by Sficas and Stavroulakis [22], Grove, Ladas and
Meimaridou [13], Kulenovié¢, Ladas and Meimaridou [16], Grammatikopou-
los, Sficas and Stavroulakis [10], Farrell [7], and Grammatikopoulos and
Stavroulakis {11, 12]. Necessary and sufficient conditions for the oscilla-
tion of higher order equations have been obtained by Ladas, Sficas and
Stavroulakis [18], Ladas, Partheniadis and Sficas [17], and Wang [25]. See
also Arino and Gyéri [1].

It is to be emphasized that in all the above mentioned papers o, € R*
while here o, € R. To the best of the authors’ knowledge this is the only pa-
per at the present time dealing with the oscillation of all solutions of Equation
(E) where o, €R for k € % .

Let T = max,.,j’k{ri, pj> -0, 6,}. By a solution of Equation (1) we
mean a function x € C([t,, —T, ), R) for some #, € R, such that

x(+ Y px(t—1)— Y rix(t—p;)
T 7

is n-times continuously differentiable on (¢, co) and such that Equation (1)
is satisfied for ¢ > ¢ .
As is customary, a solution is called oscillatory if it has arbitrarily large
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zeros. Otherwise it is called nonoscillatory, that is, if it is eventually positive
or eventually negative.

In the sequel all functional inequalities that we write are assumed to hold
eventually, that is for sufficiently large ¢.

In the case where I, J, K, K, are nonempty we can assume, without
loss of generality, that

I={1,2,...,0}y, J={1,2,...,m},

K. ={1,2,....,n}, K,={1,2,...,n,},
0<7<-<7,0<p <2 <p,,0<0,<:-- <0, ,0£0,<--<7,
and

ti;épj, iel, jelJ,

since otherwise the terms in Equation (1) can be abbreviated. Also for con-
venience we use the following notations

P=Yp, R=Yr 0=Y4 -4
1 J K, K,
and

ad=0,+0,.

Note that, since d = +1 and n is an odd or an even number, (— l)"”lé =
+1. Thus, we consider Equation (1) in the following cases:

Q) (-1 '6=+1 (d=+1, noddor 6 =—1, n even);
(i) (-1)"'6=—-1 (6=+1, n evenor 6 =—1, n odd).
2. Preliminaries

In this section we establish some useful lemmas which will be used in the
proof of our main theorem (cf. [10, 11, 12]).

LEMMA 1. Consider Equation (1). Then the following inequalities

(3) max{p, , anl} > 1, incase (i),
(4) max{t,, an’} > p, incase(ii),
and

(5) m= I}lell?JF(l) >0
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are necessary conditions for the characteristic equation (2) to have no real
roots.

PROOF. As 6F(0) = Q > 0 and Equation (2) has no real roots it follows
that dF(A) > 0 for 4 € R. Also observe that §F(+00) = +oo. Thus,
0 F(—o0) must be positive or +oco. But when max{p, , pn‘} < 1; in case (i)
and max{7,, "n,} < p,, in case (ii) 6F(—oo0) = —oo, that is, Equation (2)
has a real root. This is impossible and thus conditions (3) and (4) must hold.
Finally, since Equation (2) has not real roots and J F(—o0) = 6 F(+00) = +00
it follows that condition (5) holds. The proof of the lemma is complete.

From (5) it follows that forall A e R

0 ()." +A" Zp,.e_h" =" Z rje_lpf) + Z qke_la" + Z qkem" >m,
1 J K, K,

which is equivalent to

( ln + An Zpieilti _ A’n Z rjezlpj = queﬂo'k _ Zék—).&k <-m
1 J K, K,
in case (i)
(6) . n n At; n Ap; ko —A4,
- =2 Zpie ) ere J—que "—Zéke k< —m
1 J K, K,
\ in case (ii)
and to
M | A A .
(=" =2"Y e T AY re T =N e =Y g e <-m
I J K, K,
when 6 = +1
* ln ﬂ," -4t /.Ln —ip; ~Ao, J <
+ Zpie — ere —que —que <-m
1 J K, K,
. whend = —1.

LEMMA 2. Let x(t) be a solution of Equation (1) and let a, b and ¢ be
real numbers. Then each one of the functions

t—¢ [e 9]
x(t—a), , x(s)ds, and / x(s)ds
t— t

Jor x(t) € Ll[to, o0) and ’1_1glo x(t)=0

is a solution of (1).
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Proor. The conclusion follows easily and it is a consequence of the lin-
earity of Equation (1) and its autonomous nature.

DErFINITION. Consider Equation (1). Then the set of all solutions of Equa-
tion (1) at least u-times (u > n) continuously differentiable and such that

D'w”() >0, v=0,1,...,u

and
timw” () =0,v=0,1,...,u—1
—00

is called Class I . while the set of all solutions of Equation (1) at least u-
times continuously differentiable and such that

w” @) >0, v=0,1,..., uand tlim'w(")(t)=+oo, v=0,1,...,u—1
—_00

is called ClassII "

LEMMA 3. Let x(t) be a nonoscillatory solution of Equation (1). Then
Equation (1) also has a nonoscillatory solution w(t) such that either w(t) €
Class 1, or w(t) € Class1Il,, .

ProoFr. Without loss of generality x(¢) can be considered eventually pos-
itive. Set

z(t) =4 |x(t) + Zp,.x(t -T,)— Z rjX(t - P,-)]
| I J

and

w(t)=49 Lz(t) + Zp,-z(t -1;) - erZ(t - Pj)] .
I J

Then, by Lemma 2, z(¢) and w(¢) are both solutions of Equation (1) such
that

(8) Z'(f) = - (Z g x(t—0,) + Zékx(t + ak)) <0,

L K,

%) w®(r) = (qu (t—ay) +qu2(t+0k))

l 2

and

10y  w®@) =- (qu "t -a,) +quz("’(z+ak)) >0.
2
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Thus, z € C "[To, o), weC 2"[to, oo) and they are eventually strictly
monotone functions. We have from (8) that z("_l)(t) is strictly decreasing.

So either
(11) lim z" "V (f) = —o0
{-—o00
or
(12) lim " Y)=L, LeR.
t—o0

First assume that (11) holds. Then

tim w?" V(1) = - lim g " Vie-a)+ >4 2"Vt +6,)| = +oo

t—o0 1—00 A k k < k k .
1 2

Thus
tlim'w(")(t)=+oo, v=0,1,...,2n-1,

which together with (10) imply that w € Class II,, . Next assume that (12)
holds. Then, integrating (8) over the interval [¢,, oo), we obtain

2" Vi) -L= qu/ s)ds‘+2qk/ x(s)ds

1,—0, t,+6,

which implies that x € L' [t,— n, > , +o0) andso z € L' [t,~0, , +00). Since
z(t) is strictly monotone it follows that

fim 20 = 0
and therefore
(13) tl_i'rgloz(")(t)=0, v=0,1,...,n—1
thatis, L = 0. Thus we have established that z™(#) < 0 and lim,_,_ 2" V(1)
= 0. This implies that z"""(¢) > 0 and hence
(-1)""'z(t) > 0.
In view of (9), we conclude that
-1)"w™()>0 and w(?)>0.

Also, by (13), it follows that

tg@ow‘”’(z)=0, v=0,1,...,2n—1
which together with (10) imply

-)'w@ >0, v=0,1,...,2n.
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Thus w(¢) € Class II,, and the proof is complete.

LEMMA 4. Assume that (3) and (4) hold. Then we have the following:
(a) let x(t) € Class L,,, then there exists a solution w(t) of Equation (1)
which belongs to Class 1,, , such that the set

ATw) ={A>0: (=1)"'w™ () + A"w(t) <0} £ @;

(b) let x(t) € Class 11, , then there exists a solution w(t) of Equation (1)
which belongs to class 11, , such that the set

A (w)={1>0: —w™(t)+1"w(t) <0} # 2.

ProOF. (a) Let x(t) € Class I, . Set

(14)  w@)=(-1""s [x(t) +3 px(t—1) =Y rx(t- pj)] i
1 7

It is easy to see that w(¢) is a solution of Equation (1) which belongs to
Class I, and that
(15) 1" w0+ gt - o) + Y gux(t+6,) =0.

Kl KZ
Since (3) and (4) hold, if we set
7, incase (i) and B— max{p, , ”n,} in case (i)
p, in case (ii) max{t,, "n,} in case (ii)

(16) a={

then we see that
o, >a or ﬂ>0‘2“n,-

Thus we examine the following:
1) g, >a. Since x(¢) is positive and decreasing, (14) yields

O<w(t) <A x(t—a)< A;x(t— "n,)’

where
1+ P incase (i
(17 4,={ in case (1
R in case (ii).
Thus
0=(-1""w"0+Y gx(t-a)+ 3 dx(t+6)

K, K,

> (10 + 4, ¥t - 0,) > ()" w0 + g, w0,
1
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which says that
1 l/n
0< (-A—q,,l) e At (w), thatis, AT(w) # @.
1

2) p>a> Oy, - First assume 8 > a > 0y - As before, (14) yields

(18) 0<w(t) <A x(t—a)
where A, is as in (17). Also, from (14), since x, w € Class I, , we find
that

x(t—a) > A,x(t— B)

where r

m in case (i)
4,=4 *

% in case (ii).
We have from the last inequality, that
x[t+ (B — a)] > Ayx(1)
and by iteration, we obtain
x[t+ pu(B — )] > A5x(t).

Note that there exists an integer u > 0 such that

u(p—a Za""n, > 0.
We have using the above inequalities, for some u € N, that
0=(-)"w"W+¥ qx((t-0)+ Y dx(t+8,)
K K

1 2

> (=D)"w™ @) + g, x(t—0,)
= (1" + g, X[t —a+(a-0,)]
> (-1)""'w(1) + g, x[t - a + p(B - )]
> (=D)"""w™ @) + q, 4, x(t ~a)
> (=1)""w™ () + Alq,,lA‘;w(t).
1
This implies that

1 Ln :
0< (A—lq,,lA’;) € AT(w), thatis, A*(w) # 2.
Next assume g > a = 0, - As before, we have

0> (-1)"'w™ (@) + g, x(t—a,)
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and, since a = Oy s the last inequality, in view of (18), yields
n—1_(n) 1
0> (-1y w’()+ A—lqnlw(t),
which says that

1/n
0> (Aiqn ) e A*(w), thatis, AT (w)# o.
1 1

(b) Let x(t) € Class I, . Set

(14 w(t) =~ [x(t) +Y pxt—1) =Y rxt-p)
I J

It is easy to see that w(¢) is a solution of Equation (1) which belongs to
Class II,, and that

(19) ~w?) + 3 gx(t—0)+ Y gex(t+6,) =0.
K, K,

Now, since x(¢) is positive and increasing, (14') yields
0 <w(r) < A;x(1)

where
R when ¢ = +1
4, = {

1+P whend=-1.
Thus

0= —w”)+Y qx(t-0)+ gx(t+86,)
Kl Kl

> —w™() + @,x(1) > —w™ (1) + Aigzw(z)
3
which says that
1 1/n
0< (A_3Q2) € A (w), thatis, A" (w) # @.
The proof of the lemma is complete.

LEMMA 5. (a) Let x(t) € Class I,, for which the set A*(x) # @. If for
given w > 0 there exists M > 0 such that

(20) ~D)'x0 > M(-1’x(t-w), v=0,1,...,n
then the positive number A, = (1/w)log(1/M) is an upper bound of A*(x).
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(b) Let x(t) € Class I1,, for which the set A™ (x) # 0. If for given @ >0
there exists M > 0 such that

(20") <M t-w), v=0,1,...,n

then the positive number A, = (1/w)log M is an upper bound of A™(x).

PROOF. (a) Otherwise 4, € A" (x) which means that

-1""'x"(t) + A2x(1) < 0.

Set
n—1 —_—
v =34 =D M),
v=0
It is easy to see that y(¢) is a solution of Equation (1) such that

y(t)eClassI A DClassl, ,
P(t) +2y(8) = (-1)" ' xP (@) + A0x(5) < 0

and, in view of (20),
y(t) > My(t — w).

Now the conclusion follows from [10, Lemma 5(a)].
(b) Otherwise 4, € A" (x) which implies that
—x"(t) + 20x(1) < 0.
Set

n—1
y(0y=3 47" %" (0.

v=0
It is easy to see that y(¢) is a solution of Equation (1) such that
y(t)€ClassII, D ClassII,, ,
—3(8) + Ay (t) = —x"(t) + A0x (1) < 0

and, in view of (20),
y(t) < My(t — w).

The conclusion follows from {10, Lemma 5(b)].
LEMMA 6. Assume that (3) and (4) hold. Then we have the following:

(a) let x(t) € Class 1,, for which A*(x) # @, then the set A*(x) has an
upper bound which is independent of x ;
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(b) let x(t) € Class II,, for which A™ (x) # @, then the set A (x) has an
upper bound which is independent of x .

ProOF. (a) Let x(t) € ClassI,,. Set w(f) as in (14), then w(f) €
Class I,, and (15) holds. Setting o and B as in (16), we examine the
following:

1) g, >a. By (14), we find that

(21) 0< (-1)’w(t) < 4,(-1)’x(t-a), v=0,1,...,n
where A4, is given by (17). Also, from (15) we obtain
(=19 1w "M + q"l(—l)"x(")(t ~0,)<0, v=0,1,...,n.

Integrating the last inequality over the interval [t — w, f], where w =
Q1 /2n)(anl — a), and using the fact that (—1)"x(")(t) > 0 and decreasing,
we find

D)™™ ) > g, 0(-1)'X"(t -0, +@),v =0,1,...,n.
Repeating this procedure n — 1 more times, we finally obtain
-1)’w™) > qnla)"(—l)"x(")(t -0, +nw), v=0,1,...,n.

Combining the last inequality with (21), we find
x> Lg (Lo, —a) (<1'x® (1= L, +
(-1)'x Alq"u E(a"n o (-1)y'x 3 O, a)l,
v=0,1,...,n,

and, by Lemma 5(a), the positive number

n
A
115 2 log_l_ L
anl+a q"n g, —«

is an upper bound of A*(x).
2) B> a>a,. From (14), we obtain

~1)"x"@) > 41’ x(t-w), v=0,1,...,n
where A, as in the proof of Lemma 4(a), and
P, — T, incase (i)
7,—p, incase (ii).

w=ﬁ—a={

Now, by Lemma 5(a), the positive number
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is an upper bound of A*(x).
(b) Let x(¢) € ClassII,, . Set w(t) as in (14'), then w(t) € Class IL,,
and (19) holds. First assume & = +1. Then from (14'), we have

w”() >0, v=0,1,...,n
which implies that
) < Rx(")(t—pl), v=0,1,...,n.
So, by Lemma 5(b), the positive number

1
A, = —logR
3=, g

is an upper bound of A (x).
Next assume that § = —1. Then from (14') we have

(22) w0 < +Px"0), v=0,1,...,n,
and, from (19), we find
w(n+l/)(t) — qux(")(t _ ak) + Zqux(V)(t + a.k)
K K

1 2
>0xM(t+6,), v=0,1,...,n.
Integrating the last inequality over the interval [t — w, f], where w =
(1/2n)é, , we obtain
w0 > QuxV(t+ 8, - w), v=0,1,...,n.
Repeating this procedure n — 1 more times, we finally obtain
w? () > Qza)"x(")(t+&1 - nw), v=0,1,...,n,
and combining with (22), we find
@) 1+P<2n)" (u)( la)
xt)<—1[—=—1] x t— =4, ), v=0,1,...,n.
(1) o, \3, ol
Thus, by Lemma 5(b), the positive number

2. 1+P (2n\"
/l4=—a:log Q2 a_—l

is an upper bound of A (x).
The proof of the Lemma is complete.

https://doi.org/10.1017/51446788700034406 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700034406

274 S. J. Bilchev, M. K. Grammatikopoulos and I. P. Stavroulakis [14]

3. Main result
Our main result is the following

THEOREM. Consider the nth-order neutral differential equation

(1) g—tn [x(t)+ZpiX(t—T,~)—erx(t—Pj)]
1 7
+9 (qux(t—ak)+zqu(t+&k)) =0
Kl KZ

where n > 1, 6 = x1, I, J, K, K, are initial segments of natural
numbers, p;, t;, riv Pjs Gy g €(0,0) and o, 6, €[0, ) for iel,
j €J, k€ K,UK,. Then a necessary and sufficient condition for the
oscillation of all solutions of Equation (1) is that its characteristic equation

—Ati —p, —i . G
@) A"+A"Y pe =AY reivs (que *+Y gee "k) =0
1 J K, K,
has not real roots.

PRrROOF. The theorem will be proved in the contrapositive form: there is
a nonoscillatory solution of (1) if and only if the characteristic equation (2)
has a real root. Assume first that (2) has a real root 4. Then (1) has the
nonoscillatory solution x(f) = e .

Assume, conversely, that there is a nonoscillatory solution of (1) and, for
the sake of contradiction, that Equation (2) has not real roots. Then by
Lemma 3, Equation (1) has also a nonoscillatory solution x(¢) which belongs
either to Class I, orto Class II, . Consider the following cases:

(@) x(t) € Class1,,. For this solution x(#), by Lemma 4(a), we can
assume, without loss of generality, that A*(x) # @. Let 4, € A*(x). Also,
by Lemma 6(a), there exists a positive number, say 4, such that At(x) is
bounded above by 4.

For 4 € A™(x) consider the functions

2(t) = Fyx = (=1)"7'8 |x(0) + 3o px(t = 1) = Y rx(t = p))|
T 7

w(t) = Fyz = zn:l"_"[(—l)"z(")(t)], (cf. [19])
v=1
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and
)+ A" Z / w(s)ds in case (i)
(23) u(t)=Fw= -1
£+ 4" / w(s)ds + A" Zp /_T w(s) ds
in case (ii),
where

(n—1)
(24) H,(t)=4¢ [w(t) + Zpiw((t —7)~ erw(t -~ pj)]

+Eqk/ . ds+qu/t+ak (s)ds

and
T = max{t,, p,,, 0,, &nz}.

It is easy to see that z(¢), w(¢) and u(t) are solutions of Equation (1) and
they belong to Class I, .

Since Equation (2) has no real roots, by Lemma 1, the inequalities (5) and
(6) hold. We will show that (4" + m,)'/" € A*(u) where my = m/N, > 0
with

1 AT
N, = (1+P+R+2Q) e .
To this end, it suffices to show that
(1" (@) + A"+ my)u(t) < 0.

Define
p(t) = “[(-1)" " V().
Then ¢(¢) > 0 and for A € A*(x) with 1> Ag , we have

o(1) = 1(-1)" () + A(=1)""w "V (1))
=107 ) + 471" ()]

=¥ (Z qk[(—l)"_lx(")(t —-a,)+ A"x(t - 0,)]

K,

2

+qu[( )" x4+ 6,) +A"x (t+&k)])

<0,
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that is, ¢(¢) is decreasing. Since w(¢) € Class I, and

(25) )" () =e Mo,
we see that
w(,)_/ /, / )" W Ve, dt, - d,
Sﬂ_—le Yo(0)

and therefore forany o < T

(26) /ti:w(s) ds < Fe '(o(t - T)[e” - e“"] .

Now, from (23), in view of (24), we obtain

(0w Ve -T)+ 2" - p) - V- 1)
J

in case (1)

w(t)={ — o™ V(e = T) + A" V() - w" V(e - )]

+4"Y plw™ e -1)-w" Ve -1)
I

\ in case(ii)
and, in view of (25),

’

— Qe Myt -T)
+A7 Y[t p)) - e (1 - T
J
CLIOES S ey
— Qe ™ Mot = T) +A"le ™p(t) - e V(e - T)]
+2" Y ple T gt — 1) — e Dot - 1))
I

{ in case (ii).
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Also, from (23), in view of (24), (25) and (26), we find that

u(t) < %e—”(o(t ~-T) Qe - que“" - Zéke_'w"
Kl KZ
¢ _a —A(t—-1, —A(t—p,
e o)+ pe gt -1, -D e (e - P;)
T 7

+e Mpu-T) [Re” -3 rje'l”f] in case (i)
7

+

- —A(t—, —A(t—p.
—e o)=Y pe Vot — 1)+ Y re g1~ p))
I J

+e Mo -T) [e” —1+ P - Zpieh‘] in case (ii).
x I
Finally, in view of (6), we obtain

(=1)" " () + A" u(e)

4
e Mot —T) (A +2"Y pe 2" rje"’f I T
1 J K,
Z A A | . .
- ) qe in case (1)
K2

e Mp(t-T) [-/1" XSS e - Y g
1 J K,

-3 g% in case (ii)
KZ

\
<eMp(t-T)(-m)
and consequently
(1" ") + A"+ mu(t) = [(-1)" " u(8) + 2" u(t)] + myu(e)
<eMp(t—T)(-m+ myN,) =0
as required. Now set
Xo=x, X,=Fx=F(F(Fx))=u, x, = Fx,

and in general
x,=Fx,_,, v=1,2,...
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and observe that x, € Class I,, with A*(x,) # @, and for
LeAT(x)= AT (x)) = (A" +my)' " e AT () = A (x)

and after v steps (1" +vmy)'" € A*(x,), v =1, 2, ... which is a contra-
diction since 4, is a common upper bound for all A+(x,,) .

This completes the proof when x(#) € Class I,

(b) x(t) € Class II, .. By Lemma 4(b) we can assume that A (x) # &.
Let 4, € A" (x). Also, by Lemma 6(b), there exists a positive number, say
Ay, such that A™(x) is bounded above by 4,. For A € A" (x) consider the
functions

zZ(t)= -0 [x(t) + Zpix(t -7;)— Z r;x(t—p;)
1 7

w(t) = Xn:x"“”z‘”)(z)
v=1 -

and
(23,) t+T t+T
H (t)y+ 4" [* w(s)ds+A"Z,pf+ w(s)ds when d = +1
u
( H LO+AY,r ; '+Tw(s)ds when d = -1,
where

(n—1)
(24" I~{w(t) =-0 [w(t) + Zpiw(t -1;) = Z riw(t - pj)l
1 J

+T +T
+qu/ ds+zqk/ w(s) ds
Kl 1~0, [/ +6k
and
T = max{7,, p,, > T, > &nz}.

It is easy to see that z(t), w(¢) and u(¢) are solutions of Equation (1) and
they belong to Class II,, .

Since Equation (2) has no real roots, by Lemma 1, the inequalities (5) and
(7) hold. We will show that

A" +my)" e A~ (u),
where my, = m/N, >0 with
{ Syre i+ [1+P+ ﬁ] e when & = +1
N, =

T
1+ 5,07 + [R+ §]e™  whens=—1.
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To this end, it suffices to show that
—u”() + A" + my)u(r) < 0.

Define

p(t) = Hw" V().
Then ¢(f) >0 and for A € A" (x) with 4 > 4., we have
o(t) = —e V[~ (1) + 2"V (0] = —e M-V (1) + 22" (1))

= —e ™ (Z qk[—x(")(t —-0,)+ Ax(t - a,)]

K

+ 3 G l-x"t +6,) + x(e + ak)]) >0,
KZ

that is, ¢(¢) is increasing. Also
(25) w" V() = Mo(t).

Now, as in [25], we extend the definition of w(")(t) , v=0,1,....n
such that w(")(t) are continuous positive and increasing on (—o0, co) and
lim w"(t)=0, v=0,1,..., n— 1. Then, in view of (25),

t et ey
w(t)=/ / / w" Ve _ydr,_ dt, - db,
| Y,

e o(1)

{——o00

S ln—l

and therefore forany w < T
t+T
(26)) / w(s)ds < —eo(t + T)e*T — ™).
t

Consequently from (23), in view of (24'), (25'), (26') and the fact that
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@(t) is increasing, as in case (a), we obtain

—u" (1) + 2" u(2)
4
Mot +T) |-A" = A" Zpie_h" +A" Z rje_lpf - Z qke—'k'"
7 7 K,
- Z éke'w" when 6 = +1
KZ
<K

ehqa(t +T) i + an Zpie-—lri L ere—lpj _ que—}.ak
I J K,

— Z ékew" when & = -1
\ K2

which, by (7), leads to

—u"™ () + A"u(t) < Mot + T)(—m).
Finally,
—u™(t) + (A" + mo)u(t) = [-u (1) + A"u(t)) + mou(?)
<eMo(t+T)(-m+myN,) =0

as required. Now, as in case (a), we have a contradiction.
The proof of the theorem is complete.

4. Applications and examples

In this section we apply our main theorem and obtain some useful corol-
laries.

COROLLARY 1. Consider the mixed type differential equation

X0+ [ S gxt-a)+Y dxt+4,) | =0,
Kl K2

where n > 1, 6 = %1, q,, o,, 4,, 6, € R" for k € K, UK,. Then all
solutions of this equation oscillate if and only if its characteristic equation
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A"+ (Z qke_w" + Z éke'w") =0

KI K2
has no real roots.

Observed that in the case of the mixed type equations (cf. [20])
PO+ gxt-0) - gxt+a,)=0
K K

1 2
and

X0 - Y gx(t-)+ Y gx(t+6,)=0,
Kl KZ
their characteristic equations are respectively

SR +Y qe -3 g% =0
K, K,

and
gD =2"-Y qe ™ +3 g% =0,
K, K,
and it holds
S(+00)f(=0) <0 and g(+00)g(—0) < 0.
Therefore equations of the above forms always admit nonoscillatory solu-
tions.

The method of proof which we used to establish our main result is short
(cf. [7]) and also has the advantage that it results in easily verifiable sufficient
conditions for the oscillation of solutions to Equation (1). Indeed, this is de-
rived by comparing elements of the set A*(x) (respectively A™(x)) in each
case. Observe that we found points 4, and 4, such that 4, € At (x) (re-
spectively 4, € A" (x)), while 4, is an upper bound of A*(x) (respectively
A" (x)). Thus, if we assume

A, >4y,

we are led to a contradiction. Utilizing this idea, we can obtain several
sufficient conditions (in terms of the coefficients and the arguments only) for
the oscillation of solutions of Equation (1). The advantage of working with
these sufficient conditions rather than the characteristic equation (2) directly
is that the said conditions are explicit, while determining whether or not a
real root to Equation (2) exists may be quite a problem in itself. Thus, using
Lemmas 4 and 6, one can draw a number of corollaries. We confine ourselves
to the following:

COROLLARY 2. Consider Equation (1). Then any one of the following
two conditions imply that Equation (1) has no (nonoscillatory) solutions of
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Class 1, :
(27)

1 1 1 1+pP( 2n \ _ ,
(T:Fqnl) > o, + T, log 0 \o, -7, when g, > 7T, incase (1)

n

or

1\ 1 R (
(28) (—q ) > log— whent,>p, =0, incase (ii).
Rin TI - P Pl I m n

CoROLLARY 3. Consider Equation (1). Then any one of the following
two conditions imply that Equation (1) has no (nonoscillatory) solutions of

Class 11, :
1 /n "

29 — > —logR whend=+1
(29) (72:) > 5los
or

1 n 2 14P (2n\"

— = =1
(30) <1+PQ2) >&1 log 0, (&1) when &

REMARK 1. Observe that if there exists a bounded nonoscillatory solution
of Equation (1), then Class I, is not empty.

REMARK 2. It is clear that when Equation (1) has no (nonoscillatory) so-
lutions of Class I,, and Class II,, , then all solutions of (1) oscillate.

ExAMPLE 1. Consider the third order neutral differential equation

(31)
3733 [x(t) + 2x(t —2m) — ::'—(l)x (t— %)] - 3x (t— %) - f—(l)x(t+2n) =0.

Observe that the conditions (28) and (30) are satisfied. Therefore by Corol-
laries 2, 3 and Remark 2, all solutions oscillate. For example, sint and cost
are oscillatory solutions of Equation (31).
ExaMPLE 2. For the second order neutral equation
2
(32) %[x(t) +x(t—8n)—30x(t —m)]+x(t—n)+33x(t+2m)=0

condition (28) is satisfied. Therefore, by Corollary 2, Equation (32) has no
(nonoscillatory) solutions of Class I,, and, by Remark 1, all bounded solu-
tions oscillate. For example, sint and cost are bounded oscillatory solutions
of (32). Note that condition (29) is not satisfied. Thus, in this example, we
can not conclude that all solutions oscillate.

ExAMPLE 3. Consider the mixed differential equation

(33) x(t) + 5" x(t — 27) + e "x(t+7) = 0.
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Observe that this equation has no (nonoscillatory) solutions of Class I,, and
Class II,, and therefore all solutions oscillate. For example, e'sint and
e‘cost are (non-bounded) oscillatory solutions of Equation (33).
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