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FINITE SOLUBLE GROUPS

HAVE LARGE CENTRALISERS

JoHN Cossey

We say that a finite group ( has a large centraliser if &
contains a non-central element x with ICG(z)I > |G|% . We

prove that every finite soluble group has a large centraliser,

confirming a conjecture of Bertram and Herzog.

Let C denote the class of all finite groups G such that G

contains a non-central element x with ICG(x)| > |G|% : we will call a

group in € a group with a large centralizer. In a recent paper [Z]
Bertram and Herzog have presented evidence to support the conjecture that
all finite soluble groups are in C , extending the results of [1] in
which Bertram showed that every finite soluble group (¢ contains an

1
element x with |CG(x)| > |G|/3. The aim of this paper is to show that

the conjecture is true. For the remainder of this paper all groups will be

finite and soluble.

We will proceed by considering the structure of a minimal soluble
group not in C ; Bertram and Herzog have obtained a number of
restrictions on the structure of groups not in C , and in particular have

shown that if ¢ is not in C , then for some prime p , G ¢ i% , where

Received 22 April, 1986.

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/87

$A2.00 + 0.00.
291

https://doi.org/10.1017/5S0004972700013241 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700013241

292 John Cossey

Dp is the class of groups H with the following structure:
F(H) = F(Hl «x Op,(H) s Op,(H) < Z(H) , and Op(H) nZ(H) #1 ;

%
moreover, Op(H) is of class 2 , OP(H)' < Z(H) , lOp(H)[ > |H|* and
Z(H/F(H)) =1 ([2] Theorem 5 and Corollary 4.l). We note that the same
arguments will show that these restrictions on the structure of OP(G)

apply to ary noncentral normal p-subgroup of G . To show that the

conjecture is true, it will be enough to prove that if G ¢ Dp then

G € CO , where Co is the class of groups H which have an element x in

OP(H) \ Z(H) with |CH(:L')| > |H|;£ . We let G be a group of minimal
order in Dp\CO . If the result is true for G/(Op,(G) n 2(¢)) , it is

trivial to check that it is true for (¢ , and so we must have that Z‘(G’)

is a p-group and F(G) = OP(G) . We set Z = 2(G) .

We will need the following facts several times, and will use them

without further comment. Let P , H be p-subgroups of G , H < OP(G) ’

H normalised by P and % € H such that PZ/Z < C,,,(hZ) : then

Gz
IP.'Cp(h)I < |(H,P}) < 12] . fThis is an immediate consequence of the

-1
easily verified fact that the map x -+ Kn™' (zeP) is a homomorphism from
P to [H,P] with kernel C’p(h) . If U,V are subgroups of Op(G)

containing 2 , then [U,V] (as ZG-module) is an epimorphic image of

(U/2) @ (V/Z) (see for example the discussion in Robinson [8§]pp. 126-127).
If A is an irreducible GF(p)G-module of dimension m > 1 , then the
multiplicity of the trivial irreducible module in 4 ® A is at most 4m .
To see this, let E be the algebraic closure of GF(p) , and suppose

AE = A1 ® ... ® At . The Ai's are distinct Galois conjugates (by Theorem

9.21(b) of Isaacs [7]), and so if the multiplicity of the trivial

irreducible is to be nonzero, we must have either each Ai is self
contragredient or the Ai's occur in contragredient pairs. 1In either case

it is clear that the multiplicity is at most %m .

https://doi.org/10.1017/5S0004972700013241 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700013241

Centralisers in soluble groups 293

We begin by considering the structure of OP(G) . Suppose that
Ob(G,/Z contains two distinct minimal normal subgroups of (/2 , U/Z and

k e /2| = pm . V72| pn , with m < n say, then

wz . 1f 1Z| =p
IGI% < pk+m . But if u e U\Z , ]CU(u)l 2 pk+%m and ICV(u)] 2 Pk+%m
(since [U,V]1 #1 only if U/Z and V/Z are contragredient as
GF(p)G-modules); if follows that ]CUV(u)] > pk+m , a contradiction.
Hence G/Z has a unique minimal normal subgroup, U/Z say, with

\U/21 = pm . If U # OP(G) , let V/U be a minimal normal subgroup of
G/U with V < Op(G) . If V/Z is elementary abelian, we have [U,V] is

an epimorphic image of U/Z © V/Z (as GF(p)G-module) and so is
nontrivial only if V/U is contragredient to U/Z (as GF(p)G-modules).

ktm ]GI%

It follows that if wuy e U\2Z ICV(u)] 2 p , again a contradiction.

If V/Z is not elementary abelian, it must be homocyclic with V/U
isomorphic to U/Z (as GF(p)G-modules). In this case (U/2) @ (V/Z)

pk+2m~%m 5 lGI% . a

= (U/2) @ (V/U) and so if u e INZ |Cp(u)] 2
contradiction. Thus we may assume that Op(G)/Z is the unique minimal

normal subgroup of G/Z .

let N = OP(G)' : then the chief factors of G in Op(G)/N are
either central or faithful for G/Op(G) and it follows from the Lemma in
Higman [5] that OP(G)/N = (U/N) x (Z/N) with U/N isomorphic to

U/N. We consider

Op(G)/Z (as GF(p)G-module). We set H = G/Op(G) , A
the structure of A as a GF(p)H-module. Note that U' = N and hence 4

must be self contragredient as GF(p)H-module. If AE =4,@ ...0 Ag o

m
jAl =p  , and |N] = pk , we have k < ¢t < &m . We can improve this bound
slightly. Suppose that t = %n ; then A1 is a two dimensional faithful
irreducible EH-module, and since Z(H) = 1 we have by Blichfeldt's

Theorem ([3] Proposition 11.2) that A, is induced from a one dimensional

module B for a subgroup K of index two. We must then have KX abelian
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and normal in H : it follows from Gaschutz [4] that X must be cyclic,
and from that fact that Z(H) = 1 that X must be of odd order. 1If
' i

- 1 , while if AK is irreduc-

) = F 1is a field of order pm normalised by

AK is reducible we have |K| divides p

ible, we have EndGF(p)K(A

H in End )(A) . In this case if x € H§ has order two, g acts on

GF(p

F as a Galois automorphism and so in particular the fixed field of x has

order p%m : it follows that |K| divides p%m + 1 . Note moreover that

is regular in either case and so contains fixed

1
MK+
points. It follows that if IOP(G)l =p k2 , and u € NV with

[x,ul ¢ N , ICG(u)I > me+l and so 1G] 2 4P2m+22 . But |G}

m+K+2
< 2p k (p%m+1) : it is easy to check that the resulting inequality never

holds, and hence we must have t <m/3 .

the action of x on A4

2m+26

2mt2k : set |Gl =p .

Note that we have p2m < |Gl <p

Suppose that for some normal subgroup X of H we have AX non
homogeneous : then for some subgroup I of H there is an irreducible
GF(p)I-module B such that 4 = BH . set |H:I| =g, I= J/Op(G): we
nave |J| = |G|/d , |B] =pm/'j. 1If B=W/N , and we W\N , then the
k+(m/j)

number of conjugates of ® is less than P and so

-k-(m/§)-10g,d 2omt28-k-(m/j)-10g J -
e, > lelp Pap P

It is easy to check that (m/j) + logpj < 2m/3 (and hence k + (m/j)

+ logpj <m unless m=4¢ and J=2 . But in this case k = 1 and

so k + (m/j) + logpj £ 4 . fThus ICG(w)| 2 |CJ(w)| > pm+26 2 |G|% .

a contradiction. We must therefore have AX homogeneous for every normal
subgroup X of H .

An immediate consequence of this is that every abelian normal sub-

group of H must be cyclic, and hence in particular OZ(H)
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must be trivial. Since H must then have a nontrivial abelian normal

subgroups of odd order, A1 must have even dimension to be self

contragredient : it follows that k < m/4 , and A has even dimensions.

Suppose that F(H) is abelian and hence cyclic. We then have
that H/F(H) is cyclic; since F(H) contains no central chief factors

it is complemented in H , by L say. Since AiF(H) is a direct sum

E
of nonisomorphic irreducibles, it follows that A4 F(H) is a direct sum of
nonisomorphic irreducibles and thus that AF(H) is irreducible. As

above we argue that the action of L on A has fixed points, and L acts
as a group of Galois automorphisms on F(H) . Thus if |H/F(H)| = a < m/t

we get |F(H)] < (pm-l)/Pm %.1)  and then |G| < apm+k+2(pm-1)/Pm/b-1)

m+2
But if xN is centralised by L , we get ICG(x)l <p “a , and so we

2m+22a2 m+k+2 (pm_1 )/ m/a_1 )

require P < ap |2 : using the fact that a > 1

and t < m/a , we see this inequality never holds, and so F(H) cannot be

abelian.

It then follows from the fact that every characteristic abelian
subgroup of F(H) is cyclic that F(H) is the central product of
Z(F(H)) with a direct product of extraspecial groups of distinct prime
power orders (Huppert [6] Satz 3.13.10). Put Y = Z(F(H)) and let
C=CH(Y) : then C 1is the inertia subgroup of any irreducible

constituent of A and C # H : setting a = |H/C| , we get

1Y

1 <as<m/3 . If B is an irreducible constituent of AIC then B

is faithful for F(H) . If b = dim B (so that m = abt) and
2 2a1 20r
IF(H) /Y] = &° = q; "---4, » with qg,...,q, distinct odd primes, then

e | b and C/F(H) is isomorphic to a subgroup of Sp(2a ) x ...

1291
x SP(ZGr,qr) (where Sp(2ai,qi) is the symplectic group of degree 2ai

over GF(qi))' Since By, and A, are homogeneous, the number of

distinct Galois conjugates of an irreducible EY-module is at most
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m/b = at , and so |Y| s pat -1

We now obtain a final contradiction by bounding the order of ( from
above and below and showing that these bounds are incompatible : to do
this we need a bound on the order of soluble subgroups of the symplectic
groups. Unfortunately the easily accessible bounds seem rather crude,
while other bounds (such as those which may be obtained from the
classification of maximal subgroups of the symplectic groups) do not seem
to improve the bounds significantly in small dimensions. The bound we use

will leave us a small number of special cases to consider.

It follows from 2.9.24, 2.8.28, and 2.6.14 of Huppert [é] that a

o.
soluble subgroup of Sp(Zai,qi) has index greater than qit unless

q; =3 and then from 2.9.13 of Huppert (6] that a soluble subgroup of

202 a.
; i
Sp(2a;,q.] has order less than gq, * unless g, =3 . Thus

a, 2o a 20
lerrm| < 3t T @) T
o o
1 r, 2B
s 38(q;...q, )
= 3c2B >
where B = log (c) , q = min{qy,...,q,}
We then have that
(i) la| = g™ L v |Fem) /x| |c/Fea) | |a/c]
Using the estimates above, we get
| < pm+k+2(pat_1)02 328 L a .

Note that if W 1is an irreducible constituent of B then W 1is

F(H)
induced from a one dimensional irreducible for an abelian normal subgroup
of index ¢ , and so there is an element of ¥ (and hence an gz ¢ U\N)

centralised by a subgroup of order ¢ . It follows that |CG(x)| > pm+2c ’
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omt28 2
c

and so we must have |G| 2 p ; it is clear that for m large

enough these estimates will give a contradiction. We show that

-k-at+2 , 2
pm a _ B

3e

cases which we deal with individually. Note that m 26 and m is

. a =20, a contradiction, except for a small number of

divisible by an odd prime.

Suppose that p > 2 . We have, since p >3 and q 2z 3 , that

2log,c
pm-k_at+2-3ac2B > Sm—k_at-3ac 3 1f gt > 2 , we have at < m/3 ,
a

<m/3 , k <m/6 , and since ¢ is odd, m/c 1is even, giving e < m/4 .

2log,(m/4)
s 32 3(m/3) (m/a) ° , and it is

2logg(m/4)

2log.,c
We then get 3m-k—at-3ac s

not difficult to show that 3m/2-3(m/4) >0 for mz26 . If

at =2 , we have ga=2 , t=1 (and so k = 1) , and then

1+210q(m/2)
Sm—k-at—3ac 2 3m—3—3(m/2) 3 ; this also is positive for

m=210 , If m= 6 , then the result follows from the facts that p 2 § ,
2 =0, and (/F(H) 1is a subgroup of SL(2,3)

210g30

Suppose then that p=2 . If e¢=3, then b =6 , being the
dimension of a faithful irreducible module for a non abelian group of
order 27 over GF(2) . Thus m = 12 , a < at < m/6, and the result

follows from the fact that 2(2m/3)-1

- 9n is positive for m 2 12
Thus suppose that ¢ 2 5 . If at > 2, we have a s m/5 , at < m/5 ,

K= 2
k < m/10, and e < m/4 : it then follows that 7" k at+2-3ac 8

> 2 ~3(m/5) (m/4) . It is then easy to check that this is
positive for m 2 10, as required. If at =2 , then t=k=1,

21093(771/2) s 0

£=0,a=2, and ¢ s m/2 : we then get Zm-1-180w/2)
for m 2 18 . This leaves us m = 10 and 14 to consider. Using the
formula (i) for |G| and the fact that C/F(H) is a subgroup of Sp(2,5)
for m =10 and of Spf(2,7) for m = 14 we see that neither of these

cases can arise.

This establishes the truth of the conjecture.
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The final part of this proof is rather messy : the bounds used are
very sensitive to small changes in the estimates for ¢, k, a, ¢ . This
version involves the smallest number of special cases of those I tried.
The testing of the corresponding bounds was greatly facilitated by the use
of ANU Graph, a graph drawing package developed by Neville Smythe and
Martin Ward.
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