ON THE PRODUCT OF TWO POWER SERIES

H. DAVENPORT AND G. POLYA

WE consider the product of two power series with positive coefficients:
Cunx™) Cvax™) = Zwax™

What conditions will ensure that the coefficients w, shall be either (i) mono-
tonic, or (ii) logarithmically convex? By the latter, we mean that w,2<
W Wai1 for m = 1, 2,.... In investigating this question, which was sug-
gested by a special example, we have found it convenient to express the con-
ditions in terms of the ratios of u,, v, to certain binomial coefficients, rather
than in terms of «,, v, themselves.

We introduce a and 8 such that
1) a>0, >0, a+p=1
and let

ala+1)...(a+n—1) BB+ ...8+n—1)
@ ez 1.2...n » B = 1.2...n
for # 2 1; ag= Bo= 1. Let
an= un/am bn= 7}n/ﬁn

so that e, and b, are positive, and
3) Wy = ao@oBnbnt 01818z—10n_1+. . .+ az@nBobo.
We have been led to the following very elementary results, which appear,
however, to be new.

THEOREM 1. If a,and b, are both monotonic increasing, so is Wy, and if an
and b, are both monotonic decreasing, so 1S Wy,

THEOREM 2. If a, and b, are both logarithmically convex, so is wn.

We prove these theorems in 1 and 2, and add some general remarks con-
cerning them in 3. In 4 we apply them to the special example from which our
investigation started. In 5 we mention the integral analogues.

1. The proof of Theorem 1 may be decomposed into two steps, the first
of which is concerned only with properties of the binomial coefficients.

Put
4) {Po= aolny,  P1= afn—1, ..., Pn= azbo
¢o= aBrt+1i, @1= a1ffn, ..., gn+1= ant1B0.
Then we assert that
(5) pot p1t. . .+ Pa= Qo+ @1t ..+ Gur= 1,
and

6) @< po< o+ 1< pot P1< .. < Qo+ @1t oA @< Pot Pt .. P
Thus we assert that the successive partial sums of the two sequences p,, p1, . - -
and qq, ¢, . . . separate each other. If we imagine each sequence represented
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by a row of blocks, the two rows will have a form similar to that of two neigh-
bouring rows of tiles in a wall, and we can express the property in question by
saying that the two sequences are ‘‘tilewise ordered.”

Of the two results (5) and (6), the former is immediate, since, by (2),

2 anx®=(1 —x)7% = Bux® = (1 — x)~*
0 0
and so, by (1),
20 (aan+. . .+ anﬁo)x”=(1 - .’)C)—l= 20 x™.

To prove (6), we observe that, by (1) and (2), the a, and 8, are monotonic
decreasing, whence
Qo+ @1t . .+ k= aiBrr1t arfnt. . .+ arBnri—k
< aoﬁn+ aan-—1+- .ot arBn—k
= po+ pr1t+. . .+ Dr.
Similarly
Qn+1+ Qn+~ .+ dr+1= an+160+ afrt. . .+ ak+15n—k
< anBO'*‘ an—lﬁl'l"- . + akﬁn-—k
In view of (5), this implies that
Qo+ 1. . .+ g > pot Pt - Piy
and the proof of (6) is complete.
For the second step in the proof of Theorem 1, we introduce symbolsxfor'_’the
successive differences of the terms in (6). We put
r0= qo, 0= po— o, '1=(go+ q1) — po, 7'1=(po+ p1) —(go+ qu), - - .
rn=(q0+- . + Qn)"(PO’i' . + Pn—-l)y 7,n= dn+1.
All these numbers are positive, and we have
po=ro+ 7o, r=11+ 71, .., Pa=Tat 7,
o= 7o 1= 7"0+ Ty e o o sy @n= T'n—1+ Tny Qny1= 7' ne
Hence, by (3) and (4),
Wn = Toa()bn'*‘ f’naobn—'— rlalbn—l'l"- . + 7’nanb0+ r,nanbo,
Wn41= Voaobn+1+ rl()albn"l_ r1a1bn+. . 4 reanbi+ 7','nan+1b0-
These expressions render Theorem 1 immediate, on comparison of corres-
ponding terms.

2. To prove Theorem 2, we use the following lemma:
LEMMA. Let W, be defined by

(7) Wn: dobn+ (;-z) albn—l + (g) aan—2+~ . + anbo-

Then, if a, and b, are positive and logarithmically convex, so is Wh.
Proof. The desired result Wp2< Wp_1W,y1 holds for # = 1 since
W We— Wit= Gobo(aobz+ 2a1b;-+ a2b0) '—(Gob1+ 01b0)2
= ag*(bob2— b:12)+ bo*(aoa2— a:?) = 0.
We prove it for general # by induction.
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By the well-known property
n n—1 n—1
()-C7)+C)
of the binomial coefficients, we have, for n = 1,
Wn= W,n-1+ W,/n—h
where W’,_, is formed with the sequences a;, as,. . . and by, b1,...and W ,_,

is formed with the sequences a,, @i, . . . and by, by, . . .. By the hypothesis of
the induction, applied to the two former sequences, we have

(I/V,n--l)2 S W'n—ZWln’
and similarly
(W”n—l)2 S W”n—ZW”n-
By the inequality of the arithmetic and geometric means, it follows that
2 WinaW" oy K 2 AW ncaW aW" naW"0}} S WaaW" o + W pa W',
Hence, using again the hypothesis of the induction, we obtain
Wat= (Wi + Wt  WaaWa + WaaW”,
+ W”n——2W,n + WNn—ZW“n = Wn—IWn+1-
This proves the Lemma.

An immediate corollary to the Lemma is that the same conclusion holds for
Wa(\, u) defined by

(8) Wa(h, g) = aobop™ + (’f) AN 1i™ + . ..+ aA"bo,

where N\, u are any two positive numbers.
We can now prove Theorem 2 as follows. By (1) and (2), we have

s _ (n) T(a +m)T'(B+n—m)
mPn—m m n'F(a)I‘(ﬂ)

(7 1 Voatm—1 Bt n—m—1
(2) s [ .

Substituting in (3), and using the notation of (8), we obtain

w, = F(TJII_“@ JZ N1 = 0P ITWa(t, 1 — ¢) dt.

Since W,(¢, 1 — ¢) is logarithmically convex for each ¢, it follows from the
inequality of Schwarz that w, is, since

T'(a)T(B)wn < J :t“—1(1 = F T Waea(t, 1 — OWara(t, 1 — 1)} F dt
{Jlt“*l(l — 0t 1 — t)dt}%

-{J:z“—l(l — OF W (t, 1 — t)dt}*
(T'(@)T(B)wn1T ()T (B)wns1)? .

This proves Theorem 2.

IA
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3. The two theorems proved above have a certain resemblance to the fol-
lowing simple but useful theorem of Kaluza.!

If the an are positive and logarithmically convex, and
(a0+alx+aax2+..._1 =byo—bix —bx>— ...,
then all the by are positive.

All three theorems give conditions which ensure that a power series, derived
from given power series by multiplication or division, shall have some
simple property.

There is one class of power series to which our theorems can readily be
applied. Suppose ¢(¢) is positive and integrable in the interval (0, %), and let

h

9) J o) (1 — xt)~%dt = Zananx™.
0

Then

h
An= J o(2)tdt,
0

and the a,, being the successive moments of a positive function, are logarith-
mically convex.

4. The particular problem from which our investigation started was that
of showing that

(1 I:J :(1 +ut - 2’“‘2)_%“]—2 + [ﬁ(l + w4 2xu?)“%duj|_2

decreases steadily as x increases from 0 to 1.

(It can be shown that the expression (10) represents (270A/7)?%, where r, de-
notes the inner conformal radius of a rectangle with respect to its centre, and
A denotes the principal frequency of vibration of a membrane with the rect-
angle as its boundary. The product 7oA depends on the shape but not on the
size of the rectangle, and the parameter x specifies this shape. As x increases
from 0 to 1, the ratio of the two sides of the rectangle increases steadily from
1 to infinity. Our assertion concerning (10) means that the product roA de-
creases steadily in this process.)

By the change of variable

2u?/(1 + u*) =t
the first integral in (10) is transformed into an integral I(x) of the type (9),
with 2 = 1 and a = 1/2. Theorem 2, applied to this integral, tells us that
the coefficients of the power series for 12(x) are logarithmically convex. From
Kaluza's theorem, it follows that the expression (10) has the form
2bo"' 2b2x2— 2b4x4— PR
with positive b,. This obviously decreases as x increases.

We should perhaps observe that instead of using Theorem 2 in the above

argument, we can use the following ad hoc argument. We have

I2(x) = J: J: (o)A — xt)~21 — x)~F dedr’.

1 Math. Zeit., vol. 28 (1928), 161-170.
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Let
1 —xt)¥1 — xt')"F = 2 4.0, ¢)xm;
then
I2(x) = Z cux™,
where

Cn = Jo ,[0 o(B)p(¢)An(2, t')dtdr .

If we prove that 4.(t, t’') is logarithmically convex, for fixed ¢, ¢, it will follow
that ¢, is logarithmically convex, as desired. In fact, it is easily seen that

3
An(t ) = 1—2“[ (¢ cos?d + ¢’ sin%0)"do,
0

and this is obviously logarithmically convex.
5. For the sake of completeness, we mention the integral analogues of
Theorems 1 and 2, although they are less interesting.

Suppose that f(x) and g(x) are positive and integrable for x = 0, and
bounded in any finite interval. We retain (1) and put

h(x) = Jo 0 (6 — 0Fg(x — )dt.

THEOREM 3. If f(x) and g(x) are both monotonic increasing, so is h(x), and
if f(x) and g(x) are both monotonic decreasing, so is h(x).

TaEOREM 4. If f(x) and g(x) are both logarithmically convex, so is h(x).

We say that f(x) is logarithmically convex, if for x = d > 0,

Frx) < flx — d)f(x + d).
By changing the variable of integration and using (1), we obtain
h(x) = Jl w11 — )P f(ux) g((1 — w)x) du,
0

and this representation of %(x) renders Theorem 3 obvious. By the hypothesis
of Theorem 4 and Schwarz’s inequality,

B < [t = Pl = d) Sals + D)
(e = wlle — dD g1 — ullx + dD}*d
1 3
<[l a0 - 0P st — Dt - alls — D

1 3
AL w0 = w2 st + @) g1 = e +

= {h(x — d) h(x + d)}.
This proves Theorem 4.
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