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ON THE LIMIT CYCLE DISTRIBUTION OVER TWO NESTS
IN QUADRATIC SYSTEMS

Xi1ANHUA HuaNG AND J.W. REYN

As a contribution to the solution of Hilbert’s 16th problem the question is consid-
ered whether in a quadratic system with two nests of limit cycles at least in one
nest there exists precisely one limit cycle. An affirmative answer to this question
is given for the case that the sum of the multiplicities of the finite critical points
in the system is equal to three.

1. INTRODUCTION

Of the list of problems enunciated by Hilbert in his address to the International
Congress of Mathematicians in Paris in 1900 [9], the sixteenth problem has proved to be
a remarkably intractable question. This applies also to its second part, which asks for
the maximum number and relative position of the limit cycles of polynomial systems of
differential equations in the plane. The problem remains unsolved, even for the simplest
case, that of quadratic systems, that is,

& = ago + @10% + ao1y + azoz® + a11zy + a02y2 = P(z,y),

m ¥ = boo + broz + bory + baoz® + birzy + o2y’ = Q(z,y),

where "= %, a;;,b;; € R and P(z,y), Q(z,y) are relatively prime real polynomials,
which are not both linear. In fact, it has only fairly recently been firmly established that
a given quadratic system has at most finitely many limit cycles [1], whereas the existence
of a uniform upper bound for the number of limit cycles in the class of quadratic systems
is still a subject of research [8]. As a result of the work of Bautin [2] and Petrovskii and
Landis [12], for some time, an upper bound for the number of limit cycles in quadratic
systems was expected to be equal to three until, at the beginning of the eighties, in
China, examples with (at least) four limit cycles were given (4, 17]. Since then further
examples were given (see for instance [3, 10, 13, 14, 18]). From them and from other
results for quadratic systems, the suggestion then emerges that a quadratic system
contains at most four limit cycles, in which case they would be distributed over two
nests, three in one and one in the other. Since in a quadratic system there can be at

Received 21st February, 1995

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9729/95 $A2.00+0.00.

461

https://doi.org/10.1017/50004972700014945 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700014945

462 X. Huang and J.W. Reyn [2]

most two nests of limit cycles the question then arises, whether it is generally true that
in the case of two nests at least one of them contains precisely one limit cycle. In fact,
this property was proved for quadratic systems with four (real) critical points forming
a convex quadrangle [20]. In this configuration there are two saddle points and two
antisaddles. For the other possible configuration with two nests and four (real) critical
points, three antisaddles and one saddle point no proof is available yet. The third
possibility with four critical points, that of having two real and two complex critical
points, is the one occurring in the examples with (at least) four limit cycles and here
again there is no proof, but only evidence. Apart from some limit cases with second
order critical points this covers all possibilities, wherein the sum of the multiplicities of
the (real or complex) critical points is equal to four. If the sum of the multiplicities of
the finite critical points is called the finite multiplicity m of a quadratic system, this
settles mmy = 4. By changing the coefficients in (1), one or more finite critical points
may be sent off to infinity yielding 0 < my < 4. Trivially for my = 0 or 1 no two nests
of limit cycles can occur, whereas for my = 2 it can be shown that in the case of two
nests there is precisely one limit cycle in each nest [15]. This leaves the case my = 3;
being the case with three finite critical points, possibly complex or coinciding, then
yielding a second or third order point. For my = 3 a positive answer will be obtained
in the present paper. One consequence of this result is that for a bounded quadratic
system having two nests of imit cycles at least in one nest there is precisely one limit
cycle (and probably in both nests [7, 11]).

For a system with my = 3 one critical point has “gone off” to infinity compared
to the general quadratic system with four finite critical points. At infinity there thus
exists one transversally non-hyperbolic critical point which then necessarily is multiple,
whereas possible other infinite critical points are hyperbolic transversal to the Poincaré
circle. A multiple infinite critical point in a quadratic system will be indicated by M;,q,
where ¢ indicates the index of the point, p the number of finite critical points and ¢
the number of infinite critical points that can at most bifurcate from it upon changing
the coeflicients in the system. For my = 3 thus we have precisely one point M;,q with
p # 0 and for this point p = 1. For ¢ there are the possibilities ¢ = 1, 2 or 3. If
q equals 2 or 3 the point M;;'q is a degenerate critical point (for the locally linearised
system both eigenvalues are zero), and a result by Coppel [5] shows that the system then
has at most one limit cycle; so two nests are impossible. The remaining class in my =3
has an infinite critical point of type Ml"’l, or as will be shown later, a transversally
non-hyperbolic second order saddle node My, with center manifold transversal to the
Poincaré circle. In section 2 a normal form will be derived for quadratic systems with
finite multiplicity 3 and a Mf,l type of critical point at infinity, and the parameter
region indicated for which there are possibly two nests of limit cycles. In section 3 the
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normal form is studied for these parameter regions by transforming it into a Liénard
equation. Applying a non-existence and uniqueness theorem for limit cycles of this
equation then yields the result that in the case of two nests of limit cycles, in at least
one of the nests there is precisely one limit cycle.

2. QUADRATIC SYSTEMS WITH FINITE MULTIPLICITY 3
AND A M}, TYPE OF CRITICAL POINTAT INFINITY

LEMMA 1. A quadratic system with finite multiplicity 3 and a Mf,l type of crit-
ical point at infinity can be represented by the system

¢ =2+ My +ey’ +8pz+yy+zy) = Plz,y)
(2) ¥ = pz + vy + 2y, = Q(z,v)

where p 20, e=7F1, A, v, § eR.
The infinite critical point M1i,1 is a transversally non-hyperbolic second order sad-
dle node M}, with center manifold transversal to the Poincaré circle.

PRrRoOOF: Critical points of (1) are located at the intersection points of P(z,y) =0
and @Q(z,y) = 0, being the co and 0 isoclines, respectively, and sending such a point
to infinity in a certain direction makes this direction a common asymptotic direction
of the conics P(z,y) = 0 and Q(z,y) = 0, so that the quadratic terms in (1) have a
common linear factor. Without loss of generality this factor may be taken to be y, so
that azg = bzo = 0 yet, since for m; = 3 only one critical point is sent to infinity, there
is only one common linear factor so csg = a;1bp2 — ag2bi1 # 0. Since, moreover, an
infinite critical point of (1) is in the same direction — given by y = uz - as the flow on
the solution curves approaéhjng it, » should be a solution of

f(u) = agau® + (a1 — boz)u? + (azo — by1)u — bao =0,

with ag9 = b20 = 0. For » = 0 to be a point of first order tangent to the Poincaré
circle then b;; # 0. Also it may be seen that for my = 3 there exists at least one real
critical point in the finite part of the plane which then may be thought to be located
in the origin, hence aggp = bpo = 0. H, furthermore, by;z + bo2y is replaced by z, then
(1) takes the form

z = a10z + a1y + 112y + aezy’,

¥ = bioz + bo1y + zy,
where agy # 0, since cs6 = —ap2 # 0. It will be convenient to rewrite this equation as

& = aj0% + ao1y + aozy’ + 8(pz + vy + zy),
Yy = pz + 7y + zy,
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with ag2 # 0 and, since otherwise my < 2, a10 # 0. Replacing z by ajez, y by
a10/+/|ao2ly and t by t/a;o then yields

¢ =gz + Ay £y +8(pz + vy + 2y),
y=pz+7y+zy,

where A, §, v € R and where we can set p > 0, if needed replacing y by —y (then
also A and § change their sign).

For the determination of the character of Ml",1 we may refer to Reyn and Kooij
[16]; from figure 2 in [16] it follows with cs = 1 # 0 that M;, is a transversally
non hyperbolic second order saddle node M7, with center manifold transversal to the
Poincaré circle. 0

Possible other finite critical points may be shifted to the origin by means of a
translation of the axes leaving system (2) in the same form. In fact, if =z — 2., § =
Y — Yc, where (z.,y.) are the coordinates of a finite critical point of (2), this yields

T =T+ \J+ ey + 8(az + 75 + Z§),
Y = A% + 7§ + I7,
where X = A+ 2y, § =6, G=p+ vy and 7= v + z..

For the coordinates (z.,y.) we have

1
ze = —7 + 5#(/\ —ept \/(€#+/\)2 +4€(7—w\)),

Ye = 21—6(—)\—6;1.:& \/(e;l.+/\)2 +4e(7—pA)).

We shall use some additional notation to indicate critical points. A finite saddle point
is indicated by e~!, an antisaddle by e!, a complex point by ¢ and a multiple point

by mi,, where i indicates the index of the point and m its multiplicity, being equal
to 2 or 3 for system (2). Elementary infinite critical points are indicated by E~?! for a
saddle, E! for an antisaddle (being a node) and C° for a complex point.

Moreover, we shall encounter a tangentially non-hyperbolic second order saddle
node which will be indicated by Mj ,, using the notation already given.

LEMMA 2. For € = —1 there are the following combinations of finite critical
points: m}, mlel,e'e'e! and c’c’¢! and the following combination of infinite critical
points: C°C'M?}, for |§| <2, MQ,M?, for |§| =2 and ET'E'M?, for |6 > 2.

For € = 1 there are the following combinations of finite critical points: mj!,
mye~!, e e le! and ’c®e™?! and the following combination of infinite critical points:

E'E'M},.
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PROOF: We study first the critical points at infinity. By using the Poincaré trans-

1

formation z = 2~!, u = yz~!, after a scaling of time, (2) becomes

2" = 2[(1 4 pb)z + bu + (A +v8)uz + eu®] = R(z,u),
= —pz—u+ (14 8p—yuz+ 6wl + (A +y6ulz +eu® = S(z,u),

so that the infinite critical points, apart from MI‘"1 , are located at z = 0 and the roots
of eu? +6u—1=0.
For the product of the eigenvalues in the critical point (0,u.) we have

OR oS OR a8
Q(O,’U.C) = —a—;(O,uc)a—u(O,uc) - a—u(O,uc)E(O,uc)

=u.(6+ euc)(—l + 26u; + 3eu3) =2 — bu,.

For ¢ = —1, if |6 < 2 obviously we have C°C°M? , and for [6] = 2 we have My ,M? ;.
If |6] > 2 there are two elementary points, located in u4 = (5 + \/52——4)/2, whereas
Q(0,u4)02(0,u-) = —(62 — 4) < 0 so we have E'lEIM{)’l. In all three cases, the
sum of the indices of the infinite critical points equals zero. As a result the sum of the
indices of the finite critical points is equal to 1, which yields the possible combinations
mi, mJel, e lele! and c’clel.

For £ = 1 we may write Q(0,u.) =1+ u2 > 0, so there are two nodes and there
exists only the combination ElElM{),1 of which the sum of the indices equals 2, yielding
for the sum of the indices of the finite critical points —1. The finite combinations are

then: m;", me™?, e7le7'e! and c%%e!. 0

Since in a quadratic system a limit cycle has only one critical point in its interior,
this point being an elementary focus, only those combinations containing an antisaddle
are of interest for the limit cycle problem. Classes with possibly two nests of limit
cycles are e~lele! C°COM},, e~ le'e' M), M}, and e~'e'e' ET1E'M? . They occur

for e = —1 and this class will now be investigated.

3. SYSTEMS WITH POSSIBLY TWO NESTS OF LIMIT CYCLES
We recall that these systems can only be found in (2)

e=—1:

t=z+Ay—y’ +6(uz+yy+2y) =P(e,y),

3) y=pz+yy+zy = Q(z,y),
with £ >0, A, v, § € R, and that the coordinates of the finite critical points are given
by

ey =—7+ %ﬂ(f\+ui\/(/\—#)2—4(7—w\)),
(4)

ve= 3 (A-nt A= - ar - ).
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Figure 1. Parameter plane for equation (3).

In figure 1 the ),y parameter plane is given for a given value of p > 0. We do
not consider g = 0 since then the system has an invariant line: y = 0 and such a
quadratic system is known to have at most one limit cycle [6]. In fact the same is true
for v = 0 for which y = —p is an invariant line. The various possible combinations of
finite critical points are indicated in the corresponding regions. From a local analysis
it follows that (0,0) is a saddle for ¥ — pA < 0, an antisaddle for v — pA > 0 and a
multiple point for ¥ — pX = 0; a m} for A = g, v = p? and a mj for A # u. Of
interest for the question of two nests of limit cycles is the region v > pX where (0,0) is
an antisaddle, since if (0,0) is a saddle one of the two antisaddles may be shifted to the
origin keeping the same form of equation.

This region may be further subdivided into region I —c0 < A < o0; v 2
A+ ;1,)2 /4, wherein there is only one antisaddle and the regions II-V representing sys-
tems with two antisaddles. They are given by: Il:—co < A < —p, 0 <y < (A + u)’/4;
M —c0 <A< 0, ph < <0;IV: —p < X < g, max{0,pA} < v < (A +p)’/4 and
Vip<Ad<oo, pr<y<(A+ ;1.)2/4, and indicated as shaded regions in figure 1. A
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further restriction in the parameter plane A, 7 is possible since for regions IV and V
at most one nest of limit cycles is possible. We thus arrive at

THEOREM 1. Ifa quadratic system with finite multiplicity my = 3 has two nests
of limit cycles, it can be represented by equation (3) with parameter values in the

regions II (—oo<z\<—p, 0<7<(z\+u)2/4) and III (—co < A <0, pX <v<0).

ProOF: If the parameter values are in region V, z; > z_, yy > y— > 0 and
the situation is sketched in Figure 2. Since Q(z4,y4+) = —=2(y — Ap) + (A — plyy >
~2(y =) + (A — p)y- = Yz_,y-), the saddle is at (z_,y_) and the antisaddle at
(z+,¥y+)- I (z¢c,yc) are the coordinates of a critical point, from (3) may be obtained
that on y = y. we have y = (p + y.)(z — 2), so that with p > 0, y. > 0 follows that
on possible limit cycles around (0,0) and (¢4+,y+) the motion is in the anticlockwise
direction. It is a known result for quadratic systems that this is not possible since the
segment of the straight isocline between (0,0) and (z+,y+) must be crossed in the same
direction all along this segment.

\_J_/ *
Figure 2.
If the origin is shifted to (z;,y4+); the parameter values are in region IV. 0

Having focused our attention to regions IT and III, it may further be realised that
these regions are related to each other through a shift of the origin to the other anti-
saddle. For either of the two regions it is sufficient then to consider the situation with
regard to limit cycles around the origin; the information on limit cycles around the
other antisaddle (focus) being taken from the other region. Limit cycles around the
origin will be studied by transforming (3) into a Liénard equation. We shall make use

of the following lemmas.
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LEMMA 3. Suppose the system

z= —g(y)’

5
%) y==z— F(y),

satisfies the following conditions:

(i) g(y) € C! and F(y) € C? for y € (a, ), where a < 0 < §3;

(i) yg(y) >0 for y € (a, B) and y # 0;
(i) there exists an ay, with @ < a; < 0, such that f(y) > 0 for y € (a, ;)

and f(y) <0 for y € (a1,8), where f(y) = F'(y);
(v) [f(¥)/g(¥)] 20 for y € (a,;) and y € (0,5).

Then the systemn has at most one limit cycle in the strip
Dy :={(z,y)| —0 <z <00, a<y<f}

If it exists, it must be a stable cycle, which is hyperbolic.

Suppose, moreover, that the system satisfies conditions (i) and (i1) and in addition
the conditions:

i) £(0) = 0, ¢(0) > 0;
(iv)"  [f(¥)/9(y))' >0 (or <0)for y € (a,5) and y #0.
Then the system has no limit cycle entirely contained in the strip D;.
PROOF: As pointed out in [21], the uniqueness part of the theorem follows from

Theorem 6.4 of [19] and also from Theorem 1 of [6]. The non-existence part is proved
in [21]. 0

NOTE. The non-existence part of the lemma s very useful if we want to prove that there
is no limit cycle surrounding a weak focus when the sign of the focal values cannot easily

be determined.

LEMMA 4. System (3) can be transformed into the Liénard system (5), where

fy) = AW/ + ), 9@) = va(y)/(y+p) and fi(y) = 6y° + (1+2ub)y +
p(pb +v+1) and gi(y) = y* + (= Ny +7 - .

ProoF: In (3), let 3 = pz + vy + 2y, y1 = y. It then follows that
. 1
) = m[—y? + (A= 2058 + (22 — v — 1?) 9 + p(pA — 1)
+z1{8y] + (2p8 + V)y; + p(1 + ép +7)} + 3],

n = 2.
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Then, by 2 =1 /(1 +¥), y2 =y and ¢, = t(p +y) we get

22 = — [~¥ + (A —p)i + Op - 7w
)

+z2{6y3 + (246 + 1)y2 + p(1 + Sp + 1)},

Y2 = Ta.

Finally by z = 23 + F(y2), y = y2 we obtain (5) with g(y) and F(y), where
f(y) = F'(y) as stated in the lemma.

As may be seen from (3), y = —p is a line without contact which cannot be crossed
by a limit cycle. Moreover on y = y+ we note that y is linear in z with the only zero
at (z+,y+). If alimit cycle around the origin crosses this line it has to encircle another
critical point as well, which is not possible in a quadratic system.

This indicates the following strips in the z,y plane as regions wherein limit cycles
have to be investigated.

I —co<A<—p, 0<y<(A+p)?/4 ye (—p,x)
III: —00o<AK0, prA<y<0; y€ (y4,0), —p <y+ <0.

Applying Bendixon’s criterion yields the following for region II.

THEOREM 2. For parameter values in region II: —0co < A < —p, 0 € v <
A+ ;1.)2/4 equation (3) has no limit cycles around the origin if § > 0.

PROOF: The roots fif of fi(y) are given by

1
£ = o5 l-(1+2u8) £ /1~ 4uby),

so fi <fit <0for v 20, §>0(x>0). In the strip y € (—p,0) the divergence of

(—9(¥), z~-Fy)=—fly) = A(y)/(y + ;1.)2 is of constant sign if f;(y) is of constant
sign. Sufficient for this is that f;7 < —p or 6§ > 0.

REMARK. The theorem is equally valid for the regions I, IV and V.
There is no need to obtain a result for § < 0 in region II since complementary
information can be obtained from region III.

For region III we apply lemma 3, using lemma 4, where

(@)' _ _( fi(y) )' _ e ) A1) - AWva(y) _ o)
9(v) y91(y) v?9i(y) VR HE))

which defines (y), for which the following lemma is obtained.
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LEMMA 5. If6§ > maz{0,—(v+1)/u}, forregion III (~c0 < A <0, pA < v <0)
there is ¢(y) > 0 for y € (y+, fit) U (0,00).

ProOF: First we consider ¥ > —1; then é > 0. For § =0 we have

e(y) = w1 +7)(y — M) +2u(1 + 7)1 — Ay + { — A + 3u(1 + 7)}y® + 2¢°
= p(1 +7)91(y) + y{p(1 +7) + y} (=2 + & + 2y).

From the cubic polynomial we see that, since the coeflicients are non-negative,
¢(y) > 0 for y > 0. On the interval (y4, fi') we have g1(y) > 0, y <0, p(l +7)+y <
0 and —X +p + 2y > 0 so that ¢(y) >0 on (y4, fi) U(0,00).

For § # 0 we may write

(6) w(y) =6y +2(1+2u8)y® + {(p— A)1 + p6) + 3u(1 + ub +7)
—6(y = *) 3 + 2p(p — A)(L + 46 + 1)y + mly — Mp)(1 + b + 7).

From the quartic polynomial we see, since the coefficients are non negative, that
¢(y) > 0 for y > 0. It remains to consider the interval y € (y+,f1+) . For fixed values
of pu, v, A we may consider ¢(y) as a function of y and § and use the fact that (y,§)
depends linearly on §. The region in the y,§ plane on which to consider ¢(y,¥§) is
sketched in figure 3a. Its boundaries are given by § = 0, y € (y+,—p(l+79)); ¥y =
Y+, 0 < § < §(f); and the curve § = §(fit). Since ¢(y) > 0 for § = 0 and p(y)
is linear in § it suffices to show that <p(f1+) > 0 for § = 6(f1+) This is so since

o () = ~luos (W) AW)l,_pr and y = fF <0 for §> 0, ga(y) > 0 for y > y4 and for
fi(y) in y = fi we may write 8(f — £7) = VI= /2> 0.
Bi "
B Y BN
BN N
‘ \ ! 1+
\ E
.\': —(1+Y) y Y, y
ay>- b.y<-1

Figure 3. Region in the y,§ plane where to consider ¢(y,¥)
for region IIL

If vy < -1, then § > —(y+1)/p has to be considered. For § = —(y+1)/u >0
from the quartic polynomial (6) it can be seen that, since the coeflicients are non
negative, ¢(y) > 0 for y > 0. It remains to consider the interval y € (y4, fi). The
region in the y,§ plane on which to consider ¢(y, §) is given in figure 3b. Its boundaries
are given by § = —(y + 1)/, v € (¥+,0); ¥y = y+, 6§ > 0; and the curve § = §(f;').

https://doi.org/10.1017/50004972700014945 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700014945

(11) Limit cycle distribution 47

Since for v > —1 (but not using this condition) it was shown that ¢(y) > 0 for
y = fi it suffices to show that ¢(y) > 0 for § = —(y+1)/u. Now (6) yields for

§=—(y+1)/p:
(M e(y) =v*d(y) = y?[63° + 2(1 + 2u8)y + (1 — A)(1 + pb) — 8(v — p?)),

where ¥(y) takes its minimum at y = —-1/§ (1+2ué) < —p < y4 so it is
sufficient to show that ¥{yy+) > 0. However, o(y+) = [(ygl(y))'fl(y)]y=y+
by+(y+ —y-)(y+ — fiF)(y+ — f1) >0, thus $(y4) > 0.

We can now state the following theorem.

THEOREM 3. For region III (—o00o < A < 0, pA < 4 < 0) there is at most one
limit cycle around the origin for equation (3) if § > max{0,—(y + 1)/u}. If it exists, it
is a stable cycle, which is hyperbolic.

PRrROOF: Apply lemma 3, using lemma 4 and 5 and putting @ = y4+, 8 = oo and
a = ff. 0

For region III lemma 3 may further be applied to complete the information for
§>0.

THEOREM 4. For region III (—oo < A <0, pA < v < 0) there is no limit cycle
around the origin for equation (3) if § < —(y +1)/pu, v < 1.

PROOF: For § = —(y + 1)/u, the origin is a weak focus for (3). From the non
existence part of Lemma 3 it follows that there is no limit cycle around the weak focus.
In fact conditions (i) and (ii) are equally satisfied putting a@ = y4, 8 = co, whereas,
clearly f(0) = 0, ¢'(0) = 1/p®(y — Ap) > 0 and according to the proof of lemma 5
[f(y)/9(y)) >0 for y € (y4+,0) and y # 0 as f;F =0 for 1+ + pé = 0. The same
conclusion may also be obtained by considering the change of stability of the focus in the
origin when § is varied through § = —(+ + 1)/ and using Theorem 3. To determine
its stability, first replace pz + vy by z in (3) to obtain

. 1
g=(1+pb+v)e—(v— )y + (5 + %)zy - ;(#2 + péy +7%)y?,
. 1
y=z+ —ay— 142,
B
whereas replacing z by u(y — Ap)z, ¥ by pyvy — Ap and t by t/+/y — Ap leads to

. _1+y+us pApé 4+,
t=——"—"z—y+(y+pbey - ———=—y
VY- VY=

v==z+ /v - dpzy —7y°.
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For the first focal value W, we have, see [19],

1 .
Wy = ———[p? + (=1 4242 — pX)y — 7%,
1 2 /—_7_/\#[ ( ) ]

and W; < 0 for ¥ € —1 in region III, and the weak focus is stable. Since for § >
—(1+v)/p, the origin is an unstable strong focus, precisely one (stable) limit cycle,
which is hyperbolic will be bifurcated in a Hopf bifurcation, and since, according to
Theorem 3 there is only one limit cycle, there will be none around the weak focus. Now
consider the Poincaré mapping around the origin for (3).

y

Figure 4.

As illustrated in figure 4 a path intersecting the positive z axis at ¢ = z; again
intersects at £ = z, after one time wise {anticlockwise) revolution around the origin.
For the (stable) weak focus without limit cycle around it z2 = z2(z1;6) < z; for
z; > 0. For § < —(1+ v)/p the path through the same value of z; spirals in more
strongly as may be seen from the expression

P Q

P 9Q|=-@*<0.

85 65
As aresult for § < —(1 +7)/p, v € -1, z2 = z2(21;6) < z; for z; > 0 and there is
no limit cycle around the origin. 0

Having obtained the focal value W; for the weak focus in the origin, figure 1 may
also be viewed as the projection of the fine focus plane 1+ pé + v =0 in the A, v, §
space onto the A, v plane, wherein the value of W; may be indicated.

4. DISTRIBUTION OF LIMIT CYCLES OVER TWO NESTS
Now we can state

THEOREM 5. If a quadratic system with finite multiplicity my = 3 has two nests
of limit cycles, at least one nest contains precisely one limit cycle.

PROOF: From theorems 3 and 4 follows for region III that there is at most one
limit cycle around the origin if § > 0. If § < 0 there is at most one nest of limit cycles,
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since around the antisaddle not in the origin there exists no limit cycle. This may be
derived from the result for region II in Theorem 2 that for § > 0 there does not exist a
limit cycle around the origin. In order to demonstrate this, the origin will be shifted to
the other antisaddle, which is located at (z_,y_), the saddle being located at (z4,y4).
Using the transformation =z —z_, ¥ = y — y— on (3) yields

+27 — 7 + 8(az + 75 + 29),
Z + 7§ + £,

8|

T =

I

<

where A\=A—2y_, 6=6, i=p+y_and y=7+z_.

Using (4) this gives z = (A + ;1.)/2—\/()\ —u)? —4(y—p))/2<0,since A+p <0
in region II. Replacing y by —y now leads to a system with u; = —g > 0, A; =
-, 6 = —6 and 7, = 7. It then follows that

0>71=1/2#(/\+#—\M—#)z—ﬂv—w\))

> %(u+\/(«\—#)2—4(7—#f\)) (/\+u—\/(f\—u)z~4(7~w\))

= M1 A1
and the mapping is into region III with §; > 0. 0
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