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SEMICONTINUITY AND MULTIPLIERS OF
C*-ALGEBRAS

LAWRENCE G. BROWN

1. Introduction. In [5] C. Akemann and G. Pedersen defined four
concepts of semicontinuity for elements of A**, the enveloping W*-
algebra of a C*-algebra 4. For three of these the associated classes of
lower semicontinuous elements are A, 4™, and (4™)  (notation ex-
plained in Section 2), and we will call these the classes of strongly Isc,
middle Isc, and weakly Isc elements, respectively. There are three corres-
ponding concepts of continuity: The strongly continuous elements are the
elements of 4 itself, the middle continuous elements are the multipliers of
A, and the weakly continuous elements are the quasi-multipliers of 4. It is
natural to ask the following questions, each of which is three-fold.

(Q1) Is every Isc element the limit of a monotone increasing net of con-
tinuous elements?

(Q2) Is every positive Isc element the limit of an increasing net of posi-
tive continuous elements?

(Q3) If A = k, where h is Isc and k& is usc, does there exist a continuous x
such that h = x = k?

We give affirmative answers to (Q1) and (Q2) for separable 4 in the
strong and weak cases. For the middle case the answer to (Q1) is trivially
yes and the answer to (Q2) was already known to be no. For (Q3) we give
affirmative answers for arbitrary 4 in the strong case and for o-unital (in
particular, separable) 4 in the weak case. In the middle case the answer to
(Q3) is no in general, but in Theorem 3.40 we give a positive result with
strengthened hypotheses on A, k. Although the hypothesis of Theorem 3.40
is not as natural as one would like, it has so far been adequate for the
applications which have occurred to us. We consider any technique for
constructing multipliers to be potentially valuable, in part because of the
use of multipliers in KK-theory, and urge the reader to look for improve-
ments to or new proofs of Theorem 3.40.

A positive answer to (Q1) in the strong case is the same as the statement
that Af,, the smallest class of lower semicontinuous elements defined in
[5], is equal to A_;:’, Our intuitive feeling is that, regardless of the answer to
(Q1), A7, should not be regarded as giving a fourth concept of semi-
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continuity, but rather should be regarded as an important sub-class of the
class of strongly Isc elements. That is why we have chosen to speak of only
three types of semicontinuity. The results of [5] on strong semicontinuity
are quite powerful, and so far we know the problem considered in Section
4 (described below) was the first one that required an answer to (Ql).
(Actually it is (Q2) that is needed for Section 4, and it is only in the
separable case that (Q2) is the right question.) In any case the results on
(Q1l) are probably enough to convince the reader that our choice of
terminology is justified.

The plan of the paper is as follows. Section 2 establishes the notation
and proves a number of elementary or specialized results. Some of the
results of Section 2 are used in later sections, and some are just facts that
we consider interesting or potentially useful. In Theorem 2.36 we identify
a sub-class of operator convex functions which is characterized by an
operator inequality stronger than the usual one for operator convex
functions, and which is also characterized in other ways (one of them
related to semicontinuity). The function x — 1/x, x > 0, is in this
sub-class. Section 3 includes the results on (Q1), (Q2), and (Q3) mentioned
above, some applications, and also a number of results that can be
considered noncommutative Tietze extension theorems. An example of the
latter is Corollary 3.11: If L is a closed left ideal of a o-unital C*-algebra
A, and §:4 — A/L is a homomorphism of left 4-modules, then 8 can be
lifted to a module homomorphism §:4 — A such that ||§]] = ||6]|. An
application of Theorem 3.40 is: If a o-unital C*-algebra 4 = B + I, where
B is a hereditary C*-subalgebra and I a closed two-sided ideal, and if h is a
multiplier of 4, then h = h; + h, where h; is a multiplier of 4 that is
supported by B and A, a multiplier of 4 supported by I. Section 4 deals
with the question: Given 0 = h € A** when is h = T*T for T a right
multiplier or quasi-multiplier? (The case T a left multiplier was dealt with
in [10], and the case T' a multiplier is trivial.) For 4 separable and stable
the answer is that 2 must be strongly or weakly lsc, respectively. A related
theorem is that if A is separable, then the norm closed complex vector
space generated by the Isc elements of A** is a C*-algebra. If 4 is also
stable, this C*-algebra is the one generated by the quasi-multipliers.
Section 4 also contains some density results, some of which are
applications of the main results. For example, if A is separable and stable
and 0 = h € (47)", then

{T € OM(A):T*T = h}
is right strictly dense in {T € QM(A):T*T = h}. Section 5 discusses
several examples. None of these examples is exotic, though we do deal in
some sense with arbitrary C*-subalgebras of separable continuous trace

algebras. We give criteria for the three types of semicontinuity, and for
some of the examples we also discuss some of the questions raised in
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Sections 3 and 4. Some of our results for the example 4 = X the algebra
of compact operators on separable Hilbert space, may be new. In
particular, {K € X0 = K = 1} is directed upward.

In the field of “non-commutative topology” it is common for operator
algebraists to gain intuition from analogies with the commutative case.
For the subject of this paper this can lead to pitfalls, and a more compli-
cated example should be used for analogies; namely, A = Cy(X) ® A For
this example the elements of A (“strongly continuous” elements) are the
norm continuous ¥ valued functions on X vanishing at oo, the elements of
M(A) (“middle continuous” elements) are the bounded double strongly
continuous B(H)-valued functions on X, and the elements of QM(4)
(“weakly continuous” elements) are the bounded weakly continuous
B(H)-valued functions on X. Pitfalls can also arise if one forgets that the
elements of 4 vanish at co.

To some extent this paper is a sequel to [10]. However, for the most part
no knowledge of [10] is assumed.

We gratefully acknowledge helpful conversations with C. Akemann,
J. Anderson, E. Effros, J. Mingo, D. Olesen, and G. Pedersen.

2. Elementary or specialized results. The reader ought to be familiar
with the basic results of [28] and [5]. Alternatively, Sections 3.11 and 3.12
of [29] should provide adequate background. It would not be appropriate
to review all of the background material, and we merely explain the
notation. For M C A**, M, denotes {x € M:x* = x} and

M, = {x € M:x = 0}.

For M C A}* M™ denotes the set of limits in A** of monotone increasing
nets of elements of M, M’ the set of limits of increasing sequences, and
M,, the set of limits of decreasing nets. 4 = 4 + C - 1, the result of
adjoining a unit to 4, and =~ means norm closure, unless some other

topology is explicitly indicated.
M(A) = {x € A**:xA, Ax C A},
LM(A) = {x € A**:xA C A},
RM(A) = {x € A**:4Ax C A}, and
OM(A) = {x € A**:AxA C A}.

If M c A, her(M) denotes the smallest hereditary C*-subalgebra of 4
containing M. If ¢ € A** is an open projection, her(qg) denotes the
corresponding hereditary C*-subalgebra of 4. If ¢ € M(A4), her(q) is
called a corner of A. Ideals are closed and two-sided unless otherwise
indicated.

A(4) = {p € A*:¢ = 0 and ||| = 1},
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S(A) is the state space of 4, and P(A) is the set of pure states. 4 is called
o-unital if it has a strictly positive element, or equivalently a countable
approximate identity. o(x) denotes the spectrum of x, and Eg(h) is the
spectral projection of & corresponding to the Borel set S € R (h € A%F).
Xs is the characteristic function of S, and co denotes convex hull.

Some of the results of this section may be known to experts, even if they
have not appeared in print. In particular several were proved in Section
2.2 of [15] in the case of unital algebras. Also 2.D is based on things told
to us by C. Akemann or G. Pedersen, and we disclaim originality for most
of it.

Since not all of Section 2 is used in the rest of the paper, we offer some
guidelines for the reader who wants to skip some on a first reading. Of the
five subsections, only (parts of) A and D are used importantly in the main
sections. Parts of B are also used. Theorem 2.36 (part of 2.C) is entirely
independent of 2.B. There are relations between C, D, and E, but these
have nothing to do with the later parts of the paper.

There are many examples in the paper, and we now establish notations
for them which will be used throughout the paper. In dealing with %, we
will denote by ey, e,,... a standard orthonormal basis for the Hilbert
space H on which ¢ operates. v X w, v, w € H, denotes the rank one
operator x > (x, w)v. M, is the C*-algebra of n X n matrices, which we
will consider embedded in ), a € M,, is identified with 3 a;e; X e. My ;is
the space of k X [/ matrices. E; = ¢ @ ¥, the algebra of (norm) convergent
sequences in J An element & of Ef* is identified with a bounded
collection, {A,:1 = n = oo, h, € B(H) }.

* 0
E2 = C®M2, E3 = {x S Ez:xoo = (0 0) },

0 b

The notation used in dealing with all these algebras is similar to that for
E\. E¢c =X + Cp, where p € B(H) is a projection with infinite rank and
co-rank. E¢ can also be described in an algebra of 2 X 2 operator
matrices:

E, = [x € Ey,:xy, = (a 0) ], and E5 = ¢, @ M,.

E = {(“ b):a ejf,b,c,dex}.
¢ d

In using these algebras for counterexamples, we will need criteria for
deciding whether & € A}*is semicontinuous. These criteria are proved in
Section 5. (5.A and 5.C through 5.F.) The reader may want to glance
ahead to read these criteria, but we suggest that it is not necessary to read
the proofs before reading the rest of the paper. There is no circularity; our
reason for presenting the material in this order is that we want to discuss
some of the questions raised in Sections 3 and 4 for some of the examples.
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Since the criteria for semicontinuity in EF* (5.C) are used in proving 2.36,
we have arranged it so that the reader who wishes can read the proofs in
5.C before reading 2.C without undue difficulty. (2.36 is never used in the
rest of the paper.)

2.A. Basic facts.

2.1. PROPOSITION. Assume 0 < ¢ = h € A**. Then
@h €[, oh ' el o
(b) h € (4,,),, = 38 > 0 such that k™' — 8 € A
(c) It is impossible that h € [ (A,,),,] unless 1 € A.

Proof. (a) is Proposition 3.5 of [5]. (Also (a) follows from (b).)

(b).Ifh € (4 then x, \ &, where

Xy €E Ny + Ay, C A,

sa)m’

Here (A,) is decreasing and positive (if 1 € 4 we can choose A, as we
please). Then

AN+ A, x AanTh
Choose 0 < 8 < A, '. Then

' = A =8 and x;'—8eN -8+ 4,
Since A, ' — & > 0 (for a sufficiently large),

x;' =84l

By [5] this implies

! —8 e Al
If 38 > 0 such that k= ! — § € 4™, we may assume & is small enough
that A~ ! — 8 is still positive. Then by [5]
- 8
! - - el
> +

Ifa, 7 h~' + 68/2,a, € A, then
&
a, + 5 v h l.

Therefore (a, + 8/2)" 1\ A
(©). 1f h € [(A,,),,]”, then by [5]

€
h——e€ .
2 ( Sll)m

This implies 3a € A such that
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v

h_

1%

a

€ €
2 2
which implies 1 € A.

2.2. PROPOSITION. Let A be a C*-algebra, and consider the following
conditions: (1)) V0 < e = h € A7, 38 > 0 such that

h—8¢eA™
(i)0=he A" =>he A
(iii) A7 = (A7) .
(iv) OM(A) = M(A).
Then (i) < (ii) < (iii) and (i), (ii), (iii) = (iv).

Remark. In Section 3.C it will be shown that if 4 is o-unital, all the
conditions are equivalent.

Proof. Assume 1 & A, since otherwise (i)-(iv) are trivially true. Then
Vh € A™, 3 a smallest A\ € R such that

sa’

h+\e Al

(By 2.1 (c) no negative invertible » € A"

sa’

and this implies {A:h + A €

Ay} is bounded below.)
(i) = (ii)). Let A be as above. If A > 0, (i) would contradict the
minimality of A.

A=0=>h=(h+2A+ (- € 4"

(ii) = (iii). Since 47 is norm dense in (A7)” and both are invariant
under translation by scalars, (A7), is norm dense in [ (A7) ],. Thus
by (ii)

0=he@@) =hedl=>he Al

Now again using translation by scalars, we see that (iii) is true.

(i) = (). 0 < e=h € A, = h ' € [(d,),]_(by 2.1 (a)) =
™' e (d,,),, (by (i) ) = 38 > 0 such that h — 8 € A" (by 2.1 (b)).
(iii) = (iv) follows easily from [28] and [5].

2.3. PROPOSITION.
M(A)yy = A% 0 [(Ag),]” = (A57)
Remark. In [28] and [5] it was shown that
M(A),, = A% N (4,,),, and
QM (A),, = (A%)™ N [(Ag),]

inf course also A, = A_;Z N [(A4,,),] ) The present proof is not
ifferent.

N A

sa)m'
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Proof. We prove the first. Let
x € A% N [l -
Then by [5] x € QM(A). Let x, » x where x, € A, and leta € A. Then
a*x,a 7 a*xa and a*xa, a*x,a € A.

Since a*(x — xy)a = 0 and a*(x — xy,)a \v 0, Dini’s theorem (for
continuous functions on A(4) ) implies

| (x — x2)""%all? = lla*(x — xp)all = 0.
Therefore
Il (x — xpall = 0.

Since x,a € A and x,a — xa, xa € A. Since x* = x, this implies
x € M(A).
The next result also is just a refinement of a result of [5].
2.4. PROPOSITION. (a) If h € (A)", then
a*ha € A5,, Va € A.

(b) If a*ha € (A7) ,Va € A, then h € (A")". If A is o-unital, it is

sa ’
sufficient to verify this condition for a single strictly positive element a.

Proof. (a). The map x > a*xa is positive, continuous with respect to all
relevant topologies, and carries 4 into A. This shows that

h € (A7) = a*ha € A7
and also that
h € A% = a*ha € AL,
Combining these, we see that
atathaa, € AL (h € (A0)7).

Since 4% = 4, (a) follows.
(b). Let ¢, = ¢ in S(A4). Ve > 0, Ja € A such that 0 = ¢ = 1 and
¢(a) > 1 — €. Then ¢, (a) > 1 — € for a sufficiently large. Hence

loo(a*ha) — wo(h) |, le(a*ha) — e(h) | < 2+/ellAll
for « sufficiently large. Since

¢(a*ha) = lim g (a*ha)
by hypothesis (and [5] ),

o(h) = lim g,(h) + 4+/ellhll.
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Since € is arbitrary,

g(h) = lim ¢,(h)
and the result follows. In view of (a),

a*ha € (A)” = (ad)*h(ad) C A" = (@A) *h(ad)~ C AL.
If a is strictly positive, (a4) = A, and the last sentence follows.

Proposition 4.5 of [5] states that if T € QM(A) and |T|, |T*| = a € 4,
then T € A. Theorem 1.2 of [3] puts this into better perspective: The
hypothesis |T| = a € A is equivalent to

IT| € her +«(A4),

the hereditary C*-subalgebra of 4** generated by 4. The result of [5]
becomes: If T € QM(A), then

T € hers:(A) =T € A.
Related results follow.
2.5. PROPOSITION. If h € (A™)™ and h € her yus(A), then h € A7

Proof. Let (e,) be an approximate identity of 4. Then ehe, € A7 by
2.4, and ehe, — h in norm.

2.6. PrOPOSITION. (a) If T € QM(A) and T*T € her +«(A), then
T € RM(A).
(b) If T € LM(A) and T*T € her +.(A), then T € A.

Remark. (b) applies in particular if T € QM(A4) and T*T € A, since
then Proposition 4.4 of [S] implies T € LM(A4).

Proof. Let (e,) be an approximate identity.

(@). T € QM(A) = Te, € RM(A), and T*T € her ««(4) = Te, > T'in
norm.

b). T € LM(A) = Te, € A, and again Te, — T in norm.

2.7. Remark-Examples. The hypothesis of (a) does not imply T € A.
T € QM(A) = T*T weakly Isc (since T*e,T » T*T and T*e, T €
QM (A4),,). The hypothesis T*T strongly Isc would not imply special
multiplier properties, but (still for T € QM (A)) the hypothesis T*T usc
would have significance, in view of 4.1 and 4.4 of [S] and 2.3 above. In
particular T*T strongly usc would imply 7 € A. (By 2.3 and the above
T*T € M(A). But every positive multiplier is strongly Isc, so that

T*T & A::Iz N [(Asa)m]_ = A.

Then the earlier remark applies.) In (i) below the hypothesis of (a) is
satisfied, 77* and T*T are strongly Isc and TT* € M(A) but T & A (and
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T & IM(A)).In(ii) T € LM(A) and T*T = 1 € M(A) (in particular
T*T is strongly Isc and middle usc, but T & RM(A). If one takes the
direct sum of the two examples, one obtains § € QM (A) such that SS*
and S*S are strongly Isc but

S & LM(A) U RM(A).

(i)A = E|. Tisgivenby T, = e, X ¢, T, = 0.
(i) 4 = E,|. T, is the unilateral shift and (7},) is a sequence of unitaries
such that T,, — T, strongly.

2.8. PROPOSITION.
(@) A7 = M),
(b) M)} c A7
© )" = (A%)"
Proof. (a). One inclusion is obvious since A C M(A). For the other if

Xq € M(A)g, and x, 7 x, choose A € Rsuch that A + x, = 0. Then for &
sufficiently large,

A+ x, € MA), 2A+x, €A s5A+xe€ A" =>x e A

(b). This is a triviality, stated only for completeness. It is well known
(and has already been used above) that M(4), c A™.
- +
(c). It follows from [S] that

(A7 1" € ),

and this gives one inclusion. For the other let

x € (/T;';)f.
For each n we can find x, € Z;'{’J such that [|x, — x|| < 1/n. Let
2 -
Yo =X, — — € Ay
n
Then
3 1
X —=-—=y,=x— -
n n
Then y3» 7/ x.

2.9. Remarks. (i) By [5] A = (A_;Z)+~ The former notation is much
more convenient.

(i1) (a) and (b) explain the remarks made about the middle cases of (Q1)
and (Q2).

(iii) If QM(A) # M(A), we see that A7 is neither norm closed nor
monotone (increasing) closed. It is obviously very unpleasant to work with
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a class of Isc elements with these failings. In the main parts of this paper
we manage to avoid working directly with 45,

2.10. ProvposITION. (a) A" is boundedly quasi-strictly dense in
A2 )]s )

(b) A}, is boundedly quasi-strictly dense in (A7,)

Remarks. (i) This proof foreshadows some of the proofs of Section 3. It
is not clear whether the result has any importance.

(i1) The quasi-strict topology is a sensible one to use, since by 2.4 (Z;’;)f
is quasi-strictly closed.

Proof. (a). Let x € (A7)7,0 = x = 1, and let
M={(hed™h=1)

We will show that x is in the quasi-strict closure of M. Thus we assume
givena|,...,a,, b,...,b, € Aand 0 < e < 1 and seek » € M such
that

”aihbi - aiXb,‘” <ei=1,...,n

Let e be a strictly positive element for the (separable) C*-algebra 4, gener-
ated by ay,...,a, b,,..., b, Then thereareda),..., a,, b},...,b, € A,
such that

€

lla, — djell < —_—
6(lla;ll + 1)

b, — ebll <
6(|lb;ll + 1)

This implies that 3¢’ > 0 such that
llehe — exell < € = |lahb, — axb|| < e i=1,...,n.

Now let 8§ > 0 and y = exe + 8§ € A" (by 2.4 and [5]). Since
y=e*+8,3h € 4% 0 = h = 1, such that

y = (e2 + 6)1/2h(e7‘ + 8)1/2.

h=E+8) "y +8 "’o>hed?>he M
Since A2 = (A + 82 = A2 + 52 wA e R,

ly — ehell = 8" lell + ll&* + 81'%).
Since also ||y — exel|| = 6,

llexe — ehe|| < ¢

if 8 is sufficiently small.

(b). Given x € (A7), choose A € R such that x + A = 0. By (a) there
is a net (h,) in A"} such that 0 = & = [|x + Al| and A, — x + A quasi-
strictly. Let (eg) be an approximate identity for 4 then h, — Aeg — x
quasi-strictly.
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2.B. Subalgebras, etc. If A, is a C*-algebra, Vi € I, then by the ¢j-direct
sum of the A;’s, we mean the C*-algebra of functions f on I such that
f(i) € A, and [|f(i) || — 0 as i — oco. This is the appropriate concept of
direct sum for C*-algebras, as opposed to W*-algebras, as is well known.
If 4 is the cy-direct sum, then A** is the / -direct sum of the A**’s.

2.11. PROPOSITION. Let A be the cy-direct sum of C*-algebras A, i el
and

— * %
N i@l hi & A5

Then
(a)h € AT o h, € (4)"

sa’

Viel andVe >0, h = —
for all but finitely many i € I.

(byhe (@) o h e [(A)], Viel

(c) h € A7 = 3 independent of i such that

h+ X e @), Viel
Proof. (a). =: If h € A™, then Ve > 0,
(h + ¢ € A7,

This implies 3a € A such thata = h + € (a; = h; + ¢, Vi), which implies
h; + ¢ Z —e for all but finitely many i. Also, examination of the map of 4
onto A; makes it obvious that
he Al =h € (A4)
&« : Choose € > 0. For each infinite set F C I, let

xp= @ (h + o).

Then the net (xy) is eventually increasing. Since it is obvious that each x

is in A " (even A5)), it follows that & + € is in A;’:l, Ve > 0. Hence

he Al
(b) follows from (a) and 2.4.
(c). If h € A™ 3\ such that h + X € A7 and (a) implies

sa’

hi + A € (4)7, VielL
Conversely, if A exists so that all
h + A € (4)7,

we may assume A chosen large enough so that 7 + A = 0. Then h;, + A =
0, Vi € I, so that (a) implies

h+Xe Al
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2.12. Example. Let Ay = E,. Define h(r) € (A}*),, by
hr) ( 1 n 1 ) % ( 1 + 1
r, =|—xe —e —e —e ,
n \/f 1 \/i n+1 \/2 1 \/E n+1
h(r)e, = re; X ey.

If r = 1/2, then h(r) € QM(A4,) and is weakly Isc and usc, but not middle
Isc or usc. If » < 1/2, then h(r) is middle Isc, and i (r) + A is strongly Isc if

and only if
1 1
-4+ N =
(r+)\ 0) 2 2
= )
0 0 1 LY
2

which is equivalent to

Thus by letting » — 1/2, we can use 2.11 to construct h € A}¥ such that &
is “locally middle 1sc” but not middle Isc. Here

This example could also be done with 4, = Ej,

1 1

" 2 2
h(r), = € M,,
n 11 2

2 2

and h(r),, = r € C.

2.13. PROPOSITION. If ¢ € M(A) is a projection and A, = her(q) = qAq,
then the inclusion of A%* in A** gives isomorphisms of (4,)". with AT N
AR*, (Ay)l, with A7y, 0 AE*, and [ (Ag)n]™ with (A7)~ N AF*. Also the
map x > qxq gives surjections of AL, onto (Ay)r, A% onto (Ay)h, and
(A2Y™ onto [ (A1

sa

Proof. All that is required is to show that both maps preserve all three
types of semicontinuity. For the map x — gxq this is a complete triviality,
since it carries 4 into A, and 4 into 4. For the inclusion of A¢* in A** it
is necessary to observe that —¢q € /T;’(’l, since —q € M(A), in order to see
that (4,)" maps into AT, (Of course, g is the identity of Af*; in the
present notation 4, = A, + C - q.)
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2.14. PROPOSITION. Let A, be a C*-subalgebra of A, and let q be the
identity of AY* C A**. Then

(@) (o = A5 N Ag*.
(b) AL N AF* C (D
© (AR~ N AF* [yl
The reverse inclusions in (b), (¢) hold if and only if ¢ € M(A), in particular
ifqg=1
Remark. q is an open projection, her(q) = her(4,).

Proof. (a). That (4,)[2 C A™ is trivial. For the other inclusion note that
A(Ay) is a topological quotient space of A(4), under ¢ — ¢4, and that
h € A**isin A§* if and only if A (regarded as a function on A(A4) ) factors
through the quotient map. Clearly for h € A}*, h is Isc as a function on
A(A) if and only if 4 is Isc as a function on A(4,).

(b). Assume h € A7) N A%* and X > 0 is such that

h+XeA?

We claim that 2 + Agq is Isc on A(4,). Suppose ¢, — ¢ in A(4). Extend ¢,
to ¢, in A(4) such that ||g,|]| = ll¢,ll. By passing to a subnet (which is
harmless in this context), we may assume g, — some ¢ € A(A4). Clearly
$|A0 = ¢, though possibly [|g|| > ||¢||. Then by hypothesis

(h + M@ = h(® + Mgl = Lim(h(3,) + Allg,ll).
Therefore
(h + Ag)(9) = h(e) + Aloll = () + Allgll
= lim(h(9,) + Al@gll)
= lim(h(9,) + Allegll)
lim(h + Ag)(gy)-
(c). Ifh € (A7)” N A%* and a € A, then by 2.4

a*ha € AT N Ax* c ().
Therefore 2.4 implies
h e[yl -

If g € M(A), the reverse inclusions are proved just as in 2.13. If one of
the reverse inclusions holds, then —¢ € (4},)” =1 — ¢ € (4},) =
1 — gis open (by [S5]). gand 1 — q open =q € M(A4).
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2.15. COROLLARY. If p € A** is an open projection and B = her(p),
then

p € Af* = B = her(B N A,).
Proof. By (a) p is open for 4, Clearly
heer(p) = B N A,

If (e,) is an approximate identity for B N A4, then ¢, 7 p; and this implies
(e,) is also an approximate identity for B (by Dini’s theorem applied to
b*(1 — e, )b as functions on A(B) ). This shows

B = her(B N A).

2.16. Remarks. T € A** will be called separable if there is a separable
C*-subalgebra 4, of 4 such that T € A}*. This concept is most useful
when A is o-unital, since then it can be assumed that her(4;) = A. Note
that if T € A{*, then

T € QM(4) = T € QOM(Ay).

The same is true for M(A), LM(A), and RM(A), and the converse
(OM(Ay), LM (A,), etc. COM(A), LM(A), etc.) holds when her(4,) = 4.
Alsoif A is o-unital and T € QM (A), then T is separable (since e, Te, = T
where (e,) is a countable approximate identity); and hence any element of
QM (A);,, for example, is separable. An open projection p is separable if
and only if her(p) is o-unital: One direction is trivial. For the other, apply
2.15, where A, separable = B N A separable. These remarks will be used
in Section 4. The point is to reduce the study of separable elements of 4**
to the case when A itself is separable.

2.17. PROPOSITION. If ¢ € A** is an open projection and B = her(q),
then

q(A5)"q © (By)".
Proof. Let ¢, — ¢ in S(B). Let ¢,, ¢ € S(4A) be the unique norm-

preserving extensions of ¢,, ¢. Since each cluster point of (g,) is an
extension of ¢ of norm at most 1, ¢, — ¢. Let

h e (A5
Then
(ghq)(¢) = h(9) = lim h(g,) = lim(ghq)(¢,).

2.18. PROPOSITION. Let I be an ideal of A with open central projection z.
Then

(a) he AT =>zh € A and zh € T7.
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(b) 0shedl=zhe A’ and zh €I

(0 0=she @) =zhe ) and zh e ") .

Remark. By 2.14 the two parts of (a) are equivalent and the first parts of
(b) and (c) imply the last parts. 2.19 and 2.17 are strengthenings of the last
parts of (b), (c).

Proof. (a). 24, € M(I), c Il = zAT < I
(b). Assume 0 = h € Aj,, and take A > 0 such that
h+Xe Al
We claim that
zh + A € Zz,

which implies the result. To see this, let ¢, — ¢ in A(4). Passing to a
subnet, we may assume

zg, >0 and (1 — z)g, — 4,
where § + ¢ = ¢. Since (1 — z)y = ¢,
o(zh + A) = 6(zh + N) + AW
= 60k + N) + Al
= lim(zg,)(h + A) + Allim|| (1 — 2)g,ll
= limlgy(zh) + Nlzggll + N[ (1 = 2)agl ]
— lim g,(zh + N).
(c) follows from (b) (or from (a) via 2.4).
2.19. COROLLARY. z(4h) € T,
Proof. If h € A7, choose A € R large enough that
h+\e AT
Then
th=zh+N—Aell +R-z=1I"

2.20. CorROLLARY. If B is a corner of an ideal of A, with open projection g,
then

gA"q ¢ BT and qA™q c B™.
Proof. Combine 2.13, 2.18, and 2.19.

2.21. Remark. The hypothesis that B be a corner of an ideal is weaker
than the hypothesis that B be an ideal of a corner. In fact any ideal of a
corner of an ideal is again a corner of an ideal.
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2.22. CoroLLARY (cf. [5, Proposition 3.7]). In the notation of 2.14 let
B = her(q).

(a) By C qAug. By < qAygq, and
(Bi) ™ < ladyql™
(b) (Aoka © 94539, (), © gA%q, and
[(Ao)a]™ < lgd5q)~
(¢) If B is a corner of an ideal, then
BT = qAq, B}, = gAjg and
(By)™ = (q459)"
Proof. (a) is trivial, since
B, c Ay and ¢ =q-1-q€ ¢l

(b) follows from (a) and 2.14 (applied with 4 replaced by B).
(c) just combines (a) and 2.20.

2.23. Remarks-Examples. The point of 2.22 (b) is to have some kind of
replacement for the missing reverse inclusions of 2.14.
(i) Unless B is a corner of an ideal, 3a € A4, such that
qaq & BT
Proof. Since gAq € QM(B) (by 2.17, for example), g4 . q C B would
imply g4, q € M(B) (by 2.3), which implies gdq € M(B). Then
B D (qAq)B = gAB = qABA C BA C (ABA) = q € M),
where I = (ABA) , the ideal generated by B

(il) LEMMA. If A is a non-degenerate C*-subalgebra of B(H) and
0= P € B(H),then PAP C A = P € M(A).

Proof. Let a € A. Then
(a*Pa)’ = a*(Paa*P)a € A = a*Pa € A,

by uniqueness of positive square roots. By polarization, P € QM(A4).
Then L = aP € LM(A) and L*L € A. By the proof of 2.6 (b), L € A.
Hence P € RM(A), and since P = P*, P € M(A).

Note. There can be pitfalls from using non-universal representations in
connection with multipliers, for example in attempting to apply Proposi-
tion 4.4 of [5] when the hypothesis on T*T is known only in B(H) rather
than in 4**. An example of this was shown to us by P. Fillmore and
J. Mingo. We have avoided these pitfalls above.

(ii1) Unless B is a corner, 3a € A4 such that
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qaq & T?;’h;
Proof. Since A = —A4,
gAq € B! = gdq € B" N [(B,),] = B C A.

By the lemma, ¢ € M(4).

(iv) The first part of 2.18 (c) (also (a), (b) by (i) ) fails if I is replaced by
a hereditary subalgebra B; more precisely, there can be a € 4, such
that

qaq & (Ay,)".

If A is unital and B is not a corner of an ideal, this failure always occurs
by (i) and 2.14. For example, take A = E, and define g by

10 10
=10 1) 9% =10 of

Let a € A, be given by

21
a, = doo = |1 ,f

Then h = gaq is given by

2 1 20
hy = (1 2)’ hoo = (o 0)'
h is not weakly Isc in A**, though it is weakly Isc in B**. (B = E;.)
(v) It is not possible to replace (g47.q)~ by q[ (A7) 1q in 2.22, even if
B is an ideal.
Consider, for example, the case where A is unital. If

amy~ c z[(AD)7] = 247

sa’

then

dw)~ =T
by 2.19. All that is needed is an example of a C*-algebra I such that
QM(I) # M(I), and then one can take A = I. 4 = E,, I = E; C E,
would be a nice specific example. It will be shown below (2.28) that
prim 4 cannot be T, in an example of this type.

2.24. PROPOSITION. If (1) is an increasing net of ideals with open cen-
tral projections z, such that A = (Ul,) and h € A}, then
(@) h € AT & zh € (1YY, Ve
(b) h € A}, < 3N independent of a such that
z(h + N € (1), V.

©h € R ozh e[, Ve
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Proof. (a). One direction follows from 2.18 (a). For the other note
that

zh A~ h and zh € IT c A7.

(b) follows from (a) just as in the proof of 2.11 (c).

(c). One direction follows from 2.17. For the other we may assume
h = 0 (replace A by h + A). Leta € (Ulp). Then a € I, for a sufficiently
large, and hence

zh € [N = z,a*ha € (I)T = a*ha € A7}

Since (UIg)~ = A, a*ha € A}, Va € A, and 2.4 = h € (4})".

2.25. ProposITION. If prim A is Hausdorff, 1, J are ideals, with open
central projections z, w, such that A = 1 + J, and h € A}X then

sa»
(a) thI_;Z and whem:hem.
(b) zh €I and wheJl=hec A"
(0 zheIl)” and whe (J2) =heAn) .
Proof. (a). 1t is enough to show
h+ 6 € A}, V6 > 0.
Changing notation, we may assume
zh € I, wh € Jy,.
Then 3i € I, j € J, such that
i+zh,j+ wh=0=i+j;+ h=0.

Since z(i + j) € I_'_"; and w(i + j) € J7, we may change notation again
and assume h = 0.

Assume ¢, — ¢ in A(4) and let ¢ > 0. There are open central
projections zy, w, and closed central projections z;, w, such that

205215z, wy=w = w,
1z — zg)ell <€ and
IFw — wolell < e
Write
9o = Oy + Yy + P
where

041 = 2000(, \l/a = Wollla, and

ZgPy = WoPy = 0.
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Passing to a subnet, we may assume 6, — 0, y,, — i, and p, — p. Then
0+y+p=g¢ suppl =z

R

A

z,
suppy = w; = w, and
zop = wop = 0 = [lzpll, [Iwpll < €= |lpll < 2e.
Then
g(h) = 6(h) + Y(h) + p(h)
= 1lim 6,(h) + lim §,(h) + 2e[|A]|
=< Lim(@,(h) + du(h) + py(h)) + 2ellhl]
= 2kl + lim gy(h).
(b) follows from (a) by translation by scalars.
(c) The proof is the same as (actually easier than) (a) except that now ¢,,

¢ € S(A4). We may reduce easily to the case & = 0. It follows from ¢,, ¢ €
S(A4) that

[l = 11ll, 1G]l = 11611, and o]l = lpll.
(Then zh(8) = lim zh(6,) follows from

eh{iom) = tim zh(”z:“).)

2.26. PROPOSITION. If I and J are ideals, with open central projections z,
w,A =1+ J,and T € A**, then

(a) zT € M(I) and wT € M(J) & T € M(A).

(b) zT € LM(I) and wT € LM(J) & T € LM(A).

(¢)zT € QM) and wT € QM(J) <= T € QM(A).

(d)If T € M(A),then T € A if and only if T € her 4xs(A) by Proposition
4.5 of [5). This is so if and only if zT, wT € her us(A), in particular if
zT € I, wT € J.

Proof. (a)=:1f a € A, writea =i + j,i € I, j € J. Then
Ta=Ti+ Tj=CDi+ WD)jel+JcA.

Similarly aT € A.
<=:Ifi e,

T)i=Ti€ AN I*™ =1

Similarly, i(zT) € L
(b). Same as (a).
(c)=. Same as (a).
(d). Since (zT)*(zT) = T*T = T*T and (zT)(zT)* = TT*,

T e herA*-k(A) = zT € herA**(A)‘
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The converse follows from T*T = zT*T + wT*T.

2.277. Remark-Examples. (1) The converse to 2.26 (c) follows from 2.25
(c) and [5] if prim 4 is T,, but is false in general. For example take 4 = E,
and let T be given by

LI NP P

Here z, w are given by

_w_(l O) , ‘(1 0) d _(0 0)
D= Wn= o 1) FoT o of MY Yo T o 1)

(i1) For a counter-example to the rest of 2.25 when prim 4 is not 7,, take
A, z, wasin (i). Let h € A}¥* be given by

s 1 e

Then zh € I, since

b o=z 27

and also wh € J7. But h & A" = (4™)~, since

o )0 27

(iil) When prim A4 is T,, 2.24 and 2.25 show that semi-continuity is local
to the extent that this is reasonable: Assume I, is an ideal, Va, and 4 =
(2 I,)". We wish to decide whether 4 is Isc by looking at z,h € I**, if
possible. 3.22 below shows that a necessary condition for & € A is that
Jda € A such that a = h. Since this necessary condition is clearly not local,
one should assume it. Then

he Al o h —a € A7,
and 2.24 (a), 2.25 (a) show that
h—aec A} oz(h—a) € (I)T, V.

There is also a hitch in locality for the middle case, illustrated by 2.12
above; but we still have from 2.24, 2.25 that h € A, < 3\ independent
of a such that

zh + N € W7, Va.

For continuity, with the exception of weak continuity, one again has
locality, even if prim 4 is not 7,. One should prove the analogue of 2.24
for left multipliers, but this is routine.
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2.28. ProPOSITION. If prim A is Hausdorff and I is an ideal with open
central projection z, then

(@ 0shell=hedl
by 0=shedl)y =>he @
Proof. (a). Let A > 0 be such that
h+ A eI,

We claim that A + X\ € A™. Thus let ¢, — @ in A(4). Let € > 0. There is
an open central projection z, and a closed central projection z; such
that

zp =z =z and || (z — zp)ell < e
Passing to a subnet, we may assume

209, >0 and (1 — zp)g, — .
Then 6 + ¢ = o, supp 8 = z; = z, and

v=( =z = llz¥ll < e=Yh + N <ellhll + Al
Then

oh + N) =0h + N + yh + N
lim(zgp,)(h + A) + ellr]l + A lim|[ (1 — zg)g,ll
= ellhl] + lim[ (zge)(h + X) + (1 = zp)gah + M) ]
ellhll + lim gy(h + A).

lIA

Since e is arbitrary, the result follows.
(b) follows easily from (a).

2.29. Examples-Remarks. (i) 2.28 fails if prim 4 is not T,. Take 4 = E,
and define z by

_(1 0) _(1 0)
=0 1) %= \o of

Let A be given by

2 1 2 0

=i 2p re=( o)
Then h € (I)~ (h is even in QM (1)), but
h& Al =40

sa’

since

o o % G 2}
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The fact that 2.28 (b) fails implies that 2.28 (a) also fails. To see this
explicitly, take

2 1 2—¢ 0 1
h,,=(1 2), hoo=(0 0),0<e<5.

If one replaces I in 2.28 with a hereditary C*-subalgebra B, the result
fails even if prim A4 is 7,. The same example just given can be used for
A = Ez.

(i1) Consider the following facts from general topology. Let U be an
open subset of the topological space X.

(1) If fislscon Uand A = f(x), Vx € U, then f is Isc on X where

| fx), xevu
fx) =

A, x & U

(2) If fis Isc on X\U and A = f(x), Vx & U, then f’ is Isc on X
where 7

foy={> *cv
X =

fx), x & U.

We have been attempting to analyze the non-commutative analogue
of (1). In both (1) and (2) we are dealing only with # € 4** such that
[h, p] = 0, where p is the closed projection analogous to X\ U. Of course
[h, p] = 0 always if p is central, and [h, p] = O in one of the Tietze
extension theorems of Section 3. However, the result like (2) used in
Section 3 does not seem worth formalizing. Below we discuss some effects
of the hypothesis [, p] = 0.

(i1i)) The reason 2.19 and 2.18 (a) are true is not that z is central but
that [h, z] = 0. If in the notation of 2.17 one assumes [k, ¢g] = 0, the
proof given can easily be adapted to work for h € A7 (“ghq(¢) = h(%)”
is the only real change), and then a result for & € A7 follows.

Note that [k, g] = 0 does not imply h € A%*, where

Ay = {a € A:[q, q] = 0}.
(iv) In 2.22 it would be better to have
B_;Z C {gx:x € A—;Z and [x, q] = 0},

etc. This improvement is easily possible for the strong and middle cases.
For the weak case one could state an unpleasant result,

(Bl)” < {gx:x € A7 and [x, q] = 0},

but 2.23 (v) rules out a nice result in general. Of course the only really
satisfactory results of this type are the conclusions of 2.28, which are only
sometimes available.
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(v) Let p € A** be a closed projection, h € A% such that [h, p] = 0,
t the top point in o(h) and »’ = ph + (1 — p). Then

(@) he AT > K € A"
(b) he A, =h e A,
() he ) =he Al .
Proof. Let (e,) be an approximate identity for her(1 — p). Let
hy = (1 — e)'?h(1 — e)'? + te,.
Then [A,, p] = 0, ph, = ph, and
(1 = phy = (1 = p(1 — &)%1(1 — &) + 1¢]
=t(1—-p)=0 - ph.
Therefore h, = h’. Also h, — h’ strongly.
(a) It is easy to see that
hed —h, e .
Since A, is Isc as a function on A(4), h, = K, and h, — A’ pointwise on
A(A), K is 1sc on A(A).
(b) follows from (a), since (h + A) = k" + A
(c) is proved in the same way as (a) with A(4) replaced by S(4).
(vi) If p in (v) is central, ¢ can be replaced by the top point in o( php) or
o(php) U {0}, computed relative to p4**p (thus giving a full analogue of
(i1) (2) ); but this is false in general.

Proof. In the central case there is an ideal I and ph is just the image of
hin (A/1)** = pA**. Clearly ph is Isc in the same sense as A, and it is
easy to prove directly that A’ is Isc on A(4) or S(A4) (cases (a) or (c) ). (If
9, —> 9, one can consider separately the cases “g, vanishes on I, V&’ and
“supp ¢, = (1 — p), Va.”) (b) still follows from (a).

Example. Take A = E,, and define p by

_(0 0) _(1 0)
Pn=V0 1) P="10 1/

Let h € A, = (A)” be given by

8 0 4 2
h"_(O 5) and hoo=(2 4).

That 4 is 1sc follows from

o 3=[ 3

and the top point in o( php) is 6. Since
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6 0 4 2
o 5%6 3
ph + 6(1 — p)is not Isc.

2.C. Operator monotone and convex functions. A real valued function f
on an interval I is usually called operator monotone or convex if I is open
and the map A — f(h) is monotone increasing or convex for bounded
self-adjoint operators 4 such that o(h) C I. If f has finite limits at one or
two (finite) endpoints of I, it is well known that, for the continuous
extension of f to the enlarged interval, A — f(h) will still be monotone or
convex. Thus in this paper the interval I will not be required to be
open.

2.30. PROPOSITION. Let f be operator monotone on an interval I of
the form (—oo, b), (—oo, b], or (—oo, 00), and let h € AX¥ such that
o(h) C L

@ If1 € Aor0 € I and f(0) = 0, then

h e A7 = f(h) € AL
(b) h e Al = fh) € A7
(© he Uy =flh)e Ay .
Remark. If 1 & A and 0 €& I, it is impossible that & € A—:Z by 2.1 (¢).

Proof. (a). By [5] there is a net (x,) in Zsa such that x, ~ h, and
X, € A, + A where A\, 7 0. Then f(x,) 7 f(h).If 1 € A, we are done. If
f(0) = 0, then

f(xn) € fA) + 4 and f(A) 7~ f(0) = 0.

By [5] this implies f(h) € A7 (if f(0) > 0, f(x,) € A for « suffi-
ciently large).

(b). If x, /1 h, xo € Ag, then f(x,) 7 (h), f(x,) € Ay,

(c) follows from (b), since A > f(h) is norm continuous and we may
choose h, — h with h, € A7 and o(h,) C I.

2.31. PROPOSITION. Let f be operator monotone on an interval I of the
form (a, o0), [a, 00), or (— o0, c0), and let h € A7, such that o(h) C I.

(@) If 0 € I and f(0) = O, then f(h) € Al

(b) If 0 € 1, then f(h) € A%

(© If I = (0, 00), then f(h) € (A7)~

Proof. (a). First assume 2 = 0. Let 8 > 0, and choose a, € 4, such that
a, ”» h + 6. Then

flay) € f(0) + 4 c A7, and f(a,) 7 f(h + 9).
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Thus f(h + ) € A_;Z, V8 > 0; and letting § — 0, we see that f(h) €
Ag,.

If # & 0, let s be the least point in o(h), so that s < 0. Choose x, ~ h
such that x, € A, + 4 and A, 2 0.If 6 > 0, then A, + & > 0 for «
sufficiently large, which implies x, + & gives an Isc function on A(4).
Since x, + 8 ~ h + 8, which is >s at each point of A(4), Dini’s theorem
implies x, + 8 = s for « sufficiently large. Thus

o(x, + 8) ¢ I and f(x, + 8 ~ f(h + §).

f(x, +8) € f(A\, + 8 + 4, and f(A\, + 8) = f(0) = 0 for a large.
Hence

fx, + 8 € A" = f(h + §) € A7

Again let § — 0.

(b) follows from (a) applied to f — f(0).

(c). If 6 > 0, then by [5] there are a, € 4, such that a, » h + 6.
Then

a, +8 2 h+ 28= f(a, + 8 2 f(h + 29).
Hence f(h + 28) € A7.. As 8§ — 0, f(h + 28) — f(h) in norm.

2.32. CorOLLARY. Let f be operator monotone on an interval I and
h € A}, such that a(h) C I. L

(a) If 0 € I and f(0) = O, then f(h) € A},

(b) If 0 € I, then f(h) € A7

(c) If 0 is the left endpoint of 1, then f(h) € (Al)".

Proof. Let
I_ ={xe€Rx=yforsomey € I} and
I, = {x € Rix = yforsomey € I}.

Write /= f_ + f, where f.. is operator monotone on /.. If f(0) = 0, we
may assume f (0), f_(0) = 0. Apply 2.30 to f_ and 2.31 to f.

2.33. Remarks. (i) The sharpness of these results will be discussed in
2.41 below.

(ii) It is possible to translate the independent variable of f, replacing f
by f(- —t)andIby I+ t.1f 1 € A, h + twill be Iscif his. Evenif 1 ¢ 4,
h + t may be Isc. In particular, in the context of 2.32 (c), if 3§ > 0 such

that h — 8 € A7, then f(h) € A7

sa’

2.34. PROPOSITION. Let f be operator convex on an interval I and
h € QM(A),, such that o(h) C 1. Then f(h) € (A"

Proof. Tt is well known that f has a representation
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(1) f(x) =ax* + bx + ¢

* [<’(x1t—x01t+(;0—— x(; )d“ @)

+ /:>1 (t _1 - - _1x0 (j_— x) )dm(t)

Herea = 0,t < Imeanst < x,Vx € I,t > I'meanst > x,Vx € I, x,is
any point in /°, and p are positive measures such that

1
/mdﬂi(l) < 0.

Even if I contains an endpoint, (1) gives a norm convergent integral for
f(h). ak* € (A7) by 27.By 2.1 (@) (h — 1) ', 1 < I and (t — h)~
t > I, are both in A7, since +=h € [(4,,),] . This implies that the
integrals are in (Am)

2.35. PROPOSITION. Let f be a continuous real-valued function on an
interval I.

@) Ifh € A7, o(h) C I = f(h) € (A7) for all C*-algebras A (or for
A = E)), and if 30 = t € I, then f is operator monotone.

@) Ifh € A7, 0(h) C I=f(h) € A}, for A =c®M,,n=1,2,...,
then f 1S operator monotone.

(b) If h € QM(A),,, o(h) C I = f(h) € (A7) for all C*-algebras A
(or for A = E)), then f is operator convex.

Remarks. (1) The hypothesis on I in (a) is necessary, since otherwise, it is
impossible to have h € A;,, o(h) C I when A is non-unital.

(i1) In (a’) the algebras are unital and hence there is only one kind of
semicontinuity.

(iii) (b) is strictly a non-unital result.

Proof. (a). Choose 0 = ¢ € I. Let ¥ = h” in M, C X where o(h'),
o(h") C 1. Defineh € AT (4 = E)byh, = +tgn=1,2,.. ., hy, =
h” + tq, where

q = ,%_2, e, X e,
k+1
Then
Sfh), = f(') + f(t)q, Vn, and f(h),, = f(h") + f(t)g;
and clearly
fh) € (A3~ = fw) = f(n).
(a’). This is left to the reader.
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(b). Leta € (M), b € My, c € (M)),, be such that

sa’

a b
o(b* c) c L
Fix ¢t € I and consider h € QM(A),, such that
ho = a + 1g,

k.k
h, = % age; X e

ki
+ 2 Re % bijei X en+j+k
1l
+ % Cintithk X Entjtk T Gn

where
(ee]
q = 2 e; X g,
k+1
nt+k (o]
‘In=2€ixei+ E e X e;.
k+1 ntk+i+1

Then all the operators f(h,) are unitarily equivalent, though not equal as
in (a), and all the operators

qfth)g = af (Z* b)q’,

Cc

where ¢ = 1 — g. Thus f(h) € (A7)~ implies

af (8 (t))q’ = q’f(z* b)q'-

4

This inequality for all choices of k, [, a, b, c implies f is operator convex.
(See [16], for example; also cf. Remark 2.37 (b) below. The ¢ on the left of
the inequality drops out.)

2.36. THEOREM. Let f be operator convex on an interval I 0. The
following are equivalent. L
(i) For A = E|, h € QM(A),, and o(h) C I = f(h) € A,
(ii) For p, h € B(H),, such that p is a projection and o(h) C I,
pf(php)p = f(h).
(iii) For p, h € B(H),, such that 0 = p = 1 and o(h) C 1,
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f(php) = f(h) + f(O)A — p).

(iv) The condition in (i) holds for arbitrary A.
(v) Either f = 0, or f(t) > 0Vt € I and —1/f is operator convex.
(vi) f has a representation

1 1
@ fix) = _/_ ——dp_(r) +[ ——dp,(r) t ¢

r<I'p 4+ x >y — x

where p__ are positive measures such that
1
f— dus(r) < oo and ¢ = 0.
r

Also if f satisfies the conditions and f can be continued to an operator convex
function on some interval J O I, then f satisfies the conditions on J. In par-
ticular, unless f = 0, f cannot approach 0 at a (finite) endpoint of 1.

2.37. Remarks. (a) (ii) only nominally requires 0 € I, since neither side
of the inequality would be affected if we extended f|.o((n)) to a continuous
function on all of R. (i), (iv), (v), and (vi) do not depend on the hypothesis
0 € I at all. Since the conditions other than (iii) are easily seen to be
invariant under translation of the independent variable, (iii) must
be invariant under translations that preserve the hypothesis 0 € I.
Alternatively, let f be a function on an arbitrary interval I, a € I, and
consider:

(iii),: Vp, h € B(H),, such that 0 = p = 1 and o(h) C I,

fpth —a)p + a) = f(h) + fla)1 — p).

Then (iii), is independent of a.

(b) It would appear that the sharp case of (iii) occurs when p is a
projection. The only reason we considered (iii), instead of being satis-
fied with (ii), was to have something that would make sense in a C*-
algebra without enough projections. It is interesting to compare various
operator inequalities. Operator convexity is characterized by

pf(php)p = pf(h)p,

p a projection. (Davis; See [16], where the history is also discussed.) A
slight reworking of Davis’ inequality will occur below (2.54):

AZNE) = 2 o0,
1 1

A],...,}\

v

€LF

n

0, X F = 1.
1

(Here h is a finite matrix, o(h) = {A,,...,A,}, and F, = pE, p, where the
E’s are the spectral projections. Naimark’s dilation theorem shows all
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choices of F,...,F, can occur.) If 0 € [ and f(0) = 0, operator
convexity is also characterized by f(pxp) = pf(x)p (Davis) and by the
stronger inequality f(a*xa) = a*f(x)a, ||la|| = 1 (Hansen and Pedersen
[22]). The relation between (ii) and (iii) is somewhat analogous to the
relation between Davis’ and Hansen and Pedersen’s inequalities, but note
that in (ii) and (iii) £(0) > 0.

(c) That the function x > 1/x, x > 0, satisfies (ii) can easily be verified
directly. To see this, use the formula

(a b)_(l 0)(a 0 )(1 a“b)
p* ¢/ \b*a”' 10 c—braB0 1 )

which makes it easy to compare

a b\"! a’l 0
b* ¢ and 0 o)
(d) Each of (i)-(vi) already implies f operator convex. The proof of this

for (v) (the only non-obvious one) is contained in 2.38 below.

Proof of 2.36. (i) = (ii): First note that by takingh = ¢- 1,7 € I, we can
conclude that f = 0 on I; in particular f(0) = 0. Now consider the same A
used in the proof of 2.35 (b) with # = 0. Then

pf(@)p = flhy) wherep =1 — gq.

By the criterion for strong semicontinuity (see Section 5.C), Ve > 0, AN
such that

pfa)p = f(h,) + ¢ YnZN.
The inequality
(I = g)pflap( — ¢,) = (1 — g, )f(h,) + (1 — q,)

is equivalent to

0 o= e

as an inequality in M, , . Letting e — 0 we obtain the special case of (ii)
where

P (a b) _ (1 O)
e P "o of
Since finite rank operators are dense, this is adequate.

(i1) = (i): Let p = q be projections and h € B(H),, such that o(k) C I.
By applying (ii) to ghg, we see that

https://doi.org/10.4153/CJM-1988-038-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-038-5

894 LAWRENCE G. BROWN

pf(php)p = qf(qhq)q.

Now let (p,,) be a sequence of finite rank projections such that p, ~ 1,
and h € QM(A),, such that o(h) C I. Then

P (Puhoo PP 7 o).

By the criterion for strong semicontinuity it is sufficient to prove: Vm,
Ve > 0, 3N such that

n Z N = puf(PyhooPn)Pm = f(hy) + €
But
h, = h., weakly = p h.p, — p,h.,p,, in norm

= 3N such that f(p,hop,) = f(PphaPy) T € Vn

v
Z

Therefore

P (Potoo PP = P (Dt 0)P + € = f(h,) +

where we have used (ii) again.

(i) and (ii) = (iii)): Let 0 = p = 1 and x € X, such that o(x) C I.
Choose a sequence (p,) of projections such that p, — p weakly. Then we
can define h € QM(A4),, by

m
-

hy = PuXPps hoo = pXP.
Choose K € X such that K = f(h,) and € > 0. Then f(h) € A7 =
3N such that K = f(h,) + € Vn = N. By (ii)

PuS(hy)p, = f(x),

and this means
Therefore
K=f(x)+ 01 —-p)+eVn=N

=K = f(x) + f(0)1 — p) + e

Since K and e are arbitrary (and since f(hy) = 0 = f(hy,) € X}), we
conclude

fpxp) = f(he) = fx) + f(O)1 — p).

This inequality for x € X implies the general inequality since finite rank
operators are dense. (Also, the inequality for finite matrices implies the
inequality even in non-separable Hilbert spaces.)

(iii)) = (iv): Let x € QM(A4),, such that o(x) C I) and (e,) an approxi-
mate identity for A. Then
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Yo = flexey) — fO)1 — ) = f(x).
Also
exe, € A= flexe) € f(0) + 4=y, € A.

Since y, — f(x) in the strong topology of 4** (and in particular as func-

tions on A(A) ), this implies f(x) € Aj,.

(iv) = (v): Let I, be a subinterval of I such that f > 0 on I,
(If necessary translate the independent variable so that 0 € I,.) Then for
h € QM(A),, and o(h) C I,

fih) € 45 = i)™ € [((A),]" 21 ()

= —f(h)~" € )"
By 2.35 (b), —1/f is operator convex on I,. But a convex function can
never approach —oco at a finite endpoint. This implies that we can take
Iy = I, unless f = 0.

(v) = (vi): In the proof of 2.34 we saw the integral representation (1),
for an arbitrary operator convex function, and now we want the stronger

form (2). In comparing (1) and (2), take x, = 0 (we may assume 0 € I°
for (v) = (vi)) and r = [t|. Thus we have:

1) flx) = ax* + bx + ¢ + /_Kl( L -’1: + %)du_(r)

r+ x

1 1 X
. 1 )

If
1
/— du,(r) < oo
r

the 1/r and x/r’ terms can be dropped from the integrals and absorbed
into bx + c. Assume f # 0, and write

_ f(x) — f(0)
g(x) = E—

so that g is operator monotone. Then since

___ (_L)
Jx) S0 _ &™)
x J0) f(x)
and f(0) > 0,
gx) _ g(x)
Jx)  f(0) + xg(x)
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is operator monotone. The case g = constant cannot occur, and the
case

g(x)
f(0) + xg(x)

yields

= constant

A
X) = —0pr,
/) B+ CX
which is a trivial case of (vi). Thus we assume neither of the two operator
monotone functions is constant, and this implies both carry the upper half
plane into itself. If Im z = y > 0, then
8(2) f0) Im g(z) — ylg(2) I’

f0) + zg(z) positive

= f(0) Im g(2) > ylg(z) = Im g(z) < f(yﬂ

From (1’) we obtain

3 gkx) = L,( 1 —1)1du+(r)

r — X r’r

1 1)1
- ,/—r<1( - —)—du_(r) + ax + b, and

r+ x rlr

1
@ Img() = [>,Ir_y—z|2;du+(r)

+ /_ 24 ldu_(r) + ay.

r<Ilr+ z)?r

This implies

2
2 y 1
a +/ ———du_(r
y ’>I|r—z|2r +(r)

2
1
+ ﬁ —y—zlz;du(r)< £0).

r<lI !r +

If Re z = 0, then Irizl2 =r2 4 y2 and

2
f Y ozl f Lo,
- <,

Irizlz; 2

Thus we conclude
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1
a=0 and /—dui(r) < oo.
r

We now assume that the 1/r and x/r’ terms are dropped from the
integrals in (1’) and absorbed into bx + c¢. This does not change (4) but
causes the “—1/r” terms to be dropped from (3). Then

o ([, rlr—iz—lzdm(r) i rlr—i;pdu_m)

1 1
= ’b + L, et ﬁ <t 7 1 )

If we let z — oo so that Im z is bounded away from 0, the dominated
convergence theorem applies and gives
f0)-0=b?=b=0.

Now we calculate

2

2
Y
JRa—

1
lim yImg(z) = lim f —du(r),
y—00 y—00 r

Rez=0
where p = p, + p_. Fix n > 0. For r = (1/n)y,

1 2 n*

2 2 2 Y

r << (1 ) > 1 > = X
Y n’ 4 r?+ y2 w4+ 1

2
Y

lIA

Thus

1 n’ 1
/—du(r) = ylmg(z) = fs(l/ )y—dp.(r).
r r= n)y

n + 1 r

Therefore

fldu(r) = lim y Im g(z)
’

v

lim y Im g(z) = " /ld (r)
= —du(r).
= 8 n® + 1 r a

Since n is arbitrary,
1
lim y Im g(z) = _/-dn(r);
r
and
f(©)

1 1
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Thus ¢ = 0.

(vi) = (1) follows easily from 2.1.

The fact that f still satisfies the conditions on J when f can be
continued to J follows from (vi) and the uniqueness of the integral

representation.

2.38. CoroLLARY. If k < 0 is an operator convex function, then
f = —1/k is operator convex and has integral representation of the special
form (vi).

Proof. We need only show that f is operator convex, and then use
(v) = (vi). Since k is operator convex,

h € QM(A),,, oh) c I = —k(h) € [(4,),] = f(h) € A"

sa’

by 2.1. Thus 2.35 = f operator convex.

2.39. PROPOSITION. Let f be operator monotone on an interval I of the
form (—oo, b), (—oo, b], or (— o0, co).
@ Iff 2 0on I, then

h e (A7) and oh) C I = f(h) € A
(b) If f is bounded below on I, then
he A2 and oh) C 1= f(h) e AL
Proof. (a) f has a representation
. 1 1
5) fix) =ax + b+ /r- - du(r),

Iy — x r— X

where a, p = 0 and

1
d < 0.
/r2+l w(r) o

lim f(x) > —co=a =0 and

X—>—00

du(r) < oo.
1 (r)
Therefore the “—(1/r — x;)” terms can be dropped from the integral in
(5) and absorbed into b. We obtain

. 1
6) flx)=1>b+ 'L,r—_;du(r)-
Since

b= lim f(x)=0,

X—>— 00

(6) and 2.1 (a) imply the result.
(b) follows from (a) applied to
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f— lim f(x).
X—>—00

2.40. Remark. It should be clear that if f is as in (5), the conditions in
2.36 are equivalent to the hypothesis of 2.39 (a).

In the next three remarks we discuss the sharpness of the above results.
Consider the following questions, each of which is nine-fold because of the
three types of semicontinuity.

(I) Given a C*-algebra 4 and an interval I, is it true that for allh € A¥*
with o(h) < I and all operator monotone functions f on I (or, where
appropriate, all f such that f(0) = 0 or f = 0 on I) h Isc = f(h) Isc?

(II) Given a function f on I, is it true for all C*-algebras A4 that h Isc =
f(h) 1sc?

In Remark 2.41 we argue that a yes answer to (I) that does not follow
from 2.30-2.32 or 2.39 can occur only if 4 is very special. Namely, A4 must
be unital or satisfy (i), (ii), (iii) of 2.2. Moreover, in these cases the yes
answer to (I) follows easily from 2.30-2.32 or 2.39, the special condition on
A, and 2.33 (ii); so that it is not worth being stated formally. In Remark
2.42 we argue that any yes answer to (II) follows from 2.30-2.32 or 2.39.
Moreover, E, is a universal test algebra for (II). Of course (I) and (II) are
not the only questions that could be asked on this subject.

2.41. Remark. First we dispose of the case A unital. In this case there is
only one meaning of lsc and translations of independent variable cause no
problems. Thus 2.32 (b) gives a positive answer to (I) always.

Now if 4 is not unital, it will be impossible to have h € A, o(h) C 1
if I € (—oo, 0). Hence such I should not be considered when the
hypothesis is & strongly Isc.

(a) strong — weak.

The yes answer to (1) follows from 2.32 unless / has a left endpoint
s > 0. Consider 0 << § < s and let

1
x) = ——.
fx) = ———
By 2.1 (a) if f takes strongly Isc to weakly Isc, it must be true that h €
o(h) C I =h — 8§ € A7 It is useful to state:

sa’

LEMMA. Let I be a non-degenerate interval such that I C (s, 00) for some
s > 0. If the conditions of 2.2 are not satisfied, then Ih € Ag, such that
o(h) € ITand h — & & A}, for any § > 0.

Proof. Choose x € (A5,) \A4, and choose x, € Ay, such that x,, = x
in norm. Let A, be minimal such that x, + }\ € Al. Since x GE AT,
A, — co. This 1mphes that for n large the ratio between the top and bottom
points in o(x, + A,)) (both of which will be positive) is close to 1. Let

h =r,(x, + A,),
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where n is large and r, is chosen so that the bottom point in o(k) is slightly
more than the left endpoint of I.

If the conditions of 2.2 are satisfied, by 2.2 (ii) we may translate the
independent variable to replace / by I — s.

(b) strong — middle.

If 0 € I, the yes answer to (I) follows from 2.32; and if 7 has a left
endpoint s > 0, the reasoning in (a) above is decisive (when 2.2 (iii) holds,
case (a) and case (b) are the same). The remaining case is I = (0, ¢) or
(0, ¢]. In this case consider f(x) = —1/x. By 2.1 (b), if f takes strongly Isc
to middle Isc, then 2.2 (i) holds. In this case the yes answer to (I) follows
from 2.32 (c) and 2.2 (iii).

(c) strong — strong.

Since A - 1 € A” if and only if A = 0, clearly we need / = 0 on
I N [0, co0). This means that the portion of (I) in parentheses is applicable.
If 0 € I,2.32 gives the yes answer. If 0 is the left endpoint of I, then f = 0
implies f has a finite limit at 0; so that 2.32 (a) still applies. If I has a left
endpoint s > 0, the reasoning in (a) above shows that the conditions of 2.2
are satisfied; and again we can replace I by I — s. To see this, one should
note that in (a) we could have taken

1 1
J(x) T x—o
which is positive on I, with equally good effect.

(d) middle — weak or weak — weak.

These cases are the same, since & = f(h) is norm continuous. The yes
answer to (I) follows from 2.30 unless 7 has a left endpoint s > —oo. In
this case we may perform a translation to reduce to the case s = 0. Now
consider

fx) = ————, 8 > 0.
X

A yes answer to (I) would imply (by 2.1 (a) ) that
vé > 0,

which implies h € A7, for all h € A% such that o(h) C I. This gives 2.2
(i1), which means that 2.32 (c) applies.

(e) middle — strong or weak — strong.

Again these cases are the same, and the parenthetical part of (I) is
applicable (here we need f = 0 on I). If I has a finite left endpoint s, again
we may assume s = 0, and the reasoning in (d) (take f(x) = 1/6 —
1/(x + &)) shows that the conditions of 2.2 are satisfied, if there is a
positive answer. Thus 2.32 (a) applies (see (c) if this is not clear).

If the left endpoint = —oo0, 2.39 (a) gives a yes answer to (I).

(f) middle — middle.

h+ 86 e A"

sa’
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The yes answer to (I) follows from 2.30 unless / has a finite left
endpoint s. Since A > f(h) is norm continuous, a positive answer here
would imply a positive answer in case (d), which implies the conditions of
2.2. Then 2.32 applies (see (b) if this is not clear).

(g) weak — middle.

Since the function f(x) = x is allowed here (unlike case (e) ), this case
can have a positive answer only when the conditions of 2.2 are satisfied.
Then this becomes the same as (d).

2.42. Remark. Since A is arbitrary in (II), it is in particular non-unital,
and we again exclude the case I C (—oo, 0) when h is required to be
strongly Isc.

(a) strong — weak.

A positive answer to (II) follows from 2.32 unless 7 has a left endpoint
s > 0. Consider

g(x) = f(#) for x near 1 — l,
1 — x Xg

where x, € I° C (s, c0), and the answer to (II) is yes. by 2.1 (a) g takes
weakly lsc to weakly Isc, and 2.35 (b) implies g is operator convex. Since
clearly f operator monotone = g operator monotone, g must continue to a
function (still both operator monotone and convex) on (—oo, 1 — 1/x);
and this implies that f continues to a function (still operator monotone)
on I U (0, x,). Now 2.32 (c) applies.

(b) strong — strong.

f must be =0 on I N [0, co0), and then a positive answer follows from
2.32 unless I has a left endpoint s > 0. Assume [ of this type and a
positive answer to (II), and consider the g used in (a) above. Now g takes
weakly Isc to strongly Isc and a fortiori QM (A4),, to strongly Isc (on some
subinterval of its largest domain). Now by 2.36 (see also 2.37 (a) ) g must
be positive on all of (—oo, 1 — 1/x;). Thus not only does f continue to
I U (0, xq) (which we already know from (a) ), but the continuation is still
positive. Hence 2.32 applies.

(c) strong — middle.

A positive answer follows from 2.32 unless I C (0, co). Using 2.11, we
see that for any compact I, C I, there must be A > 0 such that

h e A and o(h) C Iy= f(h) + A € AL

Then by (b) this relation must hold on co(/, U {0} ). Thus f has a finite
limit at 0 (we already know by (a) that f continues to 0) and 2.32 (b)
applies.

(d) middle — weak or weak — weak.

These cases are the same and 2.35 (b) implies / must be operator convex
(as well as operator monotone) for a positive answer. Thus 2.30 applies.
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(e) middle — strong or weak — strong.

Again f is operator convex and operator monotone for a positive
answer. Thus f can be extended to an interval whose left endpoint is — co.
By 2.36 the extended function will be =0 on its entire domain. Hence 2.39
(a) applies.

(f) middle — middle.

Since a positive answer here implies a positive answer in case (d), f must
extend to an interval to which 2.30 applies.

(g) weak — middle.

Again f must extend to an interval with left endpoint —oco. By 2.11 for
any compact I, C [ there is A > 0 such that / + A takes weakly Isc to
strongly Isc for o(h) C I, Then by 2.36 f + A must be positive on its
whole domain. Hence 2.39 (b) applies.

In parts (c) and (g) we did not quite prove that a positive answer to (II)
for A = E, implies a positive answer for all A. When we used 2.11, we
were invoking 4 = ¢, ® E,. But ¢, @ E| can be embedded in E, so that

her(CO ® E‘) = El’

and then 2.14 implies that a positive answer for E| implies a positive
answer for ¢y ® E,.

2.43. Remark. We now discuss the sharpness of 2.34, 2.36.

(@) If h € A}¥and f(h) is weakly Isc for all operator convex f, then *=h
are weakly Isc so that 2 must be in QM (A4).

(b) If in (a) we replace weakly Isc with middle or strongly Isc, we would
obtain that h € M(4A)orh € A. Since A and M (A) are C*-algebras, there
are no interesting results here.

(c) Given f; 2.34 and 2.35 completely solve the problem “When does f
take QM (A) to weakly 1sc?”, and 2.36 completely solves “When does
J take QM(A) to strongly 1sc?”” By reasoning similar to that in 2.42 (c)
and (g), we can see that f takes QM (A) to middle Isc if and only if
Jf + A satisfies the conditions of 2.36 for some A € R.

2.D. Relations with compact and open projections. The next result is not
original with us, but we do not know precisely to whom the credit
belongs.

2.44. PrRoOPOSITION. Let 0 = h € A**, and let q be the range projection
of h. L
(@) Ifh A", then q is open.
(b) If h € [(4,,),,] and 3¢ > 0 such that
o(h) N (0, ¢) = B,

then 1 — q is open.
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Proof. (a). Assume h = 1. By 2.31 (a) i* € A7 for 0 < a < 1. Since
h* 2 g as a \ 0, this shows ¢ € A"7; and [5] implies g is open.
(b). By 2.30 (c),

e [(Ay,] for0<a<l

The condition on a(k) implies A" — ¢ in norm, so that
g€ [y,

Hence 1 — g € (477, and [5] implies 1 — g is open.

2.45. COROLLARY. (a) If h € [(4,,),,]” and the bottom point, s, in o(h)
is isolated, then E (s (h) is open.

(b) If h € (A7)" and the top point, t, in o(h) is isolated, then E((h)
is open.

() If h € QM(A),, and either extreme point of o(h) is isolated, then the
corresponding spectral projection is open.

2.46. Examples. (i) 2.44 (a) fails if we assume only h € A7, Take
A = E, and define h by

hoo = Ze] X €,

1 1 1 1
h, = (——e + —e ) X (——e + —=e, cf. 2.12).
\/i 1 3 n+1 \/j 1 \/7 +l) ( )

(i) Even if 4 is unital, there can be Isc h € A**, ¢t € R, and € > 0 such
that

sh)yN(t—et+e =10
but E, ,(h) is not open: Take

A = E,, h,,=((1) g), n=12...,

5
h is Isc since h, = hy. o(h) = {—1/2,0, 1/2, 1} and Ef,,, 13(h) 1s not
open.

2.47. DEFINITION-LEMMA. Let p € A** be a closed projection. Then p
is called compact ([4]) if it satisfies one of the following equivalent
conditions.
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(i) da € A such that p = a = 1 (this implies [a, p] = 0).
(i1) 3a € A such that p =
(i) p € her ++(A4).

(i) p is closed in A** (under A** C A** = A** @ ().
(V) p € (4,),,-

(v) p is closed in M(A)**.

a
a.

Proof. (i) is Akemann’s original definition, and he proved the
equivalence of (i), (ii), and (iii) (I1.4 and I1.5 of [4] and their proofs). (ii’) is
just a restatement of (i1) in view of Theorem 1.2 of [3].

(1) = (iv): Let (g,) be an approximate identity of her(I — p). Then
(I — e) N p. Hence

a1 = e)a”? N a%pal? = p.

(iv) = (v): It is obvious (trivial portion of 2.14 (a) ) that p € (M(A),,),,
This implies I — p € M(A)}, so that 1 — p is open in M(4)** by [5].
(v) = (1): (This is really the same as (iii) = (1).) Let

Then since p = 0 in (M(A)/A)**, B maps onto M(A)/A. In particular,
some b € B maps onto 1 € M(A4)/A. We may assume 0 = b = 1
(use Lemma 2.2 of [6]). Thenb =1 — a,a € A, where 0 = a = 1; and
l—a=1—-p=a=p.

Remarks. (1) [S] showed that all meanings of Isc are the same for projec-
tions, but this is not the case for usc. For projections weakly usc < middle
usc < closed.

(i1) The proof of 2.47 used the hypothesis that p is closed, but (iii), (iv),
and (v) already imply p closed.

By applying 2.14 (a), we obtain:

2.48. COROLLARY. If A is a C*-subalgebra of A, and p € AF* C A**,
then p compact as an element of A** implies p compact as an element of
Aj*.

2.49. Definitions. Let h € AX*x.
(1) h is called g-Isc if E(, o(h) is open, V¢ € R (equivalently E_, ,(h)
is closed Vr).
(1") h is g-usc if —h is g-lsc.
(i1) A is called strongly g-lsc if h is g-lsc and E o —¢(h) is compact,
Ve > 0.

(i1’) A 1s called strongly g-usc if —h is strongly g-lsc.
(111) A is g-continuous if it is g-Isc and g-usc.
(iv) h is strongly q-continuous if it is strongly g-1sc and strongly g-usc.
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Remarks. g-continuity was defined and strong g¢-continuity was
introduced (but not named) by Akemann [1] and [4]. [4] showed that 4 is
strongly g-continuous if and only if » € A4, and that h € M(A4),, = h
g-continuous. Pedersen [28] and Akemann, Pedersen, and Tomiyama [7]
completed Akemann’s conjecture by showing that 4 g-continuous implies
h € M(A). g-semicontinuity was used (but not named) by Pedersen [28]

and Olesen, Pedersen [25].
2.50. PROPOSITION.

(@) hqlsc=he A o
(b) h strongly g-lsc = h € Ay,

Proof. (b). Assume o(h) C [s, t] where s < 0,¢t > 0. For 1 = k = n
let

qk,n = E(kt/n,oo)(h) and pk,n = E(—Oo.ks/n](h )

Then g, , is open, p; , is compact and hence
s n t n
h" == 2 Pkn + - 2 9icn
n o1 n
is in AT";
”hn - h“ = ;”h“ =h e Asa'

(a). Choose A > 0 such that # + A = 0. It is obvious that 4 + A is still
g-1sc, and for positive operators g-Isc and strongly g-lsc are the same. By

(b)
h+\Xe Al =>he 4

Since g-semicontinuity is strictly (by 2.46 (ii) ) stronger than all three
types of semicontinuity, it has probably occurred to the reader that maybe
we should adopt g-semicontinuity as the basic notion. It seems clear that
this is wrong, and that we have to regard the g-lsc elements as just a class
of particularly regular Isc elements. Since every element of A, is g-
continuous, {x:x is g-Isc} is not closed under increasing limits. Also it will
be shown in Section 5 that for 4 = E, or E, every middle lIsc element of
A%*is the sum of a multiplier and a g-lsc element; i.e., {x:x is g-Isc} is not
closed under addition.

(a) and (c) of the following was told to us by G. Pedersen.

2.51. PROPOSITION. Let h € AXFX

(@) If his g-1sc, f 7, and f is continuous from the left, then f(h) is g-lsc.

(b) If h is strongly g-1sc, f 7, f is continuous from the left, and f(0) = 0,
then f(h) is strongly g-lsc.
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(c) If f(h) is weakly 1sc for all continuous, monotone increasing f, then
h is g-lsc.

(d) If f(h) is strongly Isc for all continuous, monotone increasing f such
that f(0) = 0, then h is strongly g-lsc.

Proof. (a). E_ o ,(f(h)) = E_ (h), where
J (=00, 1) = (=00, 1.
(b) follows from the same formula as (a) and the observation that ¢ <
0=1¢ <0(f(0)=0).

(c). V¢ € R, there is a sequence (f,) of continuous increasing functions
such that f, /7 X c0) pointwise. This implies

o) 7 Ey o).
Hence
Suh) € (A5) ", Vn = E o) (h) € (A5,)" = E(q0)(h) open.

(d)If £ = 0, the f,’s used in (c) can be chosen so that f,(0) = 0. If 1 < 0,
the f,’s can be chosen so that f,(0) = 1. Then if g, = f, — 1,

8n(h) 2 (—E,y(h)).
Since g,(h) € A7, this shows

sa>
E(-oo,t](h) € (Asa)r; = E(—oo,t](h) compact.

2.52. COROLLARY. (@) & is g-Isc & f(h) is weakly (middle) lsc, ¥f as in
2.51 (c).

(b) h is strongly g-1sc < f(h) is strongly 1sc Yf as in 2.51 (d).

(c) {h:h is g-lsc} and {h:h is strongly g-lsc} are norm closed.

Callh € QM(A),, smooth if f(h) is weakly Isc for all continuous convex
functions f. Then A is smooth if and only if (h — A), is weakly Isc, VA € R
(given h € QM (A),,). We have not been able to find any other descrip-
tion of smooth quasi-multipliers or to make good use of the concept, but
in view of 2.52 and Section 2.C it seems a reasonable analogue of
g-semicontinuity. Also it seems to be in the right spirit for use in
improving some of the results of Section 3. (3.49 and 3.47 are not as good
as 3.48 and 3.46.)

2.53. ProposITION. If h € QM(A),, and o(h) has only four points, then h
is smooth.

Proof. Assume o(h) C {A|, Ay, A3, Ay}, where A} < Ay, < A3 < A,
Since

(h— N — (1 =N, =t(h —N), + (1 —0)h —\),

when 0 = ¢+ = 1 and o(h) N (N, \”) = @, it is sufficient to check that
(h — \;) is weakly lsc.
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h=A)y=h—=X, (h—=2A)y =0,
(h = A)y =h =X + (A = NDEp 3(h), and
(h = M)y = Ay — M)Epy(h).

Thus the result follows from 2.45 (c).

2.54. Example. 3h € QM (A),, such that o(k) has only five points but 4
is not smooth: Take 4 = E|. Let

1 .3 5 L V3

2 4 4 -0 2 4 4
=2 CR=|3 ) B=3

Novr 3 0 0 N\ 2

4 4 4 4

Then F|, 5, F; = 0 and F| + F; + F; = 1 (in M,). By Naimark’s dilation
theorem we can find projections E,, E;, E5 on CV for some N > 2 such
that

E, + E; + E5 = 1 and pre(E;) = F,
where pr denotes compression. Let
A= —LA = —g, Ay =0, >\4=l§—§, As = 1.
As in the proof of 2.35 (b) we can construct 1 € QM(A) such that
heo = 2 NF, h, = 2 N\E,(n), and E;(n) — F, weakly.
Here (E|(n), E5(n), Es5(n) ) is “unitarily equivalent” to (E,, E3, Es) and
F, = Fy = E)(n) = E,(n) = 0.
For any f,
fthy) = = fADE(n) + O — Ey(n) — Ey(n) — Es(n)),
and
fth,) = = fOOE + f(0)q,
weakly, where
g=1—e Xe —e Xe,.
Thus f(h) is weakly Isc if and only if
SZNF) = 2 f\)F,
Now take f(x) = x_,. Computation shows that
o(Z NF) = {A\y, Ay} and
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11
3 2 2
SENE) = 3
3 1
2 2
Since

V3121
A)F = F. d Y—-=->---,
zf(l)l 5 an 3 2 3 4

f(h) is not weakly lIsc.

We remark that for 4 = E| it is possible to find a strongly Isc & such
that o(h) has only three points but 4 is not g-lsc. However, this is not
possible in a unital algebra. In 2.46 (ii) 4 is unital and o(h) has four
points.

2.E. Miscellaneous Results. In this subsection we add a bit to Pedersen’s
classification of the lsc elements in the center of 4**, discuss the relation
to semicontinuity of the map 4 +> T*hT for T some kind of multiplier, and
discuss when a function of a quasi-multiplier can be a quasi-multiplier.
(We show that Proposition 4.4 of [5] is really a convexity result.)

Pedersen [28] (or 4.4.6 of [29] ) showed that the weakly and middle Isc
elements of the center of A** are the same and can be identified with the
bounded Isc functions on prim A. Also these elements are all g-1sc.

2.55. PROPOSITION. Let h be a central middle 1sc element of A**. The

following are equivalent.
(1) h is strongly g-lsc.

(ii) h € A,

(iii) Ve > 0, the quotient algebra of A corresponding to the closed central
projection E _, _(h) is unital.

Proof. (i) = (ii) follows from 2.50.

(ii) = (ii1). If 7 is the ideal being considered (the open central projection
of I'is E_ .(h)), then clearly h, the image of 4 in (4/1)**, lies in
[(4/1)7] . Since h = —¢, 2.1 (c) implies A/1 is unital.

(iii) = (i). We can find a € 4, such that 0 = a = 1 and a maps to 1
in A/1. This means that

Ef-eo—gqh) = a =1,

so that E_, _(h) is compact.

Remark. If A is commutative, say 4 = Cy(X), the strongly Isc elements
correspond to the bounded lsc functions f on X such that f_ vanishes at
oo. To interpret the above in an analogous way, we would have to consider
the closed compact subsets of prim 4 to be the closed subsets correspond-
ing to compact central projections, rather than just using the topology of
prim A.
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2.56. PROPOSITION. For T € A** consider the map
o7 A5 = AL
defined by or(h) = T*hT.
(@) If T € QM(A), g sends AL into (A7)~ .
(b) If T € LM(A), ¢ sends (A)~ into itself.
(c) If T € RM(A), ¢y sends A™ into itself.
(@) If T € M(A), or sends Ay, into itself (and (b), (c) also apply).
() If T € A, g sends (A;,)" into A},

Proof. (a). Fora € A,
T*aT € QM(A),, C (A")".

Since ¢y is positive and continuous, (a) follows.

gb)). 1I;or x € jsa, T*x; € QM(A),,
¢). Fora € A, T*aT € A,
(d). For x € A,,, T*xT € M(A),,

(e) follows from 2.4.

2.57. Examples-Remarks. The following are enough to show there are no
obvious improvements of 2.56.

(i) 3T € LM(A) such that ¢ does not send A7, into A: In fact any
T such that T*T & M(A) will be an example (and there are many such),
since

1€ M(A4), c A"

Since T*T € QM(A), if T*T were in A7, 2.3 would imply T*T €
M(A).

We also give an example where T*AT ¢ M(A). (As above T*AT C
OM(A) and T*4,,T c A, < T*AT c M(A).) Take A = E,. Define
T € LM(A) by

T;1=e1><el+el><en, Too=e]><e|,

anda € Abya, = a,, = e; X e.In general for T € LM(A4), T*AT C
M(A) if and only if T induces an element of M (I) where I is the smallest
ideal such that T € I**. This can occur for T € LM(A)\M(A) and it has
some relation with certain pathologies in M(A4). See 3.56.

(i) 3T € RM(A) such that ¢, does not send A7, into (45,) : In fact
any T € RM(A)\M(4) will be such an example. Since —1 € A7, if ¢
sends A% into (A7)~ , then

T*T € | (4,),,]" -

Since T*T € A_X’Z (by (c)), 2.3 implies T*T € M(A); and Proposition 4.4
of [5] implies T € LM(A).

We also give an example of 0 = h € A7, such that
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T*hT & (AL)".
Take A = Ej; define T by
T,

o0

and define & by

=e Xe,T,=e Xe — e,y Xey

h

1 1 1 1
h, = (7291 + 7§"n+1) X (725’1 + 756"+') (cf. 2.12).
(i) If
T € QM(A) and ¢p A" — 4™

sa’
then T € RM(A).
In fact the hypothesis implies 7*AT C A. Then 2.6 (b) applies to aT,
a € A.
(iv) There are no general results where ¢, T € M(A), sends some semi-
continuity class into a smaller class, since there are invertible multi-
pliers.

2.58. LEMMA. Assume 0 < ¢ = h € A**.

(a) If h is weakly usc and h~' € QM(A), then h € M(A). (In particular
this applies if h, h ™' € QM(A4).)

(b) If 38 > 0 such that h — & is strongly 1sc and h~' € QM(A), then
h e MA).

Proof. (a). By 2.1 (a) hlis strongly Isc. Hence 2.3 implies h e M@).
Since M(A4) is a C*-algebra, this implies h € M(A).

(b). By 2.1 (b) h~ " is middle usc. Hence 2.3 implies W' e M),
whence h € M(A).

In the following we will use a simple fact of general topology:
(F) If f, and f, are Isc functions on a topological space and f, + f, is
continuous, then f}, f, are continuous.

2.59. PROPOSITION. (a) If f is a non-linear operator convex function on an
interval I, h € QM(A),,, o(h) C I, and f(h) € QM(A), then h € M(A).

(b) If f is operator monotone, operator convex, and non-constant on an
interval I, if h € (A1), o(h) C I, and if f(h) € QM(A), then h € QM(A).
(Hence, by (a), h € M(A) unless f is linear.)

(c) If [ is operator monotone on an interval I such that either 0 € I or
I =(0,b),ifh € A, o(h) C I, and if f(h) € QM(A), then h € M(A)

except when I = (0, b) and

C
f(x)=——+B, C=z=0.
X
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Proof. (a). We refer to the integral representation (1) for f (proof
of 2.34). If f = f, + f, with f,, f, operator convex, then by (F) f,(h),
fo(h) € QM(A). Any Borel set of R\ can be used to obtain such a
decomposition from (1). Since the integrand in (1) is norm continuous (in
t), this implies that (b — t)’I € QM(A) for any t & I which is in the
closed support of u. . If there is such a ¢, 2.58 (a) implies # € M(A4). Also
if a # 0, (F) implies = QM (A); and then Proposition 4.4 of [5] implies
h € M(A).

(b) is proved in the same way as (a).

(c) is proved the same way, except that 2.58 (b) is used.

2.60. Remark. We now discuss Proposition 4.4 of [5]. The function
T — T*T is (operator) convex on B(H). Suppose f is a real-valued
function on an interval I C [0, co) such that 0 € I. Then we have an
operator function

YT = f(T*T)

defined for all T € B(H) such that ||T|| is sufficiently small (this is a
convex set). It is natural to ask when vy is convex, and it can be shown
that the answer is: { is convex if and only if f is both operator mono-
tone and operator convex. Of course this implies f can be continued to
I U (—o0, 0). For such an f we can apply 2.59 (b) with h = T*T.

If fis asin 2.59 (b), T € QM(A), and f(T*T) € QM(A), then T €
LM(A). Moreover, T*T € M(A) unless f is linear.

Of course one could also use 2.59 (c¢) for h = T*T, T € RM(A).

We will now apply the above to answer the following: When is it
possible to find T € QM(A)\LM(A) such that 7" or |T|" € QM(A)?
We will consider three possibilities: T € QM(A),, T € QM(A),,, or
T € QM(A). Of course if we find an example in one class, there is no need
to consider larger classes.

261. If h € QM(A), and h* € QM(A) for 1 # a > 0, then
h e M(A).
Proof. Use 2.59 (a) and the operator convex function
x> —x% or x> —xVe

according as a < 1 or a > 1.

262. If 0 < e = h € QM(A) and h* € QM(A) for a < 0, then
h e M(A).
Proof. Use 2.59 (a) and the operator convex function
x> x* or x> x/®

according as la] = 1 or |a| = 1.
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263. If T € QM(A) and |T|* € QM(A) for some a > 2, then |T| €
M(A). This implies T € LM(A), and if T = T* it implies T € M(A).

Remark. A similar result with a slightly weaker conclusion is true for
a = 2, but this would be exactly Proposition 4.4 of [5].

Proof. Use 2.59 (a) and the operator convex function
foxy = =2,

applied to & = |T|* Note that 2.34 implies f(h) weakly lIsc, and 2.56 (a),
for example, implies f(h) weakly usc.

2.64. LEMMA. If h € QM(A),, and h,, h_ are weakly usc, then h , h_,
|h| are in QM (A).

Proof. Let ¢, — ¢ in S(A). We want to show
Pu(hs) = o(hy).

Let 7, m, be the GNS representations for ¢, ¢,, extended to A**. We may
assume the Hilbert spaces for =, 7, have the same dimension. (If not,
replace A by 4 @ X (H) for H a Hilbert space of sufficiently large
dimension.) Then, passing to a subnet, we may realize =, 7, on the same
Hilbert space H, with one unit vector £ cyclic for = and all #,’s and
inducing ¢, ¢,, so that 7 (x) — 7(x) strongly, Vx € A (cf. Section 3.5 of
[18]). We claim that 7 (h) — 7(h) weakly and Vv € H,
lim(m(ho)v, v) = (7(hi)v, v).
Assume ||[v|| = 1. Then we can define , y,, € S(4) by

Yx) = (m(x), v), Y(x) = (m(x)v, v), Vx € A.

(The fact that @, m, are non-degenerate is important here.) Then y, — ¢
weak* (since m,(x) — m(x) ), and this and the hypotheses on A, 4. give the
claim. Now passing to a subnet, we may assume x,(h..) — k.. weakly, for
some operators k... Then

0=k, =mhs), and
ky —k_ =limayhy — h_)=a(h) = mthy) — 7(h_).

Since w(h ) - w(h_) = 0, this implies k. = =(h.); i.e., 7 (hy) — w(h.)
weakly. Hence

Po(hs) = (m(h)E, &) = (n(hi)€, §) = o(ho).

2.65. COROLLARY. If h € QM(A),, and |h|* € QM(A) for some a > 1,
then h € M(A).

Proof. Since |h|* is weakly usc, 2.30 implies
bl = (Ih[H"e
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is weakly usc. Since |h| = h, +h_,h=h, —h_,and —h=h_ — h,
are all weakly usc, we have the hypotheses of 2.64. Hence |h| € QM(A4)
and 2.61 implies || € M(A). Thus W= |hf?* e M(A), and Proposition
4.4 of [5] completes the proof.

2.66. Example. We show a general method of constructing examples of
h € QM(A),,\M(A4) such that f(h) € QM(A). Assume for simplicity that
1 € domain f. Let b* = b € M, such that b;; = 1. Take 4 = E, and
define A by A, = 1,

n kn
hn = igl pzq bpqei+(p_1)n >< ei+(q*l)n ‘+‘ 1 - ; el- X e’-.
Then h, — h,, weakly, so that h € QM(A4),,. To insure that h, = h,
strongly (so that & & M(A4)), we simply need b, # 0 for some p > 1.
Now for any f, f(h,) = f(b),; - 1 weakly. Thus f(h) € QM(A) if and only
if f(1) = f(b),,. Write

B = U diag(A, ..., A\ )U*

for U unitary, A, ..., A, € domain f, and let 1, = IUlpI2. Then

k

t, 20, ;:,,:1,

and any such #,’s can arise. The conditions b}, = 1, fb),, = f(1) are
equivalent to

k

2 0\, fA)) = (1, f(D).

The condition b,; # 0 for some p > 1 is equivalent to: ¢, # 0 for some p
such that A, # 1. Thus we can find the desired example by this method if
and only if (1, f(1)) is not an extreme point of the graph of f. Note that
this construction does not illuminate the distinction between operator
convex functions and arbitrary convex functions.

Conclusions. If f(x) = |x|% 0 < a < 1; x", n odd and positive; x ", n

any positive integer; or |x|%, a < 0, then
3Ih € QM(E ), \M(E)) such that f(h) € QM(E).

Of course for the last two cases, 0 & domain f, and the & we construct
is invertible. The cases f(x) = [x|% a = 0 or 1, are trivial, of course; and

x", n even, is the same as |x|". Thus the problem is completed for

h € QM(A), and h € QM(A),,

2.67. Example. For 1 < a < 2,3T € QM(A)\LM(A) such that |T|* €
QM(A): Take A = E, and define T by
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T

oo=e|><el and

Tn=e]><el+e|><en+|
+ QYOT DY e, )Xo +oe,qq X ey,

2.68. Example. 3h € QM(A),,\M(A4) such that h" € QM(A4), for
all odd positive n: Take A = E,. Choose a sequence (p,) of projections
Sl3lCh that p, — 1/2 weakly. Define h by h, = 2p, — 1, h,, = 0. Then
h” = h.

2.69. Ah € QM(A), \M(A) such that h" € QM(A), for all odd positive
n, and h™ " exists (in A**).

Proof. By the Weierstrass approximation theorem, the hypothesis on
h implies f(h) € QM(A) for every odd continuous f. In particular,
since 0 & o(h), u = sgn(h) € QM(A). (If p. are the range projections
of ho, u = p, — p_.) Proposition 4.4 of [5] (or 2.45 (c)) show that
u, po € M(A). The proof is completed, for example, by applying 2.61 to
hy, h_ separately.

2.70. Example. 3T € QM(A)\LM(A) such that T" € QM(A) for all
integers n: Take

1 S
T=(o 1)’

where 4 = B® M, and S € QM(B)\LM(B).

2.71. Example. 3T € QM(A) such that T? = T but the range projection
of T is not open: Take A = E; and define T by

Too=e]><el, Tn=el><el+en+l><el.

(In this example T € RM(A). 2.44 (a) rules out this phenomenon for
T € LM(A) (TT* € A7). By looking at T @ T’ where T’ & RM(A), we
could make an example where 7 & LM(A) U RM(A).)

3. Main results. Any o-compact locally compact (Hausdorff) space is
normal. Also any o-compact open subset of an arbitrary locally compact
space X is normal, for example {x:f(x) # 0} for some f € Cy(X). Toward
a non-commutative analogue of this, consider (N1) to (N5) below, each of
which is either a basic property of normal topological spaces or a non-
commutative analogue.

(N1) Urysohn’s lemma.

(N2) (interpolation) If f is an lsc function and g a usc function on a
normal topological space, and if /= g, then there is a continuous function
hsuch that f = h = g.

(N3) If 8:4 — B is a surjective homomorphism of s-unital C*-algebras
and h € M(B),,, then there is h € M(4),, such that
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g**(h) = h and o(k) C co(a(h)).

(N4) If p € A** is a closed projection, where 4 is an arbitrary or
o-unital C*-algebra, and h € pA¥¥ is strongly g-continuous or
q-gontinuous on p, then thereis & € A, or M(A),, such that [, p] = 0,
ph = h, and

o(h) C co(o(h) U {0}) or o(h) C co(a(h)).

(NS) If Fis a closed face of A(4) containing 0 and % a continuous real
affine functional on F such that 2(0) = 0, then there is a continuous
extension & of h to A(4) such that #(A(4)) C h(F).

The non-commutative version of (N1) for the strong case was found
by Akemann [4]: If p is a compact projection, ¢ a closed projection, and
pq = 0, then 3h € A, such that p = h = 1 — g. The middle case of (N1)
is Lemma 3.31 below. (N2) provides an efficient method of establishing
the basic properties of normal spaces. Its proof is similar to that of
Urysohn’s Lemma, and only slightly harder, and the Tietze extension
theorem (as well as Urysohn’s Lemma) is an immediate corollary. The
non-commutative cases of (N2) were discussed in Section 1. (N3) is the
middle case of an analogue of the Tietze extension theorem, with closed
sets being replaced by ideals. It was proved by Pedersen [30], generalizing
a version by Akemann, Pedersen, and Tomiyama [7]. The strong case of
(N3) is trivial, and the weak case, which involves QM(A4), and also a
version for LM(A) were proved in [10]. (N4) contains the strong and
middle cases of an analogue of the Tietze extension theorem, with closed
sets being replaced by closed projections. It specializes to (N3) when p is
central and will be proved below (3.43) as an application of interpolation.
We have no weak version of (N4), but the weak version of (N3) could also
be deduced from interpolation. (N5) is an even more non-commutative
analogue of the Tietze extension theorem (strong case). We have no
middle or weak version but do have some one-sided versions (involving
non-self-adjoint operators). (N5) has nothing to do with interpolation or
semicontinuity so far as we know. If the condition A(A(4)) C h(F) is
dropped, it becomes a known result (though we do not know whose
result); our reason for investigating the more precise version was to find
out if there was a true analogue of the Tietze theorem.

Before taking up (N5), we discuss the techniques of Section 3. Our proof
of interpolation does not resemble the classical proof of (N2), though our
proof of Theorem 3.40 (middle case) does use some ideas of classical
topology. (N2) for paracompact spaces follows from the most basic
of Michael’s selection theorems [24], and thinking about how to use
Michael’s theorem for the example 4 = Cy(X) ® X" was a great help to
us.
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3.A. x — pxp, x — xp, and x > (px, xp) (maximally non-commutative
Tietze extension theorems).

3.1. LEMMA. Let p, q be projections in a W*-algebra M, ¢ > 0, and
x € M.
@ If lIxqll = 1, |Ix|l = 1 + ¢, then Iy € M(1 — q) such that

Iyl = V2e + € and |lx — yll = 1.

) If llpxqll = L |Ix|]| =1 + ¢, then3y € (1 — p)M + M(1 — q) such
that

Iyl = 2V2e + € and ||Ix — y|| = 1.

Proof. We will use matrix notation.
(a). Write x = (@ b),a = xq, b = x(1 — q).

aa* + bb* =1 + 2e + &€ = bb* =1 + 2¢ + € — aa*
=b=(+ 2+ €& — aa®)% with ||7]| = 1.

Write & = (1 — aa*)"/?. Then (¥ — b|| = V2e + & (x — y =

(a b))
(b). Write

(e =) =) e
x-Cd’ ‘YI—C’ 72_daa-pxq7 clc.

Yiy, = a*a + c*c = (1 + c)z. Symmetrically to the proof of (a), write

Q

c=1t(1+ 2+ & — a*a)? |t =1, and

=1t — a*a)”z.
Thus || — ¢|]] = V2e + €. Also if v} = (f) then

1 0
Vil =1 and ¥y) =1y, 0 ( 1 — a*a )‘/2 .
1 + 2 + € — a*a

This implies
Yy Syt s A+ o

Now if the argument of (a) is applied to x’ = (¥} v,), we find y5 such
that

vy — voll = V2e + € and || (v vp) Il = 1.

Take x — y = (v] 3
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Note. In (a) the estimate V2e + € is sharp, and in (b) the order of
magnitude is sharp. Consider

‘= 1 \/2€+€2
0 0 '

3.2. LEMMA. Let p, g € A** be closed projections, and let R be the (norm)
closed right ideal of A corresponding to p and L the closed left ideal corres-
ponding to q.

(a) Let x € A such that ||xq|| = land||x|| =1 + ¢ € > 0. Let § > 0.
Then 3y € L such that

Iyl = V2e + € and |Ix —yll =1+ 8.
(b) Let x € A such that ||pxq|| = 1 and ||x|]]| =1 + ¢ € > 0. Then

Iy € L + R such that
Iyl =2V2e + € and |Ix —pl| =1 + 8.
Proof. (a) Assume not. Let
B={ze Az —x|| <1+ 8},
B, ={z € A:llz — x|| =1}, and
C={ye Lyl = Ve + &).
Then
0¢ B — C= dist(0, B, — C) = 8.
Therefore 3f € A* such that
inf Re fj5 > sup Re /.
This implies B,”" N C*" = @ in 4**. But
B ={ze€ A**:|z — x|| =1} and
C" = {y € LIyl = V2e + ).

(For any closed subspace X of 4, X " is the bidual of X, and the unit ball
of X is dense in the unit ball of its bidual.) But L = 4**(1 — q), so that
3.1 (a) is contradicted.

(b) is proved in the same manner as (a). A result of Combes [14] states
that L + R is closed.

(L + R)™ = A4**(1 — q) + (1 — p)A**.
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3.3. THEOREM. Let p, ¢ € A** be closed projections and let R and L be
the closed right and left ideals of A corresponding to p and q.
(a) Let x € A be such that ||xq|| = 1 and ||x|| = 1 + ¢, € > 0. Then

Ve > V2e + €, dy € L such that ||y|| = € and ||x — y|| = 1.
(b) Let x € A be such that ||pxq|| = 1 and ||x|]| =1 + €, ¢ > 0. Then

Ve > 2V2 + €, Jy € L + Rsuch that ||ly|| = € and|lx — yl| = 1. In
particular if € < 2, we may take € = 4¢"%.

Proof. (a). Choose 0 < ¢, N\ 0 such that
¢ =€ and X e/* < oo

Choose y, as in 3.2 (a) with § = ¢,. Then choose y, as in 3.2 (a) with x
replaced by x — y,, e replaced by ¢,, and § = ¢;. Continue. Then

Iyl = V2e, + € = 2¢)2
for n sufficiently large, and

lx =y, —.c. = Pl =1+ €4
Therefore y = Xy, exists, |[x — p|| = 1, and

0 —
Iyl =X \/Zen + 6,2, = V2e + € + > \/Zen + 6,2,.
2
By choosing e,, €;, . . . appropriately, we can achieve [|[x — y|| = €.
(b) is proved in exactly the same way, using 3.2 (b).

3.4. COROLLARY. Let p € A** be a closed projection and h € pA,p such
that o(h) (computed in pA**p) C [s, t]. Then if either 0 € [s, t]or 1 € 4,
3h € A, such that php = h and o(h) C [s, t].

Remark. It was proved by Akemann, Pedersen, and Tomiyama
(Proposition 4.4 of [7] ) that the map x — pxp is an isometry of 4/L + L*
onto pAp (which is therefore closed). 3.3 (b), applied with p = ¢, gives
the additional information that each x € pAp can be written pXp with

[IX]] = ||x||, rather than ||X|| < ||x|| + 8. 3.4 simply gives the self-adjoint
version.
Proof. First assume 1 € A. If s = —1t, the conclusion is immediate.

The general case can be reduced to this by translation: Replace /4 by
h— ((s + 1)/2)p.
Now if 1 & A, consider
A** C A** = 4** © C.

Let p., = 0@ 1 € A**. Then p’ = p + p., is closed in A**, p’A**p’ =
pA**p ® C, and o(h), computed in p’A**p’, C [s, t] (since 0 € [s, t]).
Hence 34 € A, such that o(h) C [s, t] and p’hp’ = h. Since ph = 0,
Pooh must = 0; and i € A,
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3.5. CorROLLARY (restatement of 3.4). If F is a closed face of A(A)
containing 0, f is a continuous real affine functional on F vanishing at 0,
and firn S(4) takes values in [s, t], then there is a continuous real affine
functional f on A(A) such that f r = fand f s(4) takes values in [s, t],
provided either 1 € A or 0 € [s, t]

Remark. Our contribution is only that it is not necessary to use [s — &,
t + 8] in the conclusion.

Proof. Let p be the closed projection corresponding to F. The elements
of pA**p may be regarded as affine functionals on F, vanishing at 0; and
for h € pA¥'p, co(o(h) ), computed in pA**p, is the same as the range of
hrn S() We need to show that pA,,p C pA}¥ consists precisely of the
continuous functionals. An elementary theorem in Choquet theory states
that any vector space of continuous real affine functionals on a compact
convex set F which separates points and contains the constants is norm
dense in the space of all continuous real affine functionals. Now pA4 , p
clearly separates the points of F, and it follows routinely from the above
theorem that pA,p is norm dense in the space of continuous affine
functionals vanishing at 0. Since pA,,p is closed (by [7]), the result
follows.

We give a short proof (following [17] ) of a theorem of Ch. Davis and
S. Parrott ([27]).

3.6. THEOREM. Let p, q be projections in a W*-algebra M and a € pMgy,
bepM(1 — g),c € (1 = p)Mg If lla + bl|, lla + cl| = 1, then 3d €
(1 — p)M(1 — q) such that

la+b+c+d|=1

Proof. We use matrix notation. Thus we are given || (a b) |, [| D) Il =
1, and we wish to find 4 such that

a b\|| ~
'(c d)”=1

a*a + ¢*¢c = 1 = ¢*¢ = 1 — a*a = 3t such that
lZl =1 and ¢ = t(1 — a*a)"%
Similarly aa* + bb* = 1 = 3Ju such that
lull =1 and b = (1 — aa*)"%u.

Take d = —ta*u. Then

o R R T

The reader may need a little thought to see that the factorization makes
sense. Of course the middle factor is unitary.
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3.7. COROLLARY. Let R, L be norm closed right, left ideals of a C*-algebra
A. Let m:A — A/R, m:A — A/L, and m:A — A/R N L be the quotient
maps. Then

llr(x) Il = max( [lm(x) [, [lm(x) |I), Vx € 4.
Proof. Let p, q be the closed projections corresponding to R, L. Then
R** = (1 — p)A**, L** = A**(1 — q), and
(RN L™ =1 — p)a**(1 — q).
Since A/R — A**/R**, etc. are isometries, the result follows.

3.8. COROLLARY. With the same notations, if RO, L° are the annihilators
in A*, then R® + L is isometrically isomorphic to the natural quotient of
R @ L°, where the direct sum is given the 1-norm.

Proof. R®® L° — R® + L' is the adjoint of A/R N L — A/R® A/L
(where the latter direct sum is given the co-norm). (Combes [14] showed
R® + L° weak* closed.)

3.9. THEOREM. Let A be a o-unital C*-algebra, p € A** a closed
projection, and T € A**p such that ||T|| = 1 and AT C Ap. Then AR €
RM(A) such that ||R|| = 1 and T = Rp.

Remark. For p central this specializes to (N3) for right multipliers (4.13
of 10]).

Proof. Let (e,) be a sequential approximate identity of 4 such that
e,+1€, = e, Vn. We will construct a sequence of a, € A such that:
(D) lla, |l = 1.
(i) a,p = e,T.
(iii) 38, € 4 such that ||8,|| = 2'~®? and

a, —a, €368, +[(l —e,_DA] .

a, can be chosen arbitrarily such that a,p = ¢,T and |la||| = |le,T]] = 1
(3.3 (a)). (Note: a, = ey, = 0.) Suppose ay,...,a, are constructed.
Choose b such that |[b|| = 1 and bp = e, T (3.3 (a)). Let

l=eb—a,€ L ={x€ Axp =0}.

LetR =[(1 —e,)A] and m:4 — A/R, m;:A — A/L the quotient maps.
Then

llmy(b — DIl = llm®) Il = 1.
Also

lm® — DIl = llm@® = e,b) Il + llme,pb — DIl = llm(a,) || = 1.
Thus by 3.73d € R N L such that
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b —1—d| =1+ 270D
Since || (b — [ — d)pl|| = ||bp]| = 1, 38 € L such that

18] = 2-27@*DD and b —1—-d—8|=1 (3.3 (a)).
Take a,,; = b — I — d — §. (i) and (ii) are clear. Also

m(a, 1) = mb — eb) + m(e,b — 1) + 0 — m(d)

Take §,,, = —6.
Now since ¢, (1 —e,_|) = 0, Vk < n — 1, (iii) =
llewa, — exa,_ Il = llegd, |l = 2'""Pforn = k + 2.

Therefore (e,a,) converges in norm as n — oo, Vk; and in view of (i) (a,)
converges right strictly to some R € RM(A) with ||R|| = 1. Also

Rp = lim(a,p) = lim(e,T) = T.

For p a closed projection and L the corresponding left ideal of A4, let
L = RM(4) N A**(1 — p)

{S € RM(A):AS Cc L} = {S € RM(A):Sp = 0}.

3.10. CoroOLLARY. If A is o-unital and p a closed projection, then
RM(A)p is norm closed and equal to

(T € A**p:AT C Ap).
VYR € RM(A), 3y € L such that |R — y|| = ||Rpl||.
3.11. COoROLLARY. If A4 is o-unital, L is a closed left ideal, and 6:4 — A/ L

is @ homomorphism of left A-modules, then 3:4 — A, a homomorphism of
left A-modules, such that § lifts 6 and ||| = ||9]|.

Proof. 8 is automatically bounded, by the same proof as for right
centralizers (see 3.12.2 of [29], for example). Since A/L = Ap, we may
regard 6 as a map from 4 to Ap C A**p.If (e,) is an approximate identity
of A, (6(e,)) has a weak cluster point T € A**p, with ||T|| = ||6]].
Then Va € A, aT is a weak cluster point of (af(e,)) = (0(ae,) ). But
0(ae,) — 0(a) in norm. Hence 6(a) = aT, and by 3.9, 3R € RM(A) such
that ||R|| = ||T|| = ||6]] and T = Rp. Let §(a) = aR.

3.12. Remark-Example. Since A/L N R embeds isometrically in
A**/(1 — p)A**(1 — gq), we can replace the map

mA — A/L N R

with

https://doi.org/10.4153/CJM-1988-038-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-038-5

922 LAWRENCE G. BROWN

7':a = (pa, aq),
where the map takes values in
{(x,y) € pA™ © A**q:xq = py}

(notation as in 3.7). Although #’ gives an isometry of A/L N R onto
its range, which is therefore norm closed, it is not in general true that

z € 7'(A) can be written #'(Z) with |[Z]| = ||z||: Take 4 = E, and let
p = q be given by

1 0 1 0
pn=(0 O)’ n=12..., Poo=(0 1).

Thus
B=her(l —p)=LNL*=LNR

= {x:xn = (0 0) withd, — 0, x,, = 0}.

0 d,
Take a sequence (¢, ) such that 0 <¢, < 1 ande, \y 0, and let a € A4 be
given by
I —¢, Ve, (1 —¢,) 1 0
a, = 1+ 3 » oy = 1|
8 €,(1 —¢,) n 0 =
2
Then a* = a, |la,ll = 1 + ¢, llall = 1. If
) 1 — ¢, e, (1 —¢,)
n = s

(1 —¢€) ¢,
then |la|| = 1. If &™) is given by

M a, n <N\,
" a, n=N
then a™ — g € B and |la™)] = 1 + €y. This and |la || = 1 imply
[lm(a) || = 1. But db € B such that |la — b|| = 1. If b existed, then it could
be taken self-adjoint. Then

1 — ¢, €,(1 —¢,)
Ve, (1 —¢€,) y, '
and (a — b), = 1 = y, = ¢,. This implies

1 + 3e 1
€, —

(a — b), =
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a contradiction.

If p and ¢ are finite rank projections (i.e., L and R are finite inter-
sections of maximal one-sided ideals), then E. Effros pointed out to us that
the Kadison density theorem can be regarded as giving information about
any of the maps a = pagq, a = pa, a > agq, or 7’":a — (pa, aq). Although
the formally strongest version of the theorem deals with #’, the things that
are true about any one of these maps for arbitrary closed projections,
specialized to finite rank projections, are adequate to imply the theorem
(provided we know the Kaplansky density theorem and that finite rank
projections are closed). Whether our results will have any real applications
remains to be seen.

3.13. Example. We have discussed the maps x — pxp, x > xp, and
a’:x — (px, xp) for x € A, and the second of these maps for x € RM(A).
We show that equally good results do not hold for the other obvious
variants. Specifically, for 4 = E,, 3 a closed projection p € A** such
that:

(1) 3x € [pM(A)p] such that x &€ pOQM(A)p.

(ii) 3x € [M(A)p] such that x & LM(A4)p.

(iii) 3x € [7(M(4))]™ such that x & 7(QM(A)).

(iv) 3x € [LM(A)p] such that x & QM(A)p.

This phenomenon is related to the fact, which will be discussed in Section
3.F, that closed projections for 4 need not be regular relative to M(A4)
(i.e., as elements of M(A)** D A**).

For A = E,, define p € A** by

n
P = 1, b, = kEI Vin X Vie,ns

where

1 1
Vew = \/1 — ;ek + \/%ekﬂ,.

The fact that p_, = 1 implies p is closed.
(i) Let x, € pA**p be given by
0,k>n
(*)oo = 0 and (xy), = {vk,n X Ve k = n.
Then x;, = pX,p, where X, € M(A) is given by
0,k>n
oo =0 and G = {k(ek+n X epin) k = n.

Let ¢, = 0 be such that
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1
t, >0ask —>ooandz # 0(;(—1/-2)

Then
x = Z o, € [pM(A)p]™.

Suppose x = pXp for some X € QM(A). Choose M > ||X|| and choose k
such that

M

tko > k(l)/z'

For n = k,

- 1)
t, = (xnvko,n, vko,n) = (1 - k—())(x,,eko, eko)

1 ). _ ~
+ ;(—)(1 - ;‘)[ (xﬂeko’ ek0+n) + (xnek0+n’ eko)]

0
1
+ _(xnek +m €k +n)‘
k 0 0
0

The first term approaches 0 as n — oo, since X, = X, = 0, weakly. The
sum of the last three terms is majorized by

w2y - ) + ] = 20
K\ kg kT K

0

By choosing n sufficiently large, we obtain

M

Ly < Al
a contradiction.
(ii) Let x,, € A**p be given by
0,k >n
(*1)oo = 0 and  (x), = {ek+n X v k = n.
Then x, = X,p where X, € M(A),, is given by
N _ 0,k >n
Cidoo = 0 and = (), = [k“l(ekﬂ X ey )k = n.

Choose ¢, as in (i) and
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x = ? 1x, € [M(A)p]™.

If x = Xp, X € LM(A), choose M > ||X|| and k; such that

o
0
For n = ky,
11172 1
tkoek0+n = Envko,n = (1 - k_) ineko + Wxneko-l-n'
0 0

|IX €/l — 0 as n — oo since X, — X, = 0, strongly, and hence we see
M
e g +nll < a7
0

for n large, a contradiction.
(iii) is almost the same as (ii), since the x of (i) is actually in
[M(A),,p] . It follows that

(x* x) € [7'(M(4),,)] .

If (x*, x) = 7/(X), X € QM(4), we may assume X = X*. Then for

n = ky,
1\172 1
UChotn = (1 — k_o) Xn€, + ——k(l)/zxnekoﬂ‘
Therefore
1/2 1
(1 - k_o) (Xnexy €xy) = ——‘k(l)/z (Xnlry+n> k)
| _
R (Xnlrys Chytn)
0

(complex conjugate). Since (X, , ¢, ) —> 0 as n — oo (X, — 0 weakly), it
follows that

(Xnery €xytn) 0 asn— oo
Then we proceed as above from
1

172 1
= (1 1) Gt e G i)

(iv) Define x;, € A**p by
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0,k>n
(oo = 0 (il = {ek X Ve k= 0.
Then x, = X,p where X, € LM(A4) is given by
0,k >n
Cidoo = 0 and (), = {k“z(ek X eps) k = n.

Choose 1, as in (i) and

[ee)

x = ? 1nx, € [LM(4)p]~.

If x = Xp, X € QM(A), then choose M and k as above. For n = k,
tkO = (}nvko’n, eko)
172 _ |
= (1 — k—o) (xneko, eko) + ;gi(xnekoJrn, eko).

Proceed as above.
(v) For later use we point out that the x of (i) is in (pC) ™, where

C={ye OMA)yp =py}
To see this, define y, € C by (y)eo = O,

0,k>n
= 1
O Vin X Ven k(l — E)(wk’" X Wi k = n,
where
1 1
Wk,n = - ;ek + 1 — ;ek+n.
Then py, = x,.

3.B. Strong interpolation.
3.14. LEMMA. Let A be a C*-algebra. Assume k = h, ||h — k|| = 2/3,

ke A h€E A, 0<e<1/6,k —e=x=h+ex € A,andd > 0.

sa’

Then 3x’ € A such thatk — 8§ = x’ = h + S and ||x’ — x|| = 4¢'/%.

Proof. Let 0 < n < e. By [5] there are nets (a,), (bp) in A;, such that
a, }h+n,bﬂ\k—n.8ince

ay —bg A h—k+ 20,

Dini’s theorem (for functions on A(4) ) implies a, — bg = —n for a, B
sufficiently large. Also since
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a, te—nm—x /2 h+e—x=
(and since a, + (¢ — 1) — x is Isc on A(4) ), Dini’s theorem implies
a, te—m—x=—q
for a sufficiently large. Similarly
bp—(e—m—x=n
for B sufficiently large. Thus we can choose a, b € A4 such thata = h + 1,

b=zk—mna—b+n=0,andb—-—e=x=a+eThus0=x + € —
b =a — b+ 2 Since 2¢ > n, a — b + 2e is invertible, and

x+e—b=(a—b+2)"%a— b+ 2)"?%
where 0 =t = 1,t € 4A,and t = 1/2 (mod A). Thus
x=b—¢€+ (a—b+2)"%@a— b+ 2)"%

Let
X=b-J+@—b+na—b+n"
Then x’ € A4,
n n 3
- b——)+ —b+m=a+-=h+>q,
x ( 5 (a m) =a > 5"

and X’ Z b — /2 = k — (3/2.
I = %l = (e = 2) + @ = 0lla = b+ 241
+ (2¢ — )"lla — b + )"
== 1+ @ - m Ik -k + 2+ 22

+ e =k + 3l
Se+2-20 = 4!

if n 1s sufficiently small. Choose n = (2/3)6 and small enough for the
above to be true.

3.15. THEOREM. Let A be a C*-algebra. Assume k = h, ||h — k|| = 2/3,

ke ), heA,,0<e<l1/6andk —e=x=h+ ¢ x € A. Then

sa’

Ax’ € A suchthatk = x' = hand ||x — x|| = 5¢/2

Proof. Choose ¢, > 0, n = 1, 2,..., such that ¢, = ¢, ¢, \, and
2 (’11/2 < oo. Let x; = x and apply 3.14 with § = ¢,, to obtain x, € 4
such that k — ¢ = x, = h + ¢ and |lx, — x,/| = 4¢;’%. Continuing,
we obtain x,, € A such that
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k—¢ =x,=h+e and |x, — x, |l = 4%,

Then if x" = lim x,, we see k = x’ = h and
o0 [ee]
Ix — x| = 4 2 6,11/2 =47 + 4 D e,l,/z = 5¢!72
1 2

if the ¢,’s are chosen suitably.

3.16. COROLLARY. If k = h, k € (A,),,, h € AT, then 3a € A such
thatk = a = h.

Proof. We may assume ||A}l, ||k|] = 1/12 = 1/3. Then the hypotheses of
3.15 are satisfied with e = 1/12, x = 0.

The following indicates the order of magnitude of the best estimate
obtainable with our method.

3.17. CorOLLARY. There are universal constants C,, C, such that for
any C*-algebra A, if k = h, k — € = x = h + ¢ where k € (4,,),,
he A” x € A,and e > 0, then Ax’ € A such that

k=x=h and ||x — x|| = max(Cje, C,llh — kl|'%"?).

Proof. Choose t > 0 such that
2 1
tlhh — k|l == and te < -.
3 6

By 3.15, 3x” € A such that

th=x" =th and ||x” — tx|| = 5%
With x’ = ¢~ 'x”,
Ix — x|| = 5172172,

If for example ¢ = min( (2/3)||h — k||~", (1/7)e” '), one obtains
75\1/2
C, =57 and C, = (7) .
Remark. Anyone who cares what C, and C, are should use 3.41

below.

3.18. COROLLARY. If x = h + k,x € A, h, k € A, then a, b € A
such thata = h,b = k, and x = a + b.

Proof. First apply 3.16 to solve the interpolation problem: x — k =
a = h. Thensolvex —a =b =

h+kxe A h ke AT, then Ve > 0, 3a,
=kandx =a + b + e

o)

3.19. COROLLARY. If x =
b€ A, suchthata = h, b
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Proof. Let 8 > 0, and choose nets (), (bg) in A such thata, # h + 8,
bg » k + 8 ([S]). By Dini’s theorem

XxX=a +bﬂ + 6
0 0

Q

for suitable ay, B,. Since 0 = a, = h + &, 3.15 (or 3.17) implies that
Ja € A, such that @ = h and Tla — aaoll = f(8), where f(8) — 0 as
6 — 0. Similarly 36 € A such that

b=k and |lbg — bll = f(5).

Then x = a + b + 2f(8) + 8, and we need only choose 8§ sufficiently
small.

3.20. COROLLARY. If x S h + ¢, x € A, h € AT € = 0, then ¥ > e,
da € Asuchthat 0 = a = handx = a + €.

Proof. Apply 3.19 with k = e.

3.21. COROLLARY. If a € A, h € A", e > 0, and a*a = h + ¢, then
Ve > ¢, Ab € A such that b*b = h and |la — b|| = (e’)”z.

Proof. By 3.20,3c € A such that 0 = ¢ = h and a*a = ¢ + €. Therefore
a= t(cl + (,)1/2’ where ¢t € A4 (since ¢ + € is invertible) and ||¢|| = 1. Let
b = tc'’?

3.22. COROLLARY. If h € A™, then 3a € A such that a = h.

sa’

Proof. Choose A = ||h]|, and apply 3.16 with k = —A.

3.23. Remark-Examples. Consider the following properties for a given
C*-algebra A.

(D1) Vh € Ag, {x € A, x = h} is directed upward.

D2 Ifx =h + k,x € A, h k € A7, then Ja, b € A, such that
a=Ehb=kandx =a + b.

(D2’) Same as (D2) except that x = 0.

D)HIfx=h+ex€ A he A7, e>0,then Ja € 4 such that
0=a=handx = a+t e

(D3’) Same as (D3) except that x = 0.

(D4) {x € A:x = 1} is directed upward.

It is not hard to see that (D1) & (D2) & (D2'), (D1) = (D3) < (D3),
(D3") = (D1) if 4 is unital, and (D1) = (D4).

Unlike the Riesz interpolation and decomposition properties, (D1) and
(D2’) are satisfied if A is finite dimensional. (D4) will remind the reader of
Dixmier’s result that {x € A4, :||x|| < 1} is always directed upward. (In
(D4) it is irrelevant whether we require x € 4, or x € A4,,.) Of course
(D2) is just 3.19 without the e and (D3) is 3.20 with ¢ = e. It will be shown
in Section 5 that for 4 = 2 (D3) and (D4) are true but not (D1).

(i) For A = E,, (D4) is trivially true, since 4 is unital, but (D1) is false:
Let h be given by
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10 10
hw=(0 o)’ h,,_(o 1), n=12....

Let p, ¢ € A be given by

1 0 1 0
p,,—(o O)’ n=o0,12..., qoo—(o O) and

cos’ 6, cos 0, sin 6,
qn = . -2 ’
cos 0, sin 6, sin” 6§,

where 0 < 0, < 7/2 and §, > 0 as n — co. Then p, ¢ = h, but Ax € A4
such that p, ¢ = x = h.

(i) For 4 = Es, (D4) is still (almost) trivially true, and (D1) is still
false: Let h € A" be given by

1
- 0

h:‘l_n
0 1

Let p, g be as in (i) (except that now n = oo does not occur), and take
x = BV2RV2 = BV2gn72,

Then x, y € A; x, y = h; but da € A such that x, y = a = h.
(iii) For 4 = E;, (D4) is false: Example (i) actually shows this also.

(iv) For 4 = E,, (D4) is false: Let x be given by x, = ¢; X e, n
oo, 1,2,.... Let y be given by

Voo = €1 X e,

¥, = cos’ 6,(e; X e;) + cos O, sin f,[e; X e, + e, X e
+ sin’ Oe,1 X e,

0,asin(1)). lf x,y =z = 1, thene,, | X e,,| = z,, Vn. For n sufficiently
large

1 1
”Zn - Zoo” < E(Z = A) = (Zooen+l’ en+1) > -
This contradicts z,, € A,

3.C. Monotone limits, weak interpolation.

3.24. THEOREM. Let A be a C*-algebra and h € A”}.
(a) If A is separable, h € A%

(b) For arbitrary A, 3 a net (b,) in A such that 0 = b, = h, b, = h

strongly, and ¥ > 0, V¢ € A such that ¢ = h, ¢ = b, + m for a sufficiently
large.
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Proof. By [5] there is a net (x,),c pin 4 such that x, = A, + a,, a, € 4,
A, 7 0,and x, 7 h.If § > 0, then A, > —§ eventually and hence x, + §
is Isc on A(4) eventually. Since x, + 8§ #~ h + 8§ = 0, Dini’s theorem
implies x, + 8§ = —4& for a sufficiently large. Thus for « sufficiently
large,

ay Z x, = —28, and a, =h — A, = h + 26

The basic idea is to apply 3.15 (or 3.17) with k = 0 and € = 24.

(a) Since A is separable, A(4) is second countable. Therefore we may
assume (x,) is a sequence, and we denote it by (x,). (This follows from a
standard result in topology: If (f),ep is @ family of Isc functions on
a second countable space X, then there is a countable D, C D such that

sup{f(x):a € Dy} = sup{f(x):a € D}, Vx € X.

It is enough to apply this to x,54), for example.) We construct recursively
0 =by=b =...= hsuch that

b,€A4 and b,=x, ——, Vm=1
m
Assume by, ..., b, _, have already been constructed. Then the above
reasoning applies to (x, — b,,_1) / (h — b,,_). Choose n = m such that
Jc € A4 with
1
0=c=h—b,_; and llc — (a, — b, DI =—.
m

This is possible by 3.15 if the § used above is sufficiently small. Then let
b, = b, + c. Note that

b

I
v

1 1 1
m bm—1+(an_bm—l)—_:an__ Xm = -
m m m

Now clearly lim b,, exists and lim b,, = h. Also

— — =limb, = limx, = h
m

(b) Let D’ = D X (0, o0), with (0, co) ordered downwards, and let
D" = {(a,e) € D:Ib € Awith0 = b = hand ||b — a,/| < €}.

By 3.15 and the above D” is cofinal in D’. For (a, €) € D” choose b, € A4
such that

0=b,=h and |lb,, — all <e

(%3

m

Since x, — h strongly and A, — 0, a, — h strongly. Therefore b, — h
strongly. If 4 © ¢ = h, then by the above reasoning, applied to x, — ¢ 2
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h — ¢, a, = ¢ — 28 for a sufficiently large. Thus it is clear that b, . = ¢ —
71 for (a, €) sufficiently “large”.

Remark. Just the fact that b, = h and b, — h weakly is enough to imply
h 1sc on A(A4). The last part of (b) is intended to compensate for the fact
that Dini’s theorem is available only for monotone nets. In fact it follows
from (b) that Vy > 0, Va,, ..., o,

by tm=b,,....b

for a sufficiently large. This last is an adequate hypothesis for Dini’s
theorem.

k

3.25. COROLLARY. (a) If 4 is a separable C*-algebra and h € A", then
he A,

(b) If A is any C*-algebra and h € A—g";, then 3 a bounded net (b,) in A
such that b, = h, b, — h strongly, and V¢ € A such thatc = h,c = b, +
Jfor a sufficiently large.

Proof. Combine 3.24 and 3.22.

3.26. THEOREM. Let A be a o-unital C*-algebra.
(a) If A is separable, then

[(A2) 714 = OM(A)% and (A7)~ = OM(A)],

(b) In any case if h € (A7), then there is a bounded net (x,) in
OM(A),, such that x, = h and x, — h strongly. If h = 0, then x,, can be
taken positive.

) (<c) If<kh§ h,k € [(A,),,] ,h € (A%)", then Ix € QM(A) such that
=x=h

Remark. 3.26 (a) and (b) are the weak counter-parts of 3.24-3.25 (a) and
(b). 3.26 (c) is the weak counter-part of 3.16.

Proof. The basic method of deducing these results from their strong
counter-parts is the same in all cases. Let e be a strictly positive element
of 4. ,

(a). If 0 = h € (A7), then by 2.4 ehe € A7. By 3.24 there are
a, € A, such thata, 7 ehe. Since 0 = a, = ||h|le?, 3!1, € A** such that
a, =et,eand 0 = ¢, = ||h]|.

ete € A = (Ae)t,(eA) C A = A1, A C A
(since (ed) = A)
=1, € OM(A).

Clearly a, » = t, 7, and et,e — ehe weakly = ¢, — h weakly (since ||z,[| is
bounded and e has a dense range when regarded as an operator on the
universal Hilbert space of 4). The case where 4 is not positive follows by
translation by scalars.
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(b) 1s proved in the same way. Since the convergence here is not
monotone, one should note that x, = h, x, — h weakly, and ||x,|| bounded
imply x, — h strongly.

(c). Apply 3.16 and 2.4 to obtain a € A such that

eke = a = ehe.

If A = max(||#]], k] ), then
“A?=a=r?=0=a+ \? =2
= 31 € A** such that a + \e* = ete.

Let x = t — A, so that a = exe. Then as in (a), x € QM(A), and
eke = exe = ehe > k = x = h.

Remarks. (i) o-unitality cannot be dropped from the hypothesis of (c), as
is seen already from the commutative case. If 4 = Cy(X), then the weakly
Isc and usc elements of 4** are just the bounded Isc and usc functions on
X ([28] ). Thus (c) is true if and only if X is normal. Of course there are
normal locally compact spaces which are not o-compact, but not every
locally compact space is normal.

(11)) The answer to the middle case of (Q3) (see Section 1) is “no”
whenever QM (A4) # M(A): Let

T € QM(A),\M(4).
Since T € (A1), 3h, € A%, such that

T=h,=T+

IIA
=
IIA
=
lIA
=
IIA
ﬂ
+
3 -

Then x, = T in norm and T € M(A).

3.27. THEOREM. If A is a o-unital C*-algebra, then the following are
equivalent:
) If0<e=he A", then 38 > 0 such thath — 8§ € A,
()0 =he A’ =>he A"
(i) A% = (A%
(iv) QM(A) = M(4).
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Proof. In view of 2.2 it is enough to prove (iv) = (ii). If 0 = h € A7, we
can apply 3.26 (b) to k. Thus there is a net (x,) in QM(4), = M(4),
such that x, = h and x, — h strongly. Since M(4), C A"}, each x, is

Isc on A(A4). Therefore h is I1sc on A(A4).

3.D. Middle interpolation. If B and C are hereditary C*-subalgebras
of A with open projections p and g, we say that B and C g-commute if
[P, g1 = 0. In this case it follows from a result of Akemann [1] that pq is
the open projection for B N C.

3.28. THEOREM. Let B and C be q-commuting hereditary C*-subalgebras
of A. Then there is an (increasing) approximate identity (e,) of B N C
such that

[lb(1 — e)cll >0, Vb€ B,¢c €C.

Moreover, if B, C, and B N C are o-unital, then (e,) can be taken as a
sequence.

Proof. (cf. proof of 3.12.14 of [29] ). Let p and ¢ be the open projections
for B and C, r = pq, and (rg)ge p an approximate identity of B N C. Note
that Vb € B, c € C,

bc = (bp)(gc) = brc = b(1 — r)c = 0.

Letb,,...,b, € B, cy,...,c, € C, and consider
dg = (b(1 —rpc)io; € 4D... 0 A.
n times

Since rg — r strongly in 4**,
b (1 — rg)e; = 0

in the weak* topology of A**, Vi; and therefore dyg — 0 in the weak
Banach space topology of 4 @ . .. @ 4. It follows that V8, € D, 0is in the
norm closed convex hull of {dg:B8 = B,}.

Now let # be the collection of all finite subsets of B X C and D' =
D X % X (0, co). For each a = (B, F, €) € D’ let ¢, be one element of
co( {rg:B = By} ) such that

[1b(1 — e)cll <€ V(b, c) € F.
Order D’ by
al = (Bl’ F‘], E]) g (BC» Fb’ €O) = aO
if and only if
Bl = Bo, F] D Fo, € = €0 and eal = eao.

Then D’ is directed and (e,),c  has the required properties.
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For the last sentence let b, ¢, and x be strictly positive elements of B, C,
and B N C, respectively. If (e,) is as above, we can choose o) = a; = ...
such that

160 = el 111 = e, )l < =

Let u, = ¢, . Then
b(1 — u,)c— 0= (Bb)(1 — u,)(cC)—0
b1 —u,)—0,Vb € B, € C,

since (Bb)” = B and (cC)” = C. Similarly, (1 — u,)x’ = 0, Vx’' €
B N C (and also x'(1 — u,) = [(1 — u,)x"*]*).

3.29. LemMA. If p, q, r are projections such that r = p, r = ¢, and
p(l —r)g =0, then[p, q] = 0 and r = pq.

(Proof left to reader.)

3.30. LEMMA. Let B and C be g-commuting hereditary C*-subalgebras of
A,b€ B,,c€ C,,andry € (BN C),. Then there are g-commuting
hereditary C*-subalgebras B’, C' such that b € B C B,c € C' C C,
ro € BN Cand B, C, B N C are all -unital.

Remark. Actually the facts that B’ and C’ are o-unital and their open
projections have a positive angle imply B N C’ g-unital.

Proof. Let (e,) be as in the conclusion of 3.28. By choosing appropriate
elements of (e,), we can recursively construct , € B N C such that

0O=r,=r 1 =1 (forn=1l),

1
llb(1 — r)cll < -, and
n

1
NA =—rnll<-, k=0,1,...n— 1.
n

Let B" = her(b, ry, ry,...), C' = her(c, ro, |, .. .), p the open projection
for B’, q the open projection for C’, and r = lim r,.

1
A —rpll<-, k<n=0-rr=0v%=(0—ryr=0.
n
Also

1b(1 — r)cll < ! = b1 — r)c = 0.
n
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Thus r is a projection and x(1 — r)y = 0 whenever x, y are in the
x-algebras generated by {b, ro, r|,...}, {c, 1y, ry,...} respectively. It
follows that x(1 — r)y = 0Vx € B, y € C’ and hence p(1 — r)g = 0.
Therefore 3.29 implies that B’ and C’ g-commute and (with help of [1] ) r is
the open projection for B N C’. The fact that r, » r implies that (r,,) is an
approximate identity for B” N C’ (Dini’s theorem or [6] ), and the proof is
complete.

3.31. LEMMA. Let A be a o-unital C*-algebra and p,, p, € A** closed
projections such that pyp, = 0. Then 3h € M(A) such that p; = h =

Proof. Let B; = her(1 — p;). Then B, and B, g-commute and her(B, U
B,) = A. It follows that 3b;, € (B;) such that b; + b, is a strictly positive
element of A. By 3.30 there are g-commuting hereditary C*-subalgebras
B\, B) such that b, € B C B,, and B}, B5, B N B’ are o-unital. Then

her(B} U B)) = A.

Hence if p}, p5 are the closed projections corresponding to B/, B, then
pi\p> = 0 and p; = p,. It is sufficient to construct 4 such that p| = h =
1 — p5. Changing notation, we may assume B,, B,, and B, N B, are
o-unital.

Now let b, be a strictly positive element of B,, ¢ a strictly positive
element of C = B; N B,, and choose ¢, > 0 such that

(o]
€, N\ 0 and ;e,',/z < oo.

By 3.28 there is s; = x; € C such that
0=s, =10 —spell <27' and

Next apply 3.28 to b)(1 — sl)”2 € Byand (1 — sl)”zb2 € B, to obtain
x’ € C such that

0=x =110 —x)1 —s)"%| <272 and
16,1 — s)V21 = X)) = 5)"?,|| < 6.
Then
16,1 — sV 2@ = s)V%b,ll = [1by(1 — 520 — 5))"%b,]]
+ 11by(1 = sV = X)(1 = s)'2b,ll < € + € = 2.
Let e, = |b;(1 — sl)l/zx’”zl, so that e}, e, € C and

lleyesll = 11by(1 — sl)'/zx’(l — sl)l/zbzll < 2¢.

https://doi.org/10.4153/CJM-1988-038-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-038-5

C*-ALGEBRAS 937

Let /:[0, co) — [0, 1] be a continuous function such that f = 1 on
[2€)/2, 00) and f = 0 on [0, €/’ Let y = f(e,) € C. Then since
fye = V2

lewll = lleyeyll - e % < 2€172
Also || (1 — y)e|| = 2¢]’% Let
X, = (1 _ S|)]/2x'l/2yx'l/2(1 - s])l/z,
x/2 _ (1 _ Sl)l/2x,l/2(1 _ y)x'l/z(l _ Sl)l/z’ and

— ’
5, =8 + x5 + X5

Then
16y, = 11,1 — s 2 V2] 2 = sp'2| = 2¢;%, and
lxaball = 11(1 = s 220 1A = p)x 2 = 5! byl
=11 = pell = 277
Also

1—s,=1—s, — (1 —s)"2x1 — sp"?
=1 - sp2(1 — )1 —sp'? =z o0,
16,1 — s)byll < €y, and || (1 — sp)ell < 272,

If we repeat this process recursively, we obtain x,, x, € C,, n = 1,
2,...(x} = 0) such that

n
5, = 2 (x, + x}) =1,
1

byx,II, l1x.b,)| = 272, (0 > 1),
[16,(1 — s5,)b5l| < €, and
(1 = s)ell =27"

It follows that (s,) is an approximate identity of C. Hence
oo
lim s, = 2 (g +x) =1,
1
the open projection for C. Let
(o]
h:pl + ZkaA**.
1

Then
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o0 o0
(1—h)=p2+r—$xk=p2+§x;.

By construction bh € B; € A(b;p, = 0), and (1 — h)b, € B, C A.
Therefore

Blh = (Blbl)_‘h C A = hBl C A, and
(1 = h)By = (1 — h)(b,B,)” C A = hB, C A.

Since her(B; U B,) = A, this implies hi4 C A, and since h = h*,
h € M(A).

A direct proof of the following would make it possible to adapt
Urysohn’s proof of Urysohn’s lemma to the non-commutative case.

3.32. CorROLLARY. With the hypotheses of 3.31 there exist open projec-
tions q,, ¢, € A** such that q; = p, and q,q, = 0.

Proof. Let

9 = Epam)h), 41 = Eaz)1h). ‘
For a projection p € A** we denote by ﬁM its closure in M(A)**,
relative to M(A4) (under A** C M(A)** = A** © (M(A)/(A)**).
3.33. COROLLARY. If A is o-unital and p,, p, € A** are closed projections
such that pyp, = 0, then j;"ERM = 0.

Proof. If we consider the spectral projections in M(A4)** of h € M(4),
then, for the 4 of 3.31,

A = Egy) and pM = Egy).

3.34. COROLLARY. Let A be a o-unital C*-algebra and q € A** an open
projection. The following are equivalent.
(1) her(q) is o-unital.
(i) ¢ = V{2, p, p; a compact projection.
(iii) ¢ = V{2, ps p; a closed projection.
(iv) 3h € M(A), such that q = E o))

Proof. (i) = (ii). Let e be a strictly positive element of her(q) and
Pi = Ejqsiye0)e)-
(ii) = (iii) is obvious.
(iii) = (iv). Apply 3.31 to p; and 1 -- ¢, obtaining h; € M(A) such that
pi = h; = q. Let

> .
h=22"',
1
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(iv) = (i). Let e be a strictly positive element of A. Then h'%¢h'/? is a
strictly positive element of her(q).

3.35. COROLLARY. With the hypotheses of 3.31, if her(1 — p, — p,) is
o-unital, then h can be chosen so that py = Egy(h) and py = Eg(h).

Proof. Let r; be closed projections such that
1—p —py=VZr.

By [1] p; + r, and p, + 7, are closed Vi. Choose hj, h/ € M(A),, such
that

pn=h=0-py—r)andp, +n=hl =1 p,
Let

(e )
h=22""7"Yn + n).
1
3.36. COROLLARY. Let A be a o-unital C*-algebra and B, C q-commut-
ing hereditary C*-subalgebras such that A = her(B U C). Then there are
b; € B, c; € Cy such that (27 (b; + ¢;)) is an approximate identity of
A. In particular if 1 € A, then1 € B, + C,.

Proof. The hypothesis (and conclusion) of 3.36 is equivalent to that of
3.31 (where p,, p, are the closed projections corresponding to B, C). Let h
be as in 3.31 and let a; € A, be such that (2] a;) is an approximate
identity of A. Take

b= (1 — )'"2a,(1 — h)""?and ¢; = h'?ap'">.

Of course the last sentence follows from Akemann’s Urysohn lemma ( [1]
or [2]).

Remarks. 3.34 and 3.35 benefitted from conversations with J. Anderson.
There are other things along these lines that one would like to do, but
non-commutativity seems to interfere. 3.36 applies in particular if 4 =
B + I, B hereditary, I an ideal. G. Pedersen asked whether in this case
A, = B, + I,. Although the answer to Pedersen’s question is no (3.53),
the question was helpful.

For B a hereditary C*-subalgebra of 4, let

M(A, B) = M(4) N B** C A** and
OM(A, B) = QM(4) N B**.

M, B) = {x € M(A):Ax C L and xA C R}, where L and R are the
closed left and right ideals of A corresponding to B (since L = A N L**,
R = A N R**).If B is an ideal, this notation agrees with that of [30] and
M(A, B) is also described (by Pedersen) as the kernel of M(4) —
M(A/B). In general M (A, B) is a hereditary C*-subalgebra of M(4).
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3.37. CorOLLARY. Let X be a B; — B, Hilbert bimodule, where B, and B,
are o-unital, and U a partial isometry in QM(X). Then U € LM(X) +
RM(X) in the following way: Let C; = her(UU*), C, = her(U*U), and
0:C, — C, the isomorphism ¢ = UcU*. Then there is hy € M(B,, C,) such
that

0 = hy = U*U and UU* — 0**(hy) € M(B,, C));
and
U= Uhy + (1 — 0**(hy) ) U € LM(X) + RM(X).

Proof. 3.31 deals with a special case of the present situation: Let
X = (ByAB,) and U = r in the notation of 3.31. In this special case
C, = C, = C, 0 is the identity on C,

hy=2x,=1—h—p, and
UU* — 6**hg) = S x, = h — p,.

((I — 6**(hy) YU = (UU* — 0**(hy) )U.) The construction of N. T. Shen
[31] reduces the general case to this special case. (Our hypothesis that B,
B, be o-unital is too strong of course. We only need that the 4 produced
by Shen’s construction be o-unital.) It may be helpful for the reader to
consult Section 2 of [10] and 2.3 in particular.

For the reader who does not understand the above, it is possible to
make the proof of 3.31 work in the present context. One should note that
U*U and UU* are indeed open projections by 2.45 (b). Also UC,, C,U C
X by Proposition 4.4 of [5] (cf 2.6 (b) ). (These results should be applied in
a suitable linking algebra; or the reader may assume X is a C*-algebra and
X =B, =B,)

3.38. Remark. Consider the following situation: B, and B, are C*-
algebras with hereditary C*-subalgebras C; and C,. 8:C, — C, is an iso-
morphism. We ask when can B, and B, be “patched” along 6. In other
words: When does there exist a C*-algebra A containing B, and B, as
g-commuting hereditary C*-subalgebras such that B, N B, = C;, = C,
(and ¢; = 0(c,) for ¢, € C,)? [31] produces an answer to this question, but
it does not seem easy to apply; namely, to get an A it is necessary and
sufficient to have a suitable partial isometry U € QM (X). (Note that for
q,, q, projections, [q,, g;] = 0 & q,q, is a partial isometry.)

Now in general for the problem of [31] X should be given, but here one
can construct X. Let L, = (B,C)) , R, = (C,B,) , and regard L, as a
B, — C, bimodule (via #) and R, as a C, — B, bimodule. Then

Xo=1L QR,
G
is a By — B, Hilbert bimodule. Moreover, there is a well-defined partial

isometry U in X§*:
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U = lim(8(el’?) ® el/?),

where (e,) is an approximate identity of C,. Then B, and B, can be
patched if and only if U € QM(X,), but how does one check whether
U € OM(X,)? 3.37 gives an answer: B, and B, can be patched if and only
if 3h, € M(B,, C,) such that

0 g hO é r2 and rl - 0**(110) (S M(Bl’ C])

(r; € B}* is the open projection for C;). (The bimodule X of [31] need not
be Xj: X, is the cutdown of X to the ideals generated by C, and C,. The
question whether B, and B, can be patched depends only on X, though
the result of patching depends on all of X.)

It is interesting to consider the special case of the problem where C,
is an ideal in B; and B, B, are required to be ideals of A. (In this case
X = X, = C;.) This problem (or rather a more elaborate but similar one)
came up in connection with work done four years ago ([11]) and was
solved independently of [31]: B, and B, can be patched if and only if
BB, c C, ¢ M(C,), where B; maps to M(C)) in the usual way and

* %

By, = M(C)) — M(C)).

(In other words certain products in M(C,)/C, must = 0.) How does one
show that this answer agrees with that based on 3.37 (under the o-unitality
hypothesis of 3.37)? The bridge is provided by the following: If C is a
o-unital C*-algebra, x, y € M(C), and xy € C C M(C), then 3k, €
M(C)suchthat0 = hy = 1, hyy € C, and x(1 — hy) € C. This last result
is Theorem 13 of Pedersen [30] and follows, in a simplified proof due to
J. Cuntz, from (N3). Since 3.31 is the main lemma needed to prove (N4),
we have now come full circle.

q
3.39. DEFINITION-LEMMA. For h, k € AX* write h = k if and only if
Vs <t € R,

E_ o 51(h) * Efo0)(k)

(Note that if [h, k] = 0, h

0.

q
=

k< h = k.) Then
h g k=h=k.

Proof. Assume o(h) U a(k) C [s, t]. Let
Pi = Egstmyu-s)o0(h)  and

4 = Eimyu-sook)y i=1...N— 1

Then p, = g,, since

E(‘oo,s-ﬁ-(i/N)(t*s)](h)
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is orthogonal to

Ejs i (1/N) 1= s5)+e00)(K);
Ve > 0. Also

+t_ijl —h’l
s I lPi |

3.40. THEOI}IEM. If A is a o-unital C*-algebra, h, k € A** his g-lsc, k is

sa?’

g-usc, and h = k, then Ix € M(A),, such that k = x = hand h — x,
x — ke A7,

Proof. Let
b = E(*oo,t](h) and q5 = E[s,oo)(k)

Then p, g, are closed p, = p, for 1} = 1,, g, = g, for s; = s,, and
pg, = 0 fort < s. Let

=~ _ =M

b =D
Then p,, §,, which are elements of M(A4)**, have the same properties as
D» 45 by 3.33. There is a standard way to construct /', kK’ € M(A)X*¥
such that

E(—Oo,l](h,) = t'/>\tﬁtl and E[S,OO)(k,) = s/\ as"

<s

N—1

t— s t— s
s + <—kH§ .
N ;q’ N

and g, = g,*.

To do this, choose a countable dense set D in some sufficiently large
interval (s, ;). Represent the Boolean o-algebra of projections generated
by the p’s as a o-field of subsets of some set S modulo a o-ideal
(Loomis-Sikorski theorem). One can represent the projections p,, t € D,
by subsets P, of S such that 1y < ¢, = F, C F,. Alsolet , = S and define
a measureable function f on S by

f(y) = inf{zr:y € P}, y € S.
Then
_I o o
f (( 009 t])'_ t'gt 1:;’7
rebD

and if A’ is the operator corresponding to f, A’ has the required properties.
The construction of &’ is similar.

Now 4’ and k’ have the same properties, relative to M(A4), as A, k have
relative to 4. The g-semicontinuity follows from the fact that the infimum

of any family of closed projections is closed. That A’ = k’ follows since if
t<s, It <t <s <s Then

E—oo(W) = Py and Ej oK) = G
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Since M(A) is unital 3.16 and 2.50 imply Ix € M(A4),, withk’' = x = I,
Now if z is the open central projection in M(A)** corresponding to the
ideal A of M(A), then zk’ = k, zh'/ = h. Thus k = zx = hin A** C
M(A)**, and this simply means k = x = h in A** in the notation of the
theorem. The fact that h — x, x — k € A_T follows from 2.18 (a); i.e.,

W—x,x—k € MUAD =z — x), z2(x — k') € A7.
Remark. It is not true that h € A" k € (4,,),,and h — k € A} =

Ix € M(A) such that k = x = h. This fails, for example, for 4 = E, as
will be shown in Section 5.E.

3.E. Applications of interpolation. The following result concerns the
closure in A** of certain bounded convex subsets in the o-weak (or
equivalently o-strong) topology. In view of the proof of 3.2, this seems to
be of interest.

3.41. THEOREM. Assume h = k in A**.
@) Ifh € A" and k € (4,,),,, then

& ={a€ Ak =a = h}
is strongly dense in
T ={a € A*:k =a = h}.

(b) Ifh € A7, then & = {a € A:a*a = h}is double-strongly dense in

I = {a € A**:a*a = h}.

(¢) If A is o-unital, h is g-lsc, k is g-usc, andh = k, then ¥ = {y €
M(A):h = y = k} is strongly dense in 9 = {a € A**:k = a = h}.

@If4a is o-unital, he @) ,andk € [(4,),] ,then¥ = {y €
OMAYh =y k}tsweaklydenseinﬂ'— {a € A**:k = a = h}.

(e)If A is o- umtalandh €AY 1y, thens = (T € LM(A):T*T =
h} is double-strongly dense in I = {x € A**:x*x = h}.

Proof. (a). By 3.16 3x € & Since h — x, x — k € A7, by 3.24 (b)
there are nets (b,), (cg) in A such that 0 = b, =h — x,0 =g =x — k
and b, > h — x,cg —> x — k strongly. Nowleta € . Then0 = a — k =
h — k = 3t € A** such that

0=t=1 and a—k = — kK)"%kn — KV
Thus
a=k+ (- k%h - k2

By the Kaplansky density theorem there is a net (z,) in A such that 0 =
t, = 1 and ¢, — ¢ strongly. Then

ZaBY = X — CB + (ba + Cﬂ)l/zt.y(ba + C.B)l/2

is in & and z,5, — a strongly.
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(b). Choose a net (b,) in 4 such that 0 = b, = h and b, — h strongly
(324 (b)). If a € I, then a = th""? for somet € A** such that ||¢]| = 1.
Choose a net (cp) in 4 such that |lcgl|l = 1 and ¢z — ¢ double-strongly
(Kaplansky). Then

cﬂbg‘/z € ¥ and C,Bb;n - a.

(c) is proved in the same way as (a). The only differences are that x is
now in M(A) and 3.40 is used.

(d). Let a € 7 and e a strictly positive element of A. Then eke = eae =
ehe. By (a) and 2.4 there is a net (b,) in A such that eke = b, = ehe and
b, — eae strongly. As in the proof of 3.26 (c) there are y, € QM (A) such
that b, = ey,e. Then y, € % and ey,e — eae strongly = y, — a
weakly.

(e). Choose a net (S,) in QM(A) such that 0 = S, = hand S, = h
strongly (3.26 (b) ). If a € J, then a = th 172 for some t € A** such that
[lt]l = 1. It is enough to show that tSl/2 is in the double-strong closure of
& for each a. Choose T, € LM(A) such that T}T, = S, ([10], 4.9). Then
Sl/2 = rT, for some r € A** with [|r|| = L. Choose anet (cg) € 4 such
that llegll = < 1 and ¢g — r double-strongly (Kaplansky). Then ¢37, € &
and cgT, — rT,,.

3.42. Remark. Both Akemann’s Urysohn lemma [2]and a well known
result of Stermer [32] follow easily from 3.16.

(a) If pg = 0, p compact, g closed, then the interpolation problem
p = x = 1 — g satisfies the hypotheses of 3.16.

dYdI +J), =1, + J,: Let z, w be the open central projections for 1,
Jand a € (I + J),. Solve the interpolation problem a(l — w) = x = az,
and note x € I, a — x € J,. (This result will be generalized below
(3.48).)

For (N4) we need a definition. If p € A** is a closed projection and
h € pAf/p, then h is called g-continuous on p ([7]) if E_ (k) and
E|, oo)(h) are closed in A**, Vi € R, where the spectral projections are
computed in pA**p. Also h is called strongly g-continuous on p if in addi-
tion E o —(h) and Ej,(h) are compact for 1 > 0.

3.43. THEOREM. Let p € A** be a closed projection and h € pA¥,

(a) If h is strongly g-continuous on p, then 3h € A,, such that [A, p] =0,
ph = h, and o(h) C co(a(h) U {0}).

(b) If A is o-unital and h is q-continuous on p, then 3h € M(A );q Such that
A, p] = 0, ph = h, and o(h) < co(o(h)), where the latter spectrum is
computed in pA**p.

Proof. (a). Let [s, 1] = co(o(h) U {0}). Let x = h + s(1 — p),
y =h + (1 4 p). Itis easy to see that x is strongly g-usc, y is strongly

g-lsc, and y = x. Thus 3.16 and 2.50 imply that the interpolation
problem x = & = y can be solved for i € 4,
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sQ=p)=h—h=tQ—-p)=1h p]=0.
(b) is proved in the same way as (a) based on 3.40.

3.44. Remark-Example. This result is sharp, even if 3.40 is not, since
every element of p{x € A_:[x, p] = 0} is strongly g-continuous on p
and every element of

p{x € M(4),,:[x, p] = 0}

is g-continuous on p.

Recall that pA ,p can be identified with the set of continuous affine
functionals vanishing at 0 on the closed face of A(4) corresponding to p.
Not every element of pA,,p need be g-continuous on p. Thus, for an A not
g-continuous on p, it follows from 3.16 that either & + #(1 — p) fails to be
in Zz no matter how large tis, or A + s(1 — p) & (4 no matter how
small s.

The example is very simple. Let A = E,, which is unital. Let p be given
by

sdm

10 1 0
p,,=(0 0),n= 1,2,..., and poo=(0 1).
Let a € A, be given by

an=((1) (1)), n=o00,12,...,

and h = pap. Clearly h # ph for h € A and [k, p] = 0. In this case
h + t(1 — p) is never Isc or usc. Note also that her(1 — p) is a corner
of an ideal. '

By combining 2.39 (v) (c) with 3.26 (c), one can obtain a “weak” result:
Let

C={y e OMA)yp = py}.
Then for h € pA}¥p, h € pC if and only if 3s, ¢+ € R such that
h+s(1 —p)e [y, ad h+ 11— p) el .

We do not consider this a “weak’ version of (N4) (or 3.43) because the
characterization of pC cannot be stated solely in terms of the closed face
of A(A4) corresponding to p (so far as we know). Also 3.13 (v) shows that
pC need not be norm closed.

3.45. COROLLARY. If p € A** is a closed projection, then
{h € pAXip:h is strongly g-continuous on p}
is the real part of a C*-algebra. If A is o-unital, the same holds for

{h € pA¥'p:h is g-continuous on p}.
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3.46. THEOREM. Let B\, B, be g-commuting hereditary C*-subalgebras of
A, B = her(By, U B)), and q,, q,, q the corresponding open projections.
(a) If h € B, and [h, qo) = 0O, then h = hy + h,, where

hy € (B lhy 4ol = 0, and o(hy)  co(o(h) U {0}).
(b) If A is o-unital, h € M(A, B),,, and [h, qy] = 0, then h = hy + h,
where
h; € M(A, B;),,, [h; 0] = 0, and
o(h)) C co(o(h) U {0}).
Proof. Let [s, t] = co(o(h) U {0} ). Both parts are proved by solving the
interpolation problem,

Either 3.40 or 3.16 applies, since /4 is g-continuous (strongly in part (a) ).

The following are special situations where 3.46 can be applied, each
more general than the next. In all of these cases 3.46 (a) is trivial.

(1) By is an ideal of B: In this case the hypothesis [k, go] = 0 is
automatic. That B = B, + B, can be seen by elementary arguments. This
special case of 3.46 (b) becomes: If 4 is a o-unital C*-algebra, B, and B,
are hereditary C*-subalgebras, and B, is an ideal of her(B, U B)), then

sa’

(2) By is an ideal of A and B, any hereditary C*-subalgebra.
(3) B and B, are both ideals of 4.

A forthcoming paper by J. Mingo, who told us about the problem, will
give a more elementary proof of the result in situation (3):

(3) MA, I, +1,) = MA, 1)+ M4, I,).
For quasi-multipliers we have a result for situation (1).

3.47. THEOREM. If A is a o-unital C*-algebra, B, and B, are heredit-
ary C*-subalgebras such that B is an ideal of B = her(B, U B)), and
h € QM(A, B),,, then h = hy + h,, where

h, € QM(A, B,) and o(h;) C co(a(h) U {0} ).

Proof. There is an ideal I of 4 such that B, = B N I. Let z be the open
central projection for I. We use the same interpolation problem as in 3.46
but note that

y =0 = qph + 1909, = (1 — z)h + 1zq,.

Since h is no longer g-continuous, we need to give a direct proof that
y € (45,) . Then 3.26 (c) applies.
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Let ¢, = ¢ in S(4). Passing to a subnet, we may assume zg, — 6,
(1 — z)¢, — ¢, where ¢ = 0 + . Moreover,

llogll, lloll = 1= [lzegll = 1161, I (1 — 2)g,ll = [IYII.
Clearly ¢ vanishes on I. Thus

W) = Yh) = im[ (1 — 2)g,)(h) = lim[ (1 — 2)e,l(»).
Also

6(y) = 11163
(since y € B¥*)

= tlim||zgyp || = 1 lim(ze,)(g)) = lim(ze,)(y)-

Thus

o(y) = lim gu(y).

3.48. THEOREM. Let B, and B, be q-commuting hereditary C*-subalgebras
of A, B = her(B, U B,), and q,, q,, q the corresponding open projections.

(@) If x € By, and [x, q|] = [x, ¢;] = O, then x = x; + x, with
X; € (B)ge X qj] = 0, and

o(x,), o(x,) C co(a(x) U {0}).

(b) If A is o-unital, x € M(A, B),,, and [x, q|] = [x, ¢;] = O, then
x = x| + x, with x; € M(4, B)), [x;, ¢;] = 0, and

o(x;) € co(o(x) U {0}).

Proof. Let [s, t] = co(a(x) U {0} ). Both parts are proved by solving the
interpolation problem,

k=0 =g)x + qgl(x — D) Vs]=x
=0 —g)x+ qgl(x —s) At] =h
Clearly [h, k] = 0, and
x—s=x=s5,t=x=2x—tis=0,1=0)
=>h§k=>h§k.

We need to show that A is g-lsc and k g-usc (strongly in case (a) ). Let
P = E(_s4h). Fora <0,

P = E(—oo,a](x) ’ (1 - qZ)’

which has the required properties. Fora =2 ¢, p = 1. For0 = a < 1,

P=Eccag®) (0= @)]VIEcwoa+sgx)]V A~ g
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(By [1] the sup of finitely many commuting closed projections is closed.)
The proof for k is similar, and hence 3.16 or 3.40 applies.

Again our result for the “weak” case is weaker.

3.49. THEOREM. If A is a o-unital C*-algebra, B, and B, are hereditary
C*-subalgebras, and B, and B, are both ideals of B = her(B, U B,), then

OM(4, B), = QM(4, B)), + QM(4, By) .

Remark. Of course B = B, + B,, and this result includes the case where
B, and B, are ideals of A. Without the “+’s” 3.49 would follow from
3.47.

Proof. There are ideals I|, and I, of A such that B, = B N I, Let zy, z,
be the corresponding open central projections and x € QM (A4, B),. By
2.18 (c) and 3.26 (c) we can solve:

(I = z)x = x| = zyx.
3.50. LEMMA. If I and J are ideals of a C*-algebra A and x € I + J, then
x =i+jiel jelJd |l lljl= x|

Proof. Write x = uh (polar decomposition), u € A**, h € I + J. By
Stormer [32], h = hy + hy, hy € I, hy € J,. uh € A = uh,, uh, € A,
since hy, h, € (hA) . It follows that i = uh;, € I and j = uh, € J.
(I = A N I** for example.)

3.51. Remark. With 3.50 we can derive results for non-self-adjoint oper-
ators from 3.48. With the hypotheses of 3.48 each of the C*-algebras
C, = {x € B:[x, q] =[x, ¢] = 0} and
Cy = {x € M(4, B)[x, ¢)] = [x. ¢;] = 0}
is the sum of two ideals:
C,=C, NnB +C NnB, and
C,=C, N MA, B)+ C, N M4, By).
A similar trick could be used to supplement 3.46. For completeness

we also consider analogous results for non-self-adjoint left or quasi-
multipliers. For I an ideal of A4, let

LM(A, I) = LM(4) N I** C A**.

Suppose x € LM(A4, I, + I,). If I, + I, is o-unital, we can easily
show x = x; + x5, x; € LM(4, 1)), lIx;Il = llx||. To do this, apply
Urysohn’s lemma to I| + I,, obtaining h € M(I, + I,, I}) such that
O0=h=1land1l — h € M(I, + I,, I,). (The existence of h follows from
[30] ((N3)) or from 3.31.) Let x; = hx, x, = (1 — h)x. (That x; is in
LM(A) follows from x4 C I, + I,.) For quasi-multipliers the proof is
more elaborate.
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3.52. THEOREM. Let I, and I, be ideals of a C*-algebra A, and assume A
and I, + I, are o-unital. Then if x € QM(A, I, + I,), x = x| + x, with
x; € QM(4, 1)) and ||x;|| = [lx]I.

Proof. Let e be a strictly positive element of 4 and

e O
e2=0e’

a strictly positive element of 4 ® M,. Assume ||x|| = 1, and let

T = (xl* ’1‘) € OM(4 ® M,).
In 4.9 of [10] (see also 4.10) we showed that T = L*L, L € LM(4 ® M,).
Since e,Te, and e% have the same image in 4 ® M,/(I; + I,) ® M,,
the proof of 4.9 shows that L maps to 1 in LM(4 ® M,/(I, + I,) ® M,).
Then if

*
L, L L L
L=( 11 12), x=( 11)( 12),
Ly Ly L)) \Ly,
where both columns are isometries, and L,,, L,; € LM(4, I, + I,). Now

choose a Urysohn element h € M(I, + I,, I,) asin 3.51. Then AL ,, hL,,,
(I — h)Lyy, (1 — h)Ly; € LM(A). Take

x, = LYy(hL)y) + (L3 h)L,, and
Xy = L{[ (1 — h)Ly,] + [L3(1 — h) Ly,

Remark. Even in the self-adjoint case 3.52 does not follow from 3.49,
since QM (A, I) need not be generated by QM(A4, I),. For example,
consider 4 = E,and I = {x € E|:x,, = 0}. Then QM (4, 1), C M(4)
but QM(A, I) ¢ M(A).

3.53. Example. In the decompositions, x = x; + x,, obtained in
3.46-3.52, we were able to impose conditions on both x, and x, if [x, g;] =
[x, ¢,] = 0; but if only [x, ¢;] = 0, we can impose conditions only on

x;: Let
A={(‘; Z);a,deif,b,cepr}.
(A = Ey). Let
Iz‘(ZZ)eA:aef} and
B={(‘C’ Z)eA:b=c=d=0}.
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Then I is an ideal, B is hereditary, and 4 = B + I. Also A and B are
unital, so that A = M(4) = QM(A). Let K € X be positive and one-

one, and

X = (K1/2 K (S A+.
Then x ¢ B, + I,. Infactif x =b + i,b € B,,i € I, then
necessarily

1-L 0 K'?

b=1o o) and “2 K
for some L € ¥ suchthat 0 = L = 1.i = 0 = K'? = LY?SK"? for
some S € B(H) with ||S]| = L Th1s 1mpl1es LY2S = 1, which is
impossible, since L € X If ||K|| < 1, it can also be shown that

#n 1ty €B oy €l

1 + ||IK
e Hx - (—2“ l) H

3.F. A problem on commuting closed projections. In the context of 3.46, if
h € M(A, B) does not commute with either g, or g;, we certainly can not
expect to prove that h € M(4, By) + M(A4, B,). However, there is a
sensible problem, which is explained by the following definition. Let
B, and B, be g-commuting hereditary C*-subalgebras of 4 and B =
her(B; U B,). We say that (B,, B,) satisfies (C) if M(4, B;) g-commutes
with M(4, B,) and

M(A, B) = hery(M(4, B) U M(4, B,)).

e

There is another description. A theorem of topology states: If X is a
normal space and F}, F, C X are closed, then

(F1 N E) # = Ff n Ef,

where " denotes closure in the Stone-Cech compactification. This
theorem can sometimes be applied in the context of fibre bundles. The
most obvious non-commutative analogue is explained by the following
definition. Let p,, p, € A** be closed projections such that [p,, p,] = 0.
We say that (p,, p,) satisfies (C’) if
(5™, 5] = 0 and (p1p) ™" = 5*p"

If B; = her(1 — p,), then [p,, p;] = 0 & B, and B, g-commute. Also
(given [py, py] = 0)

her(B, U B,) = B = her(1 — p,p,).
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To see that (C) and (C’) are equivalent, note that
hery (1 — 5;') = M(4, B,) and
hery (1 = (P~ M) = M(4, B).

(For p € M(A4)**,
her (1 — p) = {x € M(4):xp = px = 0}.

When p € A** € M(A4)**, the computation of xp and px can be done in
A**)) Thus [ﬁlM, ;72M] = 0 © M(4, B)) and M(4, B,) g-commute; and if
(5™, »M] = 0, then

hery4(M(4, B)) U M(4, By)) = hery (1 — 55",
so that
M(A, B) = hery,(M(4, B)) U M(4, B,))

if and only if (p,p) M = MpM.

3.33 says that (p,, p,) satisfies (C’) whenever p,;p, = 0, for 4 o-unital.
Also if B, is an ideal of B, M(A, B)) is an ideal of M(4, B); so that
M(A, B)) and M (A4, B,) certainly g-commute. Thus 3.46, specialized to
situation (1), implies that (B,, B,) satisfies (C) whenever B, or B, is an
ideal of B = her(B; U B,). We will prove some other positive results, but
in general (C) and (C’) are false, even for nice algebras. Recall that a pro-
jection p € A** is called regular ([33]) if ||xp|| = ||Ixpll, Vx € 4.

3.54. PROPOSITION. Let B be a hereditary C*-subalgebra of A and p a pro-
jection in B** C A**. Then p° = p" in the following two cases:

(i) B is a corner of an ideal of A.

(ii) p is regular relative to B.

Progf. (i) Let B be a corner of the ideal I. It is enough to show p° = p’

and p' = p?. For the first let ¢ € M(I) be the open projection corres-
ponding to B. Then for x € I,

xp =0 xgp = 0= gx*xgp = O@(qx*xq)-ﬁB =0
(since gx*xq € B)

@xqﬁB = O@xﬁB = 0.
For the second, let x € A. Then

xp =0 I(xp) = 0 (Ix)p = 0 (IX)F' =0 xp! = 0.

(For Ixﬁl =0= xﬁI = 0, note that xp' € I**))
(ii) By Theorem 6.1 and Lemma 3.5 of [20] p regular relative to

B = {9 € S(B):supp ¢ = p}

is weak* dense in
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{9 € S(B):supp ¢ = ﬁB}.

(We are here using the equivalence of (3) and (4) of 6.1, which is valid
for arbitrary B. Effros’ proof of (2) = (3) assumes a unital algebra.) For
¢ € S(B), let g be the unique element of S(4) such that g5 = ¢.
If ¢, — @ in S(B), then the uniqueness of norm-preserving extension im-
plies g, = g in S(4). For ¢ € S(B) the support projection of ¢ in 4** is
the same as the support projection of ¢ in B**. Since

71 = supp y, Wy € {0 € S(A):supp 0 = p}_w*,
the result follows.

3.55. THEOREM. Let p,, p, € A** be closed projections such that
[p1, po] = 0. Assume that B = her(1 — p,p,) is o-unital and p,, p, are
regular relative to M(A) (as elements of M(A)** D A**). Then (p,, p,)
satisfies (C').

Proof. For x € M(A),, xp; = 0orxp, = 0= xp;p, = 0= x €
M(A, B). Consider p; = p; — p,p, € B**, which is closed relative to B.
Then M(A, B;) (notation as above) can be identified with

herM(A,B)(l - (P§_M(A'B))-
Claim. p; regular relative to M(4) = p/ regular relative to M(4, B).
Proof of claim. Let ¢ € S(M(4, B)) € S(M(A)) such that
'MA.B) < p—iM(A)'
Then by [20], there are ¢, € S(M(A) ) such that supp ¢, = p,and ¢, 2 @
weak*. If g € M(A)** is the open projection corresponding to M(A4, B) C
M(A), then the facts that ¢ is supported by ¢ and ||¢|| = 1 imply

supp ¢ = p;

llee — goaqll — 0.
Hence g9, — ¢ weak*. But
SUPP @, = p; = SUPP 49,4 = P,

since the component of g on 4** C M(A)**is 1 — p,p,. This proves the
claim by [20, Theorem 6.1].

Now consider B C M(A, B) € M(B). M(A, B) is hereditary in M(B),
since

M(A, BYM(B)M(A, B) C M(4, B).

Since p} and p5 are orthogonal closed projections relative to B, 3.33
implies

()~ ME - (py~ME =0,
By 3.54 (ii), this implies
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(P MAB) - (p)yTMAB) _
Since

~M(A - - -

P =1 =g+ ()M = (pip) M+ () TMAD,
this shows that

[5MD, M) =0 and MY - MDD = (ppy) MWD,

3.56. Remark. Even, if B is an ideal of 4, M(A4, B) need not be an ideal
of M(B). If it were an ideal, 3.54 (i) could be used to prove (C’) without
any regularity assumption; but in one of the counterexamples to (C’)
below, B is an ideal. (Cf. 2.57 (i).)

3.57. LEMMA. Let p € A** be a closed projection. Then p is regular
relative to M(A) in the following cases.

(1) There are a closed central projection z € A** and a projection
q € M(A), such that p = zq.

(ii) her(1 — p) is an ideal of a corner of A.

Proof. (i) z is also central in M(4)** D A** and we can forget 4. Let
B = gM(A)q and x € M(A4). Then
lxpll = llxgpll = Il Ixqlpll = Il Ixqlp°ll,
since |xq| € B, p is central in B**, and central projections are always
regular. It is routine to check that ﬁB =pM . Thus
lxpll = Il 1xglp™Il = g™l
(i1) Let g be a projection in M(A) such that her(l1 — p) is an ideal of
her(q). Then there is an open central projection w € A** such that
—-—p)=wg=>p=1—wg=1—q+ zq, where z = 1 — w. Here
1 — g is regarded as an element of M(4) C A**. It is easy to see that
M=0- ¢ M+ (z9)™™ where 1 — q) ™ = 1 — g regarded as
an element of M(A)**. By the criterion of [30] p is regular if and only if
MA)=2xZp=x= ﬁM. (The first inequality can be computed in 4**,
since pE€ A** but the second is in M(4)**.) But

xZ2p=(1—-¢q9)tzg=x—-—((1—¢q) = zq
=x— (-9 =e"

(by (1))
S>xZ(0 =) M+ @99 M=pM

3.58. CoROLLARY. Let p|, p, € A** be closed projections such that
[Py, P2) = 0. Then (p,, p,) satisfies (C’) in these cases:

(a) her(1 — p,p,) is o-unital and each p; satisfies (i) or (ii) of 3.57.

(b) p, or p, is compact.
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Proof. (a) is clear from 3.57 and 3.55.

(b) is also easy. p; compact implies p, and p,p, are already closed
relative to M(A). Then the computations needed to verify (C’) can be done
in the A** component of

M(A)** = A** © (M(A)/A)**.

Remarks. (i) We will see that p,p, compact % (C').
(i) With regard to (a), it is actually sufficient for only one of p,, p, to
satisfy 3.57 (ii).

3.59. Examples. Let A = E,.
(i) Let

Vp = ‘\172—"1 + T/l‘ienﬂ’ Wp = T}—fel - \%enﬂ,
and p any projection such that p = e; X e,. Define p; and p, by
Py =V XV (PDp=w, X W, n=12..,
and (p))eo = (P2)eo = p- Then ¥, 172M] = 0 but
(pp) M+ M- M
First we show that M(4, B)) and M(4, B,) have the same image in

M(A)/A. To see this, note that, for x € M(A4), x € M(A4, B|) & xp, =
pix =0e xy, = x¥vy, = 0and x,.p = px,, = 0. But

XoP = 0= x e, = 0= ||x,ell —0,
since x,, = X, strongly. This and
xv, = 0= |lx,e,4/l = 0.

Also ||x}e, ll, lIx}e,|| = 0. Then we can find a, € X such that ||a,|| — 0
and (x, + a,)e,;, (x, + a,)*e, 1, (x, + a,)e;, and (x, + a,)*e; are all
0. Thus we have found a € A4 such that x + a € M(A, B,). This and
symmetry show that p_lM and 172M have the same image in (M (A4)/A4)**.
Since their components in A** are p,; and p,,

(A", "1 =o.
Now

x € M(4, B) © xpp, = pipyx = 0 xp = px,, = 0.
But by the above

x € her(M(4, B)) U M(4, By)) = |Ix,e,+,ll = 0.

Clearly 3x € M(A) such that x,, = 0 and ||x,e, || + 0. Thus (C) and
(C) fail.
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(i1) Let v, and p be as in (i) and
1 1
W, = —7§e1 + — \/— €n+1 + — \/— €nt2-

Again take (pl)n = vn X vn, (pz)n = wn X Wps (pl)oo = (pZ)oo =D
Then

(", B # 0.
We prove this by showing that 3.28 fails; i.e.,, 3b € M(4, B)), ¢ €
M(A4, B,), and ¢ > 0 such that Vx € M(4, B)) N M(4, B,) with

0=x=
[1b(1 — x)c|| = e
Now as in (i),
x € M(4, BY) = [1x,041]l llxge, sl = 0.
Similarly
x € M(A, By = |Ix, (e, + €, I, lIx}Ne,+1 + e,42) || = 0.
Define b by
b,=e,10 X e, p,n=12,...,b,=0,

and ¢ by

1 1 1 1
Cn = (7§en+l - 7§en+2) X (_\_/_zenJrl - 7ien+2)’
n=12...,¢c =0.
Then ||b,c,|| = 1/1/2 > 0. From above,
x € M(4, B)) N M(4, B,) = ||x,,e,,+ll|, [1x,€,42/l = 0

= [Ix,c,ll = 0= [Ib(1 — x)c|| =

\f

Note that if we take p = 1 in (i) or (ii), then
= {a € A:ap = pa,, = 0}

is an ideal of 4. Also B, and B, are corners of the ideal B in this case. If we
take p = e, X e;, p1P, is compact. Note also that although p, and p, are
not regular, there does exist a constant K such that lep,M Il = K||xp;||. For
the p of example 3.13 not even this is true.

4. Results on T — T*T.

4.A. Basic results.
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4.1. PROPOSITION. (a) T € RM(A) = T*T € A%. If A is o-unital,
T € RM(A) = T*T € A°.

(b) T € QM(A) = T*T € QM(A)". If A is o-unital,
T € QM(A) = T*T € QM(AY’...

Proof. Let (e,) be an approximate identity of A, sequential if A is
o-unital.

(@). T € RM(A) = T*e,T € A,. Clearly T*¢, T » T*T.

). T e QM) = T*e,T € QM(A),. Again T*e, T » T*T.

4.2. PROPOSITION. Let A be a o-unital C*-algebra and h € A**. Then
(1)-(iv) are equivalent and (i')-(1v') are equivalent.

() h e A" (i) h € (A7)~
and is separable (2.16). and is separable.
(i) h € A°%. (i) h € QM(A)’,.
(iii) h € A%. (i) h € (OM(4)%)".
(iv) h € 4, (V) h € (QM(A)})

Proof. (i) = (ii): There is a separable C*-subalgebra B of 4 such that
h € B** and her(B) = A. By 2.14 h B_S"; Then 3.24 (a) implies h €
B’ C A°.

(i1) = (ii1) = (iv) is trivial. (iv) = (1) is clear from 2.16.

The other half of 4.2 is the same except that we use 3.26 (a) instead of
3.24 (a) and observe that

her(B) = A = QM(B) C QM(A).

4.3. PROPOSITION. If e is a strictly positive element of a C*-algebra A and
h € A** then h = T*T for some T € QM(A) if and only if ehe = R*R for
some R € RM(A).

Proof. If h = T*T, then ehe = (Te)*(Te); and T € QM(A) = Te €
RM(A).

If ehe = R*R, R € RM(A), then R*R = ||4||e*. Therefore R = Te for
some T € A**.

AR C A= ATe C A = AT(eA) C A = ATA C A,
since (eA) = A. Therefore T € QM(A), and eT*Te = ehe = T*T = h.

4.4. THEOREM. Let A be a stable o-unital C*-algebra and h € A**.

(@) h = T*T for some T € RM(A) if and only if h satisfies 4.2 (1)-(iv). In
particular, if A is separable, this is so if and only if h is strongly lsc.

(b) h = T*T for some T € QM(A) if and only if h satisfies 4.2 (I')-(iv’).
In particular, if A is separable, this is so if and only if h is weakly 1sc.
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Proof. 4.1 implies the necessity of the conditions.
(a). If h € A%, write

(o¢]
h=2an, a, € A,.
1

Since A4 is stable, there are isometries U, € M(4) such that U}U,, = 0 for
n # mand X U,U* = 1 with convergence in the strict topology of M(4).
(To see this, write 4 = B ® X" so that M(B) ® B(H) ¢ M(A4) by [7].
Choose the U,’s in 1 ® B(H).) Then it is easy to check that 3¢° U,a)/?
converges a-strongly and right strictly toa T € A** such that T*T = h. It
follows that T € RM(A).

(b). Let e be strictly positive in 4. Obviously 4 separable = ehe
separable, so that 2.4 = ehe satisfies 4.2 (i). The result follows from (a)
and 4.3.

4.5. COROLLARY. If A is o-unital and stable, then
{T*T-T € RM(A)} and {T*T:T € QM(A)}
are norm closed.

4.6. Question. Does the conclusion of 4.5 hold if the stability hypothesis
is dropped?

Remark. If the A of 4.4 is not separable, there may be elements of 4"}
not of the form T*7T, T € QM(A). For example, 4 could be an open
projection such that her(h) is not o-unital (2.16).

_4.7. CorOLLARY. If A is o-unital and stable, T € QM(A), and T*T €
A", then AR € RM(A) such that R*R = T*T.

Remark. This is false if A4 is not stable by 5.F below.

4.8. PROPOSITION. If A is a o-unital C*-algebra and 0 < € = h € A**,
then h = T*T for an invertible T € RM(A) if and only if k™' € QM(A).

Proof. 1f h™' € QM(A4), then h~' = L*L for an invertible L € LM(A)
by 4.8 of [10]. Then take T = (L™ Y)*. L™ ' is in LM(4) by 4.1 of [10].
If h = T*T for T € RM(A) and invertible (in 4**), then
Rl =TT = (@ T T
By 4.1 of [10], (T*)"' € LM(A), and this implies A~ ' € QM(A).
Example. 1t is easy to use 4.8 and 4.4 to construct examples where
h=¢e>0,h= T*T for some T € RM(A), but h # T*T for any in-

vertible T € RM(A). A very simple example would be to take 4 = E|,
h,=1,n=12,...,hy = 1/2.
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4.9. Questions. (i) If A is stable and o-unital (or separable) and 0 < ¢ =
h € (A%)",is h = T*T for an invertible T € QM (A)?

(ii) If in (i) we assume only that 4 is one-one (on the universal Hilbert
space of A), can T be taken with dense range? (It will automatically be
one-one.)

(i) Same as (i) except drop the assumption that A is stable and add the
assumption that 4 = T*T for some T € QM(A4).

(ii’) Same as (ii) except drop the assumption that A is stable and add
the assumption that # = T*T for some T € QM(A4).

It will be shown in Section 5 that the answers to (i), (ii) are yes for
A =E,.

4.B. Applications. Let 2 be the C*-subalgebra of A** generated by
QM(A4) and %, the norm closed real vector space generated by A, or
equwalently ([S, Proposition 2.6) by Ag,. It was shown by Combes [15]
that 4, is a Jordan algebra. By 4.15 of [10] 2 c %, +i%,. This implies
that the atomic representation of A is faithful on 2; but an arbitrary
faithful representation of A4, though it is isometric on QM (4), need not
be faithful on 2. This is shown by the example of Fillmore and Mingo
alluded to in 2.23 (ii).

4.10. THEOREM. If A is a separable C*-algebra, then %, + i%, is a
C*-algebra. If A is also stable, then %, + i%, = 2.

Proof. First assume A stable. It is an easy consequence of 4.4 that
%, C 2. Thus by 4.15 of [10], 2 = B, + i%,.

For general 4, consider B = 4 ® ; and identify 4 with 4 ® p, where p
is a rank one projection in X It is easy to see, and follows from 2.13,
that

By(A) = pByB)p.
Therefore #y(A) + i%,(A) = p2(B)p, which is a C*-algebra, since 2(B) is
a C*-algebra and p € M(B) c 2(B).

It is well known that the set of continuity points of any function with
values in a metric space is a Gy set and that for an Isc or usc (real) function
on a compact Hausdorff space this G set is dense. Since every element of
%, is the norm limit of a sequence (f, — g,), fo 8, € AL, it follows
from the above and the Baire category theorem that the set of continuity
points of an element of %, regarded as a function on A(4), is a dense Gj.
D. Olesen told us that this observation might have applications in
connection with crossed products. The two corollaries below are offered
on the chance that they would facilitate such applications.

4.11. COROLLARY. If A is a separable C*-algebra and V C %, + i%, is
norm separable, then A(A) contains a dense Gy set of simultaneous continuity
points for C*(V), the C*-subalgebra of A** generated by V. (Here, as above,
elements of A** are regarded as functions on A(4).)
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Proof. From the above it is obvious that any norm separable subset of
%, + i%, has a dense Gj set of simultaneous continuity points. The only
point here is that C*(V), which is still separable, is still contained in
By + i%,

4.12. COROLLARY. If A is a separable C*-algebra and x, y € %, + i%,,
then the map ¢ > xgy = ¢(x * y) regarded as a map from A(A) to A* (weak*
topologies), has a dense Gy set of continuity points.

Proof. The map takes values in a bounded subset of 4* which is
metrizable for the weak* topology. If {a,:n = 1, 2...} is a dense subset
of 4, then ¢, is a continuity point if and only if it is a continuity point for
each of the maps ¢ = g(xa,y). Since xa,y € %, + i%,, each of these
maps has a dense Gj set of continuity points.

It should be noted that if 4 is non-unital, S(4) is a dense Gy in A(4), so
that it is unimportant whether the conclusions of 4.11 and 4.12 are stated
in terms of S(4) or A(A4). Also for every Borel function F, there is a dense
Gs set Ay such that Fjy, is continuous. Any application of 4.11 or 4.12
would have to hinge on the distinction between “F|, is continuous” and
“F is continuous at each point of A;”.

4.C. Density theorems, mainly for stable algebras. Suppose A is stable and
o-unital, h|, h, € A%, and h; = h,. If B = A4 ® ¢, define k € B, by
k,=h,n=12 ...k, = hy, By 44 there is T € RM(B) such that
T*T = k, and this means there are 7, € RM(4),n = oo, 1,2, ..., such
that TXT,, = h;, n < oo, TXT,, = h,, and T, — T, right strictly. This
observation is the basis for 4.C. It turned out that most of the theorems
could be proved ab ovo, but 4.25 and 4.26 seem to depend non-trivially on
4.2, 4.4, and 3.41 (b).

4.13. LEMMA. Let A be a stable C*-algebra.
(@) {U € M(A):U*U = 1} is right strictly dense in

{T € M(A):|IT|| = 1}.
(b) {U € M(A):U*U = UU* = 1} is quasi-strictly dense in
{T € M(A):|IT|| = 1}.

Proof. We can find V,, W, € M(A) such that V}V, = W*W, = 1,
VW, = 0, V¥ + WW* =1, V, — 1 right strictly. To do this, write
A = B® X, sothat 1 ® B(H) embeds in M(A4) by [7]. On bounded subsets
of B(H) this embedding is continuous from the strong topology to the left
strict topology.

(a). Now if T € M(A), |IT|| = 1, let

U, = VT + W, — T*T)"2

It is routine to check that UU, = 1 and U, — T right strictly.
(b). For T € M(A), ||IT|| = 1, let
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U, = V, TV + V(1 = TT*)'* Wy
1/2
+ W, (1 — T*)'?v* — W, T*w*

Since A € M(A4), LM(A), RM(A), OM(A) C A** A* can be isometri-
cally embedded in the Banach space duals M(A4)*, LM(A)*, RM(A)*,
QM (A)*. The following lemma is probably not new.

4.14. LEMMA. (a) Every strictly continuous linear functional on M(A) is
in A*.

(b) Every left strictly continuous linear functional on LM(A) is in A*.

(¢) Every right strictly continuous linear functional on RM(A) is in A*.

(d) Every quasi-strictly continuous linear functional on QM (A) is in A*.

Proof. Since all parts are similar, we prove only (c). Let f be right
strictly continuous on RM(A). Since the right strict topology is generated
by the semi-norms x I— |lax||, a € A4, there must be a|,...,a, € A such
that

f(x)| = 2 llax|l, Vx € RM(A).

Since a,RM(A) C A, a standard use of the Hahn-Banach theorem yields
81> ---,8, € A* such that

f(x) = 2 g(ax), Vx € RM(A).
1

If h = 2| ag, € A*, then h maps to f under the embedding 4* —
RM(A)*.
For h € A** let

Ah) = {T € RM(A):T*T = h},
T(h) = {T € RM(A):T*T =< h},
F'(h) = {T € OQM(A):T*T = h}, and
T'(hy = {T € QM(A):T*T = h}.

4.15. THEOREM. Let A be a stable C*-algebra.
(@) If T € RM(A) and h = T*T, then

{(UT:U € M(4), U*U = 1}

is right strictly dense in I (h).
®B)IfT € OQM(A) and h = T*T, then

{(UT:U € M(4), U*U = 1}

is quasi-strictly dense in I '(h).
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© If T € LM(A) and h = T*T, then
{UT:U € M(A), U*U = UU* = 1}
is quasi-strictly dense in I'(h).
Proof. (a). Let
I = {xT'x € M(A), lIx|| = 1}.
Since U, — x right strictly implies U,7 — xT right strictly, it is enough, by

4.13 (a), to show that .7 is right strictly dense in 7 (h). But % and 7 (h) are
both convex subsets of RM(A). By 4.14 (c) it is enough to show

sup Re f% = sup Re fig;), Vf € A%

i.e., it is enough to show %, o-weakly dense in J (k). Since
I(h) c {yTy € A**, ||y|]| = 1} and
I 2 {xT:x € A, ||x]| = 1},

this follows from the Kaplansky density theorem.

(b) U, — x right strictly U, T — xT right strictly =U,T — xT
quasi-strictly. This and the use of 4.14 (d) instead of 4.14 (c) are the only
differences from the proof of (a).

(c) Since T € LM(A), U, — x quasi-strictly =U,T — xT quasi-
strictly. Thus we can use 4.13 (b) instead of 4.13 (a). Otherwise (c) is the
same as (b).

4.16. COROLLARY. Let A be a stable C*-algebra. If #(h) (¥’(h)) is non-
empty, then F(h) (¥£'(h)) is right strictly (quasi-strictly) dense in J(h)
(T'(h)). Also if L(h) is non-empty, then F(h) is quasi-strictly dense in
T'(h).

4.17. CoroLLARY (strengthening of 4.13). Let A be a stable C*-
algebra.

(@) {U € M(A):U*U = 1} is right strictly dense in

{S € RM(A):|IS]| = 1}.
®) {U € M(A4):U*U = UU* = 1} is quasi-strictly dense in
(S € OM(A):IIS|| = 1}.

Proof. Put T = 1in 4.15 (a) or (c).

It is equally interesting to consider the strict or left strict topologies of
course, but note that the map T > T*T is left strict to quasi-strict
continuous. Also, by [5], for S € QM(4), S € LM(A) if and only if
S$*S € QM(A). With the help of 4.18 below results about other types of
multipliers or other types of strict convergence can be derived from the
above. 4.19 below is also a complement to the above; it sometimes allows
{UT:U € M(A), U*U = 1} to be replaced by {UT:U € M(4), U*U =
UU* = 1} in 4.15 (a) or (b).
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4.18. ProposITION. If T € A** (T,) is a net in A**, T, — T quasi-
strictly, T¥T, — T*T quasi-strictly, and T € LM(A) (or more generally if
TAT* C her s«(A)), then T, — T left strictly.

Proof. Let a € A. It is sufficient to show | (T, — T)a|> = 0 in norm.
Since

(T, — T)a|* = a*T¢T,a + a*T*Ta — 2Re a*T*Ta and
a*T*T,a — a*T*Ta

in norm, it is enough to show a*T}Ta — a*T*Ta in norm. This last is
obvious if Ta € A; and with the help of Theorem 1.2 of [3], it is enough to
have Taa*T* € her j««(A4).

4.19. PROPOSITION. If A4 is stable, T € A**, and TT* € her 4++(A), then
{UT:U € M(A), U*U = UU* = 1} is right strictly dense in

{xT:x € M(A), |Ix|| = 1}.

Proof. If x € M(A), |Ix|| = 1, then by 4.13 (b) there is a net (U,)
of unitary multipliers such that U, — x quasi-strictly. Fix a € A. Since
Vb € A, aUpb — axb in norm, alU,S — axS in norm, VS € A - A**.
Since ||U,|| is bounded, alU,S — axS in norm for all S in the norm closed
right ideal of 4** generated by A. TT* € her  ++(A4) is equivalent to mem-
bership of T in this right ideal.

4.20. CorROLLARY. If A is a stable C*-algebra, then
{U € MA):U*U = UU* = 1}
is left strictly dense in
{U e LM(A):U*U = 1}.
Proof. Combine 4.15 (¢) for T = 1 with 4.18.
Similarly,

4.21. CorROLLARY. If A is a stable C*-algebra and h € M(A),, then
{S € M(A):S*S = h} is left strictly dense in

(S € LM(4):5*S = h).
4.22. CorROLLARY. If A is a stable C*-algebra and a € A, then
{(Ua:U € M(4), U*U = UU* = 1}
is norm dense in
{b € A:b*b = a*a}.

Proof. Let b € A such that b*b = a*a. By 4.15 (c) and 4.18 there is a net
(U,) of unitary multipliers such that U,a — b left strictly. Let ¢ > 0 and
choose e € A such that 0 = ¢ = 1 and
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la(l —e)ll <€ [b(1 —e)ll <e
Then
U,a — bll = [|Uya — Upaell + [I(Uya — blell + |Ib — bell
= 2¢ + || (Uya — b)el], Va.
Since || (U,a — b)e|| — 0,
lim||Ua — b|| = 2¢
and the result follows.

The next density result will make use of a version of the stabilization
theorem (Theorem 3.1 of [9] ). We have been advised that many people do
not realize that there is a relation between the stabilization theorems of [9]
and those of Kasparov, Theorem 2 of [23] for example, and that we ought
to clarify it. Since [25] has appeared, perhaps not much comment is
necessary. [9] uses the setting of hereditary subalgebras and [23] the setting
of right Hilbert modules. It was of course a significant advance when
Kasparov introduced right Hilbert modules into KK-theory. Theorem 2 of
[23] is more general than Theorem 3.1 of [9] in that it allows a group to
operate and allows the real and “real” cases. (Also there is a minor
difference in the o-unitality hypotheses.) Otherwise they are equivalent.
The most elementary way to see this is to note that an isomorphism
between right Hilbert modules X and Y is the same as a suitable partial
isometry in L(X® Y). L(X® Y)is M(¥(X® Y)) and Theorem 3.1 of [9]
(as well as Corollary 2.6, the other stabilization theorem of [9]) is an
existence theorem for a partial isometry in a multiplier algebra. [12] and
Theorem 2.5 of [10] may also help the reader understand the relation
between different approaches to the stabilization theorems. Of course the
results of Dixmier and Douady [19] are the basic theorems, and the others
are generalizations. 4.23 below is a simple corollary of Theorem 3.1 of [9]
and is proved in detail in order to show what we had in mind by
formulating 3.1 of [9] in what may seem to be a special case.

4.23. THEOREM. If C is a o-unital C*-algebra, p is a projection in M(C)
such that A = her(p) generates C as an ideal, and A is stable, then C is
stable and 3u € M(C) such that u*u = 1 and uu* = p.

Proof. 1t is enough to prove the existence of u. By 2.6 of [9], Iv €
M(C ® X') such that v¥*v = 1 and vw* = p ® 1. Let ¢ € 4 be a rank one
projection, and identify C with C ® q. Since 4 is stable, 3w € M(C) such
that w*w = p ® ¢ and ww* = p ® 1. Then

x =ww[(l — p)®gq]
is a partial isometry such that

x*x =(1 — p)®gqgand xx* = p Qq.
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Thus if B = her(xx*), then B is a corner of A isomorphic to her(l1 — p).
Let

D =herqgy(xx* + p® (1 — q)).

Then D is the C*-algebra denoted by the same symbol in 3.1 of [9]. Hence
by 3.1 of [9], Iy € M(D) ¢ M(C ® X) such that

Yty =xx*+p®(l —¢q) and y*=pO( — q).

Since A4 is stable, 3z € M(C ® X)) such that z*z = p ® ¢ and zz* =
p®(l — g). Letu = z*y(x + z). Then u*u = 1 ® g and uu* = p ® g, as
desired, given the identification of C with C ® gq.

4.24. THEOREM. Let A and B be o-unital C*-algebras, A stable, and X
an A — B Hilbert bimodule such that span( (X, X)) is dense in B. Then
{(V € M(X):V*V = 1} is left strictly dense in

{(V € LM(X):V*V = 1)}.

Remarks. (i) This is related to 4.20 and we have in mind the following
potential application. Suppose 4 is as above and S, T € A** such that
S§*S = T*T. Then S = UT where U*U = r, the range projection of T. If r
is open, let B = her(r) and X = (AB) . Then U € X** C A** and in
some situations it may be possible to prove U € LM (X). (By 4.4 of [5],
Ue OM(X) = U € LM(X))

(i1) The o-unitality hypothesis is a little too strong. It would be sufficient
in 4.24 to have only B o-unital and in 4.23 to have only (1 — p)C(1 — p),
instead of C, g-unital. One way to see this is to use Lemma 1.7 of [25].

Proof. Let

-l

be the linking algebra of X. (This is a slight generalization, found in
[31], of the linking algebra of [12].) Let

p— ((1) 8) e M(L).

By 4.23 L is stable and 3u € M (L) such that u*u = 1 and uu* = p. Let
V € LM(X) such that V*V = 1. Since

LM(X) = pLM(L)(1 — p),

we can regard V' as an element of LM(L) such that V*V = 1 — p,
VV* = p. By 4.17 (b) there is a net (W,) of unitaries in M (L) such that
W, — u*V quasi-strictly. Then
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Vo =uW(1 —p)—=V
quasi-strictly. Since V}V, = (1 — p) = V*V, 4.18 implies V, = V

o
left strictly. Since V, = pV(1 — p), we can regard V, as an element

of M(X).

4.25. THEOREM. If A is a stable and o-unital C*-algebra and h €
OM(A)’. (cf. 4.2), then F'(h) is right strictly dense in T'(h).

Remark. This seems unnatural since we are using the right strict
topology on sets of quasi-mulitipliers, but it does make sense. The right
strict topology can be regarded as a topology on all of 4**.

Proof. Let T € J’(h) and (e,) an approximate identity of A. Then
e, € LM(A) N J'(h) and e,T — T right strictly. Therefore we may
assume T € LM(A). Thus T*T € QM(A), T*T = h, and 4.2 imply
h — T*T € QM(A)%. By 4.4, 1S, € OM(A) such that S{S, = h —
T*T. Let V,, W, be as in the proof of 4.13 and S, = V,T + W,S,. Then
S, € &'(h) and S, — T right strictly.

4.26. THEOREM. If A is an arbitrary C*-algebra and h € A" then {a €
A:a*a = h} is left strictly dense in
(T € LM(A):T*T = h).
Proof. Since both sets are convex subsets of LM(A4), by 4.14 (b) it is

enough to show the first is o-weakly dense in the second. This follows from
3.41 (b).

5. Examples.

5.A. A It is well known that for A = X, A** = M(A) = B(H). Let
m:B(H) — B(H)/X be the quotient map. Clearly
’

heX) 3% 3 K= h=ah) = 0.

Therefore h € (X'y,)” (h strongly lIsc) implies m(h) = 0. Conversely,

h=Z0=heX", since h'?Ph'*> 7 h, where the P,’s are suitable finite

rank projections. It follows that m(h) = 0 = h € X7, Conclusions:

h € B(H),, is strongly Isc if and only if m(h) = 0. Every element of

B(H),, is middle Isc. Since there is only one interesting type of

semicontinuity for this example, we will write “lsc” for “strongly lsc”.
The interpolation result 3.16 becomes:

S..If hy = hy, IK, € X with K| = h|, and 3K, € X with K, = h,,
then 3K € X" with h) = K = h,.

5.2. Exercise. Give a direct proof of 5.1.

We will have occasion, even for 4 = ¥, to use something usually proved
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in abstract situations by Dini’s theorem. It seems unaesthetic to rely on
such methods for what should be a concrete example.

5.3. Exercise. Prove the following without Dini’s theorem: If h, ~ h,
where h, and h arelsc, K € X, K = h, and ¢ > 0, then K = h, + € for a
sufficiently large.

Solutions for these exercises are given at the end of 5.A.

5.4. LEMMA. Assume P is a finite rank projection, K € X4, and 0 = K =
P + (1 — P)/2. Then 3K’ € X such that 0 = K' = (1 — P)/2 and
K=P+ K.
Proof. Represent operators as 2 X 2 matrices relative to H =
PH® (1 — P)H. Let

K = (a b).

b* ¢
Then from
(e J=lo V)
b* ¢/ —\0 1/2
follows

1 1/2
b=(-— a)”zt(E - c) el = 1.

If g is the (finite rank) range projection of 1 — a, then b = gb and we may
assume ¢ = gt. Write (1 — a)” ! for the inverse of 1 — a in gB(H)q. (The
key point in this whole proof is that 1 — a has closed range.) Then

-1/2 1 12 -1 1
(1 —a) b=t(5—c) = b*(1 — a) b§5—c.

Take K’ = ¢ + b*(1 — a)” 'b.

5.5. THEOREM. If K, L € X, 0 = K, L = 1, then 3S € X such that
KL=S=1.

Proof. K = 1 implies there is a finite rank projection P’ such that
K =P + (1 — P)/2. Similarly, there is P” such that L = P” +
(1 — P”)/2. Choose a finite rank projection P, = P’, P”. By 5.4,
3K\, L, € X' suchthat0 = K, L, =(1 — P))/2,K=P, + K,and L =
P, + L,. Continue this procedure. (The next step is to find a finite rank
projection P, = 1 — Py such that K|, L; = P,/2 + (1 — P, —P,)/4.) We
obtain a sequence (F,) of mutually orthogonal finite rank projections, and
compact operators K,, L, such that
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0=K,L,=2"1—-P —...—P),

n

1 _
K§PI+EP2+...+21 "P, + K,, and

L=P +...+2'""P + L,
Then take S = 23° 2! "P,.

5.6. THEOREM. Let h € B(H),, be lsc.

() = {K € XK = h} is directed upward if and only if h € X or h is
Fredholm.

®) If h Z 0, then & = {K € X0 = K = h} is directed upward if
and only if Ph is either compact or invertible as an element of B(PH), where
P = Ego(h).

Proof. (a). If h € X, o/ has a largest element. Assume 4 is Fredholm and
K, L € o/ We need to find S € X such that K, L = S = h. Since the
problem is unchanged if we add the same compact operator to each of K,
L, h, we may assume K, L = 0 and 2 = € > 0. Then with

wehave 0 = K', L’ = 1. By 5.5,38 € X such that K', L’ = §’" = 1. Let
S = hl/ZS;hl/z.

If 4 is neither Fredholm nor compact, then some compact perturbation
of h has infinite dimensional kernel (Weyl-von Neumann theorem). By a
further compact perturbation, we may assume h = h; @ h, = 0, relative to
H = H, ® H,, h; positive and one-one, h; & X, h, € X, and H,, H, both
infinite dimensional. Now just as in 3.23 (i) and (ii), we can find
projections P = 0@ 1 and Qsuchthat Q — P € X and PV Q = 1. (Here
“V” refers to the lattice of projections, but it follows that P, Q = S’ =
1 =8 =1)If K = h/*Pn"? and L = h'?Qh"?, then K, L € « If
K,L =S = h,then S = h'/2§’h"? for some S’ with 0 = 8" = 1. Since  is
one-one,

h1/2S1hl/2 > hl/ZPhl/Z
hl/thl/Z = S = P,
0= =1=>S=h

Thus S & A

(b). By replacing H with PH, we may assume 4 one-one.

The fact that.«/ is directed upward if 4 is compact or invertible is proved
as in part (a).

If h is not compact or invertible, choose C € X" such that h + C =
hy © h, as in the proof of (a), and choose P, Q as above. Then as
above, h”2Ph1/2, hl/thm‘ € &/ and there does not exist S € & such
that h1/2Phl/2’ h]/Zth/Z =5
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5.7. LEMMA. Assume a € X hy is lIsc, h, is usc, hy — h, is Fredholm, and
a, hy = hy. Then Ax € XA such that a, h, = x = h,.

Proof. Since m(h; — hy) = 0, w(h; — hy) = € > 0, for some €. Let P be
the kernel projection of &, — h,, so that P has finite rank, and represent
operators by 2 X 2 matrices relative to H = (1 — P)H © PH. Write

A B u 0

where the above and h; — h, = 0 imply u positive and invertible. Then
B =(u— A)"(—C)"* with ||f]| =

If Q is the (finite rank) range projection of C, then B = BQ and we may
assume ¢ = tQ. As in the proof of 5.4, write (—C)~! for the inverse of
(—C) in QB(H)Q and deduce B(—C)_IB* =u— A Let

y=A4+ B(—C) 'B* = u

Then if
_ (v 0)
y - O 0’
y=Za— hyand n(y) = m(a — hy) = —m(h,). Lets’ = u VeV =1
Since

7T( (f), g)) = —a(h, — hy)~a(hy)m(h, — hy)~ 2,

which is positive, (s”)_ is compact. Let s = (s"), and

12172
u'Ssu'c 0 172[s 0 172
X=h2+(0 0):h2+(h1—h2)/(0 0)(h1_h2)/~
s=1=>x=hands = 0= x = h,. Also,

A3

1/2

sZ5 =u su1/2§v=>x§h2+y§h2+(a**h2):a.

Finally, since s — s is compact, #(x) = #(h,) + 7m(y) = 0.

5.8. THEOREM. If hy, hy are usc, hy is Isc, and hy = h,, hy, then Ix € KA
such that hy = x Z h,, hy provided either hy — h, or hy — hy is
Fredholm.

Proof. If hy — h, is Fredholm, choose a € X such that h; = a = h,
(5.1), and apply 5.7.

59.LEMMA. (a) If x € X h = 0, ki lsc h + k is Fredholm and
x=h+ k, then 3a € X such that 0 = a = hand x = a + k.

) If x € X h,k =0, h + kis Fredholm, and x = h + k, then
da, b € X suchthat 0 = a=h 0=b =k, andx = a + b.
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© Ifx € X h,Z0 forn=1,2,...,20° h, converges strongly to
a bounded Fredholm operator, and x = X{° h,,, then 3a, € X such that
0=a,=h,and x =

Proof. (a). Use 5.7 to find a € X such that 0, x — k
(b) Use (a) to find ay, by € X such that 0 = a;, =
x =ay+ k,and x = h + b;. Then

<

= (a0+b0)+ (h+k) and

1 1 1
— x — ~(ay + b) = ~h + -k
X =Xx 2(00 0) 5 5

Repeat this construction recursively: We obtain a,, b, € X such that

0=<a,=2"h,0=b, =2 " and

xn=x—%2ai+bi§2_"h+2_"k.
0

Then take
IS 1
— a b —_
=3 Zab=y 2
(c). Choose t, > 0, n = 1,2 ..., such that

(ee] (0]
Xt, = land X ¢,|h,|| < co.
1 1

(To see that this is possible consider
t, = min(2~", 27"k, || "))
By a method similar to the proof of (b), we can find a,

0=a,,=0—1,)"h,m =0, and

m € X such that

[e0]

g g(l — 1,)"h,,.

(Note that Zﬁi
take

||M§|

t,a,; converges in norm to a compact operator.) Then

(norm convergent sum). The double sum
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(00,00)

! n@ni

i,n=(0,1)
converges strongly (to 27° a,), since
0=1ta, =1, — t)h,

and 37° h, converges strongly. Also for v € H, the dominated
convergence theorem shows that

[ee]
lim X (1 = 2,)"(hy, v) = 0.
m—>00 p=1
Thus we may take strong limits on both sides of the basic inequality to
deduce

oo
x—zanéo.
I

Remark. If 27° ||k, || < oo, then necessarily 2{° a, converges in norm to
a compact operator. Otherwise it may not be possible to achieve 2{° a, €
. For example let {e,:n = 1, 2,...} be an orthonormal basis for H, let
h, be the projection on span (e,), and let x be an appropriate rank one
projection.

5.10. COROLLARY. If x =
da € X such that 0 = a =

Proof. Take k = € in 5.9 (a).

Solutions to exercises. 5.2. There are positive ¢|, ¢c; € X such that
hl + Cl zo,hz - (,‘2§0.SinCCO = C2 '—h2 ghl - h2 + Cl + C2,there
ist € B(H) such that 0 = ¢ = 1 and

(¢y — hy) = (hy — hy + ¢; + ) 2t(hy — hy + ¢, + ¢,)"%
2 2 1 2 1 2 1 2 1 2

h + ¢ x € X e >0, and h is positive, then
hand x = a + e

Take
K =hy + (b — h)'1(hy — '
and compute n(K) = 0.

5.3. By adding the same compact operator to K, h, and h,, we reduce
to the case K, h, = 0 (a = ay). There is a finite rank operator L such that
SL=K=L+¢€20=L=h= 3tsuchthat0 = =1 and
h'2h'2. Also 1 may be assumed finite rank.

0
L
hll,[/2 — pl2 strongly

=> hll,‘/zth;/2 — hY%h"? in norm
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€ €
= L = hY/%h)* + SEhtoaZa

5B.X.1f A = A then A** = ¥ ** @ C = B(H) ® C. We will denote
a typical element of " ** by (h, A), h € B(H),,, A € R. Since ¥ is unital,
there is only one klnd of semicontinuity, and /7 is closed under trans-
lation by scalars. Thus (h, A) is Isc & (h — A, 0) 1s Isc & h — AisIsc in
B(H), by 2.14. The criterion is: (h, A) is Isc & w(h — A) = 0.

Referring to 3.23, we observe that since (D1) fails for /" it must fail for
H.(Ifh € B(H),islscand ¥ > x, y = h, thena € X, (x,0), (y,0) =
a=h0)=>ac .)K) Since )" is unital, (D3) also must fail for 2", though
5.10 showed (D3) is true for ) The next result makes the facts about (D1)
fairly clear.

5.11. THEOREM. Assume (x, A|) and (x5, \)) € X, (h, N) is Isc, and
(x> Ay (X Ay) = (B, N). Then 3a € X such that (x,, X)), (x5, \y) = a =
(h, X) unless A = A} = A,

Proof. We may assume A; < A. We seek a solution in the form
a=(y + A A), y € X The problem becomes: x; — A, x, —A = y =
h — A. By 5.1 wecan find b € X such thatx, — A = b = h — A (Recall
X, — Ay € X)) Then the problem x; — A, b = y = h — A is a special case
of 5.7.

5.C. E|. Let A = E, and recall that elements of 4** can be identified
with bounded collections {4,:1 = n = oo, h, € B(H) }. The discussion in
5.A applies to each &,

5.12. THEOREM. Let h € A*%*.

(a) Assume that for every fmzte rank projection P € B(H) and ¢ > 0,
AN such that h”zPhl/2 = h, + €, Yn = N. Then there is a sequence (U,) of
isometries such that h” ZU* - h” 2 strongly.

(b) Assume that for every ftmte rank projection P € B(H) and ¢ > 0, AN
such that Ph . ,P = Ph,P + ¢ Vn = N. Then there is a sequence (U,)
of unitaries such that Uh”2 - h”2 weakly.

Proof. (a). Choose finite rank projections P, and ¢, > 0 such that P, 7 1
and ¢, \y 0. Choose N; < N, < ...so that forn = N,

RI2PRE =k, + €.
Then for N, = n < N, write
P2 = A, (e, + h)V2 |14, =1, BA, = A,

There is an isometry U, such that BU, = A4,. Choose U, = 1 for n < N,.
Then

|PAL2 — PUR?|| = €f/* for N, = n < N,
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since || (¢, + h,)"* — hl/*|| = ¢’% Since

\PR2 — PUAY = 1P R — PURYY for k < K,

nn

we have that
1/2 1/2
P.UMh, = — Phy,

n'n

in norm for each fixed k.
(b). Let P, and ¢, be as in (a), and choose N} < N, < ... such that

P/\hooPk == Pk(hn + ek)Pk* Vn =2 Nk'
For N, = n < N, write
R2P = A (h, + )P, |14,]] = 1

Let Q, be the range projection of h}/ sz, and choose a unitary U, such
that PU,Q, = BA,Q,. Then

l']nhrlt/ZPk — PA, hl/2 ||Pk(Uhl/2 1/2)Pk“ < ‘ll(/z’
Ny =n <N
This implies
BUh, B — BB,
in norm for each fixed k.

5.13. CRITERION FOR STRONG SEMICONTINUITY. If h € A*
h € AT if and only if

(1) Each h, isIsc, 1 = n = oo.

(i) If K € 4 K = hg, and € > 0, then AN such that K = h, + ¢,
Vn = N.

then

Hl’

Proof. First assume h € A™. Then it is obvious that each h, € (¥,
1 = n = oco. Let Kand e be as in (ii). Choose a net (a,) in 4 such that
a, 7 h + €/3. Then (@)oo / hoo + €/3. By 5.3, K = (a,)o, + €/3 for a
sufficiently large. Fix such an a. Since a, € A, AN such that

(@) = (ay), + g Vn = N.

Then for n = N,

2e 2e

Ké(aa)n-i-?) h+§'+-§
Now assume (i) and (i1). We need to prove h € A_m, and it is obvious-
ly permissible to replace h by & + a for a € A. Thus, choosing a, = a_, =

(hso)— € A, we can reduce to the case i, = 0. Now by taking K = 0 in
(i1), we see that
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I (h,)_I| = 0 as n = oo.

Thus, by replacing h by h + b, b, = (h,)_, b,, = 0, we reduce to the case
h = 0. Now (ii) implies the hypothesis of 5.12 (a). Take U, as in 5.12 (a),
and let

R,=Uh? n=1,2,..., R, = hl/%
Then R € RM(A) and R*R = h. By the (trivial) Proposition 4.1,

hedl cAl

Remarks. (1) By 5.3 it is sufficient to verify 5.13 (ii) only for each
element of a sequence (K, ) such that K, 7 h.

(ii) Since for a € A, a,, — a, in norm, one might have guessed that the
criterion for A to be strongly Isc would be &, = h, + ¢, n = N. This is
correct whenever h,, € ¥, but in general it is too strong a requirement.
For example, it is not always true for 4 an open projection.

5.14. CRITERION FOR WEAK SEMICONTINUITY. If h € AX¥ then

h € (A7) if and only if for every finite rank projection P and ¢ > 0, AN
such that Ph,,P = Ph,P + ¢, VYn = N.

Proof. First assume & € (A7) and let P be given. Define a € 4
bya, =P, n =o00,1,2,....By 24, atha € A7 Since (a*ha),, =
Ph P € X 5.13 (ii) implies that Ve > 0, AN as desired.

Now assume £ satisfies the criterion. It is clearly permissible to replace
hby h + A\, A € R, and therefore we may assume & = 0. Then 5.12 (b)
applies, and we define T € A4** by T,, = h'/% T, = Unh,lin, n =1,
2,...,U,asin 5.12 (b). Then T € QM(A), T*T = h, and 4.1 implies
he A .

5.15. Remarks. (i) The following alternative criterion follows from 5.14:
h € (Z;’(’l)_ if and only if A, = k for every weak cluster point k of (h,).

(ii) The fact that the U,’s in 5.12 (b) are unitary gives a positive answer
to the questions in 4.9 for this example.

5.16. CRITERION FOR MIDDLE SEMICONTINUITY. If h € A}* then the
following are equivalent:
() h e A7
(ii) There is a sequence (Q,) in B(H) . such that Q, — 0 strongly and
hoo = h, + Q,, Vn.
(iii) 3x € M(A),, such that h + x is g-lsc.

Proof.(i)= (ii): LetA > Obesuchthath + A =0andh + A € 4. Let (P,)
be a sequence of finite rank projections in B(H) such that £, ~ 1. Choose
N; < N, <...such that for n = N,

1
(heo + NP (hoy + )2 = h, + X + -
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Therefore,
ho = h, + % + (hey + NY20 = P)(heo + M2 0 2 N,
Let
0, = % + (he + N21 = P)(hyy + V)2 for N, = n < N, .

Choose Q,, to be a large scalar for n < Nj.

(i1) = (iii): Define x € M(A4),, by x,, = —hand x, = —h,, + O,,
n=12....1f" = h + x, then h,, = 0 and &), = 0 for n < co. It is easy
to see that this implies 4’ is g-Isc.

(ii1) = (1): This is trivial, since

x € M(A),, = —x € A7, and
h+ xglsc=>h+xe A%
5.D. E, and E,. E, is a corner of E|. Thus by 2.13, for h € (E,)}* his

sa’
Isc relative to E, if and only if 4 is Isc relative to E,. Since E, is unital,
there is only one type of semicontinuity in E3*.
E, is a unital C*-subalgebra of E,. Thus by 2.14, for h € (Ey)XF, his
Isc relative to E, if and only if 4 is Isc relative to E,. The criterion is:
For h € A}* A = E, or E,, h is Isc if and only if Ve > 0, IN such that

heo = h, + ¢, ¥n = N.

Remarks. (1) This criterion is also valid for 4 = ¢ ® M,, n > 2.

(i1) It was asserted in 2.D that for these algebras every Isc element is the
sum of a multiplier and a g-lsc element. (Of course multipliers are
g-continuous.) The proof of this is similar to, and easier than, that of 5.16
and will be left to the reader.

5.E. Eg4. Recall that E; = X + Cp where p € B(H) is a projection of
infinite rank and co-rank. Since X" is an ideal of E, and E¢/f" = C,
E¥* = B(H) © C. As in 5.B, we will represent elements of E¢* by pairs
(h, A); and (h, A) is strongly lsc if and only if & — Ap is Isc in B(H),
since Zz is invariant under translation by multiples of p.

To study middle and weak semicontinuity, we use the 2 X 2 matrix
representation of 4 = E,. Thus

_(l O)
p""OO’

and x € A4 is given by

(“ b),aex?,b,c,dexf.
c d
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If

a b
h=(&*JJ)eA$

then 4 is middle Isc if and only if

a+1t b
(PR

is strongly Isc for ¢ sufficiently large. This is equivalent to

Al 2 )=

for ¢ sufficiently large. Since
—lell +t=c+ 1t = el + ¢,

we may as well just write

A 7)) =0

and this is equivalent to
a(bt”'b*) = m(a — \).

In other words, the criterion is:

(5 2

is middle Isc if and only if #(bb*) = tm(a — M) for ¢ sufficiently large. Since
this last is automatic if #(a — A) = ¢ > 0, we conclude also:

(5 2}

is weakly 1sc if and only if #(a — A) = 0.
From the above or otherwise we see that

f 2= o

if and only if #(a) = A and #(b) = 0. Now suppose

_ (a1 b | [% bz) )
h—((bi* cl)’*‘)’k‘((b; o) M)

h is middle Isc, k is middle usc, and h — k € E . We will show that this
does not imply the existence of x € M(A4),, such that h = x = &, as
promised after 3.40. To show this, it is sufficient to consider the special
case A; = A, = 0. Then we are given:
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qy "EibD = e },t>0,

w(b,0%) = —tn(a,)

a —a b — b
@) (bf_bf S T )

(2) does imply h — k € A", since A} = A,. Also if m(a;), —m(a,) =
€ > 0, which we will assume, (1) is automatic. We require x € M(4),,
such that

h=xZk=ah) = a(x) = n(k).

=0

Since A = 0, this yields

O (76 73 =l w0 =6 )
2 2 1 1
(3) =>n(bPm(a;)” (b)) = m(c, — ¢) and
a(by)*m(—ay) (b)) = m(c — cy)
= n(bh)m(a) " 'a(b) + n(bm(—ay)” (b)) = w(c, — ).
Since the only obvious consequence of (2) is
m(by — by*m(a; — a)) 'm(b, — by) = m(c, — ¢),

it is obvious that there are counterexamples. Perhaps the easiest occurs if
a=1a=—-1,b =5 =1andc =c, =0.

We have included a fair amount of detail, despite the fact that the
conjecture demolished by this example may seem foolish, because we are
hoping it will lead someone to discover a new theorem (a general theorem,
not one just for Ey).

5.F. E; and similar algebras. Letd = k + [, k, | > 0, and let 4 be the
C*-algebra of convergent sequences in M, with limit of the form

k(* 0)
no o
A** can be identified with the algebra of bounded collections

{(hpyl=n=o0,h, € M, h, € Myyn=12...}

For k = 1, A is analogous to Ej.

A is, in an obvious way, a subalgebra of E,;. By 2.14 the criterion for
strong semicontinuity follows from that for E,:h € A¥**is strongly Isc if
and only if Ve > 0, 3N such that

heo 0) - >
(0 0)=hn+e,Vn=N.
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One could get the criterion for weak semicontinuity by embedding A
explicitly as a corner of E|, but it is easier to work directly: h € A%*is
weakly Isc if and only if Ve > 0, AN such that h,, = a, + ¢, Vn = N,
where

_ (9 b,
mo= (i )
Proof. Define e € A by

1 0

0 l/n) € M,

eoo=1€Mk,en=(
Then e is strictly positive, and 2.4 implies that 4 is weakly Isc if and only if
ehe is strongly lsc. By the above, ehe is strongly Isc if and only if Ve > 0,
3N such that

1
h 0 a, _bn
(°° )§ " l+evnzN
o o={1, 1
_bn 5Cn
n n

It is easy to see that this is equivalent to the criterion stated.

5.17. LEMMA. Ve > 0, 38 > 0 such that: If M is any finite W*-algebra,
hte M0=h=1l,andh — 8§ = t*t = h,then3r € Mwith ||t — t|| <e
and V'*t = h.

Proof. Write t = sh'?, |Is|| = 1.1f 0 < & < 1, let
q = E@i2g)(h).
Then
B 2sxsh'V2 = h — & = gh'2s*sh''2q = qh — ¢b
= gs*sq = q — 8(h’)_1 = (1 — 8”2)q,

where i’ = gh and the inverse is taken in gMq. From the polar decomposi-
tion of sq, we see that there is vi € M with vy, = g and

v, — sqll =8, =1 —(Q — 832
Let v € M be a unitary such that vg = v, and let ¥’ = vh'’2. Then
l =l =@ — gl + 1@ — 1 — gl
= vy — sqll + 2871 — @) || = 8, + 28"

Choose 8 small enough that §, + 28'* < e.
For x € (M,,),, denote the eigenvalues of x (with multiplicity) by
M%), .. A (%)), where Aj(x) = Ay(x) = ..., (x).
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5.18. THEOREM. Let h € A*%*.
(@) h = T*T for some T € RM(A) if and only if

hy O

“‘@ J

(b) h = T*T for some T € QM(A) if and only if h € (A)~ and
Ai(a, — hy) — 0 as n — oo, where

hedy and A\, —0 asn— oo.

a, b
hn = (b::: C:) (S Md’

Remarks. The condition on A, in (b) is vacuous if / = k. The
semicontinuity conditions in (a) and (b) already imply A, = —e¢, with
¢, — 0 for all j (in particular j = / + 1). Thus the condition on
Ay is one-sided and automatically carries over to A, j >/ + 1.

Proof. (a). Assume h = T*T, T € RM(A). By41h € A}. If

— Iy Sy
T (u,, V,,)’
then T € RM(A) is equivalent to r, = T, 5, — 0. Therefore

%
el - (8

implies
*

Ol tal ] S H | P

— 0 as n — oo.

o
S——

Since
%*
rank (O 0) (0 O)] =1
un vn un vn
M|y — (}(1)00 g) ] — 0.
Note:

A(x) = Min Max (x0, 6).
() dimv=/ 81t ( )

el =1
Now assume h satisfies the criterion in (a). Choose ¢, > 0 such that

e O

lime, = 0 and (0 0

)éhn+en.

Write
(L2 0) = w,(e, + h)"2
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where w, € M, ,and |jw,|| = 1 and
(ra 5,) = w2,

Note that (r, s,) — (h;é2 0) as n — oo, since
(e, + k)% — h:,/zll = (2

Now let &), = h, — (r, s,)*(r, s,). Then k), = 0 and, since

]

A 1(h) — 0 as n — oo. Thus we can find (u,,) such that

(u, v)*(u,v,) = h, and

-0

El

Ay (uy, v,)*(ut, v,) || = 0 as n — oo.
Then if

.- (rn sn)

n un vn 9

we can apply 5.17 to (z,, h,) to obtain 7, such that ||T,, — ¢,|]| = 0 as
n— oo and T*T, = h,. If T,, = h!/?, then T € RM(A) and T*T = h.

(b) can be deduced from (a) by using 2.4, 4.3, and the strictly positive
element e introduced above.

(che), — (E)ehe)oo O)

0

1
a, —b,

n (hO<> 0) (a,, — hy, O)

=11 — ~

-by 1 0 O 0 0
n —2Cn

n

for n large. Therefore

0 0
(Here Ay ((a, — b)) = 0if I = k.)

A 1[ (ehe), — (("he)w 0)] — Ay y(a, — hoo)‘ — 0 as n — co.

Remark. A positive answer to 4.6 for this example follows from 5.18:
{T*T:-T € RM(A) } and {T*T:T € QM(A) } are norm closed.

5.G. Cy(X) ® A In 5.G A denotes Cy(X) @ X" where X is a second
countable, locally compact Hausdorff space. Of course 4 = E| is a special
case. Let z € A** be the central projection corresponding to the atomic
representation of A ([29, 4.3.7]). Then z4** can be identified with the
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space of bounded functions from X to B(H). Since every semicontinuous
element of A** is universally measureable, each of the classes of semi-
continuous elements can be identified with its projection onto z4** ( [29],
Theorem 4.3.15). It is desirable to be a little more careful about this
identification. If A € A}%*is universally measureable, then A, regarded as a
functional on A(A4), satisfies the barycenter formula. This means that

o) = | nraus)

whenever p is a probability measure on A(4) with resultant

@ (qa(a) = /0(a)du(0), Va € A).
From direct integral theory we can easily conclude that if & € zA}* is
given by a Borel function from X to B(H), then there is a unique 7 € AX¥
such that z& = h and 7 satisfies the barycenter formula. (So far we have
used the fact that 4 is separable and GCR.) We will say that h € zAX*is
Isc (in some sense) if h = zh for some (unique) Isc z € A** It will turn out
that 4 has to be given by a Borel function, so that % is as above.

5.19. CRITERION FOR STRONG SEMICONTINUITY. h € zAX** is strongly Isc
if and only if
(i) h(x) is I1sc in B(H), Vx € X,
(i1) Ve > 0, 3 compact F C X such that h(x) = —e¢, Vx & F, and
(iii) If xg € X, 2 K = h(x,), and € > 0, then there is a neighborhood
U of x, such that K = h(x) + ¢ Vx € U

Proof. First assume A is strongly Isc. By 3.22, 3a € A, such thata = h
(we should write za = h). (i) and (ii) follow from this. (iii) follows from the
same proof as for 5.13 (ii). (Actually (iii) follows from 5.13 by Remark
5.22 (ii) below.)

Now assume (i), (ii), and (iii). Since A4 is continuous trace,

¢ €EPUAU Y =g =10

for some § € P(4) and 0 = ¢t = 1. In particular supp ¢ = z and it makes
sense to write ¢(h). We claim that 4 is an lsc function on P(A)_W*. In
proving this, we will represent non-zero elements of P(A)_w* by pairs
x,v), xe€ X,ve HO<|y|| =1

{a, (x,v)) = (a(x)v, v), a € 4, and
(x,v) = (y,w) e x = yand
v=>M,I|Al =L

Given any net (x,, v,), by passing to a subnet, we may assume x, = x € X
or x, = o and v, > v € H weakly. If x, — oo, then

(X V) = 0 € P(A)™™,
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and 0 = HLPGI, (xg v,) ) follows from (ii). If x, — x, then (x,, v,) = (x, v)
in P(A)™" (or (x4, v,) > 0if v = 0). If ¢ > 0, by (i) there is K € X
such that

K = h(x) and (h(x)v,v) = (Kv,v) + e
By (iii) K = h(x,) + € for a sufficiently large. Also

(Kv,v) = (Kv,, v,) + €
for a sufficiently large. Therefore

(h(xv,v) = (Kv,v) + €

= (Kvy, V) + 2 = (h(x)v, vy) T+ 3e

Hence
(h, (6, v) ) = limh, (xg ) )

and the claim is proved. If we fix v € H, it follows that the function
x = (h, (x,v)) = (h(x)v, v)

is Isc, and in particular Borel, on X. Thus 4 is a Borel function from X to
B(H) and there is 7 € AX* such that % satisfies the barycenter formula
and zh = h.

Now let A, be the space of probability measures on P(4)™ ™" with the
usual (weak*) topology. Then the map p > resultant p is continuous from
A, onto A(A4), and A(4) may be regarded as a topological quotient space of
A,. To show that h is an 1sc function on A(4), it is sufficient to show that
the pull-back of % to A, is Isc. Since 7 satisfies the barycenter formula, this
pull-back is the function

p = /(Z, eydu(e) = f(h, @) du(e).

Finally, it is a fact of functional analysis that if 4 is a bounded Isc function
on a compact space, then the map

p= fh(t)du(t)

is Isc.

Remarks. It follows from the above proof that h € z4%*is strongly Isc if
and only if 4 is an lsc function on P(4)™*". Alsoh € 4 % is strongly lIsc
if and only if % satisfies the barycenter formula and 7% is an Isc function on
P(4)™"". The second sentence is true for arbitrary C*-algebras. The first
is true at least for separable type I C*-algebras perfect in the sense of
[8].

5.19 is actually true even if X is not second countable and even if X is
replaced by X (H) for H non-separable. This can be proved by Michael’s
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selection theorem. A key point is to prove that if a,,...,q, € A4,
ap,...,a,=h,and e > 0, then Ja € A such thata = handa = a; — ¢,
i = 1,...,n Although the proof via Michael’s selection theorem is in
some sense more elementary than the one given, it would use more
space.

5.20. CRITERION FOR MIDDLE SEMICONTINUITY. If h € zAX¥ then h is

sa’

middle Isc if and only if for every x, € X there is P, : X — B(H), such that
P, (x) — O strongly as x = x,, h(xg) = h(x) + P, (x), Vx € X, and 3\ €
R such that HPxO(x) | = A, Vx, xy € X.

Proof. If h is middle Isc choose A; > 0 such that A + A, is positive and
strongly Isc. Let (B,) be a sequence of finite rank projections in B(H) such
that P, » 1. Fix x; and choose U, D U, DO ... such that {U,} is a neigh-
borhood basis at x; and

1
(h(xg) + AP (h(xp) + A2 = h(x) + A, + o vx € U,
(5.19 (i) ). Define P, by
1
P(x) = (h(xo) + A1 = RYh(xo) + A)'* + o,

X € Uk\Uk+1’ PXO(XO) = O, and
P (x) = 2kl x & U,.

If X and {P, :x, € X} are given, choose A, such that i’ = h + Ay = 0.
We claim that A’ + A is strongly Isc. 5.19 (i) and (ii) are automatic, since
K + A = 0. If x, is given, then

Ly = W(xp)?PH(x)""* + AP, 7 H(x) + A.
By 5.3, it is sufficient to verify 5.19 (iii) with K replaced by one of the L,’s.

Fix k and € > 0 and note that since A — PxO(x) — A strongly as x — x,
there is a neighborhood U of x such that

AR, = (A = P,(x)"? B\ — P (x))"* + ¢ Vx € U
Then for x € U,
Ly = H(x) + A = P 2RO — P () +
H(x) + P (x) + A — P (x) + ¢
=h(x) + A+ e
Thus 5.19 implies the claim.

lIA

Remark. P, seems to be analogous to a modulus of continuity. The
criterion of 5.50 is fairly easy to state, at least for 4 = E|, but we think its
simplicity is an illusion. Middle semicontinuity is the most difficult to

work with.
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5.21. CRITERION FOR WEAK SEMICONTINUITY. If h € zAX¥ then h is

weakly 1sc if and only if Vx, € X, Ve > 0, V finite rank projection P, there
is a neighborhood U of x such that

Ph(xy))P = Ph(x)P + ¢ Vx € U.

Proof. Assume h is weakly Isc and x,, P, € are given. Choose f € Cy(X)
such that f = 1 in a neighborhood of xj, and leta = f ® P € A. By 2.4
a*ha is strongly Isc, and the existence of the required U follows from
5.19 (iii) for a*ha.

Assume h satisfies the criterion and let a € A. By 2.4 it is enough to
show a*ha is strongly Isc. 5.19 (i) and (ii) are obvious for a*ha. To verify
5.19 (iii), let x, € X and € > 0 be given. Choose § > 0 such that

88lall - llnll = ¢

a finite rank projection P such that || (1 — P)a|| < 8, and a neighborhood
U of x; such that

lla(x) — a(xp) || < 8 and
Ph(xg)P = Ph(x)P + —— Vx € U.
4jal|
Then for x € U,

a(xg)*h(xpla(xg) = a(xy)*Ph(xy)Pa(xy) + 2
= a(xg)*Ph(x)Pa(xy) + %

3
= a(xg)*h(x)a(xy) + ZE

= a(x)*h(x)a(x) + e

5.22. Remarks. (i) As in 5.15 (i), h is weakly Isc if and only if h(x) = &,
for every weak cluster point k of h at x.

(ii) Suppose x,, — x in X where x and the x,’s are all distinct. Then we
have a surjective §:4 — E,. h 1sc (in any of the three senses) implies 6**(h)
Isc. If 8**(h) is weakly Isc for all choices of x and (x,,), then 4 is weakly Isc.
The same holds in the strong case for » = 0.

5.H. General separable continuous trace algebras and their subalgebras.
Let X be as in 5.G, 5# a separable continuous field of Hilbert spaces over
X such that #(x) # 0 Vx € X, and A the associated C*-algebra. Then
A®XN = Cy(X)® A and A isacorner of A @ A By 2.13, h € zA}}is Isc
(in any sense) if and only if its image in z(4 ® X")** is Isc. In order to
derive criteria from those in 5.G, it is only necessary to express the results
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of 5.G in language that is independent of the choice of the isomorphism of
A ® A with Cy(X) ® A The following is easily verified:

5.23. h € zAX¥ is strongly Isc if and only if
(1) Each h(xy) is an 1sc element of B(3#(x,) ) (vacuous if dim H#(xp) <
00),
(ii) Ve > 0, 3 compact F C X such that h(x) = —e¢, Vx & F, and
(iil) If f is a continuous section of H(¥), f(xy) = h(x,), and € > 0, then
there is a neighborhood U of x such that f(x) = h(x) + ¢, Vx € U.

5.24. h € zA}} is middle Isc if and only if 3\ > 0 and functions P, ,
X9 € X, such that
(1) P (x) € BE#(x) ),
(ii) If) v is a continuous section of 3 then
lim ||P (x)v(x) || =0,

XX,
(i) h(xo) = h(x) + P (x), Vxp, x € X,
@) 1P () | = A, Vxg, x € X.

5.25. h € zA¥* is weakly Isc if and only if one of the following equivalent
conditions is satisfied:

(1) For any continuous sections f and g of H () such that f(x,) =
8(x)*h(xy)g(xo) and any € > 0, there is a neighborhood U of x such that

f(x) = g(x)*h(x)g(x) + € Vx € U.
(i1) Suppose x,, = x and h(x,) — k € B(¥#(x)) in the sense that
(R (), W) ) = (kv (%), w(x))
for all continuous sections v, w of 3 Then h(x) = k.

If A is a general separable continuous trace algebra, then locally A4
comes from continuous fields of Hilbert spaces on open subsets of
X = A. 2.24,2.25, and 2.27 (iii) show that 5.23-5.25 are still correct when
interpreted properly. 5.23 (iii), 5.24 (ii), and 5.25 are local properties, and
if we just replace “section” with “local section” and realized that 5# is
only locally defined, we can make sense of them. For 5.23 the following
remark is needed: If —e = h € Zs'z, then by 3.16, 3a € A such that
—e = a = h. Using this and a partition of unity, one can show that 5.23
(1)-(ii1) imply the existence of a € A such that a = h. The proof of 5.24
showed that the A of 5.24 (iv) is closely related to the A’ such that 2 + X’ is
strongly Isc. This eliminates the “hitch” discussed in 2.27 (iii).

Finally, if 4 is a C*-subalgebra of a separable continuous trace algebra
B, then her(d4) is still continuous trace. By 2.14, h € A}* is Isc (in any
sense) if and only if its image in her(4)** is Isc.
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5.1. C*-algebra extensions. In this example we assume
0
0—>I—>B—>4—0

and that semicontinuity in I and 4 is understood. For example, I might be
X" and A commutative (cf. 5.B, 5.E). We will derive a description of B,
in terms of I72 and A”. In principle there is no need to consider weak and
middle semicontinuity, since by [5] and 2.4, & is middle Isc if and only if
h + Ais strongly Isc for some A > 0 and h is weakly Isc if and only if b*hb
is strongly Isc Vb € B.

Note that B¥* = [** @ A** Let p:B** — I** be the projection.

5.26. LemMaA. If h € B and 6**(h) Z 0 in A**, then p(h) € I™.

Proof. Let € > 0. By [5] there is a net (b,) in B,, such that b, # h + e.
Then 6(b,) ~ 6**(h) + e. Dini’s theorem implies 8(b,) = —e for a
sufficiently large. For such &, b, = b, + i,, b, = —¢, i, € I,,. Since

M), cIfcT™

sa’

it follows that

p(b) = plc + B) + iy € T

sa’
a large. Since p(b,) 7 p(h) + ¢, this shows
p(h) + 2¢ € I, Ve > 0,

sa’

which is sufficient.

527 THEOREM. If h € B} then h € B7 if and only if 0**(h) €

sa’

wand p(h — b) € I7, for all b € B, such that 0(b) = 0**(h).

Proof. The necessity follows from 5.26.

Assume the conditions. Then by 3.22, 3b € B,, such that (b) = 6**(h).
Changing notation (replace h by h — b), we may assume 6**(h) = 0 so
that p(h) € I™ to- Now by 3.24 and 3.25 there are bounded nets (a,) in 4,
and (ig) in I, such that a, = 0**(h), ig = p(h), a — 6**(h), and
ig— p(h) We claim there is b, g € B, such that b, 3 = h, 0(b, p) = a,,
and p(b,p) = ig- To see this, choose b' € B, such that 8(b") = a, and
solve (by 3.16)

ig—pW)=x=ph —b),x €,

(oth — b) € I™ + by hypothesis, and ig — p(t') € (Iy,),, since p(b') €
M(),.) Let b wf = X T b. D ﬁ = h follows from p(b, ) = p(h) and
0(by p) = a, = 0**(h). Since ig = p(b,p) = p(h) and ig — p(h) o-weakly,
it is clear that p(b,g) — p(h) o-weakly (and hence o-strongly). Since also
0(by p) = ay — 0**(h) we conclude that b, g — h on A(B); and hence 4 is
Isc on A(B)
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Remarks. (i) It is not necessary to verify p(h — b) Isc for all b such that
6(b) = 6**(h). Suppose for example that a, » 6**(h) and that for each
a, p(h — by) € I, for one (and hence all) b, € B, such that 8(b,) = a,,.
If (b) = 6**(h) for some b € B, then Ve > 0, (b) = a, + € for
a sufficiently large (Dini). Then 3b, € B, such that 8(b,) = a, and
b = b, + €. Therefore

e + p(h — b)
=ph —b) + pe + b, — b) € I + M), c I,

sa’

Ve > 0,

which is sufficient.

(i) If I = X then, as is well known ([13]), 7 o pp gives rise to
7:A — B(H)/X and 7 determines the extension completely. Then the
condition

o(h — b) € T,
becomes mp(h) = 7(a) (for all a € A, such that a = 0**(h)).

The simplest non-trivial example is the case where 4 = ¢y and I = A
Thus let (P,) be a sequence of mutually orthogonal, infinite rank
projections in B(H) such that X P, = 1. Let B be the C*-algebra
generated by X" and the P,’s. An element of B** is represented by a pair
h = (h, hy), hy € B(H), h, € I. 0**(h) € A7, if and only if (h,)_
vanishes at oo. If this is so define a, by

hyk), k=n
(an)k = hZ(k)’ hz(k) <0
0, otherwise.

Then a, 7 6**(h) = hy, and h € B if and only if

m(h) Z ? hy(k)m(B,) + kE hy(k)m(P,), Vn.
>n
hy(k)<0

The infinite sum is norm convergent, since (h,)_ € ¢,. To check whether A
is weakly Isc, it is not necessary to consider b*hb for all b € B. It is enough
to take

n
b=2XP, n=12,....
1

In this example 6**(b*hb) € A. Then h = (h;, h,) € (BY) if and only
if

([ r(S ) 2 21‘. ho(kym(B,), V.
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