
ON THE EXPLICITE DEFINING RELATIONS OF
ABELIAN SCHEMES OF LEVEL THREE

HISASI MORIKAWA

Dedicated to the memory of Professor TADASI NAKAYAMA

It is known classically that abelian varieties of dimension one over the field

of complex numbers may be expressed by non-singular Hesse's canonical cubic

plane curves, X\ + X\ + Xί.ι - 6 γX^XχX-ι = 0. The purpose of the present paper

is to generalize this idea to higher dimensional case.

Let Z(3) be the residue group of the additive group Z of integers modulo

3Z and Z(3)r be the r-times direct sum of Z(3). We mean by Z(3)+ r the subset

of Z(3)r consisting of all the elements {at,. . . , a?) such that at = 0 or 1

(l<i<r). Then, roughly speaking, our result may be expressed as follows' a

generic abelian variety with a positive divisor U such that /(£/) = l υ is defined

by relations of the following type

(*) AYa+bY-a+bYb— Σ Ta

V ) Aila+bY-a + b~~ 2-Δ Pa,
c+&Z(3)+ r

§ 1. Formal theta functions of level n and the scheme

A(r,n) associated with them

1.1. We mean by 2 and Q the ring of intergers and the field of rational

numbers. We mean by Z r the r-times direct sum of the Z-module Z and by Qr

the r-times direct sum of the Q-module Q. Let {W(i\oc)9 W(j,l; β)\l<.i,j, l<r;

αf,β£Q>bea system of indeterminates on which rational numbers operate such

that W(i;a)r=W{i;ar), W{j\l; β)Ύ = W(j,l; βγ). We denote by / the ideal

i n t h e p o l y n o m i a l r i n g Z[_{W{i\ct), W(f, llβ)Ώ g e n e r a t e d b y

W(i;0)-l9 W(j, I;0)-l, Wit na) - W(i, a) W(i\a),

W(j, l nβ)- W(j, /, β) W(j, I β)

Received May 10, 1965.
!> l(U) means the rank of the module of the multiples of — U.
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W(i;«)mi;β)-Ψtil« + β), W(j9l; «)W(j.l; β) - WU, I; a + β),

W(i,l\ a)- W(lJ a),

(l<ij,l<>r;f a, /3eQ, n = 1, 2, . . . )

We mean by Uf and Q% the images of W(i cc) and W(j, l β) in the residue

ring B = ZίiW(i;a)f W(j,l; £)}]//. Then it follows the relations:

n n

(1) UT = ΰf^ϋf, Q7 = Q% • O&τ C7° = 1, β/'i = 1,

(2) ^£/? = ur

(3) (UtY = W\

(4) βy/ = Oy/,

We shall use the following brief notations •'

(5) U(a)= Ώ W,
ι = l

(6) Q{a, ri
t, j = l

(a = (αri, . . . , αrr), β = (A, . . . , βr) e Qr).

Then if follows

(7) i β

(8) Q(ct + py r + δ) = Q(a,r)Q(a, δ)Q(β, r)Q(β,δ)t

1.2. We mean by Hom (Zr

yGm) the functor of the category of commutative

rings into the category of ablian groups such that Hom (Zr, Gm)(Λ) means the

group of all the homomorphisms of the additive group 7ί into the multiplicative

group of the units in A. By virtue of (7) U may be considered as an element

in Hom (Zr, Gm)(B). For each a in Qr we may construct an element Q(a) in

Hom (Zr

>Gm)(B) given by

(9)

We mean by Q(a)U the product of Q(a) and U in Hom (Zr, Gm).

Definition 1. We mean by a formal rational power series in Q of restricted

2> We change the notation Q(a) slightly. In [1] and [2] we defined Q(a) by Q(a){m)
= Q(a)m)2.
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type a formal rational power series Σ Λ(α£j) Π Qifij satisfying the conditions:
i<tij) i^j

1° there exists a positive integer m such that ntacij ^Z(l<i,j<Lr) for (an) satis-

fying λcatf^O, 2° for any positive integer n there exist only a finite number of

terms ^ ( α ί j ) Π Qij*ij such that λ(Λ(j)*0 and au<n(l<i<,r).

All the formal rational power series in Q of restricted type with coefficients

in Z form a commutative integral domain. We denote it by Z[[ζ>OD.

We shall now give the definition of formal theta functions *

Definition 2. We mean by a formal theta functions of level n with co-

efficients in ZtΣζfl] a formal power series in Uh Uϊ2{l<i<r)

mεzΓ

with coefficients λm in Z\ΣQJ] such that

(10) ψ(Q(m)U) =- Q(my m)'nU(m)~2nψ(U)f (m e Z r).

1.2. We denote by Z(n) the residue group of Z modulo nZ. We denote

by 0,1, 2, . . . , n- 1 sometimes the elments in Z(n) and sometimes integers

0, 1, 2, . . . , n - 1 in Z so that a/n(a e Z(w)) makes sense. We denote by Z(n )r

the r-times direct sum of Z(n). By virtue of the difference equation (10) the

coefficients λm of a formal theta function Σ λmCJ{m)2 of level w are given by

mεzΓ

( ? e Z ( » ) f , « e Z r ) .

We shall introduce the canonical system of formal theta functions of level n:

(12) Xn,g(Q\U)= Σ r

Then it follows the formulae

(13) Xn

(14) ^

From (11) it follows that a formal theta function "Σ λmU{mY is a linear
»ezΓ

combination of X»,g(Q\ U)(g<=Z(n)r) as follows:
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(15) Έλm(m) Σ Jί
r r v n n

Putting £7=1, we have a system of elements in Z[[ζ)]]:

(16) Tn,g(Q)=Xn,g(Q\l),

From (13) it follows

(17) Tn.

We denote by R(r,n) the graded ring Z[_(Tn,g{Q))g<=7>(n)rT and by S(r9n)

the projective scheme Proj (R(r, n)) of the graded ring R(r, n), where deg

Tn,g(Q) =n(g(=Z(n)r). Since R(rt n) is a commutative noetherian integral

domain, the scheme S(r,n) is irreducible, reduced and noetherian.

By virtue of (12) and (15) it follows the fundamental property of theta

functions of level n:

Proposition 1. The formal theta functions of level n Xn,g(Q\U)(gtΞZ(nY)

form a base of the formal theta functions of level n over any field containing

R(rtn).

We denote by OS(r,n) the structure sheaf of S(r>n) and by 08{rtn)ί(Xn,g(Q\

U))gς=Z(n)r~] the graded Oβ(r, «)-algebra induced by R{rt n)[{Xn,g(Q\ f/))56=z(n)rl

We mean by A(r, n) the projective S(ry n)-scheme 'Projsιr.n)(O8(r,n)Z(Xn,g(Q\

U))g<=z{n)r~]). Since the ring R(r,n)Z(Xn,g(Q\ U))g&Z(n)r] is a noetherian integral

domain, Air, n) is also a noetherian irreducible reduced scheme.

§ 2. Formal theta functions of level three

2.1. We shall use the following notations;

Z(3): the residue group of Z modulo 3Z, we denote by 0,1, - 1, sometimes

the elements in Z(3) and sometimes integers 0,1, ~ 1 in Z so that a/3 ( β e (3))

makes sense,

Z(3)+ : the subset {0, 1} in Z(3),

Z(3) r: the r-times direct sum,

Z(3)+ r : the subset in Z(3)r consisting of all the elements (at, . . . , aΐ)

such that at =0 or 1, (l<i<r),

3> Since Tnig(g^Z{n)r) are modular forms of degree r for certain congruence sub-
group, Z[Tn,g(Q))ί/ez(w)r] forms a graded ring.
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a, b, c, . . . ' the elements in Z(3)r,

a+, b+, c+, . . . : the elements in Z(3)+r,

mεz r

(7V+6+T-fl++δ+): the 2rx2r-matrix of which (a+,b+)-component is

(Ta+bT-a+b) - the 3 r x 2r-matrix of which (a, δ+)-component is

Ta+b+T-a+b+,

(Ta+bT-a+bTb)' the 3rx3r-matrix of which (a,b)-component is

Ta+bί~a+bTby

(Ta+b): the 3rx3r-matrix of which (a,b)-component is Tj+a,

Jl(T)=det (

= MT)(Ta+bT-a+bTb)(Tl+by\

We shall first show some typical relations between

with coefficients in R(r,3) =Z[(Tα)<*=z<3)r] :

Proposition 2.

(18) MT)Xz,a+b(Q I l7)Xf -β+*(Q I U)

(19) ,

+6(()|£/)3, (β,ίeZ(3) f).Σr
cεZ(3)r

Proo/. As we shall see in §3 the determinants Ji(T) and Δ2(T) are not

zero. By virtue of (14) it follows
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ΔX(T) =det(T^+^T- f l + + 6 + ) = det(-Y8, «++^( 01 D-Xi, -α+ +^ί 011))

#0,

J 2(T) = det ( 71+δ) = det (-3Γ3,o+δ(<311)3)

Since R(r,3) is an integral domain, it follows that {XitC{Q\ U)XZ,-ΛQ\ U)c+ e

Z(3)+r} and {Xs,α(ζ)j C/)3|α e Z(3)r} are sets of linearly independent formal theta

functions of level 6 and 9, respectively. By virtue of (15) formal theta functions

of level 6 (resp. level 9) Σ λmU(m)2 such that λm+i = fam-i = 0 ( w e Z r ) form
mεz

a vector space of dimension 6 (resp. dimension 9) over the quotient field of

R(r, 3). Therefore we may put

X*, a(Q\U)Xz,-a(Q\U)=

Putting ί / = e ( y ) ( c e Z ( 3 ) r ) we have

^, c = ii(T)-1/9ί7,c(T), μa.c = MT)-1ra.ΛT), (β,ceZ(3)Γ, C + E Z ( 3 ) + Γ ) .

For every ^GZ(3) r by virtue of (15) it follows

Σ j9β.C

c+εz(3)+ r

§ 3. The explicite defining relations of abelian schemes of level three

3.1. Let (Ya)aEΞzmr be a system of indeterminates and R(r, 3)[Y] be the

graded ring R(r, 3)[(yΛ)β<=z(3)r]. Let /t; be the homogeneous ideal in R(r,

generated by the following homogeneous elements

{ft/fβ(D Y«+6Y-fl+δ- Σ hs.a
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and

{h2ra(T)Ya+bY-a+bYb- Σ *4.β.c( T) Yc+b I hi. a c( T)h,a{ T) "*
cez(3)r

Since 4L (Γ), J2(T), βa,c+(T), γa,c(T) are homogeneous elements in #(r,3) such

that degA(T) = degft,,c+ = 2 r and degJ 2(T) = degTa,c(T) the homogeneous

ideal /» of R(r,3)tY] induces an indeal % of the O5(r,3)-algebra O8(r.9)LY3. We

denote by F(r, 3) the S(r, 3)-projective scheme Pro]S{r,z){OS{r,z)LYl/3v) of the

graded Osir,s) algebra OS(r)3)[Yΐl/3V.

We mean by (Xa)ae=Z(Z)r the image of (Ya)a^z(Z)r in the residue ring R{r,3)lYl/Iv

and by i?[X] the graded ring /Kr,3)[(Xα)βez(8)' l The elements I a ( f lEZ(3) r )

are characterized by the relations

(20) hUa{TyXa+bX-a+b= Σ

a,b(Ξ Z(3)r, c+ e Z(3)+ r)

By virtue of Proposition 2 the formal theta functions Xz,a(Q\U) (cGZ(3) r )

satisfy the relations (20) and (21). Hence the map: Xtι->Xz,a(Q\U) (βeZ(3) r )

may be extended to an O5(r,3)-morphism p of OS(r,s)ίY2/^v onto OS(r,s)ί(X3.a

' The dual p* of p gives the injection morphism of Air, 3) into

3.2. When r = l, the relation (21) is reduced to a single relation

(22) (Tl + 2 TD-XΌXΊX-* = ToTKXo + X? + ^-i)

and the relation (20) is trivial. We shall express A( T), J2(Γ), ^α, c

(23) ^(D^de

/Tί, Tl Ί±ι
(24) A(Γ) = detl Tl, Ttu i

\τU, τl, Tl
(25) βoi(T)=β±%1(T) = O, j9oo(Γ) =/3±1,i(T) = ΔX{T)

(26) ro,±i(Γ)=O, ro,o(Γ) = J 2(T), r±i.o(Γ) = r±i.1 = r

We denote by Tά" the power series
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T'f = XΪ\Q«\1) Σ Qitm""t)l, iKi<r; βeZ(3)),

and denote by Xa} (l<,i<r; α ε ( 3 ) ) the quantities defined by the relation:

(n i ] i + 2 TΫ^&xpxϋi = r." 7f > W ) 3 +x l i

We denote by /?* (1,3) the subring ZCiTeOeew^Wrw^Tt*)), of degree zero

in the quotient ring of ZQΓί/^βezίβ)] with respect to ii(Γ ( l ))J 2(T ( f )), ( l ^ ί < r )

and by i?*(r,3) the subring RU^T^D) of degree zero in the quotient ring of

R with respect to A(T)MT). We denote by S*(l,3) and S* (r, 3) the affine

scheme Spec(Λ*(l, 3)) and Spec(#*(r,3)), respectively

Since Qu (l<,i<r) are indetermenates and Ta] = 2i!«(Q) (« e Z(3)) are formal

power series in Qu, the map:

induces an isomorphism of /?*(1,3) ® ® /?*(1,3) onto the subring #** of

degree zero in the quotient ring of ZίiTal' - *TΪt!)a19 . . . ,fl,.εz(3)] with respect

to Π Ji(Γ ( f ))A(T ( ί )). For the sake of simplicity we shall identify T ^ ® ®
< = 1

T£ } with TiV -TaJ, (β flrGZ(3)). Let F(Y) be an element in Z[Yl

Then F(T) =0 means that F{T{Q)) is zero as a formal rational power series.

Therefore an equality F(T) = 0 implies F(T ( 1 ) ® ® T ( r )) = 0, because, replac-

ing Qij (i*j) by 1 in F(T(Q))> we have F(Ta)® ® T ( π ) . This shows that

the map:

induces a surjective morphism A: /?*(r, 3) -+R** = R?(1,Z)®

The dual A* of A is the injection morphism '•

S** = S*(l,3)x - xS*(l,3)-S*(r,3) f

where S** is considered as the afϊine scheme Spec( R**).

We mean by /** the homogeneus ideal in i?**[y] generated by

λ(Ai(T))Ya+bY-a+b~ Σ λ(βa.c+{T))Yc++bY-#r+b,
β+ez(3) + Γ

λ(MT))Ya+bY-a+bYb- Σ λ(ra,c(T))Yl+b, (d, b <ZΞ Z(3Y).
εz(3)Γ

We mean by (Zβ)βeZ(s>» the image of (yβ)βez(«)»i in the residue ring i?**[y]//**.

Then (Zα)σez(3)»* satisfies the relations:
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1 Σ λ(βa.c+(T))Z<*+bZ-c++b,
c+εz(3) r

We shall prove the isomorphism:

(7(1,3) x x Γ(l,3))Xs(if8)χ.. xsα,8)S**= V(r,3) x s<r,*)S**.

LEMMA 1.

J 2(T ( r )),

••• > br )\T) ) — (bΐ, . . .,bϊ) such that \ai\=b (l<i<r),

0 otherwise,

where we mean

a for a = 0, 1,

- a for a = - 1.

Proof. From the definition it follows:

= MT{1))® ®J, (T ( r )) = 4 (T(1)) -4(T ( r ) ),

/ V μ α d , . . . > ar)y Φl > 9 br ) \ •*• ) J — P ( Λ i » . . . » β r ^ » (61 1 . . . » o r ) \ •* •* ^

ί Ji(T ( r )),for(m f . .

= U^Γ, . . . ,£r+) such that l ^ | = ^

*0 otherwise,

T(aX9... > ar)> (&i>... > br)(T) ) = 7 ( β l , ... , ar)> <bιf ... , br)\T T )

LEMMA 2. # follows the relations:

) ^ T,c(T )Z φιf... 9bi-i9C+bifbt+u ... 9 bf.)9

i^r; βi, . . .fβrffc, . ,fc>e=Z(3)).
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This is a consequence of the definition of (Zβ)βez<3)» and Lemma 1.

LEMMA 3. Let (ci, . . . , cr) be a fixed element in Z(3) r and put

Z%)=Z{cι...,ci-ι,i,c<+ι...,cr) (l^i<r; β e Z ( 3 ) ) .

Then it follows

Zix ..r)Z{c-1l...,cr)=Z{a1ϊ Z £ \ (au . . βr€=Z(3)).

Proof. From Lemma 2 it follows

Z(aι,... ,ar)Z(c2, ...cr) — Z(auc2,... ,cr)Z(cltai,... ,ar)

Z{cXtao,..., ar)Z(Clt ... cr) = Z, clta2,cs cr)Z{Cltc2, a3, ... ,cr)>

•
Z ( d , ... , C r_2, βi, a2)Z(CL Cr) = ^ ( C l f ... , C r _ 2 , β r - i , C r ) Z ( C ! , ... ,C Γ _!,β r )

Hence, making the product of the both sides of these equations, we have

<Z(αi,... ,ar)Z{cx cr) = Zax * * ' Zar > (θl> •> Λr^Z(3)).

L E M M A 4 . ( F ( l , 3) x ••• x F ( l , 3 ) ) x S ( 1 , 3 ) x - χ S ( i > 3 ) S * * = F ( r , 3 ) χ s ( r , 3 ) S * *

(«s S(ry3)-scheme).

Proof. We denote by D+{Zc) the affine open subscheme {z e V(r, 3) x s(r,3)S**

|Zc(2)#0> and by DΛX™ XίO the aifine open subscheme («iχ x

ur^{V(l}3)χ x Vr(l,3))χθ(ii8)x...χS(i.i)S**J^i)(fίi) Xl£{ur)*0h where

(Xa^i^i^r^^za) is a system of quantities defined by

MT^^X^X^X^- r{TU))iX{oiΊ3 + Xιsi)3-[• X^3) = 0

From Lemma 1 it follows

T))(^U<S> ®Xl\br)^X-a^b1® ' ® X^ar + br)

~ Σ A(j9(βι ar),(cί+,...cι+,...,c

β l . C l + ( Γ ( r O X ( J i + + 6 ^ ^ ^

( o i , , . . . ,

( 1 h T ( 1 )

 t V ( 1 ) r T ( 1 )
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This shows that the map: Z{au....ar)-+X{aϊ' XaΛau . . . , ar *Ξ Z(3)) induces

t h e i n j e c t i o n m o r p h i s m ψ of ( F ( l , 3 ) χ ••• x F ( l , 3 ) ) χ m , 3 ) x - xsu,3)S** i n t o

V(r,3) χ S ( r , 3 ) S * * s u c h t h a t φ{DΛX™ X{^))^D^Z{Cu...fCr)). W e s h a l l con-

s t r u c t the inverse morphi sm of ψ. P u t Za] = Z{Cu...,ci-ua,ci+x, ...,cr) (l<i<r;

# e (3)). Then by virtue of Lemma 1 and 2 it follows

aλ-b^ -a\-b ~ ^\a\ + b^-\a\ + b

~ Zycu ... yC-i-x, a+b,Ci+1 cr)Z(cu ... ,Ci~u -a±b,Ci\.lf... ,cr)

,Ci+χ,... ,cr)Z(ci a-.u - \a) + b, ci+1,... ,cr) = 0,

+ 6, Ci*Ί, ... ,Cr)Z(cif ... ,C<-i, -β+&, Ci+!, ... ,Cr)Zclt ... ,C/-l,&i + l> ... ,Cr)

Δ2\T

Therefore by virtue of Lemma 3 it follows that the map:

induces the injective morphism 0'(Cl cr) of D+(ZίCl Cr)) into DΛXcW >

JίcJ-O. These morphisms 0 and φ\c,...,cr) are the inverse each other as S(r,3)-

morphisms between D+iX^ X(cr

]) and D(Zιcίt....cr)). Since 0 is defined on

(V(l,3) x * x V(l,3)) x sd,3)x ••• x5(if8)S**, there exists an S(r, 3)-morphism ψ1

such that 0;l-D(^(cj....fίv )) = 0f(ci....,cr) T n i s completes the proof of Lemma 4.

3.3. We denote by Ma*(r,*)(Y,tn) the #*(r,3)-submodule in i?*(r,3)[F]

consisting of all the elements of degree m, by M**(r,3)(Z, m) the ̂ ( r , 3

module in jR*(r, 3)[X] consisting of all the elements of degree m and by h^r

the i?*(r,3)-submodule in the kernel of R*{r,3)ZΫl onto i?*(r,3)[Z] con-

sisting of all the elements of degree m. For a point # in S=S{rt 3) we mean

by ΛfoSfa,(-X;m), McΛ β(Γ,wι), los.^m), Mkx(Y,m), Mkx(Y,τn), J*x(m) the tensor

products

ΛίoAβ( K rn)®os.χkχ, MoSfX(X,

respectively. Then it follows the exact sequence

0 -> lE(r,Z){m) -> MjB*rr,3)( Y, m) -> M a ^ β j ί y , w ) -» 0

(27) 0-+Ioa,Srn) -* Afofl>β( F, w) -> AfoΛ a(X wi) -> 0

(28) hx -> Af*a( F, w) -> M^(Z, wi) - 0
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LEMMA 4. Let XQ be the generic point on SO, 3) and y be any point on S*

S*(r, 3). Then it follons:

rdinkkXΰMkX0(X, m) £r3.nkkυMkυ(X, m) (m = 1,2,3, . . . ) .

Proof. Since O,s,*0 is the quotient field of i?*(r, 3), it follows £*0 = 08tXo and

the exact sequence

O-*IkxSm)-*Mkχo(Y, m) -*M^0(Z, m) - 0 .

Since Γσ(« e Z(3)r) are indeterminates, it follows

τankkyMkD( Y, m) = rank^M^ί y, m).

Then it is sufficient to prove the inequality

rank^o/^o(m)>rank7^(m) (w = 1,2,3, . . . ) .

Let Lίt L2, . . . , Ltf<m) be all the monomials of degree m in Ya(a^Z(3f). Then

there exists a matrix with coefficients in i?*(r, 3) :

such that

generates 7β*(r,3)(w). Let py be the prime ideal in i?*(r,3) corresponding to a

pointy in S*(r,3). Then it follows

^ ^ ^ o y ^ ^ i 2 ( m ) mod ί y ),

( m = l , 2 , 3 , . . . ) .

This implies

rank^Λ 0 (m)>rank^/^(m), (m = 1,2,3, . . . ) .

PROPOSITION 3. Let x0 be the generic point on Sir, 3). Then it follows

Vir, 3) x s(r,3)ΛΓo- A(r,3)χfi(r,8)*o.

/ŷ <?Λ Let zi1] be the generic point in S(l,3). Then F(l,3) χ^,S )2ί υ is

defined by the equation (Ti + 2T\)XoXiX-i- {T0Tl)iXl +X\ +XlJ =0. On the

other hand the scheme A(l, 3) χts(i,3)41)is also defined by a cubic equation. This

shows that Proposition 3 is true for r = l. Let zQ be the generic point in S**
r

= 3*(1,3) x x S*(l,3). Then by virtue of Lemma 3 we have
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V(r9 3) χS(f,3)2o= (F(l,3) x x F(l,3)) **a,i)x-~ xsn,*

= (F(l,3)^(1,3)2ί,1/)χ x (7(1,3) Xϋπuβ

( A ( l , 3 ) x x A ( l , 3 ) ) x S(i,3)x ... xa<i,

(A(l,3)χ x A( 1,3))χ5(r,3

From (22) it follows

rankjfeao(1)Mife2o(i)(Z(1), w) = 3 m, (m= 1,2,3,. . . ) .

From the above relation we have

τdLnkkχoMkZo(Xf m) = 3 W , (m = 1,2,3,. . . ) .

Therefore from Lemma 4 it follows

rank*ββ*Γ*ββ(X m) <rankΛ2oMΛίto(X w) ^3 rm r, (m = 1,2,3,. . .).

On the other hand by virtue of Proposition 2 there exists an injection p* of

A(r, 3) into W , 3) as S(r, 3)-scheme. From Proposition 1 this implies

r<ιnkkXΰMkXQ(χ> m)^3rmr, (m = 1,2,3,. . . ) .

Hence we have the relations

Let Jk0 be the ideal in &*β[F] corresponding to the closed scheme p* (A(r,3))
χs(r,3)^o and Jko(m) the &*0-submodule in /jfe0 consisting of all the elements of

degree m. Then by virtue of Proposition 1 and 2 it follows

rank/^ίm) -N(m) -3rmr, rankJkXα(m)<rank hXo(m)i

(wi = l,2,3,. . . ) .

This implies /j^ = 7*^. Namely we have the isomorphism between scheme

V(r,3)χS(r,z)Xo and Air,3) χS(r,3)#o.

Finally we shall state the main theorem:

THEOREM 1. There exists an open subscheme U(ry3) in S(r,3) such that

the U(r,3)~scheme
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V{r93)χmr.z)U{r,3)

is an abelian scheme, and that U(r> 3) χχGF(p) is a nonempty open set in

S(ry3)χzGF(p) for every finite prime pi].

§ 4. The explicite addition formula for theta
functions of level theree

4.1. The addition formula for theta functions of levei three is simple and

beautiful. First we shall introduce theta functions in U®R' ®RU, where

i? = i?(r,3). We mean by a theta function of level n in U®R * ®RU with

period Q ® R 0 QR a power series

<P(U®R ®ΛE/) = Σ X(m....,mt)U(*ni)*®R- ®RU(me)
2

mlt ... ,mιEΞZr

such that

φ{Q(m1)®B- * ®RQ(mι)){U®R ®RU))

= Q(m1,m1)~n - Q{mhmι)~n(mmJΓ
2n ® ® U(mι)~2n){U®R- ®aL0,

(mi, . . . , wi/eZr).

Then, similarly as Proposition /, the tensor products Xι,aL(Q\U)®B

m ' ' ®sXz,aι

(QIC/) Ui, . . . , α/eZ(3) r) form a base of theta functions of level three in

U®B ®RU over the quotient field of R. Similarly as Proposition 2 the

tensor products (X9,c++a(Q\U)X9,-σ*+a(Q\U))®B(X,.d++b(Q]U)Xi,-d++b(Q\U))

( c + , / e Z ( 3 ) + r , a,be. Z(3)r) form a base of theta functions of level six in

U®RU.

We mean by X*,a(Q\ U®RU) and X*,a(Q\ U® CΓ1) the power series

Σ θ ( m + 4 m ^ ) V ( m + 4 ) Θ R ( m +

and

Σ Qim + \> m + ̂ r)Su(m + ̂ )*®Ru(m + ̂ )~\ («6Z(3f).

In these notation the addition formula is expressed as follows:

THEOREM 2. {The addition formula)

4> Starting with RP = GF(p)l(Ta)a^z(Z)rl and RPi(Xa(T\ i/))αez(3>r] we can get the result
over GF{p) similar as that over Z in §3 (by the same method). This shows that U{r, 3)
xzGF(p) is a non-empty open set.
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(29) 1

Σ *c+

s,d+b(Q\U

Proof. From the definitions it follows the relations

X*,a+b(Q\U®RU)X5,a-b(Q\U®RU-1)

Σ ~( , , aΛ-b , , a-hb^^f ,, , a — b ,. , a-b\6

Q[mfH—o—, m' + -^r~) Q[m"H o~» m " + — s— )

Q[ ^ « — ) © ( m + —^—, τw + — s

Ui3(m' + m") +2a)2®RU(3(m' - m") +2b)\

This shows that X3,fl+ό(Ql U®RU)XZ,-a-b(QI U®RU~X) has an expansion

Σ ^m'+2«,3m-+2δ£Λ3ra' + 2tf)®B£/(3ra''-f 26). On the other hand from the
m', m "

difference equation (10) it follows

Therefore we have

RU)Xz,a-b{Q\U® nlJ-1)

Putting U=Q{~) (ceZ(3)r), we have

(c+,rf+eZ(3)+ r).
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