ON.THE EXPLICITE DEFINING RELATIONS OF
ABELIAN SCHEMES OF LEVEL THREE

HISASI MORIKAWA

Dedicated to the memory of Professor Tapasi Naxavyama

It is known classically that abelian varieties of dimension one over the field
of complex numbers may be expressed by non-singular Hesse's canonical cubic
plane curves, X+ Xi+ X, - 6rXoXiX-1=0. The purpose of the present paper
is to generalize this idea to higher dimensional case.

Let Z(3) be the residue group of the additive group Z of integers modulo
3Z and Z(3)" be the r-times direct sum of Z(3). We mean by Z(3)*” the subset
of Z(3)" consisting of all the elements (af,..., @) such that @} =0 or 1
(1<i<#). Then, roughly speaking, our result may be expressed as follows: a
generic abelian variety with a positive divisor U such that I(U) = 1" is defined

by relations of the following type

(*) 4YarbY-ars Yo — Z Ta,cYca+b =0
cEZ(3)"
(**) Al Ya+bY—a+b - E Ba,c+ Ye+r+b Y—c++b = 0, (a, be Z(3)r).
ctEZ(3)*tT

§1. Formal theta functions of level » and the scheme
A(7, n) associated with them

1.1. We mean by Z and Q the ring of intergers and the field of rational
numbers. We mean by Z" the r-times direct sum of the Z-module Z and by Q"
the 7-times direct sum of the Q-module Q. Let (W(i;a), W, 1;B)|1<4, j,I1<7;
«, B € Q) be a system of indeterminates on which rational numbers operate such
that W(i;a)" = Wi ar), W, 1;8)" =W(,1; Br). We denote by I the ideal
in the polynomial ring Z[{W(i;a), W(f,1;8)}] generated by

n
e e

W(i;0) =1, W(51;0)—1, Wi;na) — WG, a) - - W(isa),

W, 1;mB) — WG LB) - - - W, 15 B)

Received May 10, 1965.
L J(U) means the rank of the module of the multiples of —U.
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W(;a)W3i;8) —W(isa+8), WU WG B)— W, 1 a+B),
Wi l; a) — W, 75 a),
(1<, 4,I<r;, &, EQ,n=1,2,...)

We mean by Uf and @} the images of W(i;a) and W(j,I;8) in the residue
ring B=Z[{W(i;«), W(j,1; 8)}1/I. Then it follows the relations:

n n

(1 urt=07---Uf, QF=Q}+ - - Q4 Ui=1, Q%=1,
2) UfUS =U", Q5Ql= Q"

(3) (UH"=Uf", (@)™ =Q%F,

(4) Qi = QF,
(1<ijl<r;a,BresQ;n=1,23,...).

We shall use the following brief notations:

(5) Ute) = 11 U7,
6) Qa, p) = T1 Q%"

(a=(¢x1, e e ay ar), B—;(Bl, “ e ey Br)EQf)
Then if follows

(7) Ul)U(R) = Ula + B),
(8) Qla+RB, r+0) = Qa, 1)Q(a, )Q(B, Y)Q(B, d),
(0, B,1,0€ Q).

1.2. We mean by Hom (Z7, G») the functor of the category of commutative
rings into the category of ablian groups such that Hom (Z", G»)(A) means the
group of all the homomorphisms of the additive group Z” into the multiplicative
group of the units in A. By virtue of (7) U may be considered as an element
in Hom (Z", Gm)(B). For each « in Q" we may construct an element @(«) in
Hom (Z", Gm)(B) given by

9) Qa)(m) = Qla, m), (m=Z")?.
We mean by @(a)U the product of Q(«) and U in Hom (Z", G).

Definition 1. We mean by a formal rational power series in @ of restricted

2) We change the notation Q(a) slightly. In [1] and [2] we defined Q(a) by Q(«)(m)
=Q(a,m)2
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type a formal rational power series GE Aagj | H Qi;*% satisfying the conditions:
1° there exists a positive integer m suZh that mai; = Z(1<i4, j<7) for (aij) satis-
fying 2w, %0, 2° for any positive integer » there exist only a finite number of
terms i) LI. Qi;*% such that A *0 and au<n(1<i<r).

All the folrmal rational power series in @ of restricted type with coefficients
in Z form a commutative integral domain. We denote it by Z[[@1].

We shall now give the definition of formal theta functions:

Definition 2. We mean by a formal theta functions of level # with co-

efficients in Z[[Q]1] a formal power series in U}, U;*(1<i<7)

9O = 3 auU(m)?

with coefficients A in Z[[Q]] such that

(10) AQImU) = Q(m, m) "Um) " o(U), (meZ").

1.2. We denote by Z(n) the residue group of Z modulo nZ. We denote
by 0,1,2,..., n—1 sometimes the elments in Z(»n) and sometimes integers
0,1,2,...,n—1in Z so that a/n(a = Z(n)) makes sense. We denote by Z(n)"

the r-times direct sum of Z(n). By virtue of the difference equation (10) the

coefficients 1,, of a formal theta function > AnU(m)* of level n are given by
meEZ"

(11) xnmg:ng(il. ~§>—"Q(m+ & omi 8 )n
(gezZn), mez.

We shall introduce the canonical system of formal theta functions of level #:

(12) Xne(QlU) = EQ(m+g’m+ )U<m+g)z”’
(geZ(n)).

Then it follows the formulae
(13) Xn,e(QIU™) = X, -o(Q| U)
(14) xe@l(B) o =o( 1 1) (1) x, i),
(g, heZn)).

From (11) it follows that a formal theta function X} A,,U(m)? is a linear
mez"

combination of Xn,‘g(Ql U)(geZ(n)") as follows:
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(15) S anlm? = 3 1,0(£. £) ", Q1 0.

mey 0€Z(m)"

Putting U=1, we have a system of elements in Z[[Q]]:
(16) Tr,e(Q) = Xn,¢(Q11), (g€ Z(n)"),
From (13) it follows
(17) Tn,-2(Q) = Tn,g(Q), (g€ Z(n)").

We denote by R(7,7) the graded ring Z[(Tn,¢(®))gezmy]® and by S(r,n)
the projective scheme Proj (R(7, #)) of the graded ring R(r, n), where deg
T»e(Q)=n(gesZ(n)"). Since R(r,n) is a commutative noetherian integral
domain, the scheme S(7, n) is irreducible, reduced and noetherian.

By virtue of (12) and (15) it follows the fundamental property of theta

functions of level #n:

Proposition 1. The formal theta functions of level n X, o(Q|U)(g< Z(n)")
Jform a base of the formal theta functions of level m over any field containing
R(r,n).

We denote by Og¢,n) the structure sheaf of S(r,7#) and by Oy, m[ (X, £(Ql
U))gezny] the graded Og, n-algebra induced by R(7, n)[(Xn, o Q| U))eezinl.
We mean by A(r,n) the projective S(7,n)-scheme Projss, n(Oser, m[ (Xn. £(Q]
U))geziny]). Since the ring R(7, #)[(Xn,¢(Q| U))g=zn™] is a noetherian integral

domain, A(7, n) is also a noetherian irreducible reduced scheme.

§2. Formal theta functions of level three

2.1. We shall use the following notations;

Z(3): the residue group of Z modulo 3Z, we denote by 0,1, — 1, sometimes
the elements in Z(3) and sometimes integers 0,1, —1 in Z so that a/3 (a (3))
makes sense,

Z(3)": the subset {0, 1} in Z(3),

Z(3)": the r-times direct sum,

Z(3)*": the subset in Z(3)" consisting of all the elements (af, ..., ar)
such that a =0 or 1, (1<i<y),

8 Since T, o(gEZ(n)") are modular forms of degree r for certain congruence sub-
group, Z[T»,¢(Q))yezn)] forms a graded ring.
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a, b c,...: the elements in Z(3),
at, b*, ¢*, ... ¢ the elements in Z(3)*",
3
Ta=Ts4Q) = EQ(m+1’ m+3) (as Z(3)),
meEZ" 3 3

(Tar+p+T-at+p+) ¢ the 27 x 2"-matrix of which (a*,5")-component is
Tat+6+T-a+ o+,
(Ta+sT-a+s) : the 3" x 2 -matrix of which (a, b*)-component is
Ta+v+T-a+b,
(Ta46T-a+5T5) ¢ the 3" x 3-matrix of which (a,b)-component is
Ta+6T-a+5Tb,
(T%.5): the 3" x3-matrix of which (a, b)-component is T3,s,
4(T) =det (Tarsp+T-a++5+),
4(T) =det (Ta.s),
aar, 5+ (T)) = d(T)(Tar 46+ T-ar+6+) 7,
(Ba, 5+(T)) = d(T)(Tas6+T-g+5+) (Tar 45+ T-ar46+) ™"
= (Tas+ T-a++5+) (a+, 5+(T)),
(1a,(T)) = 4(T) (TarsT-a+5T5) (Tass) 7,
(a*, 5" €Z(3)"; a,beZ(3)).

We shall first show some typical relations between
a a\’ a\’ ’
X0d@IU) = 3 Q(m+§.m+§)Ulm+g)  (aszd"

with coefficients in R(7,3) = ZI(T2)acz'] :

Proposition 2.

(18) Al( T)Xa» a+b(Q[ U)X, —a+b(Q I U)
=c+622m+rﬂa, (T) X, c++b(Q| U)Xs, -c*‘+b(Ql U),
(19) 5H(T)X3,a+6(Q1 UNXs, —a+6(Q | U) X3, 5(Q | U)
=GE§3)2‘¢1, c(T)Xa- c+b(Q] U)a, (a, be Z(3)r).

Proof. As we shall see in §3 the determinants 4,(T) and 4,(7) are not
zero. By virtue of (14) it follows
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4(T) = det(Ta*er*T—a*er*) = det(Xs, at+b+(Q , I)X.'x, —a+'+b+(Ql 1))
~aer(al4 - 4) R (@l0(4) 5w @10(4)))

_H(Q(b+ b+) det(Xs,a+(QlQ( ))X3;_a+(Q[Q(%*)>
=0,
4,(T) = det (T5,) = det (Xs,4+5(Q[1)?)

= aet(9(2. %) xu(@l10(2))

)
~n(a(3. ) as(x.(010(2)))

Since R(7,3) is an integral domain, it follows that {Xs, (Q| U) Xs, (| U)c* &
Z(3)*"y and { X, Q| U)?|la € Z(3)"} are sets of linearly independent formal theta
functions of level 6 and 9, respectively. By virtue of (15) formal theta functions
of level 6 (resp. level 9) EZAmU(m)z such that Asm+1=Asm-1=0 (meZ") form

a vector space of dimension 6 (resp. dimension 9) over the quotient field of

R(7,3). Therefore we may put

X d QKoo Q) = 3} J0.cX, QU)X -c(QI D),
X0,a(Q1 D) X5 -a( QI Koo QID) = 33 pta.cXs,o(QI L)

Putting U = Q(%)(c € Z(3)") we have
Aa,c= AI(T)_IBH.C(T)) Ha,c = AZ(T)_lTa,c( ), (a,ce Z(3)r, cte Z(3)+r).
For every b e Z(3)" by virtue of (15) it follows

Al(T)Xa,aer(Ql U)X3, —a+b(Q| U) =+EZE<3)+£.)H’C+( T)X3,0++b(Ql U)Xs, —c++b(Q| U),
AZ( T)Xs,a+b(Q| U)Xa, —a+b(Ql U)Xs,b(Ql [’) = E§3)rTa,c(T)X3,c+b(Q| (j)3

§3. The explicite defining relations of abelian schemes of level three

3.1. Let (Ya)aczis) be a system of indeterminates and R(r,3)[Y] be the
graded ring R(r,3)[(Ya)e=ze ). Let I, be the homogeneous ideal in R(7,3)[ Y]

generated by the following homogeneous elements
(kl,a( T) YaroY-a+p— +e%3)"ha'a c+( T) Yc++bY—c++b | ha,a,c+(T)hl,a(T)—1
=Bact(DN(T)™"; a,b€Z(3), ¢" €Z(3)™)
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and

{he,a( D) YarsY arsYs — 23 haa,el T) Yers| haya,c( TDhe, o T) ™

ce2Z(3)"

= fa,c( T)Az(T,)_l; a b, ce Z(3)'>

Since 4i (T), 4(T), Ba,c+(T), 7a.c(T) are homogeneous elements in R(#, 3) such
that deg 4i(7T) =degfa,c+ =2" and degds (T) =degra,c(T) the homogeneous
ideal I of R(r,3)[Y] induces an indeal 3y of the Ogy,3-algebra Ogr.5[Y]. We
denote by V(r,3) the S(7,3)-projective scheme Projsy,s(Osir,s[ Y1/3v) of the
graded Og,s, algebra Oy 5[ Y1/ 3.

We mean by (X,)eezs)" the image of (Ya)aezs)" in the residue ring R(#,3)[Y1/I»
and by R[X] the graded ring R(7,3)[(Xa)sez@zr]. The elements Xi(a < Z(3)")

are characterized by the relations :

(20) hl,a(T)Xa+bX—a+b = 2 ha,a,c"'( T)Xc++bX-c++b,
etEZ(HT
(B3, a,c+ (T 1, o T) ™' = Bay e (T di(T) @, b€ Z(3), ¢ € Z(3)™")
an Beal T) Xars X-a+6Xp = e%a rh4,n,c(T)X3+b,
c (3)

(Ba,a, e Dho,o( T) ™ = 14,( T) 4:(T) 7, @, b, ¢ € Z(3)").

By virtue of Proposition 2 the formal theta functions Xs,.(Q|U) (e € Z(3)")
satisfy the relations (20) and (21). Hence the map: X,— X5,.(Q|U) (as Z(3)")
may be extended to an Opge,s-morphism p of Osy,sLY1/3r onto Ogy,s[(Xsa
(@[ U))aczisyr]. The dual o* of p gives the injection morphism of A(r,3) into
V(r,3).

3.2. When =1, the relation (21) is reduced to a single relation
(22) (Th+2 TH XX X1 = ToTH( X3 + Xi+ X%))

and the relation (20) is trivial. We shall express 4i(T), 4,(T"), Ba,c+(T), 7a,e(T) :

_ ToTo, ThT: \ _ 3 s
(23) A(T) =det( ;570 700 ) = (T = TH % 0
Tgy ::1 T3_1‘
(24) 4(T) =det<Tf. T, T§)=3T§Tf—~ (T0+2T3) %0
T, TS, Ti
(25) Bot(T) = B1o,1(T) =0, Boo(T) = Be1,:(T) = 4(T)
(26) 70, +1{T) =0, 70,0(T) = £(T), 721,(T) =721.1 = Te1, -1.

We denote by T3 the power series
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TH = X9 (Qi11) z‘, Q“"M/”’ (1<i<7r; a= Z(3)),

and denote by X% (1<i<r; a=(3)) the quantities defined by the relation:
(T +2 T XPXO XY = T TP X+ X0 x19))
(1<i<r).
We denote by R} (1,3) the subring Z[(TS)ae@ o), of degree zero
in the quotient ring of Z[(T)sezs] with respect to 4(T¥)4(TY), (1<i<r)
and by R*(7,3) the subring R, of degree zero in the quotient ring of
R with respect to 4;(T)4(7T). We denote by S*(1,3) and S* (7, 3) the affine
scheme Spec(R;(1,3)) and Spec(R*(,3)), respectively
Since Qi (1<i<7) are indetermenates and T4 = T¥%(Q) (a € Z(3)) are formal

power series in @, the map:
Ta"® - @Ta ' »Tat"* * +Tay’ (@1, ..., arEZ(3))
induces an isomorphism of R{(1,3) ® * -+ ® RS(1,3) onto the subring R** of

(l .
Ve s T ay -« ., aezi3] With respect

degree zero in the quotient ring of Z[(7Tq
to H 4(T)4,(T'"). For the sake of simplicity we shall identify T&'® - - - ®

,‘,ﬁ’ W1th TSR - -Tal), (@, ...,a,=Z(3)). Let F(Y) be an element in Z[Y].
Then F(T) =0 means that F( T(Q)) is zero as a formal rational power series.
Therefore an equality F(T) = 0 implies F(T'® - - - ® T") =0, because, replac-
ing @i,; (ix7) by 1 in F(T(Q)), we have F(TV® - - - ® T'”). This shows that
the map:

Tay-«-ra)> T Q@+ QT =T& T, (ay,...,a c%Z3))
induces a surjective morphism A: R*(r,3) > R*™*=R{(1,3)® - - - @ Rf (1.3).
The dual 2* of 2 is the injection morphism :
r
S** =S*(1,3) x - - - xS*(1,3) > S*(7,3),

where S** is considered as the affine scheme Spec(R**).

We mean by I'* the homogeneus ideal in R**[ Y] generated by
A(Al(T))Ya*bY—mtb"' +2 X(ﬁa,c+(T))Yc++bY—c++b,
oteZ(3)tr

Z(AZ(T)) Yabe—a+be - EZE(B)"A(T&C(T) ) Y2+b, (a, be Z(Sjr).

We mean by (Zz)sezer the image of (Ya)eczeyr in the residue ring R*[Y]/I*.
Then (Z:)aezsyr satisfies the relations:
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ZavZ-arb = (Al(T))_lc+EEZ(3)}(Ba. (T Ze+ 482 -cr+b,
Za+bZ—a+be = l(dz(T) )-l Egs)rl('ra,c( T) )Zz+b, (a, be Z(g)r)
c (

We shall prove the isomorphism :
(V(1,3)x « + + x V(1,3)) X st 3yx -+ xs1,5™F = V(#7,3) X s¢.)S*™.
LEmMmA 1.

M4(T)) = 4(TP) -+« 4(TT),
M4(T)) = 4o(TV)+ + « 4(T7),
(4(TP) e o« (T, for (ai, . ..,a)X
AMBiaws..sam t1r s b5 (T)) = {(B], . . ., b7 ) such that |a;| =bf (1<i<7),
0 otherwise,
g s ams asoee s 89(T)) = Tayy 6, (TV) ¢ < 17,5,(T),
(@, ...,ar, b1,...,0,=Z(3)),

where we mean

lal {a Sfor a=0, 1,
al=
—-a fora=-—1.

Proof. From the definition it follows:

MLi(T)) = (M) = (TYQ - - - ®T")
= 4T+ + LT = 4i(TV)+ + = 4(TT),
ABatrsovramy @15 o v st ) (T)) = Biars v aps 31 s ooy i) (T e« < T)

= Bay, 67 (TV) +  « Ba,, 67 (T)
A(TYPYe o« 4(T), for (ay, . . ., ar) %

= {(df,...,b) such that |a;| = b (1<i<7),
0 otherwise,

AT s ars (Bys ... s ,.)(T)) = T(@y e s @) (bys oois r)(T(l) « e T)
= rapt,( TWY. . “Tap b, T,
(a1,...,ar,b1,...,b-€Z(3)).

LemMma 2. It follows the relations:

Zia,+bys ... s aptbZi=aytbys ... s —aptby) = Z(lasl+b, ons 1ar| 450 Z (= \@y] 41y ..., = lar| +Br)s
Z(bl, cevs bjmys @tbpy bytly .y ,.)Z(bl,... s Uieys a+bys bytly...» ,)Z(b,, vee s bp)
(1)) =1 ] 3
=4(T") E)r,c(T‘”)Z (Bus ov s Bimas C+Bis Bit1s v » bp)s

cEZ3

(1<igr; a1, .« ., Gr, b1,y - . . ,b,eZ(S)).
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This is a consequence of the definition of (Z;)sczsyr and Lemma 1.
Lemma 3. Let (ci, ..., ¢/) be a fixed element in 1(3) and put
Z8 =Zie,rcior i e (1<i<7; @€ Z(3)).
Then it follows
Zy nZic) . iem=2Za) *** Zay,  (a, . ..a€ZL3)).
Proof. From Lemma 2 it follows

Ziay,....anlicy ...c) = Ziay,en, ... ,epnLicy,an ...

» ar)
Z(Cx,az, vens ar)Z(Cx, e Cp) = ZZCL, A2,C3y -ue ,Cr)Z(Cx,sz A3z, oev s Ap)s
Z(Ch cee s Cpony ay, az)Z(Ch cee s Cp) = Z(Cp cee s Cpogy G-y, Cr)Z(CJ.- oo sCpat, Ar)

Hence, making the product of the both sides of these equations, we have

Z(a,,..,,ar)Zm 2 Cp) -—Zm e L’;), (ay, ..., arGZ(S)).
Lemma 4. (V(1,3) x ==« x V(1,3)) X s, 19 -+ xsr, 08" = V{7, 3) x g, S™*
(as S(7,3)-scheme).

Proof. We denote by D.(Z:) the affine open subscheme {z € V{7, 3) X g, 5S**
| Ze(z) %0} and by D+(X& -+« X)) the affine open subscheme {m;x *+ - x
ur € (V(1,3)x «++ x V(1,3)) xstt, 09 ... xsir,nyS T [ X (ay) » + X (u,) %0}, where
(Xf,“)lf,sr, acz 1S a system of quantities defined by

A(TNXPXOXE - (TONXD+ X+ X =0 (1<i<r).

From Lemma 1 it follows

A(Al(T))(-X(all)-t- * }Z:-’-l—br)(Xt-l(11+b1® ¢ ®X(—rl)lr+br)
-, 2 +M.B(a1,...,a,.),(c1+,. at,. c{")(T))(X ++b1)® ®X(cr++br)

(X ++b1)® ®X(—1()?r++br)
=[Al(T('l))Xgl)+b1X(—al+b1 Eﬁa, cﬁ'( T(”)X( ++b1X-c1++b1]® . ®
[Al(T(r))X;:)-fbng;l)r+br Zﬂar Cr + (T(n )X(£1 +br Cr++br:| 0
Ma(T) (X &o, - é’rib,) - 2 Z(mx o TNX0Q + + * @ X ior

=[42(T‘“>X§}3+b1X‘.’al+bl X5 = ETa,,c,(T“’)XéWm)J@ e ®
Cd( TVX 0 X o 5, X b — ZTar (T X 5%.1=0.
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This shows that the map: Zg,, ..,q0—> X2+« - X9 (ay, . . ., ar< Z(3)) induces
the injection morphism ¢ of (V(1,3)x =+« x V(1,3)) x ga,3x - xs1,5 S into
V(7,3) x gr,8S™ such that ¢(D. (X&)« -« X§2))S D (Z, ...,cy). We shall con-
struct the inverse morphism of ¢. Put ZY = Ze, ... coonacim . om (1<i<7;
a< (3)). Then by virtue of Lemma 1 and 2 it follows
Ziziin(—i)a»rb - Zl(ziz‘HbZ(—il‘aHb
= Z.c,, cee sCimy, @+ b, ciaq, ... ,cr)Z(c,, cev s Cim1y =@ED, Cibyy oot , Cp)
= 2 Cimty 114D, bt oee s Cp) Z(CL . Cions = @14, Cppg,y e ) = Oy
ZE 2% 0 Zt) — A(TP) " Dya o ( TV ZE}
Py
= Z(cl, ver s Comy, @+D, Ci1q, ... ,c,.)Z(c,, ceesCim1, —atb,city, .. ,c,.)Zc,, cee s Cim1, i 41y eee , Cp)
— 4, TV). .- 4,(T") DTt e s oo @iy o (Cgyeee s Cimty @y Cit, vn , Cr)

(Tm@ ce e ® T(”)Zagc,,... ,Cim1, b+ d, Ci g1y oy Cp) = 0.
Therefore by virtue of Lemma 3 it follows that the map:
Xé:) ¢ é’r‘)"’Zt(li' st é:) =Z(,,...,ar)Z(_c§,...,a,-) (01, e e ey arEZ(B)r)

induces the injective morphism ¢'c,....,c.y of D+(Zic,...,q) into Di(X%, .. .,
X.)). These morphisms ¢ and ¢/, ...,c. are the inverse each other as Si7,3)-
morphisms between D. (XY - -+ X%) and D(Z,....c,). Since ¢ is defined on
(V(1,38)x +++ X V(1,8)) X s1,3) % - xs, 9 S, there exists an S(7, 3)-morphism ¢’
such that ¢'| D(Zc,,...,csy) = ¢cy,...,cmy» This completes the proof of Lemma 4.

3.3. We denote by Mz«rs(Y, m) the R*(7,3)-submodule in R*(7,3)[Y]
consisting of all the elements of degree m, by Mg«,s (X, m) the R* (7, 3)-sub-
module in R*(7, 3)[ X consisting of all the elements of degree m and by Iry,s)(m)
the R*(7,3)-submodule in the kernel of R*(7,3)[Y] onto R*(7,3)[X] con-
sisting of all the elements of degree m. For a point x in S= S(7,3) we mean
by Mog, A X, m), Mcg, \Y, m), log.(m), Mi, (Y, m), Mp,\Y,m), Is,(m) the tensor
products

Mzeir, (X, m) Q@ rer,30s, 2 Merr,3( X, m) @ rrr, 05,2,  Lrir,3) ® rrir, 305, 2,
Mos,w( Y; m) ®Og.zkx, MOs,x(Xy m) ®Os,mkx! IOS,m(m) ®OS:xkx’

respectively. Then it follows the exact sequence

0- IRrr,a)(M) -> Mzz*rr,a)(Y, M) -> MR*(r,a)( Y. m) -0
(27) 0- Iog, ,.(m) > Mo, (Y, m)—»Mos,m(X,m)aO
(28) Ty~ Mi,( Y, m) > M, (X, m) >0
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Lemma 4. Let x, be the generic point on S(r,3) and y be any point on S*
S*(7,3). Then it follons:
ranke,, M, (X, m) <ranke,Mp (X, m) (m=1,2,3,...).

Proof. Since Os,», is the quotient field of R*(7,3), it follows ks, = Os,x, and

the exact sequence
0 - Iy (m) > Mp, (Y, m) > My, (X, m) 0.
Since Y.(a<Z(3)") are indeterminates, it follows
ranke, M, Y, m) = ranke, Mk, (Y, m).
Then it is sufficient to prove the inequality
rank, Ir, (m)=>rank I,(m) (m=12,3,...).

Let Ly, Ly, . . ., Lyymy be all the monomials of degree m in Y,(a<= Z(3)"). Then

there exists a matrix with coefficients in R*(#,3) :

2" = (o), (1<i<i(m), 1<j<N(m))
such that
N(m)
DefPL; (1<i<ilim))
J=1

generates Ig«r,3,(m). Let py be the prime ideal in R*(#,3) corresponding to a
point ¥ in S*(r,3). Then it follows

rankg,, I, (m) = rank, 2", ranke,Ir,(m) = rank, (2 modg,),
(m=1,2,3,...).

This implies
ranky I (m)=>ranke,Ir,(m), (m=1,2,3,...).
ProrosiTioN 3. Let % be the generic point on S(7,3). Then it follows
V(7,3) x sir,0%0 = A(7,3) X sr,3%.

Proof. Let z" be the generic point in S(1,3). Then V(1,3) x gu.52" is
defined by the equation (73542 7T%) X0 X1 X-1— (ToT1) (X5 + X 4+ X%,) =0. On the
other hand the scheme A(1,3) x g1,32)"is also defined by a cubic equation. This

shows that Proposition 3 is true for r =1. Let 2 be the generic point in S**
r

=S%(1,3) x + + - x§*(1,3). Then by virtue of Lemma 3 we have
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e s,
V(r,3) xsir,520 = (V(1,3) x * + » x V(1,3)) x 51, 3yx -+ xs(1,8)20
r

= (V(1,3) % sr,0z”) x + + = x (V(1,3) x s, 2)

= (A(1, 3)r>< s,320)) x ¢ 0 . x (A(l, 3) x s1,3:28")

= (A(I,S),X e oo x A(1,3)) % 51,3)x --~><s‘(1,3;zo
=(A(1,3)x *++ xA(1,3)) x gr.3)20

= A(7,3) x 57,32

From (22) it follows
ranke,, i, Me,, (XY, m) =3m, (m=12.3,...).
From the above relation we have
ranke, M, (X, m) =3'm’, (m=1,2,3,...).
Therefore from Lemma 4 it follows
rankg,, Mk, (X, m) <ranke, M (X, m)<3m", (m=123,...).

On the other hand by virtue of Proposition 2 there exists an injection p* of

A(7,3) into V(7,3) as S(7,3)-scheme. From Proposition 1 this implies
ranke,, Me, (X, m)=3m’, (m=12,3,...).
Hence we have the relations

rankg, Mk, (X, m) = 3"m’, ranke,, It, (X, m) = N(m) —3'm”
(m=12,3,...).
Let Jx, be the ideal in k,[ Y] corresponding to the closed scheme p* (A(7,3))
x gr,5y%0 and Ji,(m) the k. -submodule in J, consisting of all the elements of

degree m. Then by virtue of Proposition 1 and 2 it follows

rank Ji,,(m) = N(m) — 3"m’, rank Je,,(m) <rank Ir,,(m),
(m=1,2,3,...).

This implies Jr,, = lk,- Namely we have the isomorphism between scheme
V(f, 3) X g(r, 3)%0 and A(f, 3) X s(r, 3)%0+

Finally we shall state the main theorem:

THEOREM 1. There exists an open subscheme U(r,3) in S(7,3) such that
the U(r,3)-scheme
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V(r, 3) x s, U(r, 3)

is an abelian scheme, and that U(r,3) xzGF(p) is a non-empty open set in
S(7,3) x zGF(p) for every finite prime p*.

§4. The explicite addition formula for theta
functions of level theree
4.1. The addition formula for theta functions of level three is simple and
beautiful. First we shall introduce theta functions in U®=r -+ - ® gU, where
R=R(r,3). We mean by a theta function of level #» in UQgz " -+ ® U with

period Q®r* * * ®Qr a power series

?(U@R c+ e QrU) = E Ezrl“”lv--""‘”U(ml)Z‘g" R ®RU(m;z)2

My, oeey, ML

such that

QM) R+ * QM) UQRxr" "+ QrU))
=Q(my,m)™" + « - Q(my,m) "(Um) " Q@+ -+ @ Uimy) *"WUQ=z* * - QrU),

(my, ..., mEZr).

Then, similarly as Proposition /, the tensor products Xz,4,(Q|U) @z* * * @ £Xs,q
(QlU) (a1, ..., a;€Z(3)") form a base of theta functions of level three in
U®zr" - ®rU over the quotient field of R. Similarly as Propositinn 2 the
tensor products (Xs ct+o(@Q| U)Xy, —c++4(Q) U)) @ r(X,, a++5(Q | U) X3, ~a++5(Q| U))
(ct,d"€Z(3)*", a,b=Z(3)") form a base of theta functions of level six in
UQ rU.
We mean by X3,.(Q|U®zU) and X3,,(Q|U®Q U™") the power series
,EirQ( m+ ~‘3£» m+ %)SU( m+ ~gf)6® RU( m+ %)6

and

,.,‘Z"er< m+ —gﬂ m+ %)3U< m+ %>6®RU( m+ %)—6. (a€ Z(3)").

In these notation the addition formula is expressed as follows:
TueoreMm 2. (The addition formula)
4) Starting with Ry=GF(p)[(Ta)eczi3)r] and Ry[(Xa(T | U))acz(3yr] we can get the result

over GF(p) similar as that over Z in §3 (by the same method). This shows that U(z, 3)
xzGF(p) is a non-empty open set.
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(29) (T X3,a+65QIU R rU) Xs,a-(Q | U rU™)
= 2 e (TX, c++a(Q U)X, _c++a(Q U))

c+, d+EZ(3)+"

Qr(Xs,a+s(QI U)X, -a++6(QIU)), (a,bs Z(3)).
Proof. From the definitions it follows the relations

Xs,a+0(QlU® rU) X3,0-5(Q|UR rU™)

= 2 Q(m’—l—a;b, m’+‘%é)3Q(m”+

R r=via

— — 6
i o, i+ &3_17)

(0(m+252) @a0(m+32) 0w +252) @u(mr+252) )

3

= Z‘l Q(m’+-a—?3i), m’+a+b>3Q(mu+_“_g_b’ mn_l__agb)

m',m''eZ" 3

UB(m'+m") +2a)QrUB(m' —m") +2b)°.
This shows that Xue+t(QIURrU)Xs -a-6(QIUQ®rU™") has an expansion
,Zulsmlna,amuﬂbU(Sm’—i—2a)®RU(3m”+2b). On the other hand from the
difference equation (10) it follows
Xs5,0+6(Q1Q(m") @ 2Q(m!") (U Q rU)) X, 0.5(Q 1 (Q(m") @ xQ(m!) " WU U™))
=Q(m!, m)~°Q(m", m") " Ulm!)™” @ rU(m) ™ X3, 4+5(Q| UR rU)Xs,a-5)Q| UR rU ™).
Therefore we have

X3,a0(QIUQ rU) X3, 0-5(QIUQ@ U ™)
= SV At a+ (X cr 4o Q| U X, —c++2( Q| U) @ r(Xa, g+ +6(Q| U) X5, —a++ (@ U)).

6+, d+EZ(3)+r
Putting U = Q(%) (ce Z(3)"), we have
Ao, a+ = d(T) e, a+(T),  (c*,d" € Z(3)"").
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