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The objective of the paper Aczél and Ostrowski (1973) is to show in an
:lementary way that any real-valued function f, defined on (0, 1) and satisfying
he inequality

1) glpkf(qk)ék;pkf(pk) for pu, g >0,k2=]pk = kZ:]qk =1,

vhere n = 3 is fixed, is necessarily of the form
f(p)=alogp+b for pe€(0,1), where az=0.

The proof given in Aczél and Ostrowski (1973) is split up in two steps, (i) f is
weakly) increasing, (ii) pDf(p) = const. Z 0 in (0, 1), where Df is the derivative
r a fixed Dini derivative of f. For the second step, two different proofs are given
n Aczél and Ostrowski (1973). The first proof uses the fact that a monotonic
unction is almost everywhere differentiable, while the second proof uses two
:lementary theorems on Dini derivatives, one of them being Scheeffer’s
heorem.

In what follows, another proof of statement (ii) is given which does not use
iny results about Dini derivatives (though the notion of a Dini derivative is
ised). The proof uses the following arithmetic mean property (M) of divided
lifferences. '

(M) Letsic=s+kh(k=1,---,n), where s and h >0 are given. Then the
livided difference (of any function) over the interval (s,s.) is equal to the
irithmetic mean of the divided differences over the intervals (s, 5,), (51, 82), - - ,
Sn—1, Sa ).

The starting point for the proof are the two inequalities (13) and (15) of
\czél and Ostrowski (1973) which are given here in a slightly different notation:
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G) (r—h)ﬂ—Lﬂ————)é(p+h)M for O<h<r, ptr<l.

let0O<h<s, s, =s+ hn Then

@) pfr’haf(s")_f;(s)épf(”hh)_f(p)gsnf(ss""'_j}s) for p +s, <1.

Sn —

The inequality at right follows from (2), applied to r = s,,- -+, s, and (M), the
inequality at left follows from (3) in the same way. All further considerations are
based on (4). '

Let s be a small positive number, let s =p =1-4s and let, for a given
h <s, s, be chosen in such a way that 2s < s, = 3s. Then it follows from (4) that

f—(&hht—mé C(s)=%(f(3s)—f(s)) for s=p=1-4s.

Here we have used the fact that f is increasing. Using (M), it follows that
any divided difference over a subinterval of [s, 1 — 4s] is bounded above by C(s).
Hence, f is locally Lipschitz continuous in (0, 1), and all Dini derivatives are
finite.

Next, we fix t > s, let h — 0 and choose n = n(h) in such a way that s, —> ¢
as h — 0. Then we obtain from (4)

) SO < pp (p) = pD(py = LOZLE) for p+s <.
Letting s — t — 0, it follows that

(6) tD"f(t)=pD.f(p)=pD*f(p)=tD_f(t) for p+t<1.
These inequalities imply that f'(p) exists and pf'(p) = const. = 0 in (0, 1).
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