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In the present paper we shall remark that to each class of algebraically

equivalent cycles on a Jacobian variety we can attach a symmetric element of

the ring of endomorphisms of the variety and shall prove some formulae con-

cerning attached symmetric elements.

§1. Endotnorphism δ(X, Y)

We shall denote by X, Y, Z, . . . cycles on an abelian variety A. Through-

out in this section we shall fix this abelian variety A of dimension n. When

X and Y have complemental dimensions and X Y is defined, S[X Y] means

eιX\ + . . . -f e/Xf, where Xi, x >? . . . , # / are points contained in X Y with multi-

plicities βi, e2, . . . , e/ respectively. When A, X, Y are defined over a field k,

S[X (Yt — Y)] defines a function on A within values in A and defined over k.

Since S[X (Y —Y)] = 0, this function is an endomorphism of A. We denote

it by o(X, Y). Even when X Y/o is not defined, we define S[X (Y/o- Y)J by

δiX, Y)tQ.

We say that two cycles X, Y are immediately algebraically equivalent if

and only if there exists a complete curve Γ, a cycle Z o n A x Γ and two points

M, M' on Γ such that Z (AxP) is defined for any point P on Γ and XXM

= Z (AxM), YxM' = Z (AxM')

We say that two cycles X, Y are algebraically equivalent X = Y in no-

tation—if and only if there exist a finite number of cycles Xi, X2? . . . , X/ such

that Xi = X, X/= Y and X, is immediately algebraically equivalent to X +i for

each ί = l, 2, . . . , / - l .

PROPOSITION 1. If X = X', then δ(X, Y) = δ(X', Y).

Proof. It is sufficient to prove this for immediately algebraically equiva-
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lent X, X'. Let Γ be a complete curve and let Z be a cycle on A x Γ such that

Z (AxP) is defined for any point P on Γ and XxM = Z (AxM), XxM'

= Z β (AxM') with points M, M' on Γ. Let P be a non-singular model of Γ

and let / be the Jacobian variety of P over a definition field of P. We can re-

place Γ by P. S[(X(N) -X) (Y* - Y)] defines a function on Γ'xA, where

X(N) xN = Z (AxN). This function can be extended to a function on JxA.

Since S[(X-X) (Y*-Y)] = 0, it is a homomorphism from J x A into A. A

homomorphism from a product of abelian varieties is a sum of homomorphisms

from each component. Hence SC(XίN) - X) (Y* - Y)] = aι(φ(N)) + a2t, where

<f is the canonical function from P into J. Since S[(X(N) -X) β (Y-Y)] = 0,

aΛφCN)) = 0 for all N on Γ. This shows that S[X(N) (Y* - Y)] = S[X (Y,

-Y)] , namely δ(X(N), Y) = *(X, Y).

Similarly we get

PROPOSITION 2. //X = X', then d(XY, Z) = δ(X' Y, Z).

By repeated application of this proposition we get

PROPOSITION 3. //X = x ' , x = x ' , . . . , X = x', then δ(X * X X . . . X?

1 1 2 2 r r 1 2 3 r

Y) = δ(X' X' . . . X', Y).
1 2 r

Since any two points t, s are connected by a finite number of curves on A,

Xt and Xs are algebraically equivalent.

PROPOSITION 4. δ(X, Y) 4- δ(Y, X) = deg(X Y) δυ.

Proof. SCX (Yί-Y): = S[X Y/]-SCX Y]

= S[(X Y/).,] - (deg{X γ))( - ί) - SEX Y]

= S[X-< Y] - SEX Y] + (deg(X Y))t

Y))t-δ(Y X)t.

From Proposition 3 and Proposition 4 we get:

PROPOSITION 5. IfX == X', . . . , x = x', Y = Y', . . . , Y = Y', then δ{X X*
1 1 r r l l e e 1 2

. . . X, Y Y . . . Y) = δ(X' X' . . . X', Y' Y . . . Y').
r l 2 e 1 2 r l 2 β

Thus δ(X, Y) depends only on the algebraic equivalence of X and Y.

is the identity endomorphism of A.
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PROPOSITION 6. δ(X, Y Y. . . Y) = δ(X Y. . . Y, Y)
1 2 r 2 r 1

+ . . . + δ(X Y. . . Y Y . . .Y, Y)
1 i-l i+1 r i

+ . . . + 5(X Y. . . Y, Y).
1 r-1 r

AΌO/. 5(X, Y Y. . .Y) ί = S[X((Y Y. . . Y ) * - ( Y Y. . .Y)) ]
1 2 r X 2 r 1 2 r

= SCX (Y* Yι. . . Tt - Yt Y t. . . Yi Y + Y« Y t. . . Tι T
1 2 r 1 2 r-1 r 1 2 r-1 r

- Y/ Y*. . . Ύt Y Y + . . . + Y* Y. . Y - Y Y. . . Y)]
1 2 r-2 r-1 r 1 2 r 1 2 r

= S[X Y, Ύt. . . Y< (Yf-Y)3
1 2 r-1 r r

+ . . . + SCX Yί. . . Y< Y . . . Y( Y< - Y)]
1 i-l i + 1 r i i

+ . . . -f SCX Y. . .Y ( Y ί - Y ) ]
2 r 1 1

= ί(X Y. . . Y, Y)f+ . . . -f 5(X Y. . . Y Y . .Y, Y)t
1 r-1 r 1 i-l t+i r t

+ . . . +5(X Y. . .Y, Y)ί.
2 r 1

P R O P O S I T I O N 7 . tf(X, X X . . . x ) + . . . 4 - δ(X, X . . . X X . . . X )
1 2 3 r * 1 ί-1 i+1 H-f . . . +fl(X, X X. . .X) = ( r - l ) έ f e ^ ( X . . .X)δ.

r 1 2 r-1 1 r

Proof. We shall prove this by induction on r. We assume that this is true

for r - 1 and we put Y = X X. Then
r-1 r

δ(X, X . . . X Y ) + . . . 4- δ(X, X . . . X X . . . X Y )
1 2 r-2 t 1 i-l i+1 r-2

+ . . . + δ( X , X . . . X Y) + δ(Y, X . . . X )
r-2 1 r-3 1 r-2

= (r-2)Λ?#(X. . . X Y)δ=(r-2)deg{X. . .X)δ.
1 r-2 1 r

On the other hand, by virtue of Proposition 4 and Proposition 5,

δ( Y, X. . . X ) = δ( X X, X. . . X )
1 r-2 r-1 r 1 r-2

= deg(X. . .X)δ~δ(X. . . X, X X)
1 r 1 r-2 r-1 r= deg(X. . .X)tf-fl(X. . . X X,X)-tf(X. . . X X, X )
1 Γ 1 Γ-2 ,— 1 r 1 r-2 r r-1

= deg(X. . .X)δ-(deg(X. . ,X)δ~δ{X, X. . . X ))
1 r 1 r r 1 r-1

~(deg(X. . .
1= δ( X , X . . . X X ) + δ(X, X... X ) - deg ( X . . . X ) δ.

r-1 1 r-2 r r 1 r-1 1 r

Hence we have

δ(X, X. . . X) + . . . + δ(X, X... X X . . . X )
1 2 r i 1 i - l < + l r

, X. . . X) =(r- l ) έfê (X X.
r 1 r-1 1 2
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The case r = 1 is Proposition 4 itself.

COROLLARY 1. If X is a non-degenerate divisor, then

i, x.. .x)2) = («-iV

COROLLARY 2. If X is a non-degenerate divisor, then

n

) = (n-r)/ndeg{X. . .

§ 2. Case of Jacobian variety

Let Γ be a non-singular curve of genus n defined over k9 let J be the

Jacobian variety of Γ and let ψ be the canonical function from Γ into J. We

assume that J and ψ are also defined over k. We denote by Wα ), Wί2), . . . ,

W(w"*1} the Jocuses of <f(Pi), <f(Pi) + <p(P2), . - - , f ( P i ) + . - - + f ( P « - i ) , respec-

tively over k, where Pi, P2, . . , P«-i are independent generic points over &

of Γ. We denote by W ( 1 ) , . . . , w ' ί n " 1 } the locuses of - φ(Pi), - <f(Pi) - ψ(P2\

. . . , -φ(Pt) - . . . ~ f (Pn-i), respectively, over ^.

PROPOSITION 8. δ(W{n"r\ W' ( Γ )) = ( Λ " " 1 ) «.

Proof. Let # = f(Pi)-f . . . +<p(Pn) where Pi, . . . , Pn are independent

generic points of Γ over ^. Then by virtue of Proposition 17, N° 40, § V, [1],

-h^(P/n_r) and the summation which means the summation as cycles of dimen-

sion zero runs over all ( n_ j combinations of indices 1, 2, . . . , n. Hence

LEMMA, (Λ - r) W ( r ) = W ί r + 1 ) θa

5) with suitable a.

This is proved in a similar manner as in the proof of Proposition 17, N° 40,

§V, [1].

n - l

2 ) d(X, X . . . X ) means d(X, X θ l X α 2 . . . Xαn-i) with suitable aχf a2,..., aa-i which is

independent of the choice oί α i , . . . , α»-i.
3> ^ means W ^ " 1 ) .
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Consequently we get:

PROPOSITION 9. (n - r) W ( r ) = θ θaι. . . 0aιι-r-i with suitable au . . . , fl»-r-i.

PROPOSITION 10. 5(W{w"r>, W ( r )) = δ(W{n~r\ W'[r)) = (n~~1") δ.

n — r

Proof. δ(Win'n, W ί r))= r^y-j TTTU

where c = <f($) with a canonical divisor $.

PROPOSITION 11. 5(W ( r )W ( s ), w ί 2 Λ " r " S l )

2 n-s-r

Similarly we get

PROPOSITION 12. <5(W(r)W(S)X, Y) = ^^f^jy^^{r+s'n)^ Y)-

PROPOSITION 13. Let C be a cycle of dimension one. Then δ{C, θ), δ{θ, C)

are symmetric.

Proof. It is sufficient to show this for simple irreducible curves. Let Γ\

be a non-singular model of C and let / be the birational correspondence from

Γi to C regular at each simple point of C. Let Ji be the Jacobian variety of

Γΐ and φ be the canonical function of Γi into Ji. We denote by λ the exten-

sion of / onto a homomorphism from Ji into J. Then &ΐ.C (θt — θ)l

= ΛS[fi(Prri A/ΓiX (Ot-O))l = λλίt, where Λi is the graph of / in ΓiXJ.

By virtue of formulae in N° 77, §XI, [1],

= Eι(θ)'ltEι(θ)Mι(λ)tEι(ΘΓltMι(λ)Eι(θ)
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where θι is the theta divisor of Ji. This shows that δ(C, θ) is symmetric. Since

did, C) = idegC θ)δ-δ(C, θ), δ(θ, C) is also symmetric.

PROPOSITION 14. Let X be a cycle of dimension r. Then

Proof. δ(X, Wίn"Γ)) = ̂ (x, -~-θ77?θ) = jτδ(x, θT7?β)jτ

~~-

From this proposition and Proposition 13 we get

THEOREM 1. δ(X, W ( 7 I" r )) ? 5(W ( w- r )

? X) are symmetric.

PROPOSITION 15. δiλ^iθ) W{2), 0) = (degλ'\β) W(2)) 5 - A

Proof.

Hence

PROPOSITION 16.

Proof. δ(β, r 1

= γσ(λ'λ)δ-λ'λ.

w( 2 ), r
1)δ(w{1\ λΉ

)5 w ( 2 ))
1 ^ ) , w ί 2 ) )

{n~2) -σ{λ'λ)δ +λ'λ.

= (degθλ'\θ)W(2)) - δ(λ'\θ)Wi2\ θ)

Spur Afι(α). See N° 49, §VI, [1],
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= = / / "T* c\ O\λ λ) Uu

PROPOSITION 17. δ(W(r+l) λ~Hθ),W(n~r))

Proof. d(W(r+ί)λΛθ), W("-r)) = (degW(r+v'W("-r)λ-
<"- r )/Γ1(0), W ( r f l ) ) -

, θ)

- •iβ(W(*-Γ+11W-1(ί)Wίr+I), fl) - - r — ^ T

Λ («-fX-!i)i {Έ'U'M-i'ή - -ίaw'ww"", w'"-")

Hence δ(W(r+1>λ^iθ), W("-r)) = ϊϊ{n-ϊ-l)\{τσ{i'λ)δ ~λ>λ)

PROPOSITION 18. ί(W ( "" r ) ,

Proof.

PROPOSITION 19. ^( Γ^β) . . .AΓ1^), W ( r ))

where ahii...ih = degλj^θ). . . Λ7rLA(0) - W ( Γ " Λ ) / J ? /29 . . . , i* # y1? . . . , yA.

Proof, 3{λΐ\θ). . Λ7\β), W(r))
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7Uθ). . Λ-r\β),β)

If this proposition is true for r - 1, then by virtue of the above calculations

it is also true for r. It is clearly true for r = l . Hence our proof is finished.

Consequently we have

PROPOSITION 20. o(W(r), λ^iθ). . .λϊHθ))

= y i &i λi λi y i aix i2 λiz Ai± λi1 λi2

i h, t2, iίdpiz

&i\i% ir^ir" λi1λiι. . . λir9

where aiχi%...ih = degλj^iβ). . .^vlA(^)W ( r"A )ii, t2, . . . , h * j \ , . . . , jh.

From these propositions, we get

THEOREM 2. Let r be an arbitrary integer with 1 ^ r < n. Then there exists

an integer c such that for all symmetric element a there exists a cycle X of

dimension r satisfying
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