CYCLES AND ENDOMORPHISMS OF
ABELIAN VARIETIES

HISASI MORIKAWA

In the present paper we shall remark that to each class of algebraically
-equivalent cycles on a Jacobian variety we can attach a symmetric element of
the ring of endomorphisms of the variety and shall prove some formulae con-

cerning attached symmetric elements.

§ 1. Endomorphism §(X, Y)

We shall denote by X, Y, Z, ... cycles on an abelian variety A. Through-
out in this section we shall fix this abelian variety A of dimension n. When
X and Y have complemental dimensions and X * Y is defined, S[X * Y] means
eixi1+ ... +erxy, where x1, x2, . . ., Xr are points contained in X « Y with multi-
plicities ei, €2, . . ., er respectively. When A, X, Y are defined over a field &,
S[X «(Y:—Y)] defines a function on A within values in A and defined over k.
Since S[X (Y —-Y)1=0, this function is an endomorphism of A. We denote
it by 6(X, Y). Even when X+ Yy, is not defined, we define S[X* (Y;,~ Y)] by
(X, Y)t.

We say that two cycles X, Y are immediately algebraically equivalent if
and only if there exists a complete curve I, a cycle Z on A XI and two points
M, M’ on I such that Z « (A XP) is defined for any point P on I" and XXM
=Z (AXM), YXM'=Z+ (AxM).

We say that two cycles X, Y are algebraically equivalent—X =Y in no-
tation—-if and only if there exist a finite number of cycles X;, X», . . ., Xy such
that X; =X, Xf=Y and X; is immediately algebraically equivalent to X;:: for
eachi=1,2,..., /-1

ProposiTION 1. If X = X/, then 6(X,Y) =d(X', Y).
Proof. It is sufficient to prove this for immediately algebraically equiva-
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lent X, X'. Let I be a complete curve and let Z be a cycle on A X I such that
Z+ (A XP) is defined for any point P on I and XxM=2Z+(AXM), XXM
=Z+(AXM') with points M, M’ on I. Let I be a non-singular model of I
and let J be the Jacobian variety of I’ over a definition field of I'. We can re-
place I by I''. S[L(X(N)—=X)-(Y:—Y)] defines a function on 77’ x A, where
X(N)XN=2Z-+(AXxN). This function can be extended to a function on J X A.
Since S[(X—-X) * (Y:—=Y)1=0, it is 2 homomorphism from JX A into A. A
homomorphism from a product of abelian varieties is a sum of homomorphisms
from each component. Hence S[(X(N) —X) *(Y: - Y)] = ai(¢(N)) + a-t, where
¢ is the canonical function from 77 into J. Since S[(X(N)-X) - (Y-Y)I=0,

a;(¢(N)) =0 for all N on I". This shows that S[X(N) « (Y:—Y)]=S[X - (Y,
-Y)], namely 6(X(N), Y) =d(X, Y).

Similarly we get
ProposITION 2. If X=X/, then 6(XY,Z) =8(X'Y, Z).

By repeated application of this proposition we get

M

ProposiTiON 3. IF X=X, X=X,...,X
1 1 2 2

X', then (X -X*X-...*'X,
r r 1 2 3
Y)=8(X'+X'+...+X, Y).

1 2 r

r

Since any two points £, s are connected by a finite number of curves on A,

X: and X are algebraically equivalent.
PrOPOSITION 4. 6(X,Y)+ (Y, X) =deg(X - Y)d".

Proof. S[X-(Y:-Y)]=S[X-YJ-S[x- Y]
=S[(X * Y¢)-r]—(deg(X - Y))(—¢)-S[X - Y]
=8[X-t+Y1—-S[X* Y]+ (deg(X-Y))t
=(deg(X +Y))t—06(Y*X)¢.

From Proposition 3 and Proposition 4 we get:

ProrosiTION 5. IfX=X',...,X=X,Y=Y,...,Y=Y, then 6(X*X-
1 1 r r 1 1 e e 1 2
...-X,Y~¥'...'Y)=6(X"X’...X',Y’-Y...Y').
r 1 e 1 r 1 2 e

2

Thus 6(X, Y) depends only on the algebraic equivalence of X and Y.

1) ¢ is the identity endemorphism of A.
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ProposITION 6. (X, Y Y...Y)=0(X*Y...Y, Y)
1 2 r 2 r 1
o Y.L Y Y LY Y)

-1 ¢+1

+...+5(X°¥...Y,Y).
r-1 r

Proof. 6(X, YY...YDt=S[XU(Y-Y...Y);—=(Y-Y...V))]
12 r T2 ” 12 "
=S[X'(¥¢'¥t. . .Yt—yt'Y;. . Yz'Y-{-Y:'}':. oYY
r 2 1

r-1 r r—1 r

-—Y;;‘Y;t...Yz'Y'Y+...—I—-Yt'Y...Y—Y'Y..‘Y)]
1 1 2 r

r-2 r-1 r 2 r

=S[X'¥z'¥¢... Ylt'(Yt—Y)]
+...+S[X'Y;t... Yt‘Y...Y(th—Y)]

i-1 d+1

+ ...+S[x-¥. ..Y-(Slh—ilf)]
=0(XY...Y,Dit+ ... 40X Y...Y " Y...Y,Y)¢

1 r-1 7 1 -1 ¢+l r i
+...+5(x-12’...Y,11()t.

PROPOSITION 7. 5(x,}2c‘)3c. LX) F ... +6(X,)li. ..X+X...X)
r [

i-1 i+1 A

+ ... +5(X,Jf-}2<. . .xl)=(r—1)deg()1<. ..X)o.

Proof. We shall prove this by induction on . We assume that this is true
for r—1 and we put Y=X "+ X. Then

r-1

6(X,X...X°Y)+...+6(X,}1\’...X-X...X-Y)
1 2 1

r—2 i-1 i+1 r-2

+ . ..+a(xz,11§. .. Xa-Y)+6(Y,)1(... xz)
= (f—2)deg(}1£. S X Y)6=(r—2)deg()l(. ..X)o.

On the other hand, by virtue of Proposition 4 and Proposition 5,

6(Y,X...X2)=6(X-X,X...X)
1 r—

r-1 r 1 r—2

.—_deg()li. . .X)a—a()lc. L.X, X X)

r=2 r-1 r

=deg (X. . .x)s-a()f. .. X~xl,x)—6(§. .X*X, X)
1 r »

r=2 r- r-2 r r-1
=deg(}1§. . .x)a—(deg()f. . .x)6~5(x,1§. .. xl))
-(deg()lc...x)a—a(gl,ylc... 2-x))

=0(X,X... X*X)+6(X,)1{. .. Xl)—-deg()f. ..X)é.
r=1 1 r=2 r r r— r
Hence we have

6(X,)§...X)+...+6(X,}f...X-X...X)
1 r %

i-1 é+1 r

+ ... +a(x,)lc. .. xl) =(r—1)deg()li°}2i. ..X)o.
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The case 7 =1 is Proposition 4 itself.

CoroLLARY 1. If X is a non-degenerate divisor, then

n—1 n

X, X...X)?=(n-1)/ndeg(X...X)o.

COROLLARY 2. If X is a non-degenerate divisor, then
» n-r n

ms—— r— m——
X...X,X...X)=(n—-7r)/ndeg(X...X)é.

§ 2. Case of Jacobian variety

Let I be a non-singular curve of genus » defined over %, let J be the
Jacobian variety of I and let ¢ be the canonical function from I into J. We
assume that J and ¢ are also defined over k. We denote by W', W, ...,
W™V the locuses of ¢(Py), ¢(P)+¢(Ps), ..., ¢(Py)+ ...+ ¢(Py1), respec-
tively over %k, where P, P:, ..., P._; are independent generic points over &
of I We denote by W'™, . . ., W™V the locuses of — ¢(P;), — ¢(P1) — ¢(Ps),

e, —0(P) = ... ~0(Ps1), respectively, over k.
ProposiTiIoN 8, S(W™ ", W) = (n ; 1) d.

Proof. Let x=¢(P1)+ ...+ ¢(P,) where Py, ..., P, are independent
generic points of I” over k. Then by virtue of Proposition 17, N° 40, § v, [11,

W Wi =§‘_),(w,-1,‘,. . vin), Wwhere wii,...i=¢(Pi)+¢(Pi)+ ...
+¢(Pi,_.) and the\‘summation which means the summation as cycles of dimen-
sion zero runs over all (nﬁr) combinations of indices 1, 2, ..., n. Hence

SIW™ 7 (Wi =W 1= 3 (¢Pi)+ ... +¢Pi)

{1<ig<...<iger

= n;r(n,_zr)[‘f(l)1)+ et 0(Pr)]= (ﬂ;l)x_

LeMMa. (n—7)WP =WV 0.3 with suitable a.

This is proved in a similar manner as in the proof of Proposition 17, N° 40,

§V, [11.

P e e,

) 6(X, X...X) means (X, Xo,+Xq,...Xa,-,) with suitable ay, a,..., a.-1 which is
independent of the choice of a1,..., au-1.

2 # means W(n=1),
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Consequently we get:

ProroSITION 9. (n—7)W" =0« 04, . .04, with suitable ay, . . ., Gn-r-1.

ProposiTION 10, (W7, W) = (W™, W) = (n - 1) N

7
Proof. “(W(n—r) W)= - ‘—1,,,,. S(WHD 6—7)
roof. 0 , = Gimrr i
il 0 (n=r —— 1 o (n-r) —_
='(/,~z_7,)‘0(W ’0_5"'6'0):6,;’_‘_‘_7)*‘0(‘!" , g...6)

il

(W™, Wy = (n - 1)8
H r 2

where ¢ = ¢(®) with a canonical divisor &.

ProposITION 11. (W W, WEn7r=s
_ 7(2!)71—'7’—'8)! (r+s-n) (2n-7—=8)
= (n=r)l (n—s) 12OV W,
P 6(W\'r) {$) W(Zn—r—s) - 717__7” A (2n=s-r)
700 W, ) = =7 n=s) 6...0, W )

- lﬁ?j&j»:ls)’!ﬁ;a(w\ﬁ»s—n)’ WeermsTr)y,
(n—7r)! (n—s)!

Similarly we get

2n—7—s)!

(r) - (S} P A (r+s—n) <~
ProrosiTioN 12. d(WTWW¥X, Y) = 7)) (n_s)!o(w X, Y).

ProrosiTION 13. Let C be a cycle of dimension one. Then 3(C, 8), 6(8,C)

are symmetric.

Proof. It is sufficient to show this for simple irreducible curves. Let I
be a non-singular model of C and let f be the birational correspondence from
I to C regular at each simple point of C. Let J; be the Jacobian variety of
It and ¢ be the canonical function of I7 into J;. We denote by 2 the exten-
sion of f onto a homomorphism from J; into J. Then S[C- (6:—6)]
= AS[¢1 (Prry Al x (6:— 60))1=AAjt, where A i is the graph of f in Iy XJ.
By virtue of formulae in N° 77, $XI, [11,

M((A25)) =E(0) T M) Er(8) = Eu(8) " EML(25) *™M(2) Bi(6)
=E/(0) T (E(6) M) E(6)) *M (2) Eo(6)
= E/(0) " E60) My(2) *EL(6) T ML(R) Ei(6)
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=E/(6)71 (= Ei(6)) Mi(2) ( = Ei(6:)) ' Mu(2) Ei(0)
=M(2)Ei(6:) "My (2) Ei(6) = Mu(A24)

where 6, is the theta divisor of J;. This shows that §(C, ) is symmetric. Since
6(0,C) =(degC-0)6—6(C, 6), 6(6,C) is also symmetric.

ProPOSITION 14. Let X be a cycle of dimension r. Then

O(X, W) = 5(X « W g),

—_— A

Proof. 5(x, W) =5(x, -},_—a. .0)= %a(x, q...0)
=L 5(x,0 o 6) = —L _ 5(x66 - 5, 0) = 5(XW™70, g)
= 70X 0...0) = o= o000 = 2 0).

From this proposition and Proposition 13 we get
THEOREM 1. &(X, W), 6(W"™, X) are symmetric.
ProposITION 15. 8(A7'(8) W, 0) = (deg ™ (0) W®) 6 — 12
1 sy
=5 a(A'3)e—Aa.
Proof.

(67O W™, 0) = (deg A (0) W 8) — 8(6, 27 () W'?)
=(n—-1)(degi™(8) + WP)g =60 W?2, 271(8)) —6(0+ 271(9), W?)
=(n—-1)(degi™(8) + W)s = (n—1)8(W™, 171(9)) — 6(8 - 27%(6), W)
=(n—-1)(degi™(8) * W)s ~(n—=1)6(W™, 272(0)) = (n-2)6(A"H6)W?, 6).
Hence

027 (O)W®, 0) = (dega™(8) W) g - 8(W™D, 27(8))

= %a(m)a -,

ProrposITION 16. 6(6, 27(6)W?®) = —(”;—2)-0(1'/1)6+/1’1.

Proof. (6,27 (6)W™) = (dega™ () W™) = (A7 (O)W®, 6)

= (n—1)(dega™(0) + W) — (%a(x'x)s - x2)

_ (n-1)

=TI %a(l'l)5+l'2

4 o(a)=Spur Mi(a). See N° 49, § VI, [1].
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=12+ (”22) oA ).

ProposITION 17. d(W*V27Y(6), W)

=(%- %)( d(X D)6 =11

PTOOf. 6(W(r+l)i~l(0), W(n—r)) — (degw(wrl;w(n—r)x—l(a)) 3
— 6(W(n-r)l—l(0), W(rH)) — 6(Wm—r)w(r+1)x—1(0))

— !
——(—n»f—l)'-'-v-~(deng/l—l(ﬁ)) o — 5(W<"_”Z—1(0)W(r+2), 9)

= =r=1!

(n—l)' (1) 4-1 (% 1)‘
—ma(w , A (0))——-27'(72 o .1)‘ o(X2)6
1 (n=r+1) gy-1 (r+2) __ (=Dt

7 OOWT T O W, ) = I

( 1) = r n—-
s (FeWe—22) = Lo @ W, i)

—_ 1
= ;%5’71—)’“'1‘5? (gena-1i)

(_7£ : 1)5(1—1(0)W(r+1), w(n-r))'

- n-r (n—-2)!
Hence 6(W(r+1)1 l(a), W< )) ;T—(T;T)T (——a(l'l)c? “‘1,1)
n—2
= (222 (Fowno-a2).

(n-7} (r+1) y-1 _ 7n—2\a(A /1)
ProrosiTiON 18. (W™, w7 (0))-(7 )/1’/1+< ) 5

Proof. (W™D w7 71(g))
= (deg W™ "W 271(0)) 6 — s(WV TV 2171(9), W)

=2—ﬁ((’;_jl_’-i—)_,a(a'1)a—(’; (gowns-a)

ProposITION 19. 6(A7%(6). . .471(6), W)
=@yl — 26111:11‘{" 2 aluxxlzxullxxiz

11, §2, §1%¢2

- ... E 2 Qiyiy, ..., x,.lx,‘- . -lx,}x;- . < Aip
i1, €25 ..., §r, T5¥F 0

where  aiyi,...i, = deg 2;1(0) . . .2;5,(0) - WO ha e X Tl ey Jhe

Proof. 0(a70). . .47%(6), W?)
=ayd — (W, 2740 . . . A71(0))
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= a0 = 28(WP e 2710) . . 474(8) 274(0) . . . 477(6), 471(6))
= a8 — DM (WTN) . . . 271(0) 274(0) . . . 277(6), 6)

3
= a6~ D 40(271(0) . . . A7(0) 27H(8) . . A7 (6), W),

If this proposition is true for 7 —1, then by virtue of the above calculations
it is also true for 7. It is clearly true for r =1. Hence our proof is finished.
Consequently we have
ProposiTION 20. S(W™, A7'(8). . .47 7(6))
=2a@kidi— 2 G Ak
3 11, f2, t1%1;
- ... x > ail,'z,,_,,,',.l;,. . .1;11;1. v s Ripy
11, 2, ..., trij¥ik
where  aiyi,...i,=degA (0) . . AL (OWT i b oo S e e Jae
From these propositions, we get
THEOREM 2. Let r be an arbitrary integer with 1 < v <mn. Then there exists

an integer ¢ such that for all symmetric element a there exists a cycle X of
dimension r satisfying

ca =06(W™ 7 x),
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