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Consider the subset f^C Q, [0,1] containing those functions 
for which 

(1) f(0) = 0, |f(x) - f(y)| < |x - y| for 0 < x, y < 1 

One never attempts to visualize J^; it is just a compact blur in 
the infinite-dimensional space C . Nevertheless, we want to 
establish that it shares with several other sets an odd but 
rather remarkable "geometric" property: it is overwhelmingly 
concentrated around a single element. This element we call the 
nucleus of J/ . 

To give a precise definition of the nucleus, we adopt 
Kolmogorov's measure N (&) of the size of an arbitrary 

compact setCL in a metric space. N is the minimal number of 

subsets of diameter £ 2 € required to cover CL» its logarithm 

is called the e- entropy of CL- For p to be the nucleus of Û*, 
we require that every closed sphere S(p, r) around p, of 
arbitrarily small radius r, should contain more than half the 
set CL . Thus we make the following 

DEFINITION: The element p is the nucleus of a compact 
set CL if for every r > 0 there exists an e(r) > 0 such that 

(2) N (A nS(p,r)) > \ N (0,) for € < 6(r) . 
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Obviously t h e r e cannot be two nuc le i p and p ! : if r is s m a l l 
enough to m a k e the s p h e r e s S(p, r ) and S ( p \ r ) d i s jo in t , then 
(2) cannot hold for both s p h e r e s . 

A s i m p l e e x a m p l e of a s e t of r e a l s having a n u c l e u s i s a 
c o n v e r g e n t s e q u e n c e toge the r with i t s l imi t , say the se t 

(I = {0, 1, 1/2, 1/3, . . .} . 

The l i m i t poin t p = 0 i s the n u c l e u s , s i n c e for any s p h e r e 
( in te rva l ) S(0, r ) we have 

N (fl,HS) - oo 
as € -* 0. 

N ( # - S ) < 1/r 

The nuc leus is not, h o w e v e r , j u s t an a r b i t r a r y l im i t poin t in 
d i s g u i s e ; e v e r y point of / ^ i s a l imi t point , but t h e r e is a 
unique n u c l e u s . The nuc l eus m a y wel l depend on the cho ice of 
n o r m ; if CL i s m a d e up of two c o n v e r g e n t s e q u e n c e s , the 
nuc l eus can b e c o m e e i t h e r (or n e i t h e r ) of the c o r r e s p o n d i n g 
l im i t po in t s , by an a l t e r a t i o n in the n o r m , 

Our def in i t ion m a y be of va lue in c e r t a i n i m p r o p e r l y posed 
p r o b l e m s , such as the p r o b l e m of i n t e r p o l a t i o n : 

Find f e C [ 0 , l ] , g iven f(x.) = y. , 1 < i < N. 

Of c o u r s e th i s p r o b l e m has a unique so lu t ion in c a s e f i s known 
to be a p o l y n o m i a l of d e g r e e N - 1, or to belong to s o m e o the r 
manifold of a su i t ab le d i m e n s i o n . If one i s g iven only qua l i t a t ive 
i n fo rma t ion , such as the condi t ion f ç 4{ , t h e r e m a y be 
inf ini te ly m a n y c a n d i d a t e s f. When this se t of c a n d i d a t e s h a s 
a n u c l e u s , that s e e m s to us a r e a s o n a b l e cho ice for the i n t e rpo la t i ng 
f. It i s i n t e r e s t i n g that under c e r t a i n n a t u r a l a s s u m p t i o n s - a 

bound on s o m e d e r i v a t i v e f , for e x a m p l e - the n u c l e u s a p p e a r s 
to be one of the sp l ine func t ions now in fash ion . 

N a t u r a l l y t h e r e a r e i n t e r e s t i n g c o m p a c t s e t s which do not 
p o s s e s s a n u c l e u s , s u c h as the H i l b e r t cube . F u r t h e r m o r e , t h e r e 
a r e s e t s which a l m o s t c e r t a i n l y have a n u c l e u s , but for which the 
c o m p u t a t i o n s of N a r e forb idding; a l t e r n a t i v e def in i t ions which 
r e q u i r e l e s s counting would be happi ly e n t e r t a i n e d . E s t i m a t e s of 
N have b e e n c a r r i e d out for a v a r i e t y of funct ion c l a s s e s , with 

€ 
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sufficient accuracy to distinguish the smo.othness or the number 
of variables involved in the construction of d,. Most of these 
estimates are Russian, ingenious, and asymptotic; they provide 
the leading term in N as e -*• 0, which is often insufficient 

€ 

to verify the condition (2) for a nucleus. 

We conjecture, for example, that 0 is the nucleus of the 

ellipse in Hilbert space defined by 

2 
00 X . 
2 - 7 - < M , X. - 0 . 

i x 2 " " 

l 

For this particular compact set a decent proof should be possible 

In this note we are concerned first of all with the nucleus 
of M. At the same time, however, we calculate by heuristic 
arguments the nucleus of every subset of 4^ which is defined by 
imposing a finite number of linear constraints. The constraints 
in the interpolation problem are the simplest possible; a more 
exciting constraint is 

r 1 
J f(x)dx = a, a< — . 

1 

/ 

0 

In this case the nucleus is almost certainly the function 

tt \ i c o s h X 
f (x) = log : r~ . , 

v ' B cosh X(l-x) 

where X is chosen to satisfy the constraint. 

The problem of nuclei in subsets of̂ < has links with the 
theory of random walk, and with Brownian motion. It might 
be appropriate to call it "Bernoulli walk", since it corresponds 
to steps of size Af = + Ax, rather than the steps of order 

1/2 " 
Ax in Brownian motion. (This explains why the walk has to 
be conditioned by constraints such as jî = a, in order to 
make something non-trivial happen in the limiting walk, 
Ax -*- 0). This question will be developed at greater length by 
Dr. Jay Israel, who is able to replace our heuristic arguments 
by rigorous ones, at least for certain subsets. 
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T h e r e r e m a i n m a n y i n t e r e s t i n g c l a s s e s - of Ho lde r 
cont inuous func t ions , ana ly t i c func t ions , funct ions of s e v e r a l 
v a r i a b l e s , and so on - for which the e x i s t e n c e of nuc l e i r e m a i n s 
to be e x a m i n e d . 

2 . K o l m o g o r o v [ l ] h a s pointed out the s i m p l e s t r u c t u r e of 
the s e t ^ ç ; our f i r s t s tep t o w a r d s finding the nuc l eus i s to 
r e p r o d u c e h i s c a l c u l a t i o n of N . R e c a l l that the m e t r i c in C 

(andjy) i s the sup n o r m 

| |f - g | | = sup |f(x) - g ( x ) | . 
0 < x < 1 

Let the i n t e g e r M be defined by M < l / ç < _ M + l . Then the 

r e s u l t we want i s N (Jç) = 2 

Set €! = 1/(M+1), and c o n s i d e r those funct ions g which 
a r e l i n e a r b e t w e e n the nodes je ' and sa t i s fy 

(3) g(0) = 0 = gU<), g((j+l)e ') = g(j€') + «' 

for 1 <_ j <_ M. It i s not ha rd to ve r i fy that e v e r y e l e m e n t f 
of 4^ l i e s within € ' <_ e of one of t h e s e p i e c e w i s e - l i n e a r functions 
g. Br i e f ly , if | f ( x ) - g n (x) | <_ e ' for x<£ j e ' , then th is 

i nequa l i ty con t inues to hold up to the next node (j+l)e ' for at 

l e a s t one of the two e x t e n s i o n s of g Thus N (%) < 2 

s i nce f<^ i s c o v e r e d by the ç - s p h e r e s a round the 

2 funct ions g. ( C o r o l l a r y : ^ i s c o m p a c t ) . 

Now le t € n = 1/M, and c o n s i d e r ano the r co l l ec t ion of 2 
p i e c e w i s e - l i n e a r func t ions , th i s t i m e sa t i s fy ing 

(4) h(0) = 0, h((j + l ) e ") ' = h( j€ n) ± € f \ 0 < j < M - l . 

E a c h p a i r of t h e s e funct ions i s s e p a r a t e d by 2 ç " > 2ç at the 
node of f i r s t d i v e r g e n c e . They a l l belong to <i/ , and m u s t be 
in d i f fe ren t s u b s e t s w h e n e v e r 1^ i s c o v e r e d by s e t s of d i a m e t e r 

M 
2e . T h e r e f o r e N i s not l e s s than 2 , and m u s t be exac t ly 

2
M . 
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Now we c l a i m that the funct ion f = 0 i s the nuc leus of f^. 
F o r th is we need a second dev ice due to Ko lmogorov , in o r d e r to 
count those of the funct ions h which lie ou t s ide the s p h e r e 
S(0, r ) . F o r such an h, le t jç M be the l a s t node at which 
| "h(jeIT) [> r . Then for x > j e " , r e f l e c t the g r a p h of h a c r o s s 
the h o r i z o n t a l l ine th rough h(jç " ) ; the r e s u l t h ' i s s t i l l one 
of the p i e c e w i s e - l i n e a r functions cons t ruc t ed by (4), and it ha s 
the p r o p e r t y that | h ' ( l ) | > r . F u r t h e r m o r e , this m a p i s neve r 
m o r e than two to one; h ' i s the image of i t se l f and at m o s t one 
o the r h. T h e r e f o r e 

N ( ^ n S ( 0 , r ) ) > 2 M - 2L, 

w h e r e L is the n u m b e r of our funct ions h for which | b.(*l) | > r . 

This n u m b e r L, i s e a s i l y e s t i m a t e d . If h ( l ) = s e " , then 
h m u s t ascend (M+s) /2 t i m e s and descend ( M - s ) / 2 t i m e s . 
The n u m b e r of such funct ions i s g iven by the b inomia l coeff ic ient 
/ M \ 

T h e r e f o r e 
/ M \ 
/ ( M + s ) / 2 i 

/ . 

M+s even 

Deta i led e s t i m a t e s of such s u m s a r e we l l -known; we use only 
M 

the fact that L, = o(2 ) as M -*oo. Thus 

N ( ^ n S ( 0 , r ) ) ^ i as ç -*- 0, 

and the z e r o function is indeed the nuc leus of J / . 

3 . In this s ec t i on we cons ide r the s u b s e t s of d e f o r m e d by 
impos ing l i nea r c o n s t r a i n t s on the e l e m e n t s f. The z e r o 
funct ion wi l l v io la t e the c o n s t r a i n t s , in g e n e r a l ; the ques t i on i s 
w h e t h e r t h e s e s u b s e t s have a n u c l e u s , and how to find i t . 

We s t a r t by dividing the i n t e r v a l [0, l ] in to n equal 
s u b - i n t e r v a l s . We r e t a i n the convent ion e" = 1/M, and a s s u m e 
that M / n = p is an i n t e g e r . Then those h- func t ions for which 
h ( l / n ) = se " m u s t a scend (p+s) /2 t i m e s and descend ( p - s ) / 2 
t i m e s in the f i r s t s u b i n t e r v a l 0 < x < 1/n. Le t us i n t r o d u c e 

69 

https://doi.org/10.4153/CMB-1968-009-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-009-8


w = s / p for the s lope of the chord b e t w e e n the in i t i a l point (0, 0) 
and the c o m m o n poin t (1 /n , s e n ) , and apply S t i r l i n g ' s f o r m u l a 
to 

(6) P 
p+s ] = 

2 

JUL 

ttfr.ifr. 
rô— P "P 

IT N / 2 2 (p+s) /2 ( p - s ) / 2 
p -s ( £ ± i ) ( £ ^ i ) e -P 

= (" 
7Tp( l -W 

= Q(w, p) , say-

Now c o n s i d e r a l l the h - func t ions for which 

1/2 ( l+w) /2 ( l - w ) / 2 

(7) h ( J ± i , - h ( i ) 1 < j < n; 

that i s , the c h o r d s ove r s u c c e s s i v e s u b - i n t e r v a l s have s l o p e s 
w, , . . . , w . Since (6) counts the n u m b e r of d i s t i n c t p o s s i b i l i t i e s 

I n 
in a s u b - i n t e r v a l , the to ta l n u m b e r of h - func t ions sa t i s fy ing (7) 
i s a p p r o x i m a t e l y 

c = n Q(w.,p). 

Note tha t the leading t e r m in log C i s p r o p o r t i o n a l to 

(8) n 1 +w. 1 +w . 1 - w. 1 - w. 

~2 2 [ —r1 log-r^ +—r1 lQg—r1]-

As n -*oo, the c o r r e s p o n d i n g funct iona l a p p r o a c h e s 

1 
_ , _ f , 1 4 f ' . 1+f , 1-f1 . 1-f' , 
I(f ') = / (—T~ log —^ + — 7 - log - 7 - ) dx. 

0 2 
2 2 
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Now c o m e the h e u r i s t i c s . Le t 6L be a. ( non-empty ) s u b s e t 
of JK^ , defined by a f ini te n u m b e r of cont inuous l i nea r c o n s t r a i n t s 

1 

(9) f f (x )dMx) = <*. 
0 

We c o n j e c t u r e that t h e r e i s a unique f € CL which m i n i m i z e s I(f ') , 
and that th is m i n i m i z i n g function is the nuc leus of CL . In 
sho r t , we be l i eve I(f') to be d e c i s i v e in e s t i m a t i n g the dens i ty 
of the s e t s 0- n e a r the e l e m e n t f. 

Let us i l l u s t r a t e the computa t ion of this e l e m e n t by 
c o n s i d e r i n g the c o n s t r a i n t 

1 
J f ( x ) d x = a, a< 1/2 
0 

An i n t e g r a t i o n by p a r t s c o n v e r t s this into 

1 
(10) ^ ( l - x j f ' f x j d x = a. 

0 

In t roduc ing a L a g r a n g e m u l t i p l i e r X, we want the m i n i m u m of 

1(f) - \ ( / ( l - x ) f ' ( x ) d x -a). 

Differen t ia t ing f o r m a l l y with r e s p e c t to f '(x), 

(11) i^r^-xd-x) = o-
This l eads d i r e c t l y to 

f !(x) = tanh X(l -x) , 

and thus to the r e s u l t s ta ted in the i n t roduc t i on . 

F o r the g e n e r a l se t of c o n s t r a i n t s (9), the ca l cu la t ion goes 
in the s a m e way, and it would not be hard to p r o v e u n i q u e n e s s 
for the m i n i m i z i n g f. The proof that th is f is the nuc leus is 
ano the r m a t t e r ; even in the s i m p l e s t c a s e s one needs the 
technique of s t e e p e s t d e s c e n t for the s u m s which a r i s e in 
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estimating N (CL H S(f, r ) ) . Roughly speaking, it is 1(V) 

which controls these es t imates , and the prec ise values of ç 
and r play a minor ro le . We spare the reader the details, at 
least for the present . 
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