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Abstract
We prove motivic versions of mass formulas by Krasner, Serre, and Bhargava concerning (weighted) counts of
extensions of local fields.
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1. Introduction

The aim of this article is to prove motivic versions of mass formulas by Krasner [Kra62, Kra66], Serre
[Ser78], and Bhargava [BhaO7]. For a nonarchimedean local field K with residue field F, and for a
positive integer n, Serre proved the formula

1-n
—_—=q ", (1.1)
; [Aut(L)]

where L runs over isomorphism classes of totally ramified extensions of K with [L : K] = n, Aut(L) is
the group of K-automorphisms and d; k is the discriminant exponent of L/K. Using Serre’s formula,
Bhargava proved a similar formula

-d
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n—1
; [ Aut(L/K)| J.ZOP(”’” i (1.2)
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2 T. Yasuda

this time L running over isomorphism classes of étale K-algebras of degree n. Here P(n, i) denotes the
number of partitions of n into exactly 7 positive integers.

In [Yas17], the author proved these formulas by a different approach which was based upon observa-
tion from [WY 15] which relates Bhargava’s formula with the Hilbert scheme of points. In this approach,
we can prove Bhargava’s formula first and deduce Serre’s formula from it, using the relationship between
the two formulas, obtained by Kedlaya [Ked07] using the exponential formula.

Before Serre obtained his formula, Krasner had obtained a formula for the number of degree-n
extensions of K with a prescribed discriminant exponent as well as one restricted to totally ramified
extensions. Thus, Krasner’s result is a refinement of that of Serre and we can also obtain Serre’s result as
a consequence of that of Krasner. Under the condition that K has characteristic p > 0, the situation that
we focus on in the present paper, the most interesting case is when p | n,m—n+1 > 0and p { (m—n+1)
with m the prescribed discriminant exponent. Under these conditions, the number of degree-n totally
ramified extensions of K in a fixed algebraic closure of K with discriminant exponent m is

n(g — 1)gttm—r+0/pl,

We may rewrite this formula as
1
e -1 L(m—n+1)/PJ’ 1.3
EL TAuL(L)] (¢-Dg (1.3)

where L runs over isomorphism classes of such extensions of K(instead of counting subfields of K).

To formulate motivic versions of these formulas, we consider the P-moduli space A, (resp. A;) of
degree-n étale covers (resp. connected covers) of the punctured formal disk Spec k() with k denoting a
field, constructed in [TY23]. The notion of P-moduli space is even coarser than the one of coarse moduli
space, but enough to define motivic integrals that we consider below. For details, see Section (3). The
discriminant exponent defines a constructible function d: A,, — Z as well as its restriction to A;. We
can define the integral

)

/ L= Z [d~! (m)]L™
An m=0

and similarly the integral on L4 in a version of the complete Grothendieck ring of varieties, denoted
by MZ (for the definition of this ring, see Definition 7.1). Motivic versions of formulas (1.1) and (1.2)

by Serre and Bhargava are formulated as follows:

Theorem 1.1 (Theorem 7.4 and Corollary 7.5). We have the following equalities in /\72

/ L*d — Ll*n
Ay

n—1

/ L= Z P(n,n— j)L™/.
An =

The second equality of the theorem is equivalent to [ Yas24a, Corollary 1.5] via the correspondence
between the discriminant exponent and the Artin conductor [WY 15], except for a slight difference in the
Grothendieck rings being used. The proof in [ Yas24a] is obtained by translating the proof of Bhargava’s
formula in [Yas17] into the motivic setting.

We also prove a motivic version of Krasner’s formula (1.3). Let Ai,m) :=d~!(m) c A2, the locus of
étale covers with discriminant exponent m. This is a constructible subset.
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Theorem 1.2 (see Theorem 7.6 for the full statement of the result). If k has characteristic p > 0 and if
plnm—-n+1>0andpt (m—n+1), then we have

[Aﬁl’")] =(L- 1)Ll(m—n+1)/PJ

CNAQ
in M.

The author used this result as a working hypothesis in a previous paper [Yas16, Section 12] to verify
a certain duality in mass formulas. He also applies this theorem to a study of quotient singularities in
another paper [Yas24b].

We now explain the outline of the proof of Theorem 1.1. Our strategy is to translate Serre’s arguments,
which use p-adic measures, to the motivic setting by using the theory of motivic integration, a theory
pioneered by Kontsevich [Kon95] and Denef—Loeser [DL.99]. We use a version of the theory over a
complete discrete valuation ring established by Sebag [Seb04]. We consider the space of Eisenstein
polynomials of degree n with coefficients in k[[ ], denoted by €is. We regard this as a subspace of the

arc space Jo (AZ[[z]l) of the affine space AZ[[:]] . Through the natural map €is — A, we relate the integral

on L4 with the motivic volume of €is/G,,,, the quotient of Eis by a natural action of G,,. This motivic
volume is easy to compute, leading to the motivic version of Serre’s formula. The motivic version
of Bhargava’s formula easily follows from that of Serre. The motivic version of Krasner’s formula is
obtained by an explicit description of the locus of those Eisenstein polynomials which give extensions
of a prescribed discriminant exponent.

Throughout the paper, we work over a field k of characteristic p > 0. A k-variety means a separated
scheme of finite type over k. We follow the convention that when p = 0, then p is coprime to any positive
integer n and we write p 1 n. The symbol K means an extension of k, unless otherwise noted. In this
paper, every ring is assumed to be commutative. For a ring R, we denote by R[] the ring of power
series with coefficients in R and by R(¢) its localization by #, which is nothing but the ring of Laurent
power series with coefficients in R. When K is a field and A is an étale K ())-algebra, we denote by O
the integral closure of K] in A. For a finite group G, a G-torsor means an étale G-torsor.

2. Discriminants

Let R be a ring and let S be an R-algebra which is free of rank n as an R-module. For each element
s € S,the map S — S, x — sx is an R-linear map and its trace Tr(s) is defined as an element of R.
The discriminant D (s, ...,s,) of an R-module basis s, ...,s, € S is defined to be the determinant
of the n X n matrix (Tr(s;s;)); ; with entries in R. It is known that the ideal generated by D (s1, ..., s,)
is independent of the choice of basis and that S is étale over R if and only if (D(sy,...,5,)) = R or
equivalently D(sy,...,s,) is an invertible element of R.

Consider the case R = Z[Yy, . .., Y, ], the n-variate polynomial ring with integer coefficients, and

S=R[x]/(xX"+Yix" 4 Y, x4 Y,).

We define the discriminant polynomial F(Yy,...,Y,) € R to be the discriminant D(1,x, ..., x""!) of
the R-basis 1, x,...,x" ! of S. For any ring R’ and an R’-algebra

S’ =R[x]/ (" +yx e yx +y0) (1. vn €R),
we have D(1,xg, ... ,xg,’]) = F(y1,...,Yn), where xg is the image of x in S’. The R’-algebra S is
étale if and only if F(yi,...,y,) is an invertible element of R’.

Next consider the case where R = K () with K a field and

S=R[x]/x" +y1x" 4+ ymix+y,)  (V1s....Vn €R).
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The polynomial in the last equality is called an Eisenstein polynomialif ordy; > 0 for every i and
ord y,, = 1. If this is the case, from [Ser79, p. 19], S is a discrete valuation field with uniformizer x and
has residue field isomorphic to K. The field extension S/R is separable if and only if F(yy,...,y,) # 0.
When S/R is separable, its discriminant exponent is defined to be

dg/r :=0ord F(y1,...,Yn) € Zsp.

We often write ds/g simply as dg, omitting R.

3. Strong P-moduli spaces

In this section, we recall results from [TY23]. Let Aff/k be the category of affine schemes over k and
let ACF/k be its full subcategory consisting of spectra Spec K with K an algebraically closed field.
We identify a k-scheme X with the associated functor

(AfE/k)° — Set, T — Homy (T, X).

For a functor Z: (Aff/k)°P — Set, we let Zr : (ACF/k)°P — Set be its restriction to (ACF/k)°P.

Definition 3.1. Let Y be a k-scheme and let X be a functor (Aff/k)°? — Set (e.g., a k-scheme).
A P-morphism f:Y — X is a natural transformation Yr — X such that there exist morphisms of
h: Z — Y and g: Z — X of k-schemes such that & is surjective and locally of finite type and the
following diagram is commutative:

Zr 3.

e

Yr T>XF

We denote by Hom,’; (Y, X) the set of P-morphisms over k from ¥ to X. We denote by X? the functor
(Aff/k)°P — Set, T +— Hom/ (T, X).

A P-morphism f: Y — X is said to be a P-isomorphismif there exists a P-morphism g: X — Y such

that both f o g and g o f are the identities.

For a scheme X, we denote its underlying point set by |X|. This set is identified with the set
of equivalence classes of geometric points Spec K — X; two geometric points Spec K — X and
Spec K’ — X are equivalent if they fit into the commutative diagram

Spec K"/ —— Spec K’

L

SpecK —— X
with K" also an algebraically closed field. The set |X| is equipped with the Zariski topology.
A P-morphism f: Y — X induces a map |f|: |Y| — |X]| in the obvious way.

Lemma 3.2 [TY23, Lemmas 4.7 and 4.32]. Let Y and X be separated schemes locally of finite type over
k. Let f: Y — X be a P-morphism.

1. There exist finite-type morphisms h: Z — Y and g: Z — X such that diagram (3.1) is commutative
and h is geometrically bijective (that is, for every algebraically closed field K, h(K): Z(K) — Y (K)
is bijective.)
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2. IfTy: Y = Y xi X is the graph of f, then Im(|T'y |) is a locally constructible subset of |Y Xy X|.
3. fis a P-isomorphism if and only if it is geometrically bijective.

Definition 3.3. Keeping the assumption of Lemma 3.2, we denote the locally constructible subset
Im(|T";|) again by I'y. For a point x: Spec K — X with K any field, the fiber f~!(x) is defined to be
the constructible subset

(T'y Xx,x SpecK) N pr;(1 (x) cYe®r K.
Here I'y Xx x Spec K means the preimage of I'y by the morphism
idxx: Y@ K —7Y X X.

Definition 3.4. We define the category of P-schemes over k, denoted by P-Sch/k, to be the category
having k-schemes as objects and P-morphisms over k as morphisms.

Definition 3.5. Let F: (Aff/k)°? — Set be a functor. A strong P-moduli space of F is a k-scheme X
given with a morphism 7: 7 — X such that the induced morphism 7: F¥ — X is an isomorphism.

If it exists, a strong P-moduli space is unique up to a unique P-isomorphism. By definition, if X is
a strong P-moduli space of F, then for every algebraically closed field K, the map F(K) — X(K) is
bijective.

Theorem 3.6 [TY23, Theorem 8.9]. For a finite group G, the functor

Fi: (Aff/k)°? — Set, Spec R +— {G-torsors over Spec R(t])}/=

has a strong P-moduli space which is a countable coproduct of affine k-varieties. Here a G-torsor means
an étale G-torsor.

Definition 3.7. For aring R, we say that a finite étale R(¢])-algebra A is of degree n (resp. of discriminant
exponent m, connected) if for every point Spec K — Spec R, the induced K (r)-algebra A ®g () K ()
is of degree n (resp. of discriminant exponent m, a field). For n € Z-¢ and m € Zs(, we define the
following functors:

Fn: (Aff/ k)P — Set
Spec R +— {finite étale R(f)-algebras of degree n}/=,

F2: (Aff/K)P — Set
Spec R +— {connected finite étale R (r)-algebras of degree n}/=

and

FA (AfE/k) — Set

>~

connected finite étale R(r)-algebras of
Spec R — o
degree n and discriminant exponentm

Corollary 3.8. The functor F,, F, and ]-',(lm) have strong P-moduli spaces which are coproducts of
countably many affine k-varieties.

Proof. Since F,, is isomorphic to Fg, , Theorem 3.6 shows that F;, has a strong P-moduli space which
is a coproduct of countably many affine k-varieties. From [TY23, Lemma 8.7 and Theorem 8.9],
F,, also has a strong P-moduli space which is a coproduct of countably many affine k-varieties. From
[WY15], the discriminant exponent functiond: F,, — Zx¢, which is identified with the Artin conductor
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a: Fs, — Zyo, is a special case of v-function v: Fs, — Z3o. From [TY23, Theorem 9.8], d is a locally
constructible function. Hence, the property “d = m” is locally constructible. From [TY23, Theorem
8.9], ]-',(,m) also has a P-moduli spaces which is a coproduct of countably many affine k-varieties. O

Definition 3.9. We denote by A;, and Aﬁ,m) P-moduli spaces of F,, and ]-",Em), which are coproducts of
countably many affine k-varieties.

By the definition of strong P-moduli space, for each connected finite étale R(r))-algebra of degree n
and discriminant exponent m, we have the induced P-morphism Spec R — A ’(1m).

Remark 3.10. Let us write A}, = [[;c; W;, where [ is a countable set and W; are k-varieties. Then,
locally constructible subsets and constructible subsets of A; are characterized as follows. A subset
C C Ay, is locally constructible if and only if for every i, C N W; is a constructible subset of W;. A locally
constructible subset C C A; is constructible if it is quasicompact or equivalently if it is contained in
User, Wi for a finite subset Iy C /. Note that whether a subset C C AJ, is locally constructible (resp.
constructible) or not is independent of the choice of P-moduli space: if (A;)’ is another P-moduli
space of F, and C’ C (Ay)’ is the subset corresponding to C, then C is locally constructible (resp.
constructible) if and only if so is C".

4. The space of Eisenstein polynomials

In this section, we construct the space of Eisenstein polynomials as a subspace of an arc space and
study its properties. We refer the reader to [CLNS18] for details on arc spaces, in particular, from the
viewpoint of motivic integration.

LetV := A’ZM = Spec k[[t] [x1,...,x,] and let Joo V and J; V, I € Zs, be its arc scheme and jet
schemes. Namely, for a k-algebra R, we have

(Jeo V)(R) = Homy (Spec R[], V),
(J1 V)(R) = Homyy (Spec R[] /(1"1), V).

For l’,1 € Z>o with I’ > I, we have truncation morphisms
m: oV = Vandal: V-1V,

Definition 4.1. For a k-algebra R, R-points of J.,V correspond to n-tuples of power series
y=1,...,yn) € R[t]". We let them correspond also to polynomials

frx) =x"+ yix" ety x4y, € R[] [x].
We let Ay be the R()-algebra R(r)) [x]/(fy(x)).

As we saw in Section 2, when R is a field K, the extension A, / K (¢) is separable if and only if F(y) # 0.

Definition 4.2. For indeterminates ¥; ; (1 <i < n, j > 0) and for integers m > 0, we define polynomials
Fn(Y; ;) € Z[Y; ;3 j < m] by

FIX vl Y Ya bl | = D FXi ™.

j=0 j=0 m=0

Definition 4.3. Let €is C Jo, V (resp. €is*®, €is™) to be the locus of Eisenstein polynomials (resp.
separable Eisenstein polynomials, Eisenstein polynomials whose discriminants have order m).
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If we write y; = Zj Zso Visj t7, then the above loci are described as

Cis = {(y;,;) | forevery i, y; o =0and y,; # 0},
€is*P = {(y;,;) € €is | for some m, F,,,(y; ;) # 0},
Eis"™ = {(yi,j) € €is | form” < m, Fyy (yi,j) = 0 and F,, (y; ;) # 0}.
These are locally closed subsets of Jo, V. We have €is*? = | |,,., €is"™. For y € €is*P(K), the
associated extension A, /K (f)) is separable and totally ramified. Let @ € A, = K(¢)[x]/(f,(x)) denote

the image of x, which is a uniformizer of A,. As is well-known, the discriminant exponent d Ay /K (t) of
Ay /K () is also equal to

nord fy’ (w) =nord (Z(n - i)yiw”“"l) 4.1

i=0

with yg = 1 (for example, see [Ser79, Proposition 6 on p. 50 and Corollary 2 on p. 56]). Here we denote
the unique extension of the valuation ord: K () — Zs U {oo} to A, again by ord. This equality shows
thatif p  n, thenda, k() = n— 1 and hence €is"™ = 0 for m # n — 1. For n with p | n, we have the

following explicit description of Eis™ .

Proposition 4.4. Suppose that p > 0 and p | n. Let
y=01,...,yn) € K[t]" = Cis(K).
We have y € Eis™ (K) if and only if for everyi € {1,...,n— 1} with p t (n — i), the inequality

m-n+1+i
ordy; > {—

n

holds and the equality in this inequality holds if m +i+ 1 € nZ.

Proof. In the situation of the proposition, we have

da, k() =nord Z (n-i)y@" "
0<i<n

pt(n—i)

For i with p t (n — i), we have
nord((n - i)yiw”*"*]) =n-i—1 mod nZ.
In particular, for distinct i’s, these values are different to one another. Therefore,
nord f{(@) =min{n —i— 1 +nordy; |0 <i <n, pt(n-i}.

Moreover, if da, k() = m, the minimum is attained at ¢ with m + i + 1 € nZ. This proves the
proposition. o

Definition 4.5. For [ € Z+(, we let @isl(m) c I; V be the image of Eis"™ by ;.
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Corollary 4.6. Let ¢ := m—n+1. Supposethatp | n, p t candc > 0. Forl > | (c+n—1)/n]| = [m/n],
(Eisl(m) is a locally closed subset of J; V. Moreover, if we give it the reduced scheme structure, then

s(m) o 2 nl—c+|c/pl-1
Cis," =G, x A, .

In particular, @isl(m) is an affine variety.

n(l+1)

Proof. The jet scheme J; V is the affine space A

The subset Gisl(m) of it is defined by

with the coordinates y; j, 1 <i <n,0<j < /.

yio=0 (1 <i<n),

yn,l ¢09

vij=0 (i<n pt(n-i),j<[<]),
Yiern #0 (i <n, pt(n—i), c+i€nZ),

which shows that (Sisl(m) is a locally closed subset. The last two conditions can be rephrased as:

vi,j=0 (i<n,p)((n—i),c+i¢nZ,j§[CT”J)
yi,j=0 (i<n,p)((n—i),c+i6nZ,j<[CT”J)
Vien #0 (i <n, pt(n—i), c+ie€nZ).

Thus, we have
@isl(m) = @2, x A=

where

c+i
s= 3|
1<i<n n

pt(n-i)

Let us write n = pn’. From Hermite’s identity (for example, see [ST03, Chapter 12]), we have

Lemma 4.7. For a k-algebra R and for a point y € €is"™ (R), A, is étale over R(t).

Proof. Since the leading coeflicient Fy,, (y; ;) of F(y1, ..., y») is aninvertible element of R, F(y) € R(t)
is invertible and A, /R(t) is étale. mi

Since €is"™ itself is an affine scheme having the coordinate ring
S=kl[yij vyl F i€ {l,....n}.j € Zsol/(Fow | m' < m),
we have the corresponding étale algebra over S(#)) and the induced P-morphism

g=ym: st — A,
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For each point y € €is™ (R), the composition P-morphism
Spec R 5 Gis™ — Al™

is the P-morphism associated to the R()-algebra A,.

Remark 4.8. For y € €is(R), even if K(r) — K()) [x]/(fy) is étale for every point Spec K — Spec R
with K a field, the map R(f) — R(t)[x]/(fy) is not generally étale as the following example exists.
Suppose that k has characteristic two. Let R = k[s] and f = x> + (st + (s + 1)t*)x + € R(¢) [x]. Then
R(t)[x]/(f) is not étale over R(¢). Indeed, df /dx = st + (s + 1)¢ is not a unit in R(¢). Hence it is not a
unit in R(#) [x]/(f) either. On the other hand, for any point Spec K — Spec R, since df /dx is a unit in
K (), the induced map K (t) — K(z) [x]/(f) is étale. This explains why we need to decompose €is*P
into subsets €is "™ to have a map to A7

Fory € Q?isl(m)(R) c (R[1]/ (2", let 5 € €is"™ (R) c R[[]" be its canonical lift given by

- _Jyij (G <m)
Yi,j = .
0 (j > m).

For | > |m/n], the assignment y +— y defines a morphism (‘Eisl(m) — €is"™, which is a section of

(m)
1

| gigm €is™ - Eis!"™ . We define the P-morphism

e ¢;m): (Eisl(’") > A,y Ay,

which is the composition of the section @isl(m) — Eis"™ and I/ Eis™ — A f,m).
We need the following lemma, which is a variant of Fontaine’s [Fon85, Prop. 1.5].

Lemma 4.9. Let L/K(t) be a finite separable extension and E [K (t) any algebraic extension. Let Of,
and O be the integral closures of K[ t]| in L and E, respectively. Let | be an integer with | > dp k ().
Suppose that there exists a K[[t]-algebra homomorphism n: Op — Og/t!Of. Then there exists a
K (t)-embedding L — E.

Proof. The proof is also similar to the one of [Fon85, Proposition 1.5]. Let us write Oy, = K[ #]|[«] and
let f(X) be the minimal polynomial of & over K (), which is of degree n = [L : K(¢)]. We embed L
and E into an algebraic closure Q of K () and denote the extension of the valuation ord to Q again by
ord. Let B8 € Of be alift of n(a@). Then ord f(B) > [. Leta = ay,,...,a, € Q be the conjugates of a.
Since f(B) = [11,(B — a;), we have

dy,
> —.

ord(f(B) | I du s
n - n '

S|~

supord(B — ;) >
i

Recall that the discriminant of L/K(¢) is the ideal generated by [].;(a; — @;). Suppose that
ord(a; — @) = sup;; ord(a; — a;). If 0y, 1 <i < n, are K(¢)-automorphisms of Q with o (@) = a;.
Then,

n

dy > Zord(ai -aj) > Z ord(o;(ay) — oy(az)) = nord(a; — az). 4.3)
i#] i=1

Combining (4.2) and (4.3) gives

supord(8 — a;) > supord(a; — a;).
i i)
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From Krasner’s lemma [Lan94, II, S2, Proposition3], for i with ord( — @;) = sup; ord(8 — a;), we have
K(#)(a;) c K(#))(B) c E. The composite map

L= K(f)(a;) = K(f)(B) = E
is a K (f)-embedding. mi

Corollary 4.10. Let L and L’ be finite separable field extensions of K (t) of the same degree. Suppose
that for some | > dp, there is a K[[t]-isomorphism OL/ttOr 5 Op//t'Op:. Then there exists a
K (t)-isomorphism L — L’.

Proof. From the last proposition, there exists a K (#)-embedding L — L’. Because of their degrees, it
is an isomorphism. O

Corollary 4.11. For [ > m, the two morphisms ™, lpl(m) om: Gis™ — A; induce the same
P-morphism.

Proof. For a geometric point y € Eis™ (K), the field extension A, /K () has discriminant exponent .
Since

O, /1104, = (K[ 1]/ D) X1/ (fy (x)),

ify,y" € Eis™ (K) map to the same point of (Eisl(m) (K) for [ > m, then A, and A, are isomorphic
over K (). This proves the corollary. mi

Corollary 4.12. The locally closed subset Ail'm C A, is quasicompact and constructible.

Proof. We first note that from Remark 3.10, the assertion is independent of the choice of the P-moduli
space A{, of the functor F,,. For an algebraically closed field K, every totally ramified extension A /K (¢]
is associated to some Eisenstein polynomial. This shows that

Im(y ™) = Im(y;") = A",
Since the P-morphism ¢ l(m) is represented by a morphism ¥ — A, of k-schemes with Y a k-variety, its
image is quasicompact and constructible. m]

Definition 4.13. Let G,, denote the multiplicative group Spec k [s, s™'] over the base field k. We define
a grading on k[x1,...,x,] by deg(x;) = i which induces a G,,-action on V and one on J, V.

Lemma 4.14. The maps "™ and Lpl(m) are G,-invariant.
Proof. Lety = (y1,...,yn) € €is"™ (K) c K[[¢]" and b € K* = G,,(K). Let
Y i=by = (by1,b*ya, ..., b"yn).
We have an isomorphism Ay, — Ay, x +— b~!x. This shows that ™ is G,,-invariant. Similarly

for tﬁl(m). O

Proposition 4.15. Let A: SpecK — A,(lm) be a point with K any field and let | > m. The fiber tl/[l (A)

is a closed subset of@isl(m) Qr K.

Proof. Since the proof is a little long and technical, we divide it into several steps.
A setup. By base change, we may assume that K = k and that they are algebraically closed. Then,
the point A € Ai,m) (k) is identified with an étale k (r)-algebra of degree n. Let Z = Spec R be an affine
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smooth irreducible curve over k with a distinguished closed point 0 € Spec R and let y: Z — (ﬁisl(m)

be a k-morphism such that an open dense subset Z° C Z maps into l//l_l(A). We will show that the
distinguished point 0 also maps into 1//1‘1 (A), which implies the proposition. Let Ay, = R(#) [x]/( fy (x))
be the algebra corresponding to y. Each point z € Z(k) induces a homomorphism R () — k(z)), which in
turn induces an algebra Ay, . /k(t). For z € Z°(k), wehave A, , = A. Our goal is to show that A, o = A.

Strategy. Our strategy to achieve this goal is as follows. For a group G of a special form, we
construct some G-torsor Spec By, — Spec R(|f) which factors through Spec A,. We show that for each
point z € Z(k), the “fiber” B, , is isomorphic to (X;TZ)V for some v € Z., where g;; denotes a
Galois closure of A, ;/k(f)). For such a group G, we have a fine moduli stack A of G-torsors over
Spec k(¢)) and have the morphism Z — A G corresponding to the above G-torsor. We will see that the

image of the map Z(k) — Zc(k) /= is finite and hence the map is constant. This implies the desired
conclusion.

Construction of B,. We begin to construct a G-torsor as above. Let Cy, /R(f)) and Cy o/k(z) be the
S,-torsors corresponding to the degree-n étale algebras A, /R(t) and Ay o/k (]), respectively (for exam-
ple, see [Ser58, Section 1.5]). If we identify S, with the stabilizer of 1 for the action S, ~ {1,...,n},
then (Cy)S"-1 = Ay and (Cy,o)s"-1 = Ay . Let Spec B;/,O C Spec Cy, o be a connected component and
let G C S, be its stabilizer so that Spec B] , — Spec k([f) is a G-torsor and B,/ (¢) is a Galois closure
of Ay o/k(r). Since the residue field & of k() is algebraically closed, G coincides with its inertia group
(often denoted by Go). From [Ser79, p. 68, Corollary 4], G = Gy is the semidirect product H = C of a
p-group H and a cyclic group C of order coprime to the characteristic of k. If G’ denotes the stabilizer
of 1 for the action G ~ {1,...,n}, then A, o = (B;’O)G/.

Letu € Ay be the image of x by the map

R()[x] = Ay = R(e)[x]/(fy(x))

and let u be the image of u in A, . Then, A, = k(t)[u] and B;,O = k(t)[gu | ¢ € G]. Let
By, := R(t)[gu | g € G] c Cy. Then By, is afinitely generated torsion-free R (¢)-module. Note that R[[ 7]
is a Noetherian domain of dimension 2. Moreover, R[] is excellent [Val75] and [Mat87, Theorem 19.5].
It follows that the localization R(f) = R([¢]]; is an excellent Dedekind domain. Since By, is a torsion-free
R(z)-module and B;,o is a free k(t)-module of rank |G|, By is a locally free R(¢)-module of rank |G|.
Moreover, the subring B}, C Cy is stable under the G-action.

From [Gro65, Scholie 7.8.3], the ring B ’y is excellent. Therefore, the normalization By, of B ; is finitely
generated as a B{-module as well as an R(t)-module. By a similar reasoning as above, By, is a locally
free R(r)-module of rank |G|. We also see that By, is a locally free A,-module of rank |G’| = |G|/n.
‘We have natural morphisms of Dedekind schemes

Spec C,, 2 Spec By, LN Spec Ay =, Spec R(1). 4.4)

Morphisms a, 8,y as well as their compositions are flat. The morphism @ o 8 is G-invariant and the
morphism S is G’-invariant. We know that @ and a o 8 oy are étale. From [Gro67, Proposition 17.7.7],
a o 3 is étale. From [Gro67, Proposition 17.3.4], 8 is also étale.

Proving that Spec B, — Spec R(r)) is a G-torsor. We now claim that the G-action on Spec By, is
free. Each element g € G \ {1} acts nontrivially on B;,O and hence also on Bj, and By. If the G-action
on Spec By, is not free, then for some g € G \ {1}, the quotient morphism Spec B, — (Spec B,)/(g) is
ramified. But, this is impossible due to [Gro67, Proposition 17.3.3(v)] and the fact that the morphism
@ o B: Spec By, — Spec R()) is étale and factors through (Spec By)/(g). This shows the claim. We
have shown that Spec By, — Spec R(|) is an étale finite morphism of degree |G| and G-invariant for a
free G-action on Spec By,. We conclude that this is a G-torsor. By the same argument, we also see that
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Spec By, — Spec A, is a G'-torsor. In summary, we have shown that some compositions of morphisms
in (4.4) are torsors for groups displayed in the following diagram:

G/
Spec Cy —— Spec B, 5 Spec Ay, ——= Spec R(f)
w

“Fibers” of B, are powers of Galois closures. For a point z € Z(k), base changing (4.4) with
Spec k(t) — Spec R(#)), we get a sequence of finite étale morphisms

Yz Bz az
Spec Cy , — Spec By ; —> Spec Ay, , —> Spec k().

If A, /k(t) denotes a Galois closure of A, ,/k(t), then Cy , = (A, )* for some u € Z-. Since
Spec By, — Spec k() is a G-torsor, we can write By , = D" for some Galois extension D /k(t). Then,
D is an intermediate field of Ay /A, , such that D/k(t) is Galois, which shows that D = A, , and
By,z = (Ay,z)v~

Completing the proof by using a moduli stack. Since G is the semidirect product H = C of a
p-group H and a tame cyclic group C, we can use the moduli stack Ag of G-torsors over Spec k()
constructed in [TY20] (denoted by A in the cited paper). The stack A is written as the inductive
limit of Deligne-Mumford stacks X}, n € Zx( of finite type, where transition morphisms X, — X4
are representable and universally injective. In particular, we have

{G-torsors over Spec k(#) } /= = Ag (k) /=
=Jau/=.

Since Z is quasicompact, the morphism Z — Ag corresponding to the G-torsor Spec By, — Spec R()
factors through a morphism Z — A&, for some n. Recall that for z € Z°(k), we have an k(¢)-
isomorphism A, , = A. Therefore, for z € Z°(k), g;z = A, where A is a Galois closure of A/k ).
It follows that for z € Z°(k), By , = (Z)V as a k(r)-algebra. There are at most finitely many G-torsor
structures which can be given to the morphism Spec(;f)v — Spec k(). It follows that the image of
the map Z°(k) — X, (k)/= is a finite set. Since (Z \ Z°)(k) is a finite set, the image of the map
Z(k) — X, (k)/= is also finite. Since Z is irreducible, we conclude that the map Z(k) — X, (k)/=
is constant. Hence, the G-torsors B, . /k(t]), z € Z(k) are isomorphic to one another. It follows that
étale k(r)-algebras A, , = (B,, .9, z € Z(k) are isomorphic to one another, and hence all of them are
isomorphic to A. In particular, A o = A as desired. O

5. The space of uniformizers

Let A/K(r) be a totally ramified extension of degree n and discriminant exponent m with a chosen
uniformizer @. We construct a map associating an Eisenstein polynomial to an arbitrary uniformizer
of A. To do so, we introduce some more notation. Let A be a Galois closure of A/K(#) with Galois
group G. We define groups

E ={g € G|Va € A, g(a) = a},

H:={g€G|g(A)=A},

H := H/E = Aut(A/K ).
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Let oq,...,0,: A — A be the K(t)-embeddings. Let s;(uy,...,u,), i = 1,...,n, be elementary
symmetric polynomials of n variables with degree i and put 5o = 1 by convention.
With the above notation, to a uniformizer @’ € A, we associate the polynomial

for () = D (=Disi(a1(@), ..., ou(@)x" € K[[1][x].
i=0

Note that the coefficients (=1)'s; (o (@’), ..., 0, (w’)) are elements of K[[¢]), since they are invariant
under the G-action. If we denote the unique extension of the valuation ord to A again by ord, then

n

n
1
ord s, (o (@’),...,on(w@’)) = ordl_[ oi(w’) = Z ordoy(@’)=n--=1.
n
i=1 i=1

We also see that s;(o(@’),...,0,(w’)) has positive order for every i > 0. There exists a K(z)-
isomorphism

K(t)[x]/(for) = A, x> @',
Thus, we have obtained the map
(o S (x)

sending a uniformizer to an Eisenstein polynomial. Conversely, if an Eisenstein polynomial f(x) €
K] [x] defines an extension K (¢) [x] /(£ (x)) admitting a K (¢)-isomorphism p: K () [x]/(f(x)) — A,
then f(x) is recovered as f, (). Namely, the map

{uniformizers of A} — {y € Gis"™ (K) | A, = A}, @' > for (5.1)

is surjective.
Next we realize this map as a map of arc spaces as follows. Let

W := Spec K[ t] [wo, - - -» Wn-1] = A?([[t]]

and let O4 := Jo W. For an extension L/K, we can identify O4(L) with the integer ring O4, of
AL = A ®k ;) L(t) by the bijection

(Joo W)(L) = Oa,,
n-1
Y =0,y Yn-1) P @y = Zyawa.
a=0

Let Ut 4, Uf4, Wa € D4 be the locally closed subschemes corresponding to the groups of units, the sets
of uniformizers and the maximal ideals of O 4, by the above bijection. Foreach! € Z3o,1et O :=J; W,
the I-jet scheme, which corresponds to O, /1104, and let 71;: D4 — D41 be the truncation map. We
put

Uty == m(Uty) and Uf,y ;= m(Uf,).

Using the fixed uniformizer @ € A, for each 1 < i < n, we define the polynomial

n—1 n—1
Si(wo, ..., Wy_1) =i Z woo (@), ..., Z waon(@?) ] € Oz[wo, ..., wno1].
a=0 a=0

This is invariant by the G-action, hence in fact belongs to K[[] [wo, . .., wu-1].
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Definition 5.1. We define a K|[[¢]]-morphism
¢: W = SpecK[t]|[wo, ..., wn-1] = Vk = Spec K[[¢]|[x1, .- ., xn]
by ¢*(x;) = (=1)'S;. We write the associated maps of arc spaces and jet schemes as
¢1: TW=04;—>51Vk (0<1<00).
We define gradings on K[ ] [wo, ..., w,-1] and K[z][x1,...,x,] by
degw; =1 and degx; =1,
respectively. With these gradings, the map ¢* of coordinate rings is degree-preserving and ¢ is equivari-

ant for the corresponding actions of G,k = G, ®« K. It follows that ¢;, 0 < [ < oo are also equivariant
for the induced actions of G,, x on jet/arc spaces.

Lemma 5.2. Let L/K be a field extension. The map ¢ sends y € Uf4(L) to the point of €is"™ (L)
corresponding 10 fo. . In particular, we have ¢ (Uf,) = v (A) and d1(Ufay) = wl_l(A) Jorl > m.

Proof. The first assertion follows from construction. For a field extension L/K, let Ap := A ®x () L))
As a base change of map (5.1), we get a surjection

{uniformizers of Az} — {y € €is" (L) | Ay = AL}, @' > for.
This shows ¢e (Uf4) =¥ 1 (A). We get
$1(Ufx ) = ¢1(m(Uia)) = m(deo(Ufp)) = (¥~ (A)) = ¥ (A),
where the last equality follows from Corollary 4.11. O

Let o € H = Aut(A/K(t))) and for each 0 < a < n, let us write
n-1
o(w?) = Z cghwb (¢, € K[[1]).
b=0

Let o act on K[ ] [wo, - .., wn-1] by wp — ZZ;(]) ¢, wq. This gives an H-action on W.
Lemma 5.3. This H-action on W commutes with the G,, g -action and the morphism ¢ is H-invariant.

Proof. The first assertion follows from the fact that the automorphism of K[#] [wo, . . ., wn—1] induced
by o € H is linear and degree-preserving. To show the second assertion, it is enough to show that S;
are H-invariant. For o, o’ € H, we have

n-1 n—1 n-1
Dowp)e' (@) =313 cqwar (@)
b=0 b=0 a=0
n—1 n-1
= Z Wa Z %0 (@)
a= b=0
n-1
= > walo'o) (@),
a=0
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Since the s; are symmetric polynomials and the sequences (oo)(w?),...,(0c0oy,)(w?) and
o1 (@?),...,on(w*) are permutations of each other, we have

n-1 n-1
Si(@(wo), .., (wpr) = si(z T(wa)o1 (@), ) a(wam(w“))

a=0 a=0

n-1 n—1
= si(z waloo) (@), ) wa(crcrnxw“))
a=0 a=0

= Si(W(), . e ,Wn_l).
Thus ¢ is H-invariant. m

The last lemma implies that the morphism ¢ : Joo W — Jo Vi is also H-invariant and so is its
restriction Af, — ¢ ~'(A). Note that from Proposition 4.15, ¢;'(A) c J; Vg, | > m and y~'(A) =
77 (Y71 (A)) € Je Vi are closed subsets. We obtain morphisms

oot Ufa/H — ¢~ (A) and 2 Ufa 1 /H — ;' (A) (1 € Zso).

Lemma 5.4. For each extension LK, the map Uf ,(L)/H — ' (A)(L) is bijective.

Proof. For a uniformizer @’, the associated Eisenstein polynomial is also written as fo = []/L, (x —
oi(@’)). Therefore, if f' = fw~, then @’ and w” are conjugate and @’ = o (w’) for some o € H.
Thus Uf4(L)/H — ¢~ ' (A)(L) is injective. The surjectivity follows from Lemma 5.2. O

We can summarize relations among various spaces that we obtained so far in the following diagram.

quC Joo w
Ufs/H oo
bil. | 7

Y1 (A)— Gis"™ @ KC—> T V

YyerK

A € AZ ®r K
Let e be the ramification index of A/K (t) and let D3/ (1) ad Dayk 1) be the differents of A/K(1)
and A, /K (¢), which are principal ideals of O 4 and O3, respectively. We denote the normalized valuation

on A by vz and the unique extension of the valuation ord to A again by ord. The two valuations are
related by e - v = ord.

Lemma 5.5. We have

VA(:DA/KQr[))

v :Ord:DA/thD Sn'ordEA/th[) =m.

Proof. The left equality is obvious. The right equality follows from the fact that the discriminant is
the norm of the different and a formula for valuations of norms (for example, [Neu99, Chapter II,
(4.8) and Chapter 111, (2.9)]). The Galois closure A is obtained as the composite of all conjugates of
A in an algebraic closure of K (¢). This shows Dz, | (Dajk ()" Indeed Toyama [T6y55] proved
the corresponding result for the composite of two number fields. The same argument applies to the
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case of local fields and the generalization to the composite of an arbitrary number of local fields is
straightforward. It follows that ord D 3 JK@) SN ord Dk (1) - |

Lemma 5.6. For [ > m, the H-action on Uf 4 ; is free.

Proof. By taking a base change, we may assume that K is algebraically closed, in particular, perfect.
Then, we can apply the theory of ramification groups explained in [Ser79, Chapter IV]; we follow the
notation from this reference. From [Ser79, p. 64, Proposition 4], for 1 # g € G, ig(g) < VA(QA/thD).
Let a = em and let G, be the a-th ramification group (lower numbering) consisting of g with ig(g) >
a + 1. Using Lemma 5.5, we see that if g # 1, then ig(g) < a and hence g ¢ G,. Thus, we conclude
that G, = 1. Let ¢ 5k ;) be the Herbrand function so that G, = G¥#4k (@ where the right-hand side
is a higher ramification group with the upper numbering. From [Ser79, p.64, Proposition 4 and p. 74,
Lemma 3], we have

1 .
ea(@ = ;mm{za(gxa +1}-1
8

IZ a+1
- ) ig(g)+— -1
egil e

VA(DA/KQtD) N a+1 _q

e e
+1
em _1

e
< 2m.

Thus G>™ = 1. From [Del84, Proposition A.6.1] and [Ser79, p.61, Lemma 1], ifo: A < Aisa K (1)-
embedding different from the chosen embedding A <— A, which we denote by oy, and if @’ € Q4 is a
uniformizer, then

2 ord(o (') — @) < Z ord(t(w’) — @’) + sup ord(r(w’) — @)

T#0) T#O0

<2m+1.
and hence ord(o(w’) — w’) < m + 1. In particular, for 1 # h € H, if [ > m, then
1+1

h(w') #+ @’ mod '*.

This shows the lemma. O

6. Bundles having “almost affine spaces” as fibers

We keep the notation from the last section. In particular, A denotes a totally ramified extension of K ()

of degree n and discriminant exponent m. Let J C K[[¢][wo,...,wn-1] be the Jacobian ideal of the
morphism ¢: W — V. Namely, J is the principal ideal generated by the determinant of the Jacobian
matrix
0(S1,...,8n)
a(W(), ceey Wn—l) '

Its order function

ords: JoW — Zso U {0}
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is defined as follows: for a point y € Jo, W represented by a morphism Spec L — Jo, W with L a field,
if y’: Spec L[[t] — W is the corresponding arc and if we can write (y’)~'J = (") c L[], then
ord 7 (y) = n. Here, we followed the convention that (0) = ().

Lemma 6.1. The restriction ord 7 |y;, of ordy to Uf 4 takes the constant value m.

Proof. Since S; is the composite of s;(x1,...,x,) and x; = 3}, w0 (@), the above Jacobian matrix
can be written as

s 5) ) O(Zizh waori (@), ..., T waow(@®) o
(X1, .- Xn) X=X wa o (@9) o(wo,...,wn_1) ’
Concerning the first factor, as was proved in [Ser78, p. 1036], we have
O(S1,.-.,5n)
det ——=
S e il | L
J
Fory = (y0,...,¥Yn-1) € Uf4, substituting y, for w, in
(n(xi - xf)) =X wa oy ()
i<j
we get
[ [(oi(@y) = o).
i<j
From [Keu23, the proof of Proposition 1.29], its square is the discriminant of 1, @,, .. ., w;“l.
On the other hand, concerning the second factor of (6.1), we have
(ZZ oWao(@?), .. Z"_O wa(rn(w“))
—_ . a .
F TR = (@@
The discriminant of A/k(t) with respect to the basis 1, @, ..., @" ! is the square of det(c;(@%));.a
[Keu23, Proposition 1.28]. We have showed that the determinants of the two factors in (6.1) both have
order m/2, which shows ord 7 (y) = m. O

Lemma 6.2. For an extension L/K and for | > 2m, every fiber of Ui, ,(L)/H — (Eisl(m)(L) is
contained in a fiber of Uf 4 ;(L)/H — Uf,_,,(L)/H.

Proof. Suppose that two points b;, b; € Uf, ;(L) map to the same point a; € €is, (m) (L). Let b, b’ €

Uf 4 (L) be lifts of by, b; respectively and leta = ¢oo(b) € €is™ (L). Then, from [CLNS 18, Chapter 5,
Proposition 3.1.7], there exists ¢ € Uf4 such that ¢« (c) = a and the images ¢;—m, b;_,, € Ufy ;_p, of
¢, b’ are the same. Note that the constant ¢y appearing in the cited result is taken to be 1 in our situation,
since V is smooth. The condition that ¢, (¢) = ¢ (b) = a implies that ¢ is in the H-orbit of b. Therefore
H(ci-m) = H(bi-m) = H(b;_,,). This shows the lemma. O

Definition 6.3. Let r be a non-negative integer. We say that a morphism f:Y — X of k-varieties
is an A”-bundle(resp. weak A”-bundle) if for every geometric point x € X(K), the fiber f~'(x) is
K-isomorphic to A% (resp. to the quotient A% /C of the affine space A% by a finite cyclic group C of
order coprime to p)
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Definition 6.4. A variety X over k is said to be a weak affine space if there exists a sequence of
k-varieties X = Xy, X1, ..., X; = Spec k such that for each 0 < i < [, there exists a morphism between
X; and X;41 in either direction which is a weak A’ -bundle for some r;. A weak affine space of dimension
r is called also as a weak A7

Lemma 6.5. For [ > 2m, the morphism ¢ : Ui, /H— lﬁl_l(A) is an A™-bundle.

Proof. By base change, we may suppose that K = k and they are algebraically closed. Moreover, it

suffices to consider fibers over closed points. In the rest of this proof, all points that we consider are
closed. For a; € y;'(A), the fiber (¢/) ™' (a;) of ¢;: Uf,,;/H — Q?isl(m) over a; is contained in the fiber
(7rf_m)‘1 (bi—m) of the truncation map nf_m : Uy /H — Uf s, /H over a point bim € UFA o /H.
Let by_p, € Uy -, be a lift of bi—m. From Lemma 5.6, since [ — m > m, the H-action on Ufp1om

is free. In particular, for h € H \ {1}, h(bj—;) # bi—m, which shows that for two distinct points
of nl‘_lm(bl_m), the H-action cannot send one point to the other. From Lemma 5.4, the restriction
of ¢ to ﬂl‘_lm(bl_m) is injective. The freeness of the H-action on Uf, ;_,, also shows that the map
(ﬂf_m)‘l(bl_m) — (71'f_m)‘1 (bi—m) is an isomorphism. From [CLLNS 18, Chapter 5, Theorem 3.2.2.c],
(7t ) (b)) — Gisl(m) is a piecewise A™-bundle overits image and sois (z}_ )~ (b_n) — (Sisl('m .
Since (¢;) "' (a;) (nf_m)‘l(lnj), we conclude that (¢;) "' (a;) = Al O

Lemma 6.6. Let y be a geometric point of z,bl’] (A). Suppose p | nand l > |m/n]. Then, the stabilizer
Stab(y) of y with respect to the Gy,-action on (Eisl(m) is a tame cyclic group.

Proof. Let L/k be the algebraically closed field such that y is an L-point. For A € G,,,(L), if we write
Y =155 yn) € (L[] /(2*1)", we have

A-y=Ay,..., A"y,

Thus, if y; # 0 for some i, then Stab(y) is contained y;, the group of i-th roots of 1. From Proposition 4.4,
there exists i € {1,...,n— 1} such that p { i and y; # 0, which proves the lemma. |

From Lemma 5.3, we get a G, g -equivariant morphism Uf, ;/H — a,bl‘l (A). Since Uf, ; is affine,
sois Uf, ;/H. The fiber glrl‘l (A) is also an affine variety over K, thanks to Proposition 4.15. The Gy, k-
actions on (//l‘l (A) and Uf 4 ;/H have finite stabilizers. Thus, the geometric quotients Uf 4 ; / (HXGy, ) =
(Uf4;/H) /G k and Lpl’l (A)/Gy k exist and are again affine varieties over K.

Corollary 6.7. For | > 2m, the morphism Uf 5 ;/(H X G, x) — 1//1_1 (A) /Gy k is a weak A™-bundle.

Proof. Let y € ;' (A)(L) be a geometric point and let ¥ be its image in (¢, (A)/Gyx)(L). Let
C be the stabilizer at y for the G, x-action on wl’l (A), which is a finite and tame cyclic group from
Lemma 6.6. From [AV02, Lemma 2.3.3], the fiber of Uf, ;/(H X Gy, x) — zpl‘l(A)/Gm’K over y is
the quotient of the fiber of Uf, ;/H — lpl_l (A) over y by the action of C. The corollary follows from
Lemma 6.5. O

Lemma 6.8. The structure morphism Uf 4 ;/(H X G,,, k) — Spec K factors as
Ufa/(HXGp) = Znsy—2 = Zn@s1)-3 = -+ — Zy = Spec K

in such a way that each morphism Ziy1 — Zi is an A'-bundle. In particular, Ufa,/(HXGyk)isa
weak AMED-2
. .
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Proof. Again by a base change argument, we may assume that K = k and they are algebraically closed
and consider only closed points. Let m, be the maximal ideal of A and let €,,(;.1) € Uf,,; be the
subvariety corresponding to elements of

Op/tH1 0y = OA/mZ(lH)

that are equal to the chosen uniformizer @ modulo mi. For 2 < i < n(l +1), let €; be the variety
corresponding to the images of such elements in O/ mi‘. As a K-variety, €; is isomorphic to A;{—z'
We define a (lower-numbering) filtration H, of H in the way which is standard if A/K(¢]) is a Galois

extension: fori > 0,
H; .= Ker(H — Aut(OA/mi‘“)).

For a uniformizer @ € A, the map g +— g(w)/w defines an injective homomorphism H;/H;,; —
U /U™, From [Ser61, Section 1.6], U%/U" = G,, and fori > 1, U'/U™" = G,. Therefore Hy/H; is
a tame cyclic group and H;/H;.1, i > 1 are elementary abelian p-groups. Similarly, for i > 1, we can
have an embedding H;/Hyy1 — mi*!/mi*2 by ¢ — g(w) - @.

We claim that the composite morphism

Crarny = Ufay — Ufa, /G

is an isomorphism. Indeed, the morphism is clearly a universal homeomorphism. To show that it is an
isomorphism, it is enough to show that it is étale. We have the G,,-equivariant morphism Uf, ; — G,,
corresponding to the map sending a uniformizer @’ to A € k* if @’ = A@w modulo mi. This is a smooth
morphism and €, ;) is the fiber over 1 € G,, of this morphism. This shows that &,,(;,) intersects
with each Gy,-orbit transversally, which implies that €, .1y — Uf4 /Gy« is étale. We have proved
the claim.

We see that H(C, 1)) € Ufs; consists of |[H/H;| connected components, each of which is
isomorphic to €,,(;,1). The stabilizer of the component €,, 1,1y € H(C,,(141)) is H;. Therefore Uf 4 ;/(HX
Gm) = Cue1y/Hi. We claim that for every j > 1 and every i with 2 < i < n(l + 1), the map
C;/H; — C;_1/H; is an Al-bundle. To see this, we first note that €; — €;_; is a bundle with fiber
mi‘l/mi = Gq. If j > i - 1, then the H;-actions on €; and §;_; are trivial and the claim follows. If
j =1 —2, then the map of the claim has fibers isomorphic to

(my ' /my)/(Hia/Hi-1) = Gq.

The last isomorphism follows from [Mill7, Corollary 14.56]. For j < i — 2, the map of the claim is
identified with

(C;/H;2)/(H;j/Hi—2) — €;_1/(H;/H;).

The claim now holds since the action of H;/H,_, on €;_; is free. We have proved the claim.
Thus we obtain a tower of A!-bundles

Ufa /(HXGp) = Cueny/Hr — Cpeny-1/Hy — -+ — € /Hy = pt.
This shows the lemma. O

Lemma 6.9. For every geometric point A € A, (K) with da = m and for | > 2m, the closed subset
tﬁl_l(A)/Gm,K C (Sisl(m) ®k K/Gyy k is a weak AZ(M)_Q_'".

Proof. We first note that from Proposition 4.15, y; ' (A) c (Eisl(m) ® K is a closed subset, which is
also Gy, k-invariant. Therefore, W;I(A)/Gm,K C ((Eisl(m) ®r K)/Gy.x is also a closed subset (for
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example, see [New(09, Theorem 1.1]). From Corollary 6.7 and Lemma 6.8, w;l(A)/Gm,K is a weak
An(l+1)—2—m'

K O

Lemma 6.10. Let Y, X be k-varieties and let f: Y — X be a P-morphism over k with the graph
I' € Y Xx X. Let pry and pry be the projections fromY Xy X to Y and X, respectively. Suppose that for
every point w: Spec K — X with K an arbitrary field, the fiber f~'(w) is an irreducible closed subset
of Y ®; K.

1. Then, for every point x € X, there exists an open dense subset Uy of m such that pr;(l (Uy)NTisa
closed subset of pr;(,l (Uy).

2. There exists a decomposition X = |_|f=l X; of X into finitely many locally closed subsets X; such that
for each i, pl‘;(l (X;) NT is a locally closed subset of Y Xy X.

Proof. (1) By assumption, I' N pr;{1 (x) is a closed subset of pr;(1 (x). Let C be its closure in ¥ X X,
which is contained in pr;(1 ({x}). Since C N pr;(1 x)=In pr)_(1 (x), the symmetric difference CAT"
is a constructible subset whose image in X does not contain x. Let Z := m N pry (CAT’). This is a
constructible subset of m which does not contain x. Let U := m \ Z, which is an open dense subset
of {x}. By construction, we have C N pr;(1 Uy)=Tn pr}‘(1 (Uy), which is a closed subset of pr;(1 (Uy).

(2) We show this in the stronger form such that for every j, W; := |_|f= y X; is a closed subset of X.

We construct X;’s inductively as follows. We put X; to be U,, for the generic point 57 of an irreducible
component of Wi = B having the maximal dimension. Suppose that we have constructed X, ..., X;_

andlet W; = X'\ Ulj.;l X;. We take the generic point ¢ of an irreducible component of W; having the
maximal dimension. We put X; := Uz N W; and W, := W; \ X;. We then have

(dim W;, v(W;)) > (dim W1, v(Wiy1)),

where pairs are ordered lexicographically and v(—) means the number of irreducible components of
maximal dimension. The procedure ends after finitely many steps and gives a desired decomposition
of X. ]

Definition 6.11. We say that a morphism f: ¥ — X of k-varieties is avery weak A -bundle if for every
geometric point x € X (K), the fiber f~!(x) is universally homeomorphic to a weak AR,

In particular, a universal homeomorphism of k-varieties is a very weak A%-bundle.

Corollary 6.12. There exists a scheme morphism f: Y — X which is a very weak A"*)=2="_pyndle
and induces the P-morphism (Eisl(m) /G — A flm) .

(m)
!
Lemma 6.10. Therefore, if I denotes its graph, then there exists a decomposition A flm) = le X; into
locally closed subsets X; such that for each i, pr;l (X;) N T is a locally closed subset. Giving these

(m)
n

Proof. From Proposition 4.15, the P-morphism &: €is, ' /G,, — Afl'm satisfies the assumption of

locally closed subsets the reduced scheme structures, let us consider the coproducts X := Hle X; and
Y = ]_[f.zl(pr;}m) (X;) N I'). The natural morphism f:Y — X induces the P-morphism

h: (iisl(m) /G — A Slm). From construction, the morphism
Pr o (X)) NT — h7H(X)

is a universal homeomorphism. From Lemma 6.9, this is a very weak A"(*+1)=2="_pyndle. O

7. Motivic mass formulas

Let Ko(Var/k) denote the Grothendieck ring of k-varieties and let L := [A}(].
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Definition 7.1. We define Kj (Var/k) to be the quotient of Ko(Var/k) by the following relation: for
each very weak A™-bundle ¥ — X, we have [Y] = [X]L™. We define M} := K (Var/k) to be the
localization of K (Var/k) by L. For s € Z, let Fy C Mj to be the subgroup generated by elements

of the form [X]L" with dim X + r < —s. We define the dimensional completion ./WZ of M7 to be the
projective limit lim MG [ F.

There exist ring structures on Kj (Var/k), M}, and M ¢ which are induced by the one on Ko (Var/k).

Remark 7.2. Let us suppose now that k is a finitely generated field. We denote by WRepg, (Q;)
the abelian category of mixed /-adic representations of the absolute Galois group G = Gal(k*?/k).
Its Grothendieck ring Ko(WRepg, (Q;)) admits the completion Ko(WRepg, (Q;)) with respect to
weights. We have a ring homomorphism M := Ko(Varg)[L™'] — Ko(WRepg, (Q)) sending [X]
to 3;(=1)'[HL(X,Q;)], which extends to MZ — EO(WRep(Ql)) by an argument similar to one in
[Yas24a, Lemma 9.11] and its subsequent paragraphs. Hence, for each equality in M\Z that we obtain
below, we have the corresponding equality in Ko(WRep(Qy)), provided that & is finitely generated.

Lemma 7.3. We have
[AYLr D =2m < [Gis(™ /Gy] € K (Var/k).
Proof. Take a morphism Y — X as in Corollary 6.12. We have the following equalities in K (Var/k):

[(Eisl(m)/Gm] =[Y] = [X]Ln(l+l)—2—m — [Aglm)]Ln(lH)—z—m. .

The map Cis;y/G,, — C€is;/G,, is an A"-bundle. We define a motivic measure u on €is/G,,
taking values in /\72 in the usual way: for a cylinder C ¢ €is/G,,, u(C) = [x;(C)]JL™ for [ > 0.
We then extend this measure to measurable subsets (see [CLNS 18, Chapter 6, Section 3] for details). In
particular, €is/G,y,, €is*®/G,, and €is™ /G, are measurable subsets and we have

p(Eis/Gyy) = u(€is™®/Gy) = > u(€is™ /Gy)
= [m1(€is) /G| L = L7

Theorem 7.4. We have

/ L4 =L e MY (7.1)
"

n

Proof. In M?,

[A;m)]L_m — [(EiSl(m) /Gm]L_n(l+l)+2
= u(€is"™ /G, )L,

It follows that

J

L4 = Z w(€is"™ /G,,)

=L u(€is/Cyy)

=L e Mj. o
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Corollary 7.5. Let P(n,l) denote the number of partitions of n into exactly l parts;
1
P(n,D):={(q1, ) € (Z0)' | q1 2+ 2 q1, ) ai =n}.
i=1

Then, we have

n—1

f L= Z P(n,n—j)L € M. (7.2)
An =
Proof. The natural P-morphism

n ! !

U A:}i = Ap, (Ai<i<t nAi

I=1 (g;)eP(n.l) i=1 i=1

is geometrically bijective. Moreover, we have
d(] J40 =D dcA.

Thus

Joow=T

i=1 2q; i=1

L= / -4
«/An Z I, Ag

I=1 (g;)eP(n,l) qa;

l
L—d — HL_qi+l - L—n+l
i=1

o
qai

and

n
— Z L—n+l
I=1 (gi)eP(n,l)

Theorem 7.6. In what follows, we follow the convention that 0 { n for every positive integer n.

1. Aflo) is P-isomorphic to Spec k.

2. We have Ai,m) = 0 for m > 0 satisfying either of the following conditions:
@ pinm#n-1,

b pln,pt(m—n+1),m-n+1<0,

© plnpl(m-n+1).

Ifptnandm=n—1, then AU is P-isomorphic to Spec k.

4. Ifp|ln,pt(m—n+1)andm—n+1 > 0, then we have

»

[Ailm)] =(L- I)LL(m—n+1)/PJ
in MJ[(L - 1)™"] as well as in /T/l\z
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Proof. (1) For an algebraically closed field K, A 510) (K) is a singleton corresponding to the trivial étale
algebra K ()" /K (¢, which shows the assertion.

(2) If Ay /K () corresponds to an Eisenstein polynomial x" + y1x"~! + - + y,,, then from (4.1), we
have

da, =n rgmnord(Z(n—z)y, )

If p 1 n, then the minimum on the right side is attained by ordn@”™! = (n — 1)/n and da, =n-1,
which shows (a). (The case (a) follows also from the proof of (3).) Suppose p | n and A/K () is a totally
ramified extension of degree n and discriminant exponent m. From Proposition 4.4, for some i with p 1 i
and 0 <i < n -1, we have

m=n—i—-1+nordy;.
It follows that
m—-n+1l=nordy; —i>0
and
pt(m-n+1).

This shows (b) and (c).

(3) Let K be an algebraically closed field and let A/K () be an extension of degree n. Let A be its
Galois closure with Galois group G. We may identify G with a transitive subgroup of S,,. Moreover, G
is isomorphic to the semidirect product H < C of a p-group H and a tame cyclic subgroup C if p > 0 and
isomorphic to a cyclic group if p = 0. We claim that if p > 0, then H = 1. To show this by contradiction,
suppose that H # 1. Since p t n and H is a p-group, the H-action on {1, ...,n} has at least one fixed
point, say 1. Since G is transitive, there exists g € G such that g(1) is not fixed by H. Then, g™'Hg # H,
which contradicts the fact that H is a normal subgroup of G. We have proved the claim. Then, G = C is
the cyclic subgroup of S, generated by a cyclic permutation of an n-cycle. In particular, the stabilizer
Stab(1) of 1 € {1,...,n} is trivial and A = AG = A. We conclude that A/K (#) is a cyclic Galois
extension. As is well—known, A is isomorphic to K (t'/™)). Hence Aﬁm_l) (K) is a singleton, which shows
the assertion.

(4) We put ¢ := m —n+ 1. From Lemma 7.3, we have

[A"] = [€is™ /G| L") € K (Vary).

Since the G,,,-torsor @ts(m) — Q?isl(m) /Gy, is Zariski locally trivial thanks to Hilbert’s Theorem 90, we
have

[€is!™ /G,] = (L - 1)7'[Eis\™]
in M} [(L - 1)~']. From Corollary 4.6,
[(Sisl(m)] =(L- I)ZLn[—c+|_c/pJ—l'
Combining these equalities, we get
[Af,’")] - (L- 1)‘1<(]L _ 1)2L(nl—c+\_c/pj—1))L—nl+c+l

=(L- 1)LLC‘/FJ
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in M7 [(L—1)""]. Since L—1 is invertible in MY, we have a natural homomorphism MIL-1)7' -
M\Z. Thus, the same equality holds also in M\Z |

The following corollary is a direct consequence of the last theorem:

Corollary 7.7. We have

0 (ptn,m=n-1),
—00 (ptn,m#+n-1),

dimAY™ =3 [(m-n+1)/p]l (p|n. pt(m-n+1),m-n+120),
—® (pln,pt(m-—n+1),m-n+1<0),
—® (pln, pl(m=-n+1)).

Here we follow the convention that dim Q) = —co and that if p = O, then p { n. Moreover, when Af,m) # 0,
then it has only one irreducible component of the maximal dimension.

Remark 7.8. The original mass formulas in [Kra62, Kra66, Ser78, BhaO7] also hold for local fields of
characteristic zero. It should be possible to similarly prove motivic mass formulas in characteristic zero,
once the relevant P-moduli space is constructed.
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