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ON AN EXTENSION OF A THEOREM OF SATO

LIAN-ZHONG YANG

Let f(z) be a n-valued algebroid function of order A(0 < A < 1), Sato obtained an elliptic
theorem for f(z) with a condition. In this paper, we prove that Sato’s theorem is true
without conditions and give a generalisation.

1. INTRODUCTION

Let f(z) be a n-valued algebroid function defined by an irreducible equation

(1) An(Z) ™+ Ana ()P 4o+ Ar(2)f + Ao(2) =0
where 4;(z)(j =0, 1, ..., n) are entire functions without common zeros.
Let T(r, f) be the characteristic function of f(z) and a(z) a rational function.
Define
N(r’ a, f)

é(a, f) =1-—linsu ,
(@ f)=1-Tmewe =m0 5
N(T’,OO, f)=N(7‘, f)
With this notation, Sato [2] obtained the following result in 1981.

THEOREM A. Let f(z) be a n-valued algebroid function of order AM(0 < A < 1),
defined by the irreducible equation (1), and suppose that 0 is not a Valiron deficient
value for A,(z). Let a;, j =1, 2, ..., n, be mutually distinct values, and put

uj=1-6(an, flandv=1-6(o0, f),0 <uj,v< 1L
Then there is at least one a;, 1 < i < n, such that
u? +v? — 2u;vcos A 2 n” 2 sin? (mA).

Ifu; <n=YcosmA, then v > 1/n; if v <n~lcoswA, then u; > 1/n.

In this paper we shall prove that Sato’s theorem is also true when

aj(j = 1,2, ..., n) are rational functions and without conditions.
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2. LEMMAS

LEMMA 1. Let f(z) be an n-valued transcendental algebroid function defined by

equation (1), and set

A(z) = max [4i(2)],

0ign
1 2m 0
u(r, A) = —2;/0 log A(re )dﬂ.

Then
IT(r, f) - p(r; A)| = O(1).
PROOF: See [3].
LEMMA 2. Let f(z) be a n-valued transcendental algebroid function defined by

equation (1) and let a;(2)(i =1, 2, ..., n) be rational functions, which are mutually
distinct. Set

gi(2) = Ap(z)al + An_l(z)u,?_l +-o+ do(2),1=1,2,...,n,
90(2) = An(2), g(2) = max |gi(2)l, (2] =r> o),

o<i<n
1 2w .
ulr, g) = ———/ logg(re‘e)dO.
0

2nmw

Then
IP(Tv g) - F’(rf A)I = O(T(Ta f))

PRroOOF: By the definition of a p-function

1 e Joax lgi(2)| _
,9) — p(r,A) = — log ——————df (z = re*’
u(r,9) = r, A) = g [ log SR (2 = 1)
ugisn
< Mgt i (la?l+ laid™™ + -+ 1) d8
h 2nm o i=0 ' '
=o(T(r,f)) ™ — oo.
On the other hand, since
go 1 0 0 ...0 0\ (4
1 a} a}™! op? a Any
(2) 92 | =1 a} a7' % ... @ 1 An_2
gn a} af7! a2 ... g, 1 Ao
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and the coefficient determinant is not equal to zero (|z| = r > 79), we have
Ai(z) = biogo(z) + birg1(2) + -+ - + bingn(2) (0 < i < n),

where the b;; are rational functions of the a;(0 < i < n).

Therefore, by the same reasoning, we have

V’(T, A) - ;1.(1‘, g) < O(T(T, f))

Lemma 2 is thus proved. 0

LEMMA 3. Let gi(2)(0 < i < n) be as defined in Lemma 2, then

T("'a gi/gj) - O(T(Ta f)) < nT(Ta f) < Z T("'v gi/g.‘i) + O(T(ra f))

i#j
PRrROOF: Let
U(z) = max (loglg:(=)l),
Uij(z) = max(log |gi(2)|, log |g;(2)])-
Since
Usj(z) = log™ |gi/g;| + log g1 ,
we have

1 2n ;
puir, g) = Er-z_w/(; U(pe 6)«10

1 2m

2 — U;; 9)dg
2nm Jy (re )
1 27 + 1 27
= — 1 i/g9;|df + — i
or |, o8 laclasld0 + o [ toglos1 a0

= ~m(r, 9i/95) + =N(r, 0, 95) + o(T(r, f))

~1(r, gi/5) + o(T(r, 1))

\Y%

By Lemmas 1 and 2, we have proved the left hand inequality.
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To prove the second inequality, we assume, withoul loss of generality, that j = 0.
Y .
il 9) = 5 [ tos e N @0 (: =)

1 27 n
< — rry
<3 ) (;los Ig./y,l+loglgol>d0

= > m(r, gi/g0) + N(r, 0, go) + O(1)

i=1
=) T(t, gi/90) + N(r, 0, go) — >_ N(r, gi/g0) + O(1).
i=1 =1
Since (2) and 4;(j = 0,1, ---, n) have no common zeros, it follows that the common

zeros of g;( =0, 1, ---, n) must be the zeros of the determinant

1 0 0 ... 0
a? o' a7 L a4y
D(z) = |af a3”' a77? az 1{(D(z) #£0)
a® al! az'z a, 1
By
T(r,1/D(2)) = o(T(r, f)), 7 — o0,
we have
N(r, 0, 90) < Y_N(r, gi/90) + o(T(r, f)).
i=1
Therefore
nT(r, f) ~ np(r, g) < D_ T(r, 9i/90) + o( T(r, f)),
=1
this completes the proof. 0

3. RESULTS

THEOREM 1. Let f(z) be a n-valued algebroid function of order A(0 < X < 1),
defined by the equation (1), a;(z)(7 =0,1,---,n) be n mutually distinct rational

{functions. Put

uj=1—6(a’j7f)’ V=1_6(°°)f)) j=172)"':n'
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Then, there is at least one ai(1 < % < n) such that

uf + 1% — 2uvcoswh = n2sin? wA.

If u; <n~'cosw), then v > 1/n; if v <n~!cosw, then u; > 1/n.

Proor: Let ¢i(z)(:=0,1,.--, n) be defined in Lemma 2. By Lemma 2 the
{unctions g;/go (i =1, ---, n) are of order at most A(0 < A < 1). We use Edrei and

Fuchs’s idea [1] and their well-known representation. Then

3) T(r,5i/90) < [ N (0, ge/g0)P(t, 7, Bi)dt

+ / N(t’ gi/go)P(ta r,m™— ﬂi)dta
0 .

where
1 rsina

P = —
(t, ) @) w2 4 2ricosa + 12’

(0 <a<m).

Since

N(r7 0, gi/go) < N('I‘, 0, gl') + O(T(ry f)) = nN(T’ ai, f) + O(T(‘I‘, f))
N("'a !]i/go) < N(‘I‘, 0, An) + O(T("'a f)) = nN("'a f) + O(T("" f))’

therefore, by the definition of u; and v, given € > 0, there exists {3 > 0, such that for
>t

N(t, 0, gi/g0) < n(ui +€)T(¢, f) (L<i<n),
N(t, g:/90) < n(v + €)T(¢, f).

By Lemma 3 and (3), we have
T, ) <3 [ (st T P, 7 o)
=171t
4 i /tw (v +e)T(t, P(t, r, m — Bi)dt + o(T(r, f))-
i=1 Yt
Using this inequality and by adopting the arguments used by Sato {2] or Edrei and

Fuchs [1], Theorem 1 follows.

COROLLARY. If 0 is a Valiron deficient value for A,(z), Theorem A is also true.
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