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NONEXPANSIVE UNIFORMLY ASYMPTOTICALLY 
STABLE FLOWS ARE LINEAR 

BY 

LUDVIK JANOS, ROGER C. McCANN, AND J. L. SOLOMON 

ABSTRACT. We show that if a flow (R, X, IT) on a separable 
metric space (X, d) satisfies (i) the transition mapping 7r(f, •) : X —* X 
is non-expansive for every f > 0 ; (ii) X contains a globally uniformly 
asymptotically stable compact invariant subset, then the flow 
(JR, X, IT) is linear in the sense that it can be topologically and 
equivariantly embedded into a flow (R, l2, TT) on the Hilbert space l2 

for which all of the transition mappings ir(t, • ) are linear operators 
on l2. 

1. Introduction. By a flow (R, X, IT) on a topological space X we mean a 
continuous group action TT : JR x X—» X of the additive group of reals JR on the 
space X. A compact subset M of X is called stable if for any neighborhood U 
of M there is a neighborhood V of M such that 7T(JR+, V) c: U. A stable subset 
M is called globally asymptotically stable if for any neighborhood 17 of M and 
for any xeX there is a TeR such that 7r([T, <»), x)c U. If, in addition, there is 
a neighborhood U of M such that for any neighborhood V c U of M there 
exists TeR such that 7r([T,O°), 17)C V the set M is called globally uniformly 
asymptotically stable. If X is locally compact and metric then a globally 
asymptotically stable compact subset M is necessarily globally uniformly 
asymptotically stable. This can be easily proved using the fact that in such a 
case there is a continuous (Liapunov) function <f> :X—»[0, o°) such that <f>(x)>0 
if x£M, <£(x) = 0 if x e M , and 4>(TT(U x)) = e~~l<j>(x) for every x e X and f>0 , 
([2, Theorem 2.7.14]). We say that a flow (R,Xl9 TT^) can be embedded into 
another flow (R, X2, 7r2) if there exists a topological embedding i:X1—> X2 

which is equivalent, i.e., such that it makes the diagram 

R x Xx - ^ Xi 

xx X ^ \ 2 ^ -^2 
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commutative, where I is the identity mapping on R. If L is a topological vector 
space then a flow (R, L, TT) on L is said to be linear if all of the transition 
mappings Tr(t, -):L-*L are linear operators on L. In the sequel we confine 
ourselves always to the case where the underlying space X of the flow (R, X, TT) 
is separable and metrizable. The aim of this note is to find sufficient conditions 
under which such a flow is linear in the sense that it can be embedded in a 
linear flow (JR, Z2, TT) on the Hilbert space l2 equipped with its norm topology. 

In recent years several researchers, e.g. M. Edelstein, L. Janos, R. McCann, 
and others (see [3], [5], [8]) found conditions under which a flow (R, X, TT) or a 
semiflow (R+, X, TT) can be embedded into a radial flow (R, l2, p) on l2 defined 
by p(t,x)-clx for teR, xel2 where c is a constant in (0, 1). The common 
feature of these cases is that the transition mappings TT(Î, •) shrink, in some 
sense, the space X to a point as f—»o°. Different kinds of conditions had been 
found earlier by J. de Groot, P. C. Baayen, J. de Vries and others (see [1], 
[11]) ensuring that a flow (R,M,TT) on a compact metric space can be 
embedded into a linear flow (JR, l2, TT) where the transition functions ir(t, •) are 
orthogonal operators on l2. The first author's result (see [4]) on factorizing a 
self mapping / : X—» X on a compact space X into its more simple components 
gives us an idea of how to proceed in a more general case, subsumming the 
above two cases treated previously, namely when the flow (R, X, TT) is such that 
the transition mappings Tr(t, •) shrink the space X in a certain sense to a 
compact subset M of X as f—>o°. The method rests heavily on the existence of 
a retraction a : X - » M exhibited already in previous works (see [4], [6], [10]). 

Our main result is as follows: 

THEOREM 1.1. Let (JR, X, TT) be a flow on a separable metric space (X, d) 
satisfying the conditions: 

(i) the mapping Tr(t,-):X-^>X is non-expansive for f > 0 , i.e., d(Tr(t,x), 
Tr(t, y))<d(x, y) for every x,yeX and t>0. 

(ii) there is a compact invariant subset M of X which is globally uniformly 
asymptotically stable. 

Then the flow (R, X, TT) can be embedded into a linear flow on the Hilbert space 

h. 
2. Auxiliary results. For the sake of the reader's convenience we formulate 

here three known results which will enable us to carry out the plan outlined in 
the introduction. 

THEOREM A (R. C. McCann, [9]). Let (R, X, TT) be a flow on a separable 
metric space X which has a globally uniformly asymptotically stable critical 
point. Then (R, X, TT) can be embedded into a radial flow on l2 

THEOREM B. Let (R, M, TT) be a flow on a compact metric space (M, d) such 
that all of the transition mappings TT(Î, •) are isometries. 
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Then (JR, M, TT) can be embedded into a linear flow (R, l2, TT) on l2 for which 
the mappings 7r(t, •) are orthogonal operators on l2. 

Proof. We first assume that the action IT is effective, i.e., ir{t, •) is not the 
identity on M unless t = 0. Since the family {7r(f, •): te R} is evidently equicon-
tinuous, the Arzelà-Ascoli theorem implies that the closure G of this family in 
the topological semigroup M M (the set of all continuous selfmappings of M 
into itself equipped with the uniform convergence topology) is a compact group 
acting continuously on M. Thus, we consider the dynamical system (G, M, 7ra) 
on M where G is a compact group containing R as a dense subgroup (due to 
effectiveness of IT) and TT1 is the unique extension from RxM to GxM. Now 
Theorem 7.2 of [1] assures that there exists a topological embedding i:M-^ l2 

and a dynamical system (G, Z2, TT^) on l2 with 7Ti(g, •) an orthogonal transforma­
tion for each geG such that i is an equivariant embedding of (G, M, rr) into 
(G, /2> ai)- The required continuity of TT1 follows from the observation made in 
[11] where it is shown that the linearization process described in [1] is 
continuous with respect to the strong operator topology. Restricting rr1 to 
K x ( 2 w e obtain our statement. In case TT is not effective the set of those teR 
for which ir(t, •) is the identity is a discrete subgroup, say K of R and the 
quotient group C=R/K is the circle group. Thus our original flow (R, M, TT) 
gives rise to the group action 7 r * : C x M - » M defined by 7r*(c, X) = ir(t, x) 
where teR is such that a(t) = c with a being the natural map a:.R—»C. 
Applying the above reasoning to the dynamical system (C, M, TT*) we are done 
because of the continuity of a : R —» C. 

REMARK. The quoted papers [1] and [11] deal with much more general case 
where G is only locally compact and M an arbitrary metric space. Applying the 
construction of [1] as outlined on page 364 to our case we may obtain the 
desired embedding i:M-*l2 explicitly as follows: 

First we identify M with a subset of l2, and consider the space K of all 
square-summable functions from G to l2 with respect to the Haar measure in 
G Because of the compactness of G, the orbits g£ of every point £ e M are 
square-summable functions which offers a natural embedding of M into K 
defined by sending £ into its G-orbit. The space K is again a separable Hilbert 
space with the norm defined by LfG ll/(g)l|2 dg]1/2 for feK, where || || stands for 
the norm in l2. The group G acts on K by sending the function /(g) into f(gg0) 
for g0 G G. The invariance of the Haar measure yields readily that this action 
preserves the norm in K, thus G acts on K as a group of orthogonal 
transformations. Finally K can be identified with l2 and restricting the action of 
G to R we are done. 

THEOREM C. Let a flow (R, X, TT) on a separable metric space (X, d) satisfy 
the conditions (i) and (ii) of Theorem 1.1. Then there exists a retraction 
a :X—»M commuting with 7r(f, •) for every teR. 
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Proof. From (ii) it follows that for every xeX the positive semi-orbit 
{7r(f, x): £>0} is precompact. This shows that the hypotheses of Theorem 4 of 
[10] are met in our case. Observing that no linear structure is used in the proof 
of this theorem (formulated for non-expansive semiflows on the unit ball of a 
Banach space) we are done. The desired value a(x)eM for xeX of the 
retraction a : X -» M is simply the uniquely determined point in M which is 
asymptotic to x, i.e., such that d(7r(t, x), ir(t, a(x)))—>0 as f-*+<». 

REMARK. Another application of this retraction device has been used by the 
first and the third author (see [6]) to obtain a fixed point for self-mappings on a 
convex subset of a Banach space and which possess an attractor for compact 
subsets. 

3. Proof of the theorem. Assume now that (R, X, ir) is a flow on a separable 
metric space (X d) satisfying conditions (i) and (ii). Identifying M to a point we 
form the quotient space X/M which is obviously again separable and metriza-
ble. There exists a unique flow 7r* on X/M which makes the diagram 

RxM - ^ X 

I x a a 

RxXIM-^XIM 

commutative, where a:X->X/M is the natural projection and I the identity 
mapping on R. By (JR, M, 77-**) we denote the flow induced on M by IT. 

Applying Theorem C we construct the embedding i of X into the cartesian 
product X/MxM be setting i(x) = (a(x), a(x)) for x e X, where a is the natural 
projection mentioned above and a the retraction of X onto M ensured by 
Theorem C. Due to the commutativity of a with 7r(f, •) for every teR we 
conclude readily that i defines an embedding of the flow (JR, X, TT) into the 
cartesian product (R, X/M, 73-*) x (R, M, 77**). We now prove 

LEMMA 3.1. The first factor (R, X/M, TT*) satisfies the hypotheses of Theorem 
A. 

Proof. Since M is globally uniformly asymptotically stable with respect to 77, 
it follows directly that a(M) is globally uniformly asymptotically stable critical 
point with respect to 7r*. Also, as noted at the beginning of this section, X/M is 
separable and metrizable. 

We now turn to the second factor (£, M, 77**). It follows easily, e.g., again 
from [10] that all the translation functions 7r**(f, •) are isometries on (M, d), 
which implies that this factor satisfies the hypotheses of Theorem B. 
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Thus, piecing these facts together we conclude that (R, X, TT) can be embed­
ded into the product (R, l2, p) x (R, /2, it) of two linear flows on l2 and since 
l2 x l2 can be identified again with l2 our assertion follows. 

4. A topological reformulation of the theorem. If (R, X, TT) is a flow on a 
separable metrizable space X without any metric given on X the question 
arises how to reformulate the metric dependent condition (i) in order that the 
conclusion of our theorem remains valid. We shall show that the concept of 
even continuity, as treated, e.g. in [7] pp. 235 is the remedy. We need the 
following result. (For the proof see [7], pp. 241.) 

LEMMA 4.1. Let (R, X, TT) be a flow on a metrizable space X (not necessarily 
separable) satisfying the condition 

(i)* the family {ir(t, •):*>()} is evenly continuous. 
Then for each sequence {tn} of numbers tn^0 and each convergent sequence 

{*n}~* x in X the following implication is true: 
If the sequence {TT^, X)} converges to some point yeX then the sequence 

{Tritn, Xn)} converges to the same point y. 

THEOREM 4.2. Assume that (R, X, TT) is a flow on a separable metrizable 
space X satisfying the condition (ii) of Theorem 1.1. and the condition (i)* of the 
above lemma. 

Then the conclusion of Theorem 1.1. is valid for the flow (R, X, TT). 

Proof. Choosing arbitrarily a metric d on X, compatible with the topology of 
X we show that the metric d* defined by 

d*(x, y) = sup{d(7r(r, x), 7T(t, y)) : f > 0} 

is topologically equivalent to d and such that rr(t, •) is non-expansive relative to 
d* for every t > 0 . Thus the flow (R, X, TT) satisfies the condition (i) of Theorem 
1.1 relative to d* and the conclusion of this theorem is therefore valid. 

The fact that d*(x, y) is finite for every JC, y e X follows from the fact that the 
semiorbits {7r(f, x): f>0} are precompact. The verification that d* is a metric 
on X and that 7r(f, •) is non-expansive relative to d* for f > 0 follows directly 
from the definition of d*. It remains to show that d* is topologically equivalent 
to d. Since evidently d*>d all we need to show is that if a sequence {x^ in X 
converges to a point xeX then the numerical sequence d*(xn, x) converges to 
zero. Assume this is not so. Then, passing to a subsequence, if necessary, we 
may assume that for some e > 0 we have d*(xn, x )> e for every n = 1, 2, 
From the definition of d* follows that for each n = 1, 2 , . . . we can find tn > 0 
such that 

d(Tr(tn,xn), Tr(tn,x))>e/2. 
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Passing again to a subsequence, if necessary, we can achieve that the sequence 
{ir(tn, x)} converges to a point y e X . But then Lemma 4.1 implies that the 
sequence {Tr(tn, xn)} converges to the same point which is evidently impossible 
and which completes the proof of our statement. 

5. An example and conclusion. Let X be the subset of the plane R2 with the 
open unit disc removed, i.e., in polar coordinates X = {(r, (j>): r> 1}, and let 
(JR, X, 7r) be the flow on X defined by the autonomous system 

The trajectories spiral around the unit circle C and approach it as f-»<», thus 
C is evidently a globally uniformly asymptotically stable invariant subset. It is 
also evident that the action of IT is non-expansive relative to the Euclidean 
metric on X so that both conditions (i) and (ii) are satisfied and (JR, X, ir) can 
be embedded into a linear flow on l2 in accordance to Theorem 1.1. 

A natural question arises as to the dimension of the linear space in which the 
flow (JR, X, 7r) can be linearized. Does there exist a linear flow (JR, JRn, TT) on a 
finite dimensional Euclidean space Rn in which (JR, X, ir) can be embedded? 
From the proof of Theorem 1.1. we know that (JR, X, 77) can be embedded in 
the product, (JR, X/C, ir*)x(K, C, TT**). We observe that X/C is homeomor-
phic to JR2, hence the first factor satisfies hypotheses of Corollary 9 [8] yielding 
that this factor is isomorphic to a radial flow on R2. Since the second factor 
represents a simple rotation along the circle C we conclude that our flow can 
be linearized on the space R4 = R2xR2. 

This question, namely to find an easily verifiable criterion as to whether or 
not a flow on a finite dimensional separable metric space can be linearized in 
an Euclidean space will be dealt with in our forthcoming paper. 
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