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AUTOMORPHISMS OF NILPOTENT-BY-ABELIAN GROUPS

C.K. GupTA AND FRANK LEVIN

Dedicated to B.H. Neumann on the occasion of his eightieth birthday

For F free of rank 4, a generating set for Aut (F/[F', F', F']) exhibiting countably many
wild automorphisms is obtained. Also included are examples of wild automorphisms in
Aut (F/Vy4,) which are tame in Aut (F/V;) for k > 1, where V;, = [F",F,...,F] (F
repeats k times).

0. INTRODUCTION

A classical result of Nielsen [8] implies that all automorphisms of free abelian
groups of finite ranks are tame, that is, induced by automorphisms of free groups. The
analogous result holds for free metabelian groups of rank 2 (Bachmuth [1]) and for
any finite rank different from 3 (Bachmuth and Mochizuki [3]), being false for rank
3 (Chein [7], Bachmuth and Mochizuki [2, 4]). Recently, Stohr [10] has shown that
the automorphism group of a free centre-by-metabelian group of finite rank at least 4
is generated by the tamne automorphisms and at most one additional automorphism.
In this paper we consider extensions of the above results to the free groups in the
variety of nilpotent of class 2-by-abelian groups, F/[F', F', F']. For F free of rank 4
we oblain a generating set for Aut (F/[F"', F', F']) consisling of tame automorphisms
and countably many wild, that is non-tame, automorphisms. For F/Vi,,, k > 1,
where Viy, = [F",F,...,F] (k+ 1 times), we give examples of wild automorphisms
of F/Vi4, which are trivial on F/V,, k> 1.

1. CLASS-2-BY-ABELIAN VARIETY

For F free of rank 2 the results of Stohr [10] imply that Aut (F/[F', F', F']) and
Aut(F/V}), k > 1, are infinitely-generated. By Bachinuth and Mochizuki [3], this is
also true for F of rank 3. Ilence, in the sequel we shall restrict our attention to the
case where F' has rank at least 4. Each of the varieties to be considered will contain the
variety of metabelian groups and will have relatively free groups whose derived groups
are nilpotent. For such varieties results of Bachmuth and Mochizuki [4] together with a
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result of Bryant and C.K. Gupta {6] imply that for any rank exceeding 3 the respective
automorphism groups are generated by the tame automorphisms together with those
which are trivial modulo F", so in the sequel we may restrict our attention mainly to
automorphisms of the latter type.

Let G = G4 = F/[F',F',F'] be the free class-two-by-abelian group of rank four
freely generated by z,y,u,v. Let A be the subgroup of Aut (G) consisting of all those
I A-automorphisms of G which are trivial modulo G" and let T denote the group of
tame automorphisms of G. Then it is clear that A is the normal closure under 1' of
all automorphisms of the form = — z([z1, 23], [23,24]%], y = y, u — u, v — v, where
z; € {z,y,u,v} and g,h € G. With g = 2y’ uv¥(mod G'), h = a:“'y"’uclvd’(mod G"),
a,b,c,d,a',b',c',d' € Z, we define automorphisms a[g;h], Blg; k], vlg;h], é[g; k] and
elg; h] of G as follows:

alg;h): = = 2[[z,y)% [u,9)*) y 2 e s u, v o v
Blgshl: = — olfe, o), 3,0, y — 3, 8 —> 4,0 = v
(1) lgihl: = — 2[lz,y)% [z, y 2y, u s w0 o v
8lg;h): = —~ z([z,v]?, [, 0], y — y, u s u, v > v
elgih): = — alfu, ol [u,0]"], ¥ > v, u > w0 v,
Further, with =z, = =, z, = y, 3 = u and z4 = v, we define tame aulomorphisms
rlzi & zj], Tlxi > 2i2d], T[zi > 2z, a €2, and T[z; - z; '] of G as follows:
Tlz; & zj]: @i — zj, 25 o @i, T — 2y for k £14,5;
T(z; — zizf): & — 23], 2k — zk for k # 4
2
(2) T[z; — zjzi]: 23 — aj2i, 2k — o) for k # 4
Tle; = 27 2 = o7t 2 > 3y for k £
In particular, T[z; — 2] %2iz}] = T(z; > 2 zi|r[z: — z23].

We begin with a technical lemma, the proof of which will further serve to illustrate

the techniques involved in the subsequent arguments.

LEMMA 1.
(i) For p = 7y — yz| the conjugate afz®;1]° = (afz*;1])", a € Z, is given
by
(3) alz®;1]° = (efz*; 1)) (aly*; 1))*°,

where 0 = [z & y] and v = T[u & yuy~ljr[v o yvyTl].
(ii) For p = 7ly — yz '], the conjugate alz®;1]° is given by

(4) az*;1)7 = (o[>~} 1)) (aly* 1)),

where o = 7|z & y].
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PRroOOF: By definition we have

zalz®;1)? = zp~ alz?; l]p = zalz%1)p = (w[[z,y]”°, (v, v]])p

= z[[m’yz]z“’ [u,'v]] = za[zm}—l; 1],

ya[:c“; I]p = (yz_l)a[z‘“; 1]P = (y[[%y]za, [uav]]_lz_l)P = yz[[z,yz]za ’ [uvv]]_lz—l
= ylle,y", o1 = (allm ), fw,op ™))
= (allz, ", ™0 ') = (allz, 9", wol]) = ylaly® 1),
wa[z®1)P =u = u(a[a:““;l])(a[y“; 1])*°
valz?;1)f = v = v(afz**;1])(ay*; 1))
This completes the proof of (i)
The proof for (ii) is analogous. 1]

The following lemma serves to reduce the generating set of Aut (G) to some extent.
LEMMA 2. A = (alg;h]|g,h € G)T.

PRroOOF: It is straightforward to verify that
(i) Blgihl = elgp™; hp~')7(algiyh]) ™", where p = Tlu — uyl;
(i) elzg;h] = algp™; hp~'])?(alg; )", where p = 7[z — uz];
(i) 7lg;h) = alge™; hp7 ') (allhy; gru~?]) "7 (alhiu=?; giu?]) 7%, where
p=r1lu - uz)], c =7z o ulrly < v], g1 = go and h; = ho.
(iv) blg;h] = (vlgr™"; hp~'])"(vlvg; B))™", where p = Tly — yol;
and the proof follows. g

LEMMA 3. Let A; = (a[z™;1} | m > 0)T. Then we have
() A =(aly™1f|m >0)7T;
(i1) aly™*1), alz™;1) € Ay for all a > 0.

ProoF: Using (4), alz™*';1}f = alz™;1)(a[y™;1])°, where p = 7[y — yz~!] and
o = 7[z & yl, so it follows that for any m > 0, a[y™;1] € 4;. The remainder of the
argument is by induclion on m, starting with the observation that afy™;1] = a[z™;1]
for m = 0. This proves (i).
For the proof of (ii), the fact that a[y~%,1] € A; follows from the observation that
aly=%1] = (efy®~%;1]) "7, where ¢ = 7[y < y~!]. Using (3) and an induction on
a > 1 finally yields a[z~%;1] € 4,. 0

COROLLARY. A; = (1, | m >1)T, where 7, is the automorphism given by

m
Tm: z = z[2, 40,09,y 2 y,u - u, v o v
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PROOF: Observe thal 7, = a[l;1]"a[y™;1]”, where ¢ is the tame aulomorphism
which conjugates u and v by y™ and fixes the remaining generators. a

LEMMA 4.
(i) Forany a,beZ, ale*y'i1], flo*s’i1] € 4;.
(ii) For any a,b,c,d € Z and q € gp(y,u,v), afz®ybuvd;q] € 4;.

PROOF: (i) By Lemma 2(i), 8[z°y%; 1] is in the normal closure of a[z®y®;1] and
alz®y® y], and since alz®yb;y] = (a[m“yb;ll)v, w = T[u — u¥]rfv — v¥], it suffices
to show that ofz%y® 1] € A;. Set a = a[z®y®;1]. The proof is by induction on the
length of |a| + |b]. If either a or b is 0, the proof follows from Lemma 3. If b < 0,
then of = (a[z®y~*~1;1]) - , where p = 7y — y~!]. Hence, by induction, we may
assume that 6 > 0. If b > |a|, then conjugating a by ¢ = 7[z — yz] if a < 0 or by
o =7z = ylz] if a > 0 yields a® = afzy*~1%l;1]. Hence we may assume further
that b < [a|. If a > 0, a® = afz°~*~ 3% 1)(aleby*~*1;1])°, where p = T(y — yz?),
o =7l & yl. f a<0,asin(3), a® = alz***Hyb 1](alz®y**%1]) ™", where
p=1ly = yz], ¢ = 7[z & y| and v = 7[u & yuy~|r[v & yvy~!]. In either event,
since b < |a], this completes the inductive step. :

(i1) Let a,b,c,d be arbitrary, ¢ = 1 and set oy = alz®y®uv?;1]. The proof is
by induction on |a| + [b] + |¢| + |d|. Conjugating a; by 7{u — v~1u] if c¢d > 0 or by
7[u — vu) if cd < 0, will lower |a|+ |b|+ |c| + |d|. Further, the proof for (i) carries over
to give a reduction if both a,b are non-zero. Hence, we may assuine that one of ¢,d say
d is zero and one of a,b is zero. If b =0, a € Z and ¢ > 0, then with p = 7|y — yu~?],
o =7ly & u], af = alz®ub1;1] (Alz*y*~*;1]) 7 € 4;, by the induclion hypothesis
and (i). If ¢ < 0, the analogous result is obtained with p = 7[y — yu]. Hence we may
assume that b# 0. On the other hand,if b # 0 and a = 0, then with p = 7[y — yz~!],
o =7z o y], (a[zu¢ 1)) = alzbu®; 1) (alybus; 1])0, asin (4). Hence a; € 4;. The

proof of (ii) now by noting follows that for any p € G, ¢ = y*u™v™, we have (a[p; 1])° =

alp;q], where o = T[u — y~*uy*|r[v = y~FvyF|rju = v uv™T[v - VU™,

We now complete the proof of the following theoremn.

THEOREM 1. Let A be the subgroup of Aut(G) consisting of all
I A-automorphisms of G which are trivial modulo G" and let A; = (a[z™;1] | m > 0)T,
where a[z™;1] is: z — z[[z,y]® , [4,v]}, ¥ = ¥, u = u,v > v. Then A= 4,.

PrRoOF: To prove the theorem it suflices, by Lemma 2, to show that for any
pqg € G, alp;qg] € A;. Since alp;ziy*uv?] = (alp';z?])’, where 0 = T[u —
yPuyllrv = ytuylr[u — v tuvd|rlv — uvuc|, it suffices to assume that ¢ is
a power of z. Conjugating a[l;1] by p = 7{z — z7!|7[y — yz] results in (a[1;1])" =
alz;z)(a[l,1])°, where 0 = [z < y], and hence alz;z] € B. More generally,
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alzytucv?, zybuv?] = (alz,2])’ € Ay, where p = 1z — ybz|r[z = uz]r{z — via].
On the other hand, if (a[:c“yb,l])a = a', where ¢ = 7[u - z %uz|r[v - z vz},

then za' = za[z°y®; 2], ya' =y,
ue' = ((z°uz=°))alz®y"; 1]o
= ((:ca[:c"yb;zc])cz_c)u(zc(xa[z“y",EC])—C)
= ([ (U, 91", w01 ) }ud [T (Ul 90", [sw])) ")

= o{J] (lle, 9™, fw, o DH]T (U2, 1°, (ws0]) ™)

where s = z%ybz~™, t =zy%% ™, m =1,...,c.

Hence

ua' = u{H alu‘viu "z, u“v"u""x]"”}{n alutviu™™, utvPu"™|},
m m

where ¢ = 7[z & u|r[y © v] and, similarly,
. -1
va' = ’U{H ([[za y] Y [uav]w])}{ll ([[a},y]’, [uvv]t) }
m m

1t follows that afz®y®, z¢] € A, , for any a,b,c € Z. The proof for general p = z®y*ucv?
now is completely analogous to that for Lemma 4(ii). This completes the proof. Q

To show that afz™,1] is not induced by an automorphism of the free group F of
rank 4 with generators z,y,u,v, it suflices to show that for any choice of elements w; €
[F',F',F'],i=1,...,4, F can nol be generated by z|[z,y], [u,]|{[z,y,2z"], [u,v]jw;,
ywz, uw;, vws. For this purpose the following general criterion due to Birman [5] is
applicable.

LEMMA 5. (Birman[]). Let F,, be a free group of rank n > 2, freely generated
by z1,...,2,. An endomorphism ¢ of F, is surjective if and only if the nXx n matrix
(0z;¢/0z;) of the left Iox derivatives Ox;¢/0z; of the z;¢ with respect to the z; is
left-invertible over the free group ring ZF,, .

(For a discussion of Fox derivatives see, for instance, Narain Gupta [8].)

Let M4 denote the ring of 4x4 matrices over ZF and ¢ be the endomorphism of F'
defined by z¢ = z|[z,y][z,y, z"]; [u,v]]w1, y¢ = yw2, ud = vw;, v¢ = vw,, for some
w; € |F',F',F']. Let M denote the matrix of the left Fox derivatives corresponding to
¢ as in Lemma 5 and 9 a representation of F in GLz(Z[z]), over the polynomial ring
Z|2] in the indeterminate z, defined by

. _[r o [tz -z Y oz 10
O I Bt Sl I e PR L §
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Then ¢ also defines a homomorphism of ZF into GL,(Z[z]) and, hence, a homomor-
phism of M, into the ring of 8 x 8 (partitioned) matrices over Z[z], which we may
denote by % also. For any r € f*, the k-th power of the augmentation ideal f of ZF,
the entries of 7y will be in 2*Z[z]. In particular, the (Fox) derivative of any element
in [F",F', F'] will map to a matrix with entries in 2°Zz].

On the other hand, ’

(02/0z)p = (1 +([v,u] ~ 1)(y™" —1))¥
-2 =2 z —z
=1¢+[—z3 22+z4] [z —z]
1-2%—2* 23 4 2t
:[zs—z'*-!-zs 1—z3+z4—z5]

and since the derivatives of z¢ with respect to y,u,v all have (z — 1) as a factor, they
will map to the zero matrix. Thus it follows from a routine calculation modulo 2%, that
M+ has a non-unit determinant in Z[z}. Thus M4 is not invertible and, hence, M is

not left-invertible. We have thus proved the following result.

THEOREM 2. For all n > 1, the automorphism «fz™;1] given by:

z — z([z,y]*", [4,v]], y = ¥, v — u, v — v, is not tame.

Finally, we observe that if the number of free generators of I" exceeds 4, then
a|[z™; 1] can be extended by letting it act trivially on the additional generators and the
above argument remains virtually unchanged, which means that Theorem 2 remains
valid for F' of any finite rank > 4. We close this section with the conjecture that
Aut(F/[F',F', F']) is not finitely generated for F' of rank 4 and, in particular, that
the automorphisms afz™,1], n > 0, are independent modulo the tame automorphisms.

2. AUTOMORPHISMS OF (I'/Vy)

In this section we exhibit, for each £ > 1, a wild automorphism of F/Vj,,
which is trivial modulo Vi, where F is free on {z,y,u,v,z;,...,2,,n = 0} and
Vi =[F",F,...,F] (F repeats k times).

THEOREM 3. Define ¢, = [[z,y], [u,v],v], 2 = [[=,9], [v,v], v,y] and, by induc-
tion, ¢q = [¢pm-1,v] for odd m, ¢y = [cm—-1,y] for even m. If ay € Autl (F/V}) is
defined by: zay = zck_1, yar =y, uag = 4, vay = v, ;0 = z;, 1 = 1, then ay is

not tame.

PROOF: As in the prool of Theorem 2, to show that a; is not tame it sullices to
show that the endomorphism ¢ of F', defined by z¢ = zcp_ 1w, yd = yws, ud = uws;,

v = vws, zid = T;wiys, t = 1, is not surjective for any chovice of w; € Vi, and
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this, in turn, is verified using the corresponding derivation matrix given by Lemma
5. "For this purpose we define, as in the proof of Theorem 2, a representation ¥ of
F into GL;(Z[#]) defined as in (5) on z¢,...,v¢d and mapping the remaining z;¢ to
the identity matrix. Since the w; are in Vj, their derivalives will be represented by

4 a routine computation shows that for the

matrices over zFt%Z[z], and modulo z**
corresponding (n + 4) X (n +4) matrix M, My is, as in the proof of Theorem 2, again

a diagonal matrix with determinant different from +1, which completes the proof. 0

Concluding remarks. Let G = F/[F", F, F| be freely generated by {z,y,u,v,w}.
Then since [F", F'] < [F", F, F], it follows by Theorem 1 and the Corollary to Lemma
3 that, together with the tame automorphisms, Aut(G) is generated by afl;1] and
the automorphisms p,, n = 1, defined by pg,: ¢ — z{[=,y], [v,v], ¥"], ¥y — ¥, v — u,
v - v, w — w. Note that g, = pp'. Taking 7 to be the tame automorphism z — z,
y—oyw,u oy, v— v, w—w and & to be the tamne automorphism conjugating u
and v by w and fixing ihe remaining generators gives p; = a[l;1]7(a[l;1])"". Thus,
for rank > 5, Aut(F'/V,) is generated by the tame automorphisms together with a
single non-tame automorphism a[l;1]. It seemns that the same holds for Aut (F/Vy4,)
when the rank of F' is > k + 4. We shall not go into details.
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