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Throughou t th is p a p e r (X, d) wi l l be a m e t r i c space with 
m e t r i c d , and h a h o m e o m o r p h i s m of X onto i tse l f . F o r any 
r e a l n u m b e r r > 0 , and pe X , U(p, r ) wi l l denote the open 
r - s p h e r e about p . Any point p eX i s cal led r e g u l a r [3] if for 
any g iven € > 0 t h e r e ex i s t s a ô > 0 such that d(p, y) <Ô i m p l i e s 

n n n 
d(h (p), h (y)) < € for a l l i n t e g e r s n , w h e r e h deno tes the 

i t e r a t e s of h for n > 0 , of h for n < 0 , and h i s the 
iden t i ty . Any point of X which i s not a r e g u l a r poin t i s ca l led 
an i r r e g u l a r po in t . Le t 1(h) denote the se t of a l l the i r r e g u l a r 
po in t s of X and R(h) = X-I(h) . L i m inf and L i m sup a r e d e ­
fined as in [4] . 

We sha l l p r o v e the fol lowing: 

THEOREM 1. Let X be local ly c o m p a c t and connec t ed . 
If p € 1(h) , h(p) = p and 1(h) i s z e r o d i m e n s i o n a l at p , then 

t h e r e e x i s t s a q e R(h) such that p € L i m sup h (q) . 
n-> + oo 

1. LEMMA 1. Le t p eX , h(p) = p and U , V be open s e t s 
conta ining p such that cl V C U . Le t N C V be a connected 

n 
s e t containing p . If t h e r e e x i s t s a y eN such that h (y) ^ U 

for s o m e in t ege r n , then t h e r e ex i s t s an x eN such that 

hn(x) € c l U-V . 

P roo f . Suppose t h e r e does not ex i s t any such point in N . 

Set A = h n (N)Pl (X - cl U) and B = h n (N) H V . Then A , B a r e 
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non-empty, cl A PlB = cj) = A O cl B , and A l J B = h ( N ) . Hence, 

A, B define a separation of h (N) contradicting the fact that 

h (N) i s c o n n e c t e d . T h i s p r o v e s the L e m m a . 

LEMMA 2. Le t X be loca l ly c o m p a c t and c o n n e c t e d . If 
p € 1(h) , h(p) = p and X is 0 - d i m e n s i o n a l at p , then for 
suff ic ient ly s m a l l e > 0 , and U, V open s e t s conta in ing p such 
tha t cl V C U C U(p, e) and any r > 0 such tha t U(p, r ) C V , 

t h e r e e x i s t s a y €U(p, r ) and an i n t e g e r m such tha t h (y) e c l U-V 

P roo f . Since X i s loca l ly c o m p a c t and p € 1(h) t h e r e 
e x i s t s an ê such tha t for any e <_ ê , cl U(p, e) i s c o m p a c t and 
for any 5 > 0 t h e r e e x i s t s a p a i r (x, n), w h e r e d(p, x) <ô and n 

i s an i n t e g e r , such tha t d(h (p), h (x)) > e . Since h(p) = p > 

d(p, h n (x)) > e . 

L e t U, V and r be a s in the L e m m a . If X i s loca l ly 
connec ted at p then the r e s u l t fol lows f r o m L e m m a 1. Le t u s 
suppose then tha t X i s not loca l ly connected a t p . A s s u m i n g 
tha t the L e m m a i s not t r u e for s o m e r we sha l l p r o v e a c o n t r a ­
d i c t i on . 

Le t { r } be a mono tone s e q u e n c e of r e a l n u m b e r s con­
v e r g i n g to z e r o and r = r . F o r a l l p a i r s (x, n) such tha t 

d(p, h (x))> e , w h e r e d (p ,x ) < r , and n is an i n t e g e r , le t 

(x , n ) denote one for which n i s l e a s t . v 1 1 ' l 1 

F o r any y € U(p, r ) le t c(y) deno te the componen t of U(p, r ) 
conta in ing y . Note then tha t x ^ c(p), s i n c e , f r o m L e m m a 1, 

n l 
th i s l e a d s to a c o n t r a d i c t i o n b e c a u s e h (x ) ^ U . A l so 

n l 
h [c(x )] p) °1 U ~ <t> • F o r if not then f r o m the above a s s u m p t i o n 
n 4 n l 

h [c(x ) ]p | ( c l U-V) = cf> and, t h e r e f o r e , h [c(x )] f | v * * • But 
n l 

then a s e p a r a t i o n of h [c(x )] can be defined c o n t r a d i c t i n g tha t 

i t i s c o n n e c t e d . It i s c l e a r f r o m the s a m e r e a s o n i n g tha t 
n - 1 n , + 1 

h [c(x )] or h [ c ( x . ) ] > depending upon w h e t h e r n i s 

p o s i t i v e or nega t ive r e s p e c t i v e l y , i s conta ined in V . 
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n - n 
1 1 

F r o m the cont inui ty of h and h t h e r e e x i s t s an 
n - n 

1 1 
s > 0 such tha t if d (p ,x) < s then h (x) € V and h (x) € V . 
Set ô = r and 5 0 = m in ( s , r ) . Again t h e r e e x i s t s , as above , 

1 1 2 1 1 
a p a i r (x , n ) , d ( p , x ) < 5 and n an i n t e g e r , such that | n | 

n 2 
i s the l e a s t i n t e g e r for which h (x ) £ U . F r o m the choice of 

Ô i t i s c l e a r that | n | > | n | . I t e r a t i ng th is p r o c e s s we get 

p a i r s (x., n ) and n u m b e r s ô. , i = l , . . . such that (1) L i m ô . = 0 
i i i . 1 

i->oo 
n i 

and (2) h [c(x.)]C\ cl U = fy . A s s u m i n g without loss of g e n e r a l i t y 

n r l 
tha t a l l n. a r e p o s i t i v e , we have f u r t h e r m o r e , (3) h [ c ( x . ) ] c V 

and (4) n. > n. if i > j . 

All the e l e m e n t s c(x.) a r e d i s t i nc t for i = 1 , 2 , . . . and 
l 

f r o m (1) a l l excep t a f ini te n u m b e r of t h e m i n t e r s e c t any open se t 
conta ining p . T h e r e f o r e L i m inf c(x.) con ta ins p and i s non-

i-> oo 
e m p t y . Hence N = L i m sup c(x.) i s a connected se t [4, ( 9 . 1 ) , p . 14] 

i -> oo 
and con ta ins p . 

C l e a r l y N C c(p) . F u r t h e r m o r e , s ince , c l [c (x . ) ]n boundary 

U(p, r ) ^ (|> [4, (10 .1 ) , p . 16] and boundary U(p, r ) i s c o m p a c t , 
N O b o u n d a r y U(p, r ) ^ cj> . Hence N is n o n - d e g e n e r a t e . 

Since 1(h) i s z e r o d i m e n s i o n a l at p and N i s connected 
and n o n - d e g e n e r a t e t h e r e ex i s t s a y e N O R ( h ) but y é b o u n d a r y 
U ( p , r ) . Le t d(V, X-U)= e ; then e > 0 . F r o m the r e g u l a r i t y 

of y t h e r e e x i s t s an r\ > 0 such that d(x, y) < n i m p l i e s that 

d(h (x), h (y)) < e for a l l i n t e g e r s n . Since ye N = L i m sup c(x.) , 
i-> oo 

U(y, T|) O c ( x - ) ^ ^ ^ o r inf ini tely m a n y va lues of i . Le t 
n. n. 

x e c(x.) f lU(y , r | ) . Then d(h ^ x ) , h 1 (y ) )<e . But s ince 

h [c(x.)] H c l U = cj) , f r o m the choice of e , h (y) 4- V . Again, 
n i 

by our a s s u m p t i o n that the L e m m a is not t r u e h (y) 4 cl U-V , 
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n. 
hence h (y) ^ c l U . But , s i nce y € c(p) , L e m m a 1 l e a d s aga in 
to a c o n t r a d i c t i o n of the a s s u m p t i o n . Th i s c o m p l e t e s the proof of 
L e m m a 2. 

P roof of T h e o r e m 1. Since p i s i r r e g u l a r and h(p) = p 
t h e r e e x i s t s an e > 0 such tha t U(p, e) i s c o m p a c t and for any 
ô > 0 t h e r e e x i s t s a p a i r (x, n) , w h e r e d(x, p) < 6 , n i s an 

i n t e g e r and d(p, h (x)) > e . Since 1(h) i s z e r o d i m e n s i o n a l at p , and 
p e 1(h), t h e r e e x i s t s an open se t V conta in ing p such tha t 
c l V C U ( p , e) , b o u n d a r y V O l ( h ) = $ , and a = d(c l V, X - U ( p , e ) ) > 0 . 
Since X i s c o n n e c t e d , b o u n d a r y V Q R(h) ^ § . Le t 
V. = {x :d (x , V) < a / 2 1 } , i = 1, 2, . . . . 

Le t ô > 0 and U(p,ô ) C V . F r o m L e m m a 2 t h e r e e x i s t s 
n i 

a y , e U(p, 6 t ) and an i n t e g e r n such tha t h (y ) € cl V - V . 
1 1 1 1 1 

It i s e a s y to s e e tha t th i s p r o c e s s can be i t e r a t e d to get a s e q u e n c e 
of pos i t i ve r e a l n u m b e r s {6 . } converg ing to z e r o , such tha t , for 

each i, i = 1, . . . , t h e r e e x i s t s a y. e U(p, 5 .) and an i n t e g e r n 
i l l 

such that h ( y . ) s cl V . -V and In. | > In. l if i > j . Since 
l l l J 

n i 
cl V -V i s c o m p a c t , the s equence {h (y.)} conta ined in cl V -V 

h a s a c o n v e r g e n t s u b s e q u e n c e converg ing to a point q of cl V - V . 

We m a y a s s u m e wi thout l o s s of g e n e r a l i t y that the above s e q u e n c e 
n. 

l 

i-> oo 
qe b o u n d a r y V C R(h) . 

- n . 
We c l a i m tha t L i m h (q) = p . Le t e > 0 be a r b i t r a r y . 

i-> oo 
Since qe R(h) t h e r e e x i s t s an r\ > 0 such tha t d(x, q) < n i m p l i e s 

n n n i 
tha t d(h (x), h (q)) < e /2 for a l l i n t e g e r s n . Since q= L i m h (y.) , 

i-*- oo 
n. 

d(q, h (y.)) < n for i >_ N for s o m e i n t e g e r N . Hence 

" n i 
d(h (q), y.) < e /2 for i > N . Again s ince L i m 5. = 0 t h e r e 

i o ~ 1 . i 
l - > 00 

e x i s t s an i n t e g e r N such tha t ô < e / 2 for i > N , tha t i s , 
2 i o — 2 

d(p, y.) < e /2 for i ;> N . Hence for i > m a x (N , N ) , 

i t se l f c o n v e r g e s to q . Since h (y.) e c l V . - V and L i m a / 2 = 0 
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- n . - n . 
d ( h 1 ( q ) , p ) < d ( h ' ( q ) , y . ) + d ( y . , p ) < £ 

~" l l o 

This proves the above claim and hence the theorem. 

2. EXAMPLE. Let {p.:i is an integer} be any set of real 

numbers such that p < p. . for each i , Lim p = 1 and 
i l+l . l 

i-> oo 
Lim p. = -1 . For each i let L. denote the line segment 
i-> -oo 
{(x, y): - 1 <C x <C 1 and y = p. } in the Euclidean 2- space with the 

usual topology and M. be its reflection in the line y = x . Let 

L = (J {L.: i is an integer} and M = (J {M- : i is an integer} . 

Let 

X = M ULU{(-1,-1) , ( -1 ,1) , ( 1 , - D , (1,1)} 

have the relative topology. Let 

h: X->X 

be defined as follows: 

h(p., p.) = (p., p.) if p. = + 1 and p. = + 1 
i J i J i ~ J ~ 

= (p., p. ) if p. = + 1 and p . i- + 1 
i j + 1 i ~ j ~ 

- ( p . . . » p . ) i f p. i + 1 a n d p. = + l 
i + i j i - j -

= (pi+i'pj+i) i f P i^ + ̂ P j • 

In the last case (p., p.) is the initial end point of two line segments 

whose terminal end points are (p.,.» p.) and (p., p . , . ) such that no 
^ ^i+l j i j+1 

coordinate is 1 or -1 . For points of these line segments h is 
defined by linear extension onto the line segments 

[ (P i + 1 .P j + 1 ) . (P i + 2 ,p j + 1)] and I«P i + 1 .P j + 1>. (P i + 1 .P j + 2)] • 

5 1 1 

https://doi.org/10.4153/CMB-1967-049-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-049-6


It i s not difficult to see tha t h i s a h o m e o m o r p h i s m of X 

onto i t se l f . The se t of po in t s {(+ 1 , p.)} (J {(p. , +1)} , 

i = 0 , _+ 1, . . . i s the se t of i r r e g u l a r non-f ixed po in t s of h and 
{(1 , 1) , (1 , -1) , ( - 1 , - 1 ) , (1 , -1)} i s the se t of fixed i r r e g u l a r 
po in t s of X under h . 1(h) i s z e r o d i m e n s i o n a l and c o m p a c t ; 
R(h) is connected and so i s X . X i s loca l ly connec ted but not 
loca l ly c o m p a c t at any point of 1(h) . The po in t s ( - 1 , 1) and 
(1 , -1) a r e fixed i r r e g u l a r po in t s , but for no ye R(h) does 

L i m sup h (y) con ta in e i t he r of t h e m (cf. T h e o r e m 1). 
n->_+ oo 

REMARK. It i s i n t e r e s t i n g to c o m p a r e T h e o r e m 1 above 
with s i m i l a r r e s u l t s - L e m m a 10 of [ l ] and L e m m a 1 of [2 ] . 
Also one m a y ask the ques t i on w h e t h e r the m a i n t h e o r e m of [2] 
can be obtained wi th fewer a s s u m p t i o n s - in p a r t i c u l a r wi thout 
a s s u m i n g X loca l ly connec t ed . The above e x a m p l e i n d i c a t e s , 
h o w e v e r , tha t loca l c o m p a c t n e s s i s e s s e n t i a l . 
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