SOME LINEAR OPERATORS IN THE .* SPACES
LEE PENG-YEE

1. Introduction. Let L?, 1 = p < o, denote the space of all functions f
(real or complex) such that f and [f|? are variationally integrable (see 2, p. 40,
for definition) with respect to a pair h of interval functions in an elementary
set E. In what follows, we fix both h and E and assume that h = {h;, &,} is
variationally integrable and 2, = 0 (s =/, ) in E. Further, let L* denote
the space of all functions f (real or complex) which are h-measurable (cf. 2,
p. 95) and bounded almost everywhere, i.e. except in a set X satisfying
(cf. 2, p. 47) V(h; E; X) = 0. If we regard f and g as identical when f = g
almost everywhere, then it has been pointed outin (3,§ 1) that 7,1 < p < 0,

with
fllb = [(V) [elfPdh]» (12 p <),
[Iflle = inf{N;|f| £ N almost everywhere},

are Banach spaces. Note that with the help of (3, p. 315, Lemma 3), the
continuity of h in (2, pp. 133-134, Theorems 53.4 and 53.5) can be dropped,
and hence is not required in proving that L? are Banach spaces.

In (3, Theorem 1), we gave necessary and sufficient conditions for the weak
convergence of the sequence

F(f;y) = (V) fufe(-,y) dh

of linear fumctionals in L?. In this note, we consider linear operators from L?
into the spaces of bounded functions and of continuous functions. Furthermore,
we define two new function spaces, namely A and @, which are akin to the L?
spaces, and consider linear operators from L? into A and @ and conversely.

2. Linear operators from L? into B or C. Let p, ¢ denote a pair of
numbers having the following relation: when 1 < p < 0, 1/p + 1/q = 1;
when p = 1, ¢ = 0 ; and when p = 00, ¢ = 1. Then, as in Lebesgue theory,
we have the following result.

LemMMA 1. If f € L? and g € LY, then both fg and |fg| are variationally in-
tegrable with respect to h in E and

(V) [efgdh| = (V) [&|fel dh < [Ifll,llg]lo

If f=0, g =0, the integrability of fg and |fg| follows from (2, p. 133,
Theorem 53.4; 3, p. 315, Lemma 3). In general, if f and g are real, we divide
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E into four subsets, namely X (f 2 0,2 2 0),X(f<0,2<0),X(f=0,g < 0),
X(f<0,g=0). Then fg and |fg| are integrable in each subset and therefore
in E. When f and g are complex, we split them into real and imaginary parts,
and hence the result. The remainder of the lemma follows from (2, pp. 61, 133,
Theorems 31.2 (31.12) and 53.3 (53.10)).

For convenience, we restate here two other lemmas given in (3).

LEmMMA 2. If g € LY, and
F(f) = (V) [zfgdh

1s defined for all f € L, then F is a continuous linear functional in LP. Moreover,
ILEI = Tlelle-

LeEMMA 3. In order that F(f) should be defined for all f € L?, it is necessary
and sufficient that g € L.

Let B and C be the Banach spaces of bounded functions and of continuous
functions, respectively, all in E, with norms defined to be sup{|f(x)|; x € E}.

THEOREM 1. In order that for every y € E and for every f € L?
F(f;y) = (V)[& fg(-,) dh

should be defined and F(f;-) € B, it is necessary and sufficient that
(i) for everyy € E, g(-,y) € L9
(i) sup{llg(-, Ml;;y € E} < oo.

The necessity of (i) follows from Lemma 3.

To prove (ii), we first show that F is a continuous linear operator from
L?into B. By Lemma 2, it is linear. In view of (1, p. 79, Theorem 2, or 7, p. 265,
Lemma 6), to prove its continuity it suffices to show that ||F(f; -)||s is lower
semi-continuous in L?.

Let f; — f in L?. Then, in view of (2, p. 137, Theorem 54.2),
PG| = lim [F(f;; 9)| < lim inf [[F(fy; )15

for every y € E, so that ||F(f; -)||s < liminf ||F(f;; -)||5-
Since we have proved that F is a continuous linear operator from L? into B,
there is an V > 0 such that

1FE5 )le = NlIfl
sup{|F(f;y); ¥ € E} = N||fll,
for all f € L?. Then by Lemma 2
sup{|lg(-, ||y € E} = N.

i.e.,

Hence, we obtain (ii).
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The sufficiency of the conditions (i) and (ii) follows from Lemmas 1 and 3.

THEOREM 2. In order that for every y € E and for every f € L?

F(f;9) = (V) [& fe(-,9) dh

should be defined and F(f; -) € C, it is necessary and sufficient that (1)—(iii) of
the following be satisfied when 1 < p < 0, and (1)—(iv) when p = o0:
(1) For everyy € E, g(-,y) € LY
(i) supfllg(-, Ml y € E} < 005
(iii) For each elementary set £y C E and for each z € E,

lim F(ch(E1);y) = F(ch(E1);3),
Y-z
where ch (E1) denotes the characteristic function of Ey;
(iv) For every € > 0 there are n > 0 and & > 0 such that whenever ch(X)
is h-measurable and V(h; E; X) < nand |y — 2| <3,

|F(ch(X);y) — F(ch(X);2)| < e

The necessity of (i) and (ii) follows as in Theorem 1, and that of (iii) and
(iv) by setting f = ch(E;) and ch(X), respectively. By using (3, Theorem 1),
we obtain the sufficiency.

We remark that conditions (iii) and (iv) can be replaced by the following
condition:

(v) For each X C E such that ch(X) is h-measurable and for each z € E,
lim F(ch(X);y) = F(ch(X);2).

vz
The necessity of (v) follows by setting f = ch(X). Since (v) implies (iii)
and (iv), hence the sufficiency.

3. The spaces A and Q. Let h be defined as in § 1, and let ¢ be a real-
valued monotone decreasing function variationally integrable with respect
to h, and with inf{¢(x); x € E} > 0. We denote by A the space of all func-
tions f in L! such that

Ifllsa = (V) [zlfle dh < .

It was pointed out by the referee that when E = [0, 1], ¢(x) = ax>!
0 <a<1l), and hy(u,v) =2 —u (s =1,7), the space A is different from
the space A(a) defined by Lorentz (4). For example, if « = 1 and f(x) =
(1 —x)"% thenf € Abutf g A®Z).

Further, we denote by © the space of all functions f in L! such that

S [ |f]ch(E) dh

where E; is an arbitrary elementary set in E. Then f € Q if and only if there is

ElgE}<OO,
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an N > 0 such that |[f| £ N¢ almost everywhere in E. The sufficiency is easy.
To prove the necessity, since f € Q, there is an N > 0 such that

(V) Jelflch(I) dh £ N(V) [z ¢ ch(I) dh,

where I is an arbitrary interval open on the right. By (2, p. 63, Theorem 31.3
(31.20)),

(V) [ fl ch(I) dh
< N(V) [z ¢ ch(I) dh
N(V) [ g ch(I) dh*,

where h* is variationally equivalent to {¢h;, ¢k,} in E. By (2, p. 78, Exercise
34.2 and Theorem 35.1 (35.3)), it follows that |f|/¢ = N except possibly in a
set X satisfying V' (h; E; X) = 0. We have also used (2, p. 49, Theorem 28.1).

We remark that when ¢ is bounded, A reduces to the L! space and @ to L”.
As usual, two functions which are equal almost everywhere are regarded
as identical.

(V) & {Ifl ch(1)/¢} dh*

LeMMA 4. A and Q are Banach spaces.

We shall only prove that A is complete. The proof for @ is similar. We may
assume without loss of generality that E = [a, b]. First, we observe that

[ Ilean

is continuous in L! and monotone increasing as 6 — 04-. Then

1511s = lim 1) | 1716 dn

is lower semicontinuous in L. Note that this includes both cases when
¢(a) < oo and when ¢(a) = .
Let {f;} be a Cauchy sequence in A. Then

Il

15, = flls= ) [ 15, = 5l an

IA

s | 17, flean

)Y f; — fella—0 asj k— 0.

Since L! is complete, there is f € L' such that [|f; — f||1 — 0. By the lower
semicontinuity of |[f]|a in L, it follows that f € A, and that for every ¢ > 0,
there is a jo such that whenever j = j,

15 = flla S iminf |1 £, = fells S e

Hence, A is complete.
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LemMMA 5. If f € A and g € Q, then both fg and |fg| are variationally integrable
with respect to h in E and

|(V) [efgdh| < (V) [g|fgl dh < ||f]lallg]le.

It is evident that for every elementary set E; C E,
(V) Je l¢l ch(E1) dh = [lglla(V) [ & ch(Ey) dh.

Then the required inequality is true for any step function f. Let f € A. In
view of (3, Lemma 4), there is a sequence {f;} of step functions such that
IIf; — fll1 — 0. By (2, pp. 135, 86, Theorems 54.1 and 37.1 (37.10)), there is a
subsequence {f;u} such that

m fym = f

for almost all x in E, and both fg and |fg|, as limits of f;ug and [f;wmg|, respec-
tively, are integrable with respect to h in E. It follows that

(V) [z lfel dh < |lglla(V) [ 2 ¢lf] dh = [|g]a]|f]]a.

LEMMA 6. In order that F(f) in Lemma 2 should be defined for all f € A, it 1s
necessary and sufficient that g € Q.

The sufficiency follows from Lemma 5. To prove the necessity, let X; be
the set of x for which |g| = j¢ almost everywhere in E. Then by (2, p. 82,
Theorem 36.1)

lim (V) [&fg ch(X,) dh = (V) [z fg dh.

J-00
Since A is complete and F;(f) = F(fch(X};)), j = 1, are continuous linear
functionals in A with ||F,|| = [lg ch(X;)||e, it follows from the Banach-
Steinhaus theorem (see, for example, 1, p. 80, Theorem 5) that

sup{lg ch(X))[le; j 2 1} < 0.
Hence g € Q.

4. Linear operators from L? into A or Q. We write
Fi(f;y) = (V) [efe(-,y)dh,  Fu(fix) = (V) [efg(x, -) dh,

when the integrals exist.

THEOREM 3. Let g(x, v) = 0 be variationally integrable (see 2, p. 104, for
definition) with respect to h X h = {k,h,, hh,, hih,, b.h,} in (E, E). Then the
following statements are equivalent:

(i) For every f € L?, Fi(f; ) as a function of y is defined almost everywhere
in E, and F1(f; ) € &
(ii) For every f € A, Fy(f; x) as a function of x is defined almost everywhere in
E, and F.(f;-) € LY
(iii) g(x, +) € @ for almost all x € E, g(-,y) € L for almost all y € E, and

Fs(ch(E1); e . p ~
sup{(V)fE o ch(Ey) dh T ELC E} < 0.
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Assume that (i) holds. Let f € L?, f* € A, and let

5, = {f UF1 <9 pa_ {f* (1£*] <9,
G dflzas i Az
Since the product f;f;* is bounded and (h X h)-measurable in (E, E), in
view of the two-dimensional analogue of (2, p. 99, Theorem 40.2, second part),
we find that the double integral

) [ @.m F1)f* (g (x, y) dh X h
exists. Then by (2, p. 106, Theorem 44.1 (Fubini’s theorem)), F.(f*;x)
exists for almost all ¥ in E and also
|(V) [efiF2(f*; ) dh| = [(V) [ e.m fif*g dh X h]

= |(V) [ f*Fi(f;; +) dh|

= (N [=IfR(f]; )l dh

= (Il F2(Ufls e < 0.
If f= 0, f* 2 0, then f;f;* is monotone increasing in j, in view of the above

inequalities and the two-dimensional analogue of (2, p. 82, Theorem 36.1), we
find that the double integral

(V) [ m.m F)f* (0)g(x, ) dh X h
exists. For general f and f*, we split them as in the proof of Lemma 1; hence,
the double integral exists for f € L? and f* € A. Then, again, by Fubini’s
theorem, Fy(f*; x) exists for almost all x in E and
(V) [=fF:(f*; -) dh
exists for all f € L?. It follows from Lemma 3 that Fy(f*;-) € L? for all
f* € A. Hence, (i) implies (ii).

Assume that (ii) holds. By Lemma 6, the condition that g(x, -) € Q for
almost all x in E is necessary. From an argument similar to the one above, it
follows that Fi(f;y) exists for all f € L? and g(-,y) € L? for almost all y.

Further, let f; — f in A. Following the proof of (2, p. 137, Theorem 54.2),
with ||-]], and [|-]|, replaced by ||-]|s and ||||e, we find that

lim (V) Jzfiglx, ) dh = (V) o fe(x, -) dh
for almost all x. Then
(V) [ |Fe(f; +)|%dh = (V) [&lim |Fa(f5; )I" dh
< lim inf (V) [ |Fa(f53 -)|'dh,

so that ||Fo(f; -)||, £ lim inf || Fo(f;; - )||,- Hence, we have proved that F, is
a continuous linear operator from A into LY.

Now put f = ch(E;) € A. It follows that there is an N > 0 such that
[[Fa(ch(E1); )|l £ Nl[ch(E1)||a

for every E, C E. Hence, (ii) implies (iii).
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Assume that (iii) holds. The first part of (i) follows from Lemma 1. Again,
we can show that for every f € L? and for every E; C E, the double integral

% f(EE)f(x) ch(E1; y)g(x,y) dh X h

exists. Then, by Fubini’s theorem,

M) J&|F1(f; )| ch(Ey) dh < (V) [z Fi(|f]; -) ch(Ey) dh
(V) [ & |f|Fa(ch(Ey); ) dh
= HprHF2(Ch(E1)§ ')Hq

< N|lfll,(V) [ ¢ ch(E;) dh

for some N > 0. Since E; is arbitrary, Fi(f; -) € Q. Hence, (iii) implies (i).

IA

THEOREM 4. Let g be defined as in Theorem 3. Then the following three state-
ments are equivalent:
(i) For every f € L% Fi(f;v) as a function of vy is defined almost everywhere
in E, and Fi(f; -) € A;
(ii) For every f € Q, Fo(f; x) as a function of x is defined almost everywhere,
in E, and Fo(f; -) € L%
(iii) g(x, ) € A for almost all x in E, g(-,y) € L? for almost all y in E, and

”F2<¢? ‘)Hp < .

The proof is similar to that of Theorem 3.

We remark that the conditions imposed on g in Theorems 3 and 4 are essen-
tial for proving the existence of the double integrals involved and so for the
application of Fubini’s theorem. We also remark that special cases of
Theorems 3 and 4 when ¢ = 1 and ¢ = 1 have been investigated by Tatchell
(7) and by Sunouchi and Tsuchikura (6) for the Lebesgue integral. Sunouchi
and Tsuchikura assumed that g is measurable in the plane, but Tatchell
did not. The analogue of Theorem 3 for sequence spaces has been proved
by Sargent (5).
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