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A Note on Covering by Convex Bodies

Dedicated to Ted Bisztriczky, on his sixtieth birthday.

Gébor Fejes Toth

Abstract. A classical theorem of Rogers states that for any convex body K in n-dimensional Euclidean
space there exists a covering of the space by translates of K with density not exceeding nlogn +
nloglogn + 5n. Rogers’ theorem does not say anything about the structure of such a covering. We
show that for sufficiently large values of n the same bound can be attained by a covering which is the
union of O(log n) translates of a lattice arrangement of K.

A classical theorem of Rogers [3] states that for any convex body K in n-dimen-
sional Euclidean space E" there exists a covering of the space by translates of K with
density not exceeding

nlogn + nloglogn + 5n.

Erdés and Rogers [1] showed that such a covering exists with the additional property
that no point is covered by more than e(nlogn + nloglog n + 5n) bodies. Recently,
Firedi and Kang [2] used the Local Lemma of Lovasz to prove a result only slightly
weaker than that of Erd6s and Rogers. They showed that for sufficiently large values
of n there is a covering of E" by translates of any convex body such that each point is
covered at most 101 log n times.

Neither of these results yields information about the structure of such a covering.
Rogers [5] proved the existence of a lattice covering by translates of any convex body
in E" with density not exceeding 1'% 108" 0() a5 4 — o0, Here we show that with a
slight modification of Rogers’ proof of this latter result we can get yet another proof
of the bound O(nlog n) for the non-lattice case. Moreover, we show that this bound
can be reached by a covering which is the union of O(logn) translates of a lattice
arrangement.

Theorem  For any convex body K in n-dimensional Euclidean space there exists a lat-
tice arrangement of K such that O(log n) translates of this arrangement form a covering
of the space with density not exceeding nlogn + nloglogn + n + o(n).

The proof is based on three lemmas. The first two are modifications of Lemmas 3
and 4 from Rogers paper [5], and the third one is a direct consequence of a result of
W. Schmidt.
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Lemma 1 Let K be a convex body and let A be a lattice in n-dimensional space E".
Further letby, ..., b,, € E" be such that the set

S=U UK+g+b,
i=1gEA

has density 1 — o. Then there is a point a € E" such that the set SU (S + a) has density

at least 1 — o2.

Proof Let D be a fundamental domain of A and let x(x) be the characteristic func-
tion of S, that is,
) 1 ifxes,
X) =
X 0 ifx¢S.

Then x(x) = x(x —g)ifg € Aand
— 1—x(x)dx=o0c foreveryve E".
VD) D+V( X(x)) y

Further,

1 1
V(D) /D{W/D(l _X(X))(l—X(X+Y))dx} dy
1
W/D(l —X(x)){/D(l _X(X+Y))dy} dx

ﬁ/f)(l - x(x) {/Dx(l —X(Z))dz} dx — o2

Thus, the mean value of

1
V(D)

/(1 C X)L — x(x +)) dx
D

over D equals 0. Therefore we can choose a pointy = —a such that

1

V(D) /D(l —x(3)(1 = x(x — a)) dx < 0.

The proof of the lemma is now complete by observing that the integrand is nothing
else but the characteristic function of the complement of the set S U (S + a). [ |

Lemma 2 Let K be an n-dimensional convex body and let A be a lattice such that the
set R = UgeA K + g has density 1 — o. If for some natural number h and for some
vectors by, ..., by, the density of

Cs

S =

1

U K+g+b;
1geA

isatleast 1 —h™"(1— o), then thesets {(1+h~)K+g+ b; }ger1<i<m form a covering
of the whole space.
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Proof Letaj,...,a, beabasisof A. Write T = UgeA h~'K + g and observe that

The density of the set on the right-hand side is the same as that of R, thatis, 1 —o. On
the left-hand side we have the union of h" translates of T. It follows that the density
of T is at least h~"(1 — o). The same lower bound holds for the density of —T + x
for each x. On the other hand, the density of S is at least 1 — h™"(1 — o). Since the
union of —T + x and S is closed and the total density of the two sets is at least 1, they
have a point in common. Hence there are points k; and k; in K, points g; and g, in
A and an index i such that —h~'k; — g; + x = k, + g, + b;. Consequently

X:I’l_lk1+k2+g1+g2+b,’.

As K is convex and A is a lattice, we have h'k; +k, € (1+h !)Kand g; + g € A.
Since x is arbitrary, this proves the lemma. |

The next lemma asserts that there is a reasonably thin lattice arrangement of copies
of an arbitrary Borel set leaving only a very small portion of the space uncovered.

Lemma 3 Letcy = 0.278 - - be the root of the equation 1 + x + logx = 0. If ¢ < co,
then to any positive number ¢ there is a natural number N(g) such that forn > N(e)
to any Borel set S C E" there is a lattice-arrangement of S with density cn covering the
whole space with the exception of a set whose density is at most (1 4 €)e™".

Proof Let S be a Borel set and let A be a lattice with determinant 1. Let (S, A)
be the density of the part of the space left uncovered by the sets {S + g}gea. Let
1(A) denote Siegel’s measure in the space of lattices of determinant 1, normalised so
that the whole space has measure 1 [7]. The mean value M(S) = f K(S, A) du(A)
of (S, A) over all lattices of determinant 1 was first investigated by Rogers [4] who
observed that an upper bound on M(S) can be used to derive existence theorems for
thin coverings of the space by translates of a convex body K. Rogers’ bound on M(S)
was sharpened by Schmidt [6, Theorem 10*, p. 212] who stated the following: to any
positive number ¢ there is a natural number #, such that if n > ny and S is a Borel
set in E”, with volume V(S) = V < n — 1, then M(S) = ¢~V (1 — R*), where

|R*| < V" =1V (1 4 6) + 6.

Observe that if ¢ < ¢y and V' = cn, then V"~ 1n=""1e"*" approaches zero as
n — o00. Thus to any positive number ¢ there is a natural number N(e) such that if
n > N(e), we have M(S) < e=V(1 + ¢) for any Borel set S C E" with V(S) = cn <
CoM.

Now let S be an arbitrary Borel set in E”, n > N(g), and consider the set S’ = AS,
where A = (=4-)Y/". Then V(S’) = cn and there is a lattice A’ with determinant 1

V(S)
such that (S, A) < e7V®)(1 +¢). Letting A = A~'A’, the arrangement {S + g}gen
has the property stated in Lemma 3. ]
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Proof of Theorem We set ¢ = e — 1 and choose 1 so large that it satisfies the in-
equalities

Zmtl | 1/¢
, and (nlogne e )

1
(%) n>N(e—1), e o> < < 3

N —

where the function N(¢) and the constant ¢, are those appearing in Lemma 3. Fur-
thermore, we choose ¢ so that ¢y /2 < ¢ < ¢y and

k =log,((logn +loglogn +1/logn)/c)

is an integer. By Lemma 3, for any convex body K in E” we can find a lattice A such
that the sets

{1+ [nlogn| ") 'K + gleen
have density dg = cn, and they cover the whole space with the exception of a set
whose density is at most o = e~ "L,

Next we apply Lemma 1 successively k times to this arrangement. At each step
the density of the arrangement doubles, while the density of the part of the space
left uncovered by the new arrangement is at most the square of the corresponding
quantity for the previous arrangement. In the k-th step we obtain an arrangement

{(1 + LnlognJ*1)71K+g+bi}g€A11Si§m
consisting of m = 25 = ¢~!(logn + loglogn + 1/logn) translates of the lattice
arrangement

{(1+[nlogn] ") 'K +g} geh

whose density is 6y = mdy = n(log n+loglogn+1/logn) and which leaves uncovered
a set of density at most

_ —antl\ 1/c _
e cn+1)(logn+loglogn+l/logn)/c — (nlogne Tog ) /(nlogn) n

or =0y = (
In view of the assumptions imposed on # in (x) we have

oy = e cntl < e*Con/2+1 <

N —

and
—ent1 | 1/c . —artl | 1/e .
or = (nlogne™m ) "“(nlogn)™" < (nlogne ™ ) "~ (nlogn)
1
< E(nlogn)_"

hence oy < (nlogn)~"(1 — gy) < |nlogn]~"(1 — oy). Therefore we can apply
Lemma 2 with h = |nlogn] showing that the sets

{K +g+bi}tgeri<i<m
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form a covering of the whole space. Their density is

§ = (1+ |nlogn|~")"s
(1+1/logn + O(1/log* n))n(log n + loglog n + 1/ log n)

n(logn +loglogn + 1+ o(1)).

This completes the proof of our Theorem. In the proof a crucial role was played
by Lemma 3 which was deduced from the deep result of W. Schmidt. We note that
Theorem 1 from [4] by Rogers gives only a slightly weaker bound on M(S) than
Schmidt’s bound; however its proof is considerably simpler. From Rogers’ bound
immediately follows [5, Lemma 2] which, used in place of our Lemma 3, still yields
the existence of a covering of density O(nlogn).
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