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Abstract

We show that over any field F of characteristic 2 and 2-rank n, there exist 2" bilinear n-fold Pfister forms
that have no slot in common. This answers a question of Becher [‘Triple linkage’, Ann. K-Theory, to
appear] in the negative. We provide an analogous result also for quadratic Pfister forms.
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1. Introduction

The study of linkage of quadratic or bilinear n-fold Pfister forms and its connections
to important field invariants, for example, the u-invariant and the cohomological 2-
dimension, has been the focus of several interesting papers in the last five decades.
The first significant result was obtained in [14] where it was shown for nonreal fields
F with char(F) # 2 that if I"F is linked (that is, every pair of anisotropic n-fold Pfister
forms have an (n — 1)-fold Pfister form as a common factor) then I"*?F = 0, and it was
concluded that if F is linked (that is, I>F is linked) then u(F) can be either 0, 1,2, 4 or 8.
The analogous result for /j F' when char(F) = 2 was given in [7] based on preliminary
results obtained in [15].

There is an intrinsic complication with quadratic forms when char(F) = 2: there
exist two kinds of quadratic field extensions—separable and inseparable—which
means that a maximal subfield shared by two given quaternion division algebras
can be either a separable or inseparable extension of the centre, and two quadratic
n-fold Pfister forms can share either a quadratic or bilinear (n — 1)-fold Pfister
form as a common factor. We specify the terms ‘separable’ and ‘inseparable’
linkage accordingly. It was shown that inseparable linkage for I;F implies separable
linkage [12] but not vice versa [18]. This fact was generalised to I F for arbitrary n
in [15] and to symbol division p-algebras of arbitrary prime degree in [6].

© 2018 Australian Mathematical Publishing Association Inc.

38

https://doi.org/10.1017/5S0004972718000229 Published online by Cambridge University Press


http://orcid.org/0000-0001-6968-8139
https://doi.org/10.1017/S0004972718000229

2] Bilinear and quadratic Pfister forms 39

In [5] the linkage property was extended to larger sets of n-fold Pfister forms: we
say that I"F is m-linked if m anisotropic bilinear m-fold Pfister forms always have an
(n — 1)-fold Pfister form as a common factor. It was shown for nonreal fields F with
char(F) # 2 that if I"F is 3-linked then I"*! F = 0, and consequently that if I>F is 3-
linked then u(F) < 4. The analogous results for Iy F when char(F) = 2 were obtained
in [9].

Becher noticed that there exist fields F for which I?F is m-linked for any finite m
(such as number fields) and asked the following natural question.

QuesTioN 1.1 [5, Question 5.2]. Suppose I"F # 0 and ["F is 3-linked. Does it follow
that I"F is m-linked for every finite m > 3?

In this paper we provide a negative answer to this question when char(F) = 2.
We also consider the analogous questions for IjF. We say that [jF is separably
(inseparably) m-linked if m anisotropic quadratic n-fold Pfister forms over F always
have a quadratic (bilinear) (n — 1)-fold Pfister form as a common factor. This leads to
two analogues of Question 1.1 for [jF.

Question 1.2. Suppose Iy F' # 0 and I3 F is inseparably 2-linked. Does it follow that
I3 F is inseparably m-linked for every finite m > 2?

QuesTion 1.3. Suppose Iy F # 0 and I F is separably 3-linked. Does it follow that Ij) F
is separably m-linked for every finite m > 3?

We answer Question 1.2 in the negative, and likewise Question 1.3 for n > 3. We
conjecture that the answer to [5, Question 5.2] is negative also when char(F) # 2.

2. Preliminaries

For general reference on symmetric bilinear forms and quadratic forms see [13].
The group W, F = I,F is generated by the forms ¢(u, v) = au® + uv + pv* for a, € F,
denoted by [«, B]. We write (B, ..., B, for the diagonal bilinear form

Bt v W1,y wa)) = O Biviw,
i=1

and (S, ..., By for the diagonal quadratic form ¢(vi,...,v,) = X1, B,-vt.z. We denote
by D(¢p) the set of nonzero values ¢ represents, that is, {¢(v) : v € V, ¢o(v) # 0}, and by
D(B) the set {B(v,v) : v e V,B(v,v) # 0}.

The bilinear forms ({5)), = (1, ), are called bilinear 1-fold Pfister forms. These
forms generate the basic ideal IF of WF. Powers of IF are denoted by I"F.
The tensor products ({B1,...,8:.)) = LB1)),® - ®By)), are called bilinear n-fold
Pfister forms.

The quadratic form [1, @] is called a quadratic 1-fold Pfister form and denoted by
{{a]l]. For any quadratic form ¢ and 84, ...,8, € F*,

(Bis- s Pu)py @@ =P1p L -+ L Buop.
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For any integer n > 2, we define the quadratic n-fold Pfister form ({8, ...,8,-1, @]]
as ({B1,.-..Pn-1)), ® (a]l. A quadratic Pfister form is isotropic if and only if it is
hyperbolic, and a bilinear Pfister form is isotropic if and only if it is metabolic. We
define I F to be the group generated by the scalar multiples of quadratic n-fold Pfister
forms.

A quadratic n-fold Pfister form ¢ = (B, ...,B.-1,@]] over F decomposes as
¢ =[1,a] L ¢"”. The quadratic form ¢’ = (1) L ¢” is independent of the choice of
presentation of ¢ and is called the ‘pure part’ of ¢. A bilinear form B = ((B1,...,B:))s
over F decomposes as B = (1), L B’ for a unique symmetric bilinear form B’ called
the ‘pure part’ of B.

3. Bilinear Pfister forms

Suppose that char(F) = 2. We define the 2-rank of F, denoted by rank,(F), to be
log,([F : F?]). It is known to be an integer. For any finitely generated field extension
L/F, we have rank,(L) = rank,(F) + tr.deg(L/F) (see [16, Lemma 2.7.2]). By [13,
Example 6.5], a given bilinear n-fold Pfister form ({S1, ..., B,))» 1s anisotropic if and
only if logy([F*(f1,...,B,) : F2]) = n. As aresult, if rank,(F) = r then I"F # 0 for all
n<rand I"F =0foralln>r.

TueoreM 3.1. Let F be a field of char(F) = 2 and rank,(F) = n for some integer n > 2.
Then for any m € {1,...,n— 1}, every collection of 2" — 1 anisotropic bilinear
n-fold Pfister forms has a bilinear m-fold Pfister form as a common factor.

Proor. Write N = 2""*! — 1. Consider N anisotropic bilinear n-fold Pfister forms
Bi,...,By. Let i be an integer in {0,...,m — 1}. Suppose there exists a bilinear i-
fold Pfister form p such that B, = p ® nr; for some (n — i)-fold Pfister forms 7, for all
te{l,...,N}. For each ¢, D(p ® xr}) is an F?-vector subspace of F of dimension
2" = 2'. Since 2'N < 2" - 2' < 2", the spaces D(p ® m;) for £ € {1,..., N} have a
nontrivial intersection. Hence, by [13, Proposition 6.15], there exists 8 € F* such
that B, = p ® ({(B8))» ® ¥, for some bilinear (n — i — 1)-fold Pfister forms v, for all
€ e {l,...,N}. The statement then follows by induction. O

CoROLLARY 3.2. Let F be a field of char(F) = 2 with I"F # 0 for some n > 2. Then I"'F
is 3-linked if and only if rank,(F) = n.

Proor. Suppose every triple of anisotropic bilinear n-fold Pfister forms over F have
a common (n — 1)-fold Pfister factor. By [5, Theorem 5.1], I"*'F = 0, and therefore
rank,(F) < 2". Since I"F # 0, it follows that rank,(F) = n. The opposite direction is
Theorem 3.1 withm =n — 1. O

If we substitute m = n — 1 in Theorem 3.1, then it says that when rank,(F) =n > 2,
every 2" — 1 anisotropic bilinear n-fold Pfister forms have a common bilinear 1-fold
Pfister factor, that is, a common slot. The following theorem shows that this bound is
sharp by providing 2" bilinear n-fold Pfister forms that do not have a common slot.
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TueorEM 3.3. Let F be a field of char(F) = 2 with rank,(F) = n for some n > 2. Then
there exist 2" anisotropic bilinear n-fold Pfister forms with no common slot.

Proor. Let ay,...,a, be a 2-basis of F (meaning that F' = F*(ay,...,a,)). Write
I1={0,1}",0=(0,...,0),d=(d,...,d,) for an arbitrary element in I and ¥ for
[T, af’. For every d € 1\{0}, let Bq be ({a1,...,az,..., @) ® (1 +a)y, where £
is the minimal integer in {1, ..., n} for which d; # 0. For every e € I\{0} with ¢, = 0,
both @ and a®(1 + a?) = @® + " are in D(B}), and so also a** € D(B}). Therefore,
the elements {a® : e € I\{0,d}} U {1 + @4} are all in D(By) and, since they are linearly
independent over F> and D(By) is of dimension 2" — 1 over F 2, they form a basis of
D(By) over F 2,

Let By be ((ai,...,@y))p, so that D(B) is spanned over F? by {a® : e € 1\{0}}.
Since D(By) for all d € I are of dimension 2" over F?, they are anisotropic by [13,
Example 6.5]. By elementary linear algebra, for any given d € /\{0}, the intersection
D(B;) ( D(By) is spanned by {a* : e € 1\{0,d}} and so the intersection ("\ge; D(By) is
trivial. This means the pure parts of the bilinear n-fold Pfister forms {Bq : d € I} do not
represent a common element and so they have no slot in common. O

This means the answer to Question 1.1 is always negative. Fields of 2-rank n are
easily provided: take any perfect field F of char(F) = 2, and let F be either the
function field Fy(ay,...,@,) in n algebraically independent variables over Fy, or the
field of iterated Laurent series Fo((a))...((a,)) in n variables over Fj.

The situation in quadratic forms is more complicated, as we shall see in the next
section. This is a good opportunity to point out another surprising difference between
quadratic forms and symmetric bilinear forms in characteristic 2.

ProrosiTION 3.4. Suppose two given anisotropic bilinear n-fold Pfister forms B, and
B, over F with char(F) = 2 satisfy the following property: for every a € F*, {{a)) is a
factor of By if and only if it is a factor of By. Then By ~ B;.

Proor. For every a € F*, {{a)) is a factor of B if and only if @ is represented
by Bj. If « is represented by B/ if and only if it is represented by B, for every
@, it means that D(B}) = D(B)), that is, D(B}) and D(B)) are the same (2" — 1)-
dimensional F2-subspace V of F. Let p be a common i-fold factor of B; and B,.
Write B; = p® Y and B, = p ® ¢». The spaces D(p ® ¢/;) and D(p ® y,) are (2" — 2/)-
dimensional F2-subspaces of V. If i <n — 1 then they have a nonzero intersection,
because [V : F2] =2"— 1. Let B be a nonzero element in the intersection. By [13,
Proposition 6.15], p ® ({(B)) is a common factor of B, and B,. This works for every
ie{l,...,n—1}. Therefore, we obtain by induction that B; ~ B;. O

This is not true for quadratic n-fold Pfister forms, which can share all 1-fold factors
(either bilinear or quadratic, or both) without being isomorphic (see [8] for reference).

Remark 3.5. In this section we focused on anisotropic bilinear n-fold Pfister forms.

From [1, page 909], an isotropic bilinear n-fold Pfister form B decomposes as B =

«1,...,1)), ® B;, where Bj is an anisotropic bilinear (n — k)-fold Pfister form and
———

k times
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D(B) = D(B;) for some unique integer k. However, B is not unique and there can
certainly be a different anisotropic bilinear Pfister form B, such that B = ((1))’; ® B, as
well. For example, take an anisotropic By = ({x))p, B» = ({(x + 1)), and B = ({1, x));
(see also [1, Proposition A.8]). The situation is therefore more fluid when it comes to
isotropic forms. In addition, anisotropic bilinear n-fold Pfister forms represent nonzero
classes in I"F and are mapped to nonzero classes in the Milnor K-groups K, F/2K,F,
while all the isotropic n-fold Pfister forms are trivial in /" F and mapped to zero by
the isomorphism I"F/I""'F = K,F/2K,F from [17], which gives anisotropic forms
greater significance in the algebraic theory of bilinear forms, K-theory and in general.

4. Quadratic Pfister forms

In this section we provide a negative answer to Question 1.2, and to Question 1.3
in all cases but n = 2. The technique is to study the common quadratic inseparable
splitting fields of quadratic n-fold Pfister forms. Given an anisotropic quadratic n-fold
Pfister form ¢ over F and an inseparable quadratic field K = F[+/y], ¢k is isotropic if
and only if the bilinear 1-fold Pfister form ({y)), is a factor of ¢. Given a quadratic
form ¢ : V — F, a subform ¢ of ¢ is the restriction of ¢ to some subspace W of V.

Lemma 4.1, If F[+\fyl is a splitting field of an anisotropic quadratic n-fold Pfister form
wover F, then (1,vy) is a subform of ¢'.

Proor. This follows from [8, Proposition 3.2]. |

We focus on valued fields with a sufficiently large value group. For general
reference on valuation theory see [19].

Lemma 4.2 [10, Lemma 10.1]. Let n > 2 and F be a field of char(F) =2 with a
valuation v onto the totally ordered group T'. Write v for the function mapping each
q € F* to the class of q in T/2I. Let ay,...,a, be elements in F* of negative
values whose images under v are linearly independent over F,, and consider the
quadratic n-fold Pfister form ¢ = (ay, ..., a,]] with underlying vector space V with
basis {vq : d € I}, where I, d and a® are the same as in Theorem 3.3. Then:

(@) for every v =Y 4c1cava €V, v(e(v)) = v(p(cqva)) for some specific d € I with
cqg #0;

(b) ¢ is anisotropic;

(¢)  o(D(p)) is the By-subspace of T' /21" spanned by {v(«;) : i €{1,...,n}}.

Cororrary 4.3 [10, Corollary 10.2]. For any two-dimensional subspace U of V, there
exists an element in U whose image under v is nonzero.

CoroLLARY 4.4. If 0(D(p)) = I'/2T, then the form ¢ described in Lemma 4.2 satisfies
{0(g) : g € D(¢")} =T/2I'\{o(@y)}.

Proor. This follows immediately from the fact that ¢’ is the restriction of ¢ to the
subspace of V spanned by {vq : d € I\{(0,...,0, 1)}} and from the linear independence
of the images of a1, ..., a, under v over F,. O
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THEOREM 4.5. Let n > 2 be an integer and F be a field of char(F) = 2 with a discrete
rank-n valuation. Then there exist 2" — 1 quadratic n-fold Pfister forms with no
common quadratic inseparable splitting field.

Proor. Write v for the valuation and I'(= Z*") for the group. Write v for the function
mapping each g € F* to the class of ¢ in I'/2I". Let a4, ..., @, be elements in F*
of negative values whose images under v are linearly independent over F,. Let
I, 0, d and o be the same as in Theorem 3.3. For every d € I\{0}, let ¢q be
{ay,... @, ..., &) ® ({a%]] where ¢ is the minimal integer in {1,...,n} for which
dp # 0. We will show that the forms {¢q4 : d € 1\{0}} do not have a common inseparable
quadratic splitting field.
By Corollary 4.4, o(D(¢})) =T/ 2I'\v(a?) for each d € 1\{0}. Therefore

() 5Dy = {0).

del\{0}

However, by Lemma 4.1, if the forms ¢4 have a common inseparable quadratic
splitting field then the forms ¢} have a common two-dimensional subform. All the
elements g represented by this two-dimensional subform must satisfy v(q) = 0, which
contradicts Corollary 4.3. O

Note that the forms appearing in the statement of Theorem 4.5 do not have a bilinear
(n — 1)-fold Pfister form as a common factor, because they do not even share one
inseparable quadratic splitting field. When n > 3 these forms do not have a quadratic
(n — 1)-fold Pfister form as a common factor for the same reason.

For the construction of counterexamples for Question 1.2 we need a necessary
condition for /; F to be separably 3-linked.

Lemma 4.6. Let ¢ = {{ay,...,a,]] be an n-fold quadratic Pfister form over a field F
with char(F) = 2. Write ¢ = [a,, 1] L ¢"" and consider d € D(p) such that

d=@W, x,uy,...,Uum_p)= apw’ + wx + x> + @ (uy, ..., up_n)
for some w, x,uy,...,um_o € Fwithw # 0. Then there exist by, . ..,b,_| € F* such that
@ =b1,....by1,d/W].
Proor. Let v; be the vector (1, x/w,u;/w,...,um_/w) and v, be the vector
(0,1,0,...,0). Then the subform ¢|g,,+Fy, is isometric to
[an + x/W + X2 /W + " (ur[w, ... um_o/w), 1].

By [3, Ch. 4, Lemma 4.1], there exist by, ..., b,_; € F such that
@ =Ub1s. . bpry @y + X/w+ X2 W+ @ (Ur W, uzia /W] o

Recall that u(F) is the maximal dimension of an anisotropic nonsingular quadratic
form over F (see [13, page 163]).
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Proposition 4.7 (Cf. [5, Corollary 5.4]). Let n > 3 be an integer and F be a field
of char(F) = 2 such that the function field K = F(t) in one variable over F has
u(K) < 2™, Then ILF is separably 3-linked.

Proor. Let ¢y, ¢, and ¢3 be three anisotropic quadratic n-fold Pfister forms over F.
Write ¢; = [1, ;] L ¢} for i € {1,2,3}. The system of two quadratic equations
aw? + o) = W + wxy + x% + @5 (n),

aw? + ol () = asw® + wxs + x% + ¢4 (v3)
has a solution over F if and only if the quadratic form
Wi K X KX K x KX x RX-2 5 @2, g
mapping (w, x2, X3, Vi, V2, V3) to

aw? + ol () + W + wxy + x% + @5 ()
+Haw® + ol (1) + asw + wxs + x% + ¢4 (v3)

is isotropic by [13, Theorem 17.14]. The form ¢ is of dimension 3 - (2" — 1), which is
greater than 2"*!. Therefore i is isotropic (u(K) < 2"*!), and so the system above has
a solution over F. If in this solution w # 0 then by Lemma 4.6 the forms ¢, ¢, and
3 have a common right slot, that is, ¢; = p; ® ({(a]] for i € {1,2, 3} for some @ € F and
bilinear (n — 1)-fold Pfister forms p1, p; and ps. If the solution has w = 0 then, by [2,
Lemma 3.5], ¢1, ¢, and ¢3 have a common bilinear 1-fold Pfister form as a common
factor. By [11, Corollary 6.2], since n > 3, the forms ¢, ¢, and @3 also have a common
right slot, so they have a common right slot regardless of w.

Write ¢; = B; ® p, i € {1, 2,3}, for some bilinear (n — k)-fold Pfister forms B}, B,, B3
and some quadratic k-fold Pfister form p, where k is an integer in {1,...,n — 2}. The
system of two equations

(B ® p)(v1) = (B, ® p)(»),
(By @ p)(v1) = (B; ® p)(v3)
has a solution over F if and only if the quadratic form

0: Kx(2”—2k) X K><(2”—2") % Kx(2”—2")
mapping (v, v2,v3) to

(B} ® p)(v1) + (B, ® p)(v2) + H((B} ® p)(v1) = (B ® p)(v3))

is isotropic by [13, Theorem 17.14]. The dimension of @ is 3 - (2" — 2¥), which is
greater than 2"*! because k < n — 2. Therefore by [2, Lemma 3.5] there exists y € F*
such that ((y)) ® p is a common factor of ¢, ¢, and ¢3. The statement then follows by
induction. O

We are now ready to give negative answers to Questions 1.2 and 1.3.
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ExamprE 4.8. Let Fy be an algebraically closed field of char(Fy) = 2, such as the
separable closure of F,, and let F be either the function field Fy(e, ..., ;) in
n algebraically independent variables, or the field FO((aIl))...((a/,;l)) of iterated
Laurent series in n variables over F. In these cases the maximal dimension of an
anisotropic form in IgF is 2", so [yF is inseparably 2-linked. However, F has a
discrete rank-n valuation. Therefore there exist (2" — 1) quadratic n-fold Pfister forms
without a common quadratic inseparable splitting field, providing a negative answer
to Question 1.2. Moreover, these fields are C,, fields [13, Section 97], and therefore
u(F(t)) = 2!, By Proposition 4.7, when n > 3, I3 F is separably 3-linked. However,
I;F is not separably (2" — 1)-linked for the reason mentioned above, giving a negative
answer to Question 1.3 (when n > 3).

Our ability to answer Question 1.3 when n > 3 relies heavily on the fact that when
n > 3, quadratic n-fold Pfister forms with a common quadratic (n — 1)-fold Pfister
factor must have a common inseparable quadratic splitting field. This is certainly
not true for n = 2, and we leave Question 1.3 open in this case. The existence of
inseparable quadratic field extensions is special to the case of char(F) =2, so our
techniques do not apply (at least not in an obvious manner) to the more common case
of char(F) # 2.

5. Quaternion algebras

Given a field F of char(F) = 2, a quaternion algebra over F is of the form
(B.alor=F(x,y:x +x=a,y* =B,yxy" =x+1)

for some a € F and 8 € F*. There is a one-to-one correspondence between quaternion
algebras (5, alyr and their norm forms ({8, @]] which are quadratic 2-fold Pfister
forms (see [13, Section 12] and [8, Section 6]). In particular, the splitting fields of the
quaternion algebra and its norm form are the same. We therefore obtain the following
theorem.

TueoreM 5.1. Let F be a field of char(F) = 2 with a valuation v of rank 2 and value
group T'(2 Z X Z). Write v for the function mapping each q € F* to the class of q in
['/2I. Let a, B be elements in F* of negative values whose images under v are linearly
independent over Fy. Let Q1 = (S, ala.r, Q2 = (@, Blo.r and Q3 = (B, aBlr.r. Then Oy,
0, and Q3 do not have a common inseparable quadratic splitting field.

Fields F with u(F) = 4 are the fields over which every pair of quaternion algebras
share an inseparable quadratic splitting field [4, Theorem 3.1]. If every triple of
quaternion algebras over F share an inseparable quadratic splitting field, it does not
affect the value of u(F). Nevertheless, there exist fields that do not have this property
while still having u(F) = 4.

ExampLE 5.2. Let Fy be an algebraically closed field of char(Fy) = 2. Let F be either
the function field F(a, ) in two algebraically independent variables over Fy, or the
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field of iterated Laurent series Fo((a~'))((8~")) in two variables over F,. Then every
pair of quaternion algebras over F' shares a quadratic inseparable splitting field, but
not every triple.

Proor. The field F in both cases is a C; field (see [13, Section 97]) with nontrivial
quaternion algebras, and so u(F) = 4. Therefore every pair of quaternion algebras over
F share a quadratic inseparable splitting field. However, by Theorem 5.1 there exist
three quaternion algebras that do not share a quadratic inseparable splitting field. O

There are still fields over which every collection of quaternion algebras shares a
quadratic inseparable splitting field, as the following example demonstrates. This
means that unlike Question 1.1, the answer to Question 1.2 is not always negative.

ExampLE 5.3. Let Fy be a perfect field of char(Fy) = 2 with nontrivial Et,(F) (for
example, any finite field). Let F be either the function field Fo(@) in one variable
over Fy, or the field of Laurent series Fo((@)) over F. Then any finite number of
quaternion algebras over F share a quadratic inseparable splitting field, because F has
a unique quadratic inseparable field extension.
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