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Abstract

We study the discrete-time approximation of doubly reflected backward stochastic
differential equations (BSDESs) in a multidimensional setting. As in Ma and Zhang (2005)
or Bouchard and Chassagneux (2008), we introduce the discretely reflected counterpart
of these equations. We then provide representation formulae which allow us to obtain
new regularity results. We also propose an Euler scheme type approximation and give
new convergence results for both discretely and continuously reflected BSDEs.
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1. Introduction

The main motivation of this paper is the discrete-time approximation of backward stochastic
differential equations (BSDEs) with two reflecting barriers, also known as doubly reflected
BSDEs:

T T T T
Yt=g(xr)+f f(xu,Yu,zu)du—/ (Zu)Tqu+/ dK;—/ Ak, (1.1a)
t t t t

I(X;) <Y <h(X;) forallt € [0, T], almost surely (a.s.), (1.1b)
T T
/0 (Y —l(Xs))dK;r =/(; Yy — h(X5))dK; =0, (1.1¢)

where f and g are Lipschitz continuous functions, 4 and [/ are smooth functions (say Cg), and
the process X is the solution of a forward SDE

t

t
x,=xo+/ b(xs>ds+/ o (Xs) dW,,
0 0

with b and o Lipschitz continuous.

These equations can be considered as extensions of simply reflected BSDEs, which are
related to the optimal stopping problem (American option in finance) (see, e.g. [9]), and whose
numerical approximation has been widely studied (see, e.g. [2], [3], [5], and [15]).

Existence and uniqueness of solutions to (1.1a)—(1.1c) were first studied by Cvitani¢ and
Karatzas [7]. There have been a lot of contributions on this subject since then, consisting
essentially in weakening the assumptions for the existence of a solution of (1.1a)—(1.1c); see,
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e.g. [1] and the references therein. In economics, Cvitani¢ and Karatzas [7], among others,
showed that these equations are related to stochastic stopping games (Dynkin games) and Ma
and Cvitani¢ [14] connected them to the pricing of game options (or Israeli options), introduced
in [12].

In this Markovian setting, Cvitani¢ and Ma [14] showed that the solution of (1.1a)—(1.1c) is
associated to variational inequalities (or the obstacles problem) of the type

=1 A —h) v —[du +bdsu + Str(oo " dexu) + f(t,x,u, 0du)]} =0,
u(T, x) = g(x),

in the sense that (Y, Z;) = (u(¢, X;), oyuo (t, X)) for t € [0, T]. Thus, studying the dis-
crete-time approximation of (1.1a)—(1.1c) offers alternative numerical methods to estimate the
solution of (1.2).

While studying the discrete-time approximation of (1.1a)—(1.1c), it became evident that the
techniques we used can be applied to a multidimensional setting. Namely, Y takes values in
R? and each component Y verifies

(1.2)

T T T T
Ytz ZgE(XT)+/ fz(Xu’Yu, Zu)du_/ (Zﬁ)Tqu +/ dK£+—/ dK,f_,
t t t t

T T
f (Yt —15(Xy)dK! = f (vt —n' (X)) dkt~ =o, tefl,...,d),
0 0

(1.3)
and, a.s., forall t < T, Y; is constrained to take values in the domain @Oy, where

Oy ={yeR? |forall £ € {1,...,d}, I'x) < y* < h'(x)}.

When £ and [ are constant, the domain O is fixed. The results presented here appear then to
be a subcase of the results given in [6, Chapter 3], in which the case of a general fixed convex
domain was considered; see also Remark 2.4, below.
Following [3] and [15], we first introduce ‘discretely reflected” versions of (1.1a)—(1.1c),
meaning that condition (1.1b) is imposed only on a deterministic set of times R = {0 =: rp <
c<ro =T} _
Y7t = V7 = g(X1) € Oxy,
and, for j <« —1landt € [rj,rj11),
Tj+1 Fj+1
PR=y? 4 / T TR, 2 ds — / Tz aw,,
t

Tj+1 t
Y7 = V2 Loy +2 (X0 T Lyem.

where £ (x, y) is the projection of y € R¢ onto O,.

In the framework of doubly reflected BSDEs, i.e. d = 1, this corresponds to stochastic
stopping games, where the stopping is allowed only on R \ {T'}.

We now focus on the discrete-time approximation of such equations. As in [3], [5], and
[15], we introduce a partition 7 = {0 =: 9 < --- < t,, := T} such that R C m, and define
(Y™, Z™) by the backward induction

Z7 = (tig1 — )7 El(Wyyy, — W) (YT )T | 751, (1.4)
YT =Bl | Fol+ i — ) f (XL YL Z0), (1.4b)
Y =Y ey +P (X7, V) 1jemy, i<n—1, (1.4c)
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with terminal condition (recall that #,, = T')
Y7 =YF = g(X}).

Here, X is the Euler scheme associated to X.
As in [3], [5], and [15], we show that the error induced by this scheme,

. - n—l gy _
max  sup E[|th — th|2] + E[Z/ |Ztm - Z;fl2 dt], (1.5)

<N reli i)

is intimately related to the regularity of the process (Y 9%’ Z E)E‘), or, equivalently, (17 %, Z 9Q),
through the quantities

nlei
max sup E[|7 —7?] and E[Z/ Vi Zg‘|2dt:|,
<M relty tiyn) i—o Vi
for which we provide new controls in terms of ||, the modulus of w. This is based on a
generalization of the representation of Z R derived in [3].
In this paper we essentially rely on the basic concepts developed in [3], but we face two new
difficulties.

(i) Contrary to [3], where O, is of the form {y~e R: y > ¥ (x)}, we do not have an exact
expression of the projected process & (X;, Y, ,m) and the reflection terms are much more
intricate to handle.

(ii) In the one-dimensional case, a simple Girsanov transformation allows us to get rid of the
Malliavin derivatives of Y™ and Z”* which enter the representation formula of Z™* (see
Section 3). This is no longer possible, in general, in our multidimensional setting.

Yet, in the discretely reflected case, we are able to extend the regularity result of [3]. This
allows us to show that scheme (1.4a)—(1.4c) has a convergence rate of at least |71|1/ 4. Under
stronger regularity conditions on the boundaries and the coefficients of the SDE solved by X,
we obtain a convergence rate of at least |7 |'/2 (see Subsection 5.3).

Using an approximation argument, we then extend these results to continuously reflected
BSDEs. The convergence is obtained under minimal Lipschitz continuity assumptions with a
control of order | |'/!2. Under stronger regularity conditions, we extend the one-dimensional
result of [15], but without their uniform ellipticity assumption. Namely, we provide an upper
bound of order ||/ for the approximation error. When the system of BSDEs is decoupled,
which is the most important case for financial applications, we improve it to | |!/3.

We would like to conclude this introduction by observing that scheme (1.4a)—(1.4c) is obvi-
ously not directly implementable since it requires the computation of conditional expectations.
The global numerical error is then the sum of the discrete-time approximation error (1.5) and the
numerical error induced by the approximation of the conditional expectations. However, this
approximation problem is well understood and the authors of [2], [5], and [11], among others,
proposed efficient numerical methods, which can be easily adapted to our framework. This
paper being already long, we will not detail this part here and focus only on the discretization
erTor.
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The rest of the paper is organized as follows. In Section 2 we define BSDEs which are
discretely reflected in a convex domain @, of the above form. In Section 3 we provide different
representations of Z™ and use them to study the regularity of (Y™, Y&, Z™) in Section 4.
In Section 5 we propose an Euler scheme type approximation of discretely reflected BSDEs
and give our main convergence results. Finally, in Section 6 we provide extensions to the
continuously reflected case. Appendix A contains the proofs of a priori estimates which are
used several times in the paper.

1.1. Notation

Let M be the set of matrices with dimension n x m, we simply write M¢ if m = n = d.
For z € M™™ 71/ denotes the (i, j)th component of z, z!- denotes the ith row of z, z-/ denotes
the jth column of z, and 2" denotes its transposed matrix. The space L? for p > 1 is the set
of random variables X satisfying || X||zr := E[|X|”]"/? < oco. The norm | - | represents the
canonic norm on R? or on M? and (-, -) denotes the usual scalar product on R?. For a function
f € C!, Vi f denotes the Jacobian matrix of f with respect to x. Finally, for ease of notation,
we will sometimes write E[-] for E[- | 5], s € [0, T].

2. Discretely reflected BSDE
2.1. Definition

Let T > 0O be a finite-time horizon, and let (2, ¥, P) be a stochastic basis supporting a
d-dimensional Brownian motion W. We assume that the filtration F = (%;);<7 generated by
W satisfies the usual assumptions and that ¥r = F.

Let X be the solution on [0, T'] of

t

t
X,:X0+/ b(XM)du—i—/ o (Xy) dW,,,
0 0

where Xg € R, and b: R? > R and o : R? > M satisfy one of the following assumptions,
for some positive constant L:

(Hx1) b and o are L-Lipschitz continuous,
(Hx2) b and o are C [1 with L-Lipschitz continuous first derivatives bounded by L.

Remark 2.1. Observe that, as in [3] and contrary to [15], we make no uniform ellipticity
condition on o. In particular, the standard results of the partial differential equation literature
cannot be used to derive strong regularity properties on the solution of the partial differential
equation of the form (1.2) associated to (1.3).

Under (Hx1), we clearly have X € /82(Rd), where, for p > 1 and E = RY or E =
M4, 8P (E) is the set of E-valued progressively measurable processes U such that ||U || g» :
| sup;epo, 77 UtllLr < o0. In particular,

Xl < CL, 2.1

where, from now on, C;, denotes a generic constant whose value may change from line to line,
but which depends only on L, T, X, and d (we write C f if it also depends on some extra
parameter p > 1).

We then introduce a family of closed convex domains (Oy) ,cga:

Oc :={yeR? |forall€ e {l,...,d}, I*x) <y’ < h'(x)},
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where the maps &, [: R? — R satisfy one of the following regularity assumptions.
(Hb1) h and ! are L-Lipschitz continuous.

(Hb2) For each £ € {1,...,d}, h* and I* verify, for some (,of, pé): R? —» RY x R4, pg :
RY — R¥,
o1 ]+ 103 )] + 13D < L1+ |x[5),
() = 1) < p{ ()T (y = x) + p3(0)|x — yI* forall x, y € RY,
R =) < p5(0) T (v = x) + p3()lx =y forallx, y € RY.
This assumption is slightly weaker than the semi-convexity assumption of [2, Defini-

tion 1].

(Hb3) h and ! are Cf with L-Lipschitz continuous first and second derivatives bounded by L
and thereisae € (L_l, 00) such that ht > 1 + ¢foreach ? {1,...,d}.

Observe that (Hb3) implies (Hb2), which in turn implies (Hb1).
Given a set of reflection times

R={0=_ro<ri<---<re—1 <re: =T}, Kk >1,
the solution of the discretely reflected BSDE is a triplet (Y™, Y&, Z®) satisfying
Yt = V7= g(X7) € Oxy,
and, for j <k —landt € [rj,rj11),
Tj+1 Tj+1
SR _ R R Y R\ T
Yot = Yerrl +/t (O, du /t (Z;")' dW,, 2.2
Y2 =Ra, X, Y,
with ©% = (x, Y%, z%).
Here, g: R? > R% and f: R? x RY x M? > R? are L-Lipschitz continuous and
RO xy) = Y+ W) =y T = = A @01 ey

for (1,x,y) € [0,T] x R x Rand ¢ € {1, ..., d).
Observe that 3
YR =12 forr ¢ M\ {T).

Remark 2.2. Under (Hx1) and (Hb1), such a solution can be defined by backward induction.
At each step the existence and uniqueness in 82(RY) x HZ(M?) follow from, e.g. [8]. Here,
for p > land E = MY or E = M?4, 3P (E) is the set of progressively measurable E-valued

processes V satisfying
T 1/2
IVllser == H (f |Vr|2dr)
0

Remark 2.3. (i) The case where (Y™, X) takes values in R” x R with n # d can be treated
in our framework. Indeed, if d < n, we can set X' := 0, i.e. b' =0, o' = 0, and X6 =0,
for i > d. Recall that we make no ellipticity assumption. If d > n, we can set g' = f' :=0,
which implies that Yi = 0fori > n, and work with O, x [—¢,€]9™", ¢ > 0, x € R4,

< OQ.

Lr
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(ii) In view of Remark 2.1, it is clear that the results hold for nonhomogeneous SDEs: it suffices
to consider (¢, X) as the forward diffusion.

In Appendix A we provide useful a priori estimates for ‘reflected” BSDEs in a somehow
abstract setting. In our framework, they read as follows (recall that (« + 1) is the number of
time steps in the reflection grid R).

Proposition 2.1. Under (Hx1) and (Hb1), the following holds

sup E[¥ 2+ [V 21+ 12715, < Cox.
t€[0,T]

Moreover, if
Hf) ]”Z depends on 7t only fori = £ (i.e. V,.i fz Lty =0if f € cl

holds, then ~
sup E[IY2 2 + Y21 < Cy.
t€[0,T]

Proof. Ttsuffices to apply Proposition A.1in Appendix A, withn, = |X,|and &, = |h(X,)|V
1(X,)], r € R, and recalling (2.1).

2.2. Dependence on the parameters

We now present some estimates on the variation in the solution of (2.2) induced by a variation
in the data. Later on, this will allow us to work with smooth parameters (f, g, etc.) before
turning to the general case by an approximation argument (see, e.g. Proposition 4.2, below).

In the rest of this section we consider two discretely reflected BSDEs constructed as follows.

For i € {1,2}, let X' be an element of $2(R9), let f; and g; be L-Lipschitz continuous
functions, and let the 4; and /; boundaries satisfy (Hb1). We denote by (Y Ri'y Ri zHRi ) the
solutions of the discretely reflected BSDE associated to these two sets of data and NI .— (X i
YR zR0) We then define §Y ™ := YR — yR2 syR .— yRI1 _yR2 570 . 7RI _
Z%2 and 8X = X' — X2, §f := 1O — O, §g:= g1 (X)) — g@2(X), Sh =
hi(XY — ha(X1), and 81 := 11 (X 1) — L(XY).

Proposition 2.2. Under (Hx1) and (Hb1), the following holds:

sup E[I8Y," P1+18Z 15 < Co (i E[max(18X, 18,12 +181, %) |+ 18f 5 + 13717 ).
t€l0,7T] r

The proof of this result requires the following lemma whose proof uses a key argument
which will be very important below when studying the convergence of the Euler scheme type
approximation of (2.2).

Lemma 2.1. Let (Hx1) and (Hbl1) hold. Then, for eachr € R\ {T}and £ € {1, ..., d}, there
exists Sf and Qf in &, such that Sf N Qf = & and

((rTHE— 7 < 1D = R 1
+ (XD = 5]+ R (X)) = R (XD 1 e .

Proof. For ease of notation, we work with d = 1 and omit the exponent £. Appropriate S,
and Q, are constructed by considering different disjoint cases, depending on the position of
>R, 1 o R,2
Y " and Y, 0.
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Case 1. On {I[{ (X ,1) < f’,m’l < h (X ,1)}, three different cases may occur depending on the
position of Y72,

(i) On {l(X?) < ¥ % < hy(X2)}, we have Y1 — y 2 =y _ p2,

(i) On {¥1? < 1,(X2)}, we have Y2 = P X}, 175“{) = L(X}). W L(X}) < 72! then
0 <y vy =y _px?) < v v i h(x2) > ¥ then 0 <
L(X2) =7 =y - v < bh(x®) - hx).

@iii) On {h2(X f) < f,rm,z}’ similar arguments based on the comparison between (X f) and
r ead to [7 =72 < (77 7 on (7 < (XD and |7 -1 <
SR, 1
|ha(X7) — i (X)) on {ha(X7) < Y7}

Case 2. We now study the case {ﬁm’l < ll(Xrl)}, which implies that Y,%’1 = ll(Xrl).
(i) On {T1? < (X%}, we have Y — v 22 = 1) (x}) — 1 (x?).

(i) On {L(X?) < yR2 - ha(X?)}, there are two disjoint cases. On 3?2 oy?ho<
r =y < (XD —B(xD). on(r = v 0 < 7y < 7 g

(iii) Finally, on {Yrm’z > hz(Xf)} we also have two disjoint cases. On {h2(Xf) > Yrm’l},
0<y™2 -y <72y on(ha(x?) < ¥V 0 < Y - (X)) <
hi(X}) — ha(X2).

Case 3. By symmetry, the case 17,%’1 >hi(X rl) is handled similarly.

Proof of Proposition 2.2. The proof of this proposition relies on the abstract results of
Proposition A.1 in Appendix A. For t € [rj, rj4+1), we have

- Tj+l Tj+l1
YR =sy2 +f f(u) du —/ GZyH ' dW,,
t t

Tj+1

where f :=8f + /(O — f(©%2),
Since f> is L-Lipschitz continuous, we have

If@)1? < CLna® + 18V + 182313 with 1, = [8f,| + 18X].

Moreover, using Lemma 2.1, we can set £ := 2L|6X]| + |8I| + |5h|, since hy and [, are
L-Lipschitz continuous.

The proof is then concluded by appealing to Proposition A.1 and observing that |6 Y}R| <
L|6XT|+ |6gr], since g» is L-Lipschitz continuous.

Remark 2.4. As mentioned in the introduction, when 4 and [ are constant, the results of this
paper are a subcase of the results given in [6, Chapter 3], in which the case of a general fixed
convex domain O is considered. The case of a general convex domain evolving randomly in
time cannot be treated in our framework. This is due to the fact that we cannot retrieve the
results of Lemma 2.1, in general. The question of the approximation of the solution of reflected
BSDEs in this general case is left for further research.
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3. Representation results for Z7

In this section we provide different representations for Z™. The first two representations
are stated in terms of the Malliavin derivatives of (X, Y Rz ER), the last representation is based
on their associated ‘first variation’ processes.

In order to ensure that (X, Y™, Z™) are ‘smooth’ enough, we will work under the additional
assumption that

(Hr) h,1, f,b,and o are C}.

These representations will allow us to provide regularity results for (Y™, Z™) under (Hr).
This assumption will then be relaxed by using an approximation argument based on Proposi-
tion 2.2.

3.1. Malliavin differentiability of (X, Y™, Z™)

In the sequel we denote by D'-? the space of random variables F which are differentiable in
the Malliavin sense and such that

T
IIFllinr/O ID,F%, dr < co.

Here, D; F denotes the Malliavin derivative of F attime ¢t < T'; see, e.g. [16].
We also consider the space L.!'? of adapted processes V such that, after possibly passing to
a suitable version, V; € D2 forall s < T and

T
IV 1l 52 +/ D,V | g2 dt < c0.
0

In the following we will always work with a suitable version if necessary.
Under (Hr), X belongs to L'2; see [16]. It follows that RE(r, X, F) € D2 whenever
F e D2 and

DiR(r, X, F) = DiF +(Dil*(Xp) =Dy F) Lt x, o pty —(Dy FE = Dih (X)) Lyt x, <) -
3.1

Indeed, by a direct adaptation of the proof of Proposition 1.2.3 of [16] we deduce that, for
G € D"?, [G]* belongs to D2 and D;[G]* = a(D;G), where « is a random variable
bounded by 1 satisfying 1G>0y« = 1{G>0). Thus, Proposition 1.3.7 of [16] implies that
Dy[G]T = D,G 1iG-q if G € D'2.

Combining (2.2), (3.1), and Proposition 5.3 of [8] with an induction argument, we find that
(YR, z%) belongs to IL'-2 and that a version of D, (Y )¢, (Z%)') is given by the solution in
$2(RY) x FH2(M9) of

Tj+1

- rj+1 -
DY = D, (v )+ / Ve fFAOMD X, + Vi L@ DY) du
S

. d . d
Fi+1 . Fj+1
+/ § Vi fEOM D (ZT) du—/ § D,(ZHKawk (3.2
S l:l S

k=1

fors € [rj,rj+1), j < k, with the terminal condition
D, (V)" = Vg'(X7)Di X1

We conclude this section with some a priori estimates that will be used later on. The first
one concerning DX is standard and, therefore, we omit the proof (see, e.g. [16]).
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Proposition 3.1. Let (Hr) hold. Then, for all p > 2,

sup [|DsX; — DsXyllLe +11(DeX — DuX) Lypvury 30 < Crlt—ul'?, t,u <T, (3.3)

S<UAt

and

sup IDSXIHM <cy

s<T

We now turn to the study of (DY?, DZ™). For ease of notation, we will from now on
denote by B an F7-measurable positive random variable whose value may change from line to
line, but satisfies E[7] < Cf forall p > 1.

Proposition 3.2. Let (Hr) hold. Then, fors <t <T,

DY} + |D Y —I—Et|:/ Z|D VARN dui| < K E/[B].

If (H f) holds then, for p > 2,
i 47
ID; Y2 )P + | DY |P +E, [Z/ ' |Ds(zfﬁ)'4|2du] < E/[B]
=171

and N
ID; YR P + DY P < B/ [B]

Jorj <k —11telrj,rjy1), ands <t, where

tf =inf{t € R |t =rjpn, WO ¢ UX) R XONAT,  j<k—1,t=<d

Proof. Recall that, for F € DY2 DF = (DlF .....,DF ), where D! denotes the Malliavin
derivatives with respectto W'. Fixq € {1, ..., d}. By (3.2), wehave, forallt <s € [rj,rj11)
and j < «,

Tj+1
D{Y? =Dy —/ (DfZHT dw,
S

Tj+1
Tj+1 ~
+/ VG fOMDIX, + Y, fFOMDIYE 4 v, f( @D 27) du.
5

Since f is Cg under (Hr), (A.2) in Appendix A holds with n = |D/X|. Clearly, (Af) in
Appendix A holds under (Hf).
Moreover it follows from (3.1) that (DqY R Dq Y?) satisfies (A0) in Appendix A (take
= (Y™ e [1°X,), K (X)), & = C|qu |, forr e Rand £ e {1,...,d)}).
The result is then a direct application of Proposition A.1 and Corollary A 1.

Similar arguments based on Proposition A.1 also lead to the following result.

Proposition 3.3. Under (Hr), we have, forallt < T andr,s <'t,

T d
DY — DY + DY — DY +E [/ > o IDz 't - DAZE*)”Pdu}
=1
<k EBlls — 7.
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Under (Hf ),

d 7t
~ ~ J .
|Ds Y — D, Y22 4 |DyY, — DY, +E,[§ :f IDs(Z2)t — D, (2] Wdu}
=171

< E/(B]ls —r|
forj<k—1telrj,rjy1), andr,s <t.

3.2. Representation in terms of Malliavin derivatives of (X, Y™, Z™%)

It follows from [8, Proposition 5.3] and (2.2) that (D; Y?‘),ET is a version of Z™. Hence,
(3.2) implies that Z”* admits a version satisfying

Tj+l1

Tj+1 -
ZMT = E,|:D,Ym +/ <fo(®g‘)D,Xu + v, f@©MHD YR
t

d
+Y Vi f(@?)D,(Zﬁ“)"’) dui| (3.4)

i=1

foreach j <« —landt € [rj,rjy1).
Following the arguments of [3], we can get rid of the term Dy Ygﬁrl in the above expression.

Corollary 3.1. Let (Hr) hold. Then, for each € € {1, ..., d}, there is a version of (Z7) such
that, foreach j <k —lands <t € [rj,rj;1),

£
T
J
(ZHHT =E, [V«»fg(DtX),f + / Ve f{O) DX, du
J t

ot d
+ / ' <Vy f{OMHDYI+> V. .f%@uf")z),(zg‘)'f) dui|, (3.5)
t

i=1

where, forr € ‘R,
V(/J)f = Vge(Xr) 1{r=T} +(V1E(Xr) 1{1¢(X,)>(17rm)4} +Vh£(Xr) 1{h£(X,)<(l7rm)@}) 1{r<T} .

Proof. For £ € {1,...,d} and ¢ < k — 1, we denote by E{f the random index such that
et = r(f (recall the definition of r(f in Proposition 3.2). On {1:; = rg+1}, the result is obvious.
On {r;Z > rg41}, summing up from g to g,f in (3.2) applied to s = r4+1 and using (3.1) leads to

iy % .
Di(Y) = V¢l (D X)y + f (Ve fYON Do + Yy fAO DY) du
J s
! d

+/ q Y VL fOMDUZTY du

i=1

L d
—/ "N Dz AWE fort < s € [rg. rgu). (3.6)

S k=1

Since (D; (17,%)[),51 is a version of ((Z,SR)'Z),ST, the required result is obtained by taking
the conditional expectation in the above expression.
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Under (Hf), we can also get rid of the term D;Z Rin expressions (3.4) and (3.5) by arguing
as in [3] and [17]. Indeed, applying Ito’s lemma to ¥ 2 A¢ with

t t 1
Ay :=exp{ / Ve fHOH T dW, — f §|vzzef4<®2‘>|2du}, t<T,
0 0

we directly deduce, from (3.6), the following alternative representation.

Corollary 3.2. Let (Hf) and (Hr) hold. Then, there is a version of (Z™)¢ such that
4
5
. — J
ZHH"=mH™'E, [w& (A'DyX) + f (Ve fUOA D X),
J k t

+ Vi, O DT, du}

fors <telrj,rjy1), j<k—1landle{l, ... d}.

Observe that this simplification is no longer possible if f¢ depends of more than one column
WAL

Remark 3.1. For later use, observe that

sup A! <cy, (3.7)
s<t<T L¥
sup |ALADH! — Af(Aﬁ)—HH <Clie—s'"?  rs<T.
U<tAS Lr

3.3. First variation processes associated to (X, Y7}, Z7%)

In Subsection 3.4 below we provide a representation of Z™* in terms of the first variation
process of (X, Y™).

Under (Hr), the first variation process VX of X is well defined and solves, on [0, T],

t ¢ d )
VX, = 1d+/ V. b(X,)VX, dr—i—f vaa-f(xr)vxrdw,f,
0 0 =
j=1

where I is the identity matrix of M. Its inverse, (VX )_1, is the solution on [0, T'] of

‘ d
VX)) =14 - f VX)), (vxbom — Y Viol (X,) Vo (X») dr
0

j=1

t d .
—/ Z(VX);lvxa-f(X,)dW,f.
0

j=1
Recall the well-known relation between VX and DX:
DXy = VX, (VX)) lo(X)1,<, forallt,s <T. (3.8)

Remark 3.2. The following standard estimates hold:

IVXlsr +11CVX) 50 < CF. (3.9
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Let us now consider the processes (VYR VY®) e $2(M9) x $2(M?) and VZH ¢
H? (Md), i € {l,...,d}, defined as the solutions of the coupled linear discretely ‘reflected’
BSDEs: ~

VYR = VYR = Vg(Xr)VXr
and, for j <k —1,t € [rj,rj41),and £ € {1,...,d},

(VI = vyl + /w <fo(®2*)vxu +V, f(OMHVIE
t

d
+ > Vartefhvzi ) du

i=1
. d
Tj+1
- / Z(vz;’“)k- dwk, (3.10)
d =1

where (VY ?)¢ is defined through the ‘pseudo-reflection’
(VY= (VIR + (VXD VX = (VD) ey, 7y
R L l

- (VY )t = V" (X)V X)) l{h‘(X,)g(f’,m)‘}) 1{16%} .

Observe that the system of coupled BSDEs (3.10) can be rewritten as

~ Fji+1 Tjt1
U =u* +/ F(VX,, U’ ,vf“)du—/ vRdaw,, telrj,rjt1), (3.11)
t

it i
where F is a linear operator with random coefficient and values in Rdz, (UR, U™, V™) takes
values in R x RY® x M‘lz’d and

UM =1vr™Hh LT,

@™ =1vrIH (v,

(VAT = vzR1 . vzRa.

Thus, existence and uniqueness in SZ(R" ) X /82(Rd2) X sz(Mdz’d) follows easily from a
simple induction argument.

Remark 3.3. Using (3.2) and (3 8), we observe that (D,Ym D, YR (D(ZM) Y eq....ay) and
(VYmVX_la(X,) VYmVX o(Xy), (VZER ZVX 0 (X1))ee(1,....ay) verify the same equa-
tion of type (3.11). By uniqueness of the solution, thls implies that

DY = (v v lo (X)),

D2t = (v vx o (X)),

D,z =vzRvxlo (X)),
fort e{l,...,d}andt <s <T.

Remark 3.4. By using the same arguments as in proof of Proposition 3.2 we easily deduce
that, under (H f) and (Hr),

VY2 + VYR P <E,[BP] fort <Tand p > 2. (3.12)

Recall that 8 denotes an Fr-measurable positive random variable whose value may change
from line to line, but satisfies E[7] < Cf forall p > 1.

https://doi.org/10.1239/aap/1240319578 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1240319578

A discrete-time approximation for doubly reflected BSDES 113

3.4. Representation in terms of (V X, me)

Combining Corollary 3.2, (3.8), and Remark 3.3, we deduce this last representation for
VABRS

Corollary 3.3. Let (Hf) and (Hr) hold. Then, for each £ € {1, ...,d}, there is a version of
(Z™)* such that
(2T = AH'E, [wﬁj S R IRCATIS 2%

+V, FHOM AT, du}vxt‘wxo
fors <telrj,rjiz1)and j <« — 1.

4. Regularity results

Based on the representations of the previous section and the stability result of Proposition 2.2,
we can now provide one of the main results of this paper which concerns the regularity of
(YR, YR, Z%). Namely, we study the quantities

YR — D" YR 42 and |27 — PTZ% 40, (4.1)

where 1 = {0 =:#p < t] < --- < t, := T} is a partition of the time interval [0, T'] with
modulus || and such that R C 7, DT is the usual piecewise approximation operator defined
on J¢2(RY) by

n—1
D™V =) Vi gy +Vr iy,
i=0
and PT is defined on #2 (M%) by
n-l _ _ 1 lit1
PTV = VI, with V= —E[/ Vyds }‘,,}.
rav S ' livl — 1 i

Remark 4.1. Here P™V is the best L?($2 x [0, T'])-approximation of V by adapted processes
which are constant on each interval [#;, t;41).

As shown in [3], [4], [5], and [15], the control of such quantities plays a central role in
the study of Euler scheme type approximations of BSDEs and it will be used in the following
sections.

4.1. Regularity of Y™
Proposition 4.1. Set (k) = « under (Hx1) and (Hbl), and o (k) = 1 under (Hx1), (HbI),
and (Hf ). Then the following holds:

sup E[|¥ — (D" V™), 12] < Cra@)|x|.
t€[0,T]

Proof. Noting that, for j <« andt € [t;,t;11) C [rj, rj11],

\

- - fit1 -
|Yﬁ—Y$*|252(/ |f X, YR ZHPdu+ sup
t

reltitit1]

Liti
/ 2T W,
t
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it follows directly from Proposition 2.1, Proposition 4.2, below, and the Burkholder—Davis—
Gundy inequality that
SR pR2
ENFY - ¥R < Crao)lnl,

which concludes the proof.
The following immediate corollary provides an estimate of the first term of (4.1).

Corollary 4.1. Set a(x) = « under (Hx1) and (Hbl), and o(k) = 1 under (Hx1), (Hb1), and
(Hf). Then the following holds:

IY? — D"V, < Cra)nl.

We now state the proposition which was used in the proof of Proposition 4.1. Observe that
it provides a ‘weak’ bound on Z™*.

Proposition 4.2. Set (k) = « under (Hx1) and (Hbl), and o(x) = 1| under (Hx1), (HbI),
and (Hf). There is a version of Z™ such that the following statements hold.

1. Fors <t < T, we have
t
E[/ |Z;R|2du} < Cra@)|t —s|.
5

2. If (Hr) holds then there is a version of Z™ such that

E[ sup |z?‘|2] < Cra(x).
t€[0,T]

Proof. (i) Assume that (Hr) holds. Since (D; ?;m)tsT is a version of (Z;R)IST, the second
claim is a straightforward consequence of Proposition 3.2 and the Burkholder—Davis—Gundy
inequality. This implies the first claim under (Hr).

(i) We now assume that only (Hx 1) holds for X, i.e. b and o are L-Lipschitz continuous,
and that (Hb1) holds for 4 and /. Recall that g and f are also L-Lipschitz continuous.

Let (f,)n>0 be the sequence of smooth functions defined by

fn(x,y,z>=/ Gulx — £y — vz — O)f (v, £) dE dv e,
RA(d+2)

where ¢, (x, y, z) = n4“@tD ¢ (n(x, v, z)) and ¢ is a compactly supported smooth probability
density function on R?@*2) Since f is L-Lipschitz continuous, we have

CL
”f - fn”oo < —.
n
Let g5, 04, and b, be defined similarly with f replaced by g, o, and b, respectively, so that

CL
lg — gnlloo + 16 — bulloc + llo — Opllec < 7

Let X" be the diffusion associated to b, and o, and let (Y7, Z%:7) be the solution of (2.2)
associated to f,, g4, and X". Since, by step (i) and (Hx 1),

t
EU |Z;R’"|2dui| < Cra()|t —s|
N

forall s,# < T and n > 0, the required result follows from step (i) and Proposition 2.2.
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4.2. Regularity of Z™

The estimate for the second term of (4.1) is a bit more involved. We will adapt the proof of
Proposition 5.2 of [3] to our framework.

We first prove a result for the general case. The difficulty, which does not appear in [3],
comes from the fact that DZ™ is in the expression of Z™ and can be eliminated only when
(Hf) holds. It is overcome using the a priori estimates of the previous section.

Proposition 4.3. Set « (k) = « under (Hx1) and (Hbl), and o (k) = 1 under (Hx1), (HbI),
and (Hf ). Then the following holds:

127 = P 23,0 < CLao)(c|m| + |7|'/?).

Proof. (i) First observe that a similar approximation argument as the one used in step (ii)
of the proof of Proposition 4.2 allows us to reduce our study to the case where (Hr) holds. We
will therefore assume from now on that (Hr) holds.

Since, by Remark 4.1, |1Z% — P”ZmHsz < ||1z% - o7 Zm||ﬂz, it suffices to show that
the last term is bounded by Cro (k) (k|7 | + | |1/2).

Foreachf € {1,...,d}ands <t € [t;,tiy1) C [rj, rj+1], we define Vf”,j by
4
J

T
E, |:V¢f¢(DSX)TJ¢ + / (vx F{OMDX, + Yy fLO) D T
J N

d
+Y V. f‘(@ﬁ*)Ds(zL?)"‘) du:|.

k=1

After possibly passing to a suitable version of Z™, we observe that

. : €, ¢, ¢,j ¢,j
(ZPY = @D =V = vl L+ 1vel = vl 4.2)
(recall Corollary 3.1). Defining i; through 7;; = rj, j < «, we will prove the following
controls:
el =l i o
oy / B[V} = v,/ 11dt < Cra(w)|n] (4.3)
j=0 k=i; “%
and
k—11ij+1—1 fest
€,j €,
> / E[|V,] — V, 4. P1dt < Cra(o)(k|m| + |7|'/). (4.4)
Jj=0 k=i Tk

(iia) We first study (4.3). We have, fort € [t;, t;41) C [rj, 7j+1],
14

¢
0, ] J ~ ~
|Vz,t'/Vt,-,tj| <Cp Et[/ |D: Xy — Dy Xyl + |DtY,§R — Dt,-Yum|
t

d
+ Y 1D(Z]H* = Dy (ZTH ¥ du
k=1

t d
+f (|Dt,-xu| +1D, Y +Z|Dt,-(z;">'k|> du
fi k=1

+ VL (DiX) e = VLoD, X)ff|]'
J / i /
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Observing that, by the Cauchy—Schwarz inequality,

t d 2
EH/ <|Dtixu|+|otiyf*|+Z|Dt,.<z;3‘>‘l|)du }
li i=1
t d
< cmm[/ (|D,ixu|2+|D,iYL?*|2+Z|D,i(23*)"‘|2> du],
li k=1

it follows from Proposition 3.2, Proposition 3.3, (3.3), and (Hr) that

0,j 0,j
BV, = Vil Pl < Cra(o)|n]. (4.5)
(iib) We now prove (4.4). Using the martingale property of (V,f:f )i<T on[t;, t;+1], we obtain

Lj 4,2
E[lvt,-,z - Vt,-,z,-| = E[| ti, t,+1| - | ti, t,| ]
4, iR L.J
S E[|Vtt+l lt+l| | L, t1| + | tl+1 Lit1 - tt t1+1 ||th+1 Lit1 + Vtt fit] |]

which, by Proposition 3.3, (Hr), the Cauchy—Schwarz inequality, and (4.5), leads to

0
EIVy — Ve PL< BV 2 = Vi P+ Cratol |2, (4.6)
To conclude the proof of (4.4), it remains to study the first term on the right-hand side of (4.6):

k—11j4+1— 1

Z Z E[| tk+1 tk+1 | Tk» lk| ]

Jj=0 k=i;
_ yli-lp
:(E[IVf:'} 1|2—|V00| ]+ZE[| ,/’,] 2=V, r,| ])

so that, by Proposition 3.2,
E[ZY] < Crra(x).

This implies (4.4), completing the proof.

As in the simply reflected case studied in [3], the estimate of Proposition 4.3 can be improved
if we impose more regularity on the forward process and the boundaries. The main new difficulty
due to our multidimensional setting is that the projection of (¥ ™) is not well known: it could
be equal to the upper or the lower boundary. This is overcome by appealing to the following
lemma which is proved at the end of this section.

Lemma 4.1. Recall the definitions of V¢ and t]‘? in Proposition 3.2. Under (Hx2), (Hb3),
and (Hf ), the following holds:

|E,][v¢( AK 1vxz —qu AK VXA
]

=E; ﬂlr_f—1<rf=T] +E, 'B(Tj — I forj <

This allows us to prove the following proposition.
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Proposition 4.4. If (Hx2), (Hb3), and (Hf ) hold, then
1Z% = P 223, < Crec' ).

Proof. (i) A similar approximation argument as the one used in step (ii) of the proof of
Proposition 4.2 allows us to reduce our study to the case where (Hr) and

e o and b are C,% (smooth version of (Hx2)),

e hand! are C ; (smooth version of (Hb3)),
hold.

(ii) Under (Hf), Remark 3.3 implies that

£, L,j
Vi = nsEdAY] tefl,....d}, s <t €ty tiy1) Clrj, rjtl,

where
ns = (ALVXy) o (X,),
rt
. ! s
AT = V¢f¢AijX,j +/ (Ve fEOMALVX, 4V FHO AL VTR du.
J N

Recall (4.2) in the proof of Proposition 4.3. We then have to study the quantities

k—11j4+1—1 k—1ij+1—1

, . Tk41 , ,
l, l, £, £,
> / EV,;) =V, {ldt and ) Z/ E[|V,] — V.07 P1dr.
1 173

J=0 k=i; % J=0 k=i

Th+1

By (4.5) in the proof of Proposition 4.3 applied under (Hf) (i.e. «(k) = 1), we first obtain

k—1ij+1—1

Tkt1 . .
e, e,
Y3 / BIVY — VI Plde < Crinl,
173

J=0 k=i;

To control the second term, we can reproduce line by line the arguments used in the proof of
Proposition 5.2 of [3] to obtain

e=lijei=b g ) )
> X [Ew - v e s cuma s 2 EY.L @)
j=0 k=i; “%

where
Kk—1 xk—1
¢, 4,j—1.2 4j 2 SYAR L,j—14 4,j4
6= Y ElV,h P =1V 321 and £ = ENAS T - (A1
j=1 j=1

(iii) We now study ¢ and £¢. Using (3.7), (3.9) and (3.12), we first obtain
L, j—1 L,
\Veid 1P = Ve 12

< BUE,;[t] — 7/ 1l + |E; Ve, IA@ VX - VoL AL VXD,
J— J— J J

j—1
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which, by Lemma 4.1, implies that
»t <!’

Similar arguments lead to

14 < CLK1/2.

We conclude the proof by substituting these estimates into (4.7).
Proof of Lemma 4.1. (i) Forall € € {1...d}, j < «, we introduce
Agl: = V¢‘ Al foVX - V¢szf[VXT¢,
j= i J

/ 1 j 1
¢, _ ot ¢ ) ¢
Ahj :=Vh (Xff—l)rf—lAT_f_lvxrf—l Vh (Xff)AerXTf’

€. _ gt ¢ ot ¢
Alj :=VI (Xf_ffl)ffflATf,lvxfﬁl Vi (Xr_f)Aerer‘

Since

4 ¥4 L L
Vo!, AL, VX - VqufAvaxrf = A (1,

Tj-1 Jl

71<rf<T} + 1 T 1<r€—T})’

it follows from (3.7) and (3.9) that
|En[AQSI < BB 1 _otpy] + BrllAG)I e o py]

(i) We now fix a coordinate £ € {1, ..., d}, and set
Uj={r}_, <t/ <T} AYf = |(?§21)@ (Y DY, and AX; = X = Xl

Using the same arguments as in the proof of Propositlon 4.1, we obtain

E,[IAY{* + |AX,1P]1 < By [B(zj — 1j-1)]. (4.8)
Since it and [ are L-Lipschitz continuous and ht > 1Y + ¢, we can find 17‘Z >0andef >0
such that, for all x{, xy € R,

i—xl<nt = k() —ln) > € 4.9)

Observe that by choosing L large enough we can assume that 1/e < Lsothat 1/n¢+1/e < Cy.
We then introduce the three following disjoint sets of F7:

AL ={(|AY]| < &', |AX;| <0} NU;,
ij ={laY]| <&, |aX,| > "} NU;,
cjf = {|AY]| > &} N US.
Clearly, AS U B{ UCS =
(iiia) On Ae m {(Y%)Z = hf(x [)} we have (Yf“)@ —I5(X, 3 D> e’, by (4.9). But, on Af
we also have |(Y£R)e (Ym l) | < &f; thus, (Ym )e = he(X ) Using the same arguments
t

on Ae N {(Ym)‘Z = IZ(X e)} we obtain (Ym )[ = lz(X z) Also since

]

(A5 NHEID =R X 0D U (A D = 11X 0) = 4]
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we have
Er[1A¢11,0] < EL[(ARG|+ AN 4] + B A1 g +1c0). (4.10)
Using (Hb3), we have
Er (AR + ALD 1 ] < Ep (7 — 712,
and, by Tchebytchev’s inequality and (4.8),
Er[1A¢51 (5 +1c0) < Bry[B(rj — 701"
Using (4.10), this leads to
Er (18651101 < By [B(rj — 1012,
which concludes the proof.

5. A discrete-time approximation for discretely reflected BSDEs

As an application of the regularity results stated in the last section, we now study the
convergence of an Euler scheme approximation method for discretely reflected BSDEs. Using
an approximation argument, we will then propose an extension of this method to continuously
reflected BSDEs in the next section.

5.1. Discrete-time approximation of the forward process

As in the previous section, we considera gridm = {0 =:1 19 <] < --- < t, := T} of the
time interval [0, T'] with modulus ||, such that R C 7.
As usual, X is approximated by its Euler scheme X” defined by

X5 = Xo,
XT = XT A b(XD)(ti1 — 1) + 0 (XY (Wyyy = Wy),  i<n—1,
and, fort € [t;,tiy1), i <n—1,
X7 = Xg + b(XZ)(t —t)+ o(XZ)(W, — Ws).
Under (Hx1), b and o are L-Lipschitz continuous; thus, we have (see, e.g. [13, Chapter 10])

b4
sup [ X; — X
teltitiy1]

sup | X; — Xf'”m + max

t<T i<n

S <Clrl'2 p=1. (D)

5.2. An Euler scheme for discretely reflected BSDEs
We now introduce a discrete-time approximation scheme for the discretely reflected BSDE

of the form _ ] -
Zy = (tivr = 1) By (Wi = W) (YT DL, (5.22)
YT =B [YT 1+ (G — ) f(XT, YT 2, (5.2b)
Y[ =R, X7, V), i<n—1, (5.2¢)
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with terminal condition
Y7 =17 = g(XF).

This kind of backward scheme has already been considered when no reflection occurs (see, e.g.
[5]) and in the simply reflected case (see, e.g. [3], [15], and the references therein).

Combining an induction argument with the Lipschitz continuity of g, f, and the projection
operator, we can easily check that the above processes are square integrable and that the
conditional expectations are well defined at each step of the algorithm.

For later use, we introduce the continuous-time scheme associated to (Y7, VAl ). By the
martingale representation theorem, there exists Z* € #2(M) such that

Y?T

i+l

— E, [V

i+l

i1

]+/ (Z;T)Tqu, i<n-—1.
t

We then define Y™ on [1;, ;1) by

fit1

- - _ fit+1
T = YT (g — 1) f (KT T 2T / )T dw,,
t
and set ~
Y =R, X7, YT) fort<T.
We remark that, by the It6 isometry,

Z" = P77, (5.3)
where P7 is defined in (4).

5.3. Convergence results
We first provide estimates on the difference between (Y R z%yand (Y7, Z7).

Proposition 5.1. Assume that (Hx1) and (Hb1) hold. Then

sup B[[Y — Y721+ 120 - Z7
t€[0,T]

= CL(IP™ = D™ PR + 12 = P72,

12,2
H

+KE[max |1 X, — Xflz] +I1X — JDHXHH§2>~
reR

Moreover, if f* depends on (v, z) only through (y*, z'), we have

sup B[IY — Y7 Pl < CL(IY? = D7 YR 5, + 1127 = PTZR 5, + 11X — D™ X7 [150).
t€l0,7T]
Before providing the proof of this result, let us observe that combining it with Proposition 4.1,

Proposition 4.3, Proposition 4.4, and (5.1), we obtain an upper bound on the approximation
error between the Euler scheme (5.2a)—(5.2¢) and the discretely reflected BSDE (2.2).

Theorem 5.1. Set (x(k), y(k)) = (k2, k) under (Hx1) and (Hbl), (a(x),y (k) = (x, 1)
under (Hx1), (Hbl), and (Hf), and (a(x), y(k)) = (k,0) under (Hx2), (Hb3), and (H f).
Then the following holds:

sup E[|¥ — (D" V™), 1+ 127 — Z7 |3, < Crla@)lm| + y ()|m|'/?).
te[0,T]
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Moreover, if (Hx2) and (Hb3) hold, and f‘Z depends on (y, z) only through (ye, 7, then
we have

sup E[|IY — (D" V™), *] < Cric'?|m|.
t€[0,T]

Remark 5.1. The estimates above are stated in a fairly general setting. They can be improved
in some particular cases.

1. If X=X" onm,i.e. X is ‘perfectly simulated’, then the term E[max, e | X, — X7 ’1=0
disappears in the estimate of Proposition 5.1. In particular, if (Hx2) and (Hb3) hold and
f¢ depends on (y, z) only through (y%, z'), then we have

127 = Z" |3, < Cri'/?

|].
2. If f does not depend on z then

sup E[|Y — (D"Y™),!] < Cr|7|.
t€[0,7T]

This follows from the fact that, in this case, the term ftfil (|Z;R — ng . %) du in (5.5),
below, disappears.

The proof of Proposition 5.1 relies on the following remark.

Remark 5.2. Under (Hb1), fort € 7 and each £ € {1, ..., d}, there exists S* and Q¢ in &,
such that S' N QY = @ and

(Y = P < 17 = P 1 +CLIX = XT P 10
This is shown by arguing as in the proof of Lemma 2.1.

Moreover, for t € [0, T] \ R, we have |(Ylm)e - (Y,”)e| = |(I7,%)’Z - (f@”)e| and, fort €
7\ R, we canset S* = Qand Q¢ = 2.

Proof of Proposition 5.1. We adapt the proof of Theorem 3.1 of [5] to our context.
(ia)WesetsY = YR —y7 sy = YR —y7 §Z = Z% — Z7 and8§X = X —X™. Observe
that, by (5.3) and Jensen’s inequality,

_ _ Liti
BIZR -~ Z7P) < (=0 [ BIZD - 2 Pl
14
where Z% = P Z%, y
Applying Itd’s formula to [8Y|> on [t;, ti11) C [r j»Tj+1), using the last inequality and
standard arguments (see, e.g. step (i) of Proposition A.1 in Appendix A), we obtain, for all
s =1,
= 5 li+1 ) ) lit1 5
Es|:|8Y,| +f [6Z,] dui| §E‘Y[|8Ytl.+]| +a/ [6Y,|”du + CrBi+1
t t
CrL - li+1
+7<|r,~+1 —t,~||6Y,,.|2+/ |5zu|2du>], (5.4)
li

where o > 1 is to be chosen later on and, fori € {1, ..., n},

t - - _
B; = [ (Xu = XT_ P+ 1Y —v2 P +120 - Z} 1) du. (5.5)
ti—1
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By Gronwall’s lemma, we deduce that, for all ¢ € [#;, tj+1),

E,[18Y, %] < exp{aCpltit1 — tl-|}Es[|5Y,,.+. 1>+ CLBin

CL N tit1
+ 7<m+1 —1]187,, 2 +/ 16Z,|? du)} (5.6)
1

Combining the last equation with (5.4), choosing « such that Cp /o < l, and then working
with || small enough such that a || exp{Cro|7|} < 2o|7| < 1, we compute

- 1 [li+
ES[MF +3 / |azu|2du} < exp{Cpltit1 — iV Es[18Ys,,, 12 + CLBital.  (5.7)
14

(ib) For j < «, we define i; through #;; = rj. Since |8Y;| = |8Y| forall t € 7 \ R, we
deduce from (5.7) and an induction argument that, for i € [i;,i;+1),

ij+1
E[|5Yz,.|2]Sexp{curjﬂ—ti|}E[|6Yrj+1|2+cL > B (5.8)
k:ij+l

Summing up over i in (5.7), we also obtain

ij ij
il 5 5 Jjtl1 . Jj+1
EU |(SZ,,|2du}5CLE[l(SXr_i+1|2+|8Yrj+]|2—|8Yrj|2+|7r| PR A Bk}.
T k=ij+1 k=ij+1

Summing up over j, this leads to

T n
EU 182, du] <Cp supE|:|8Yt|2 +> B,»] + x max E[|6X,|?]. (5.9)
0 temw resR

i=1

Using Remark 5.2, (5.8), and an induction argument, we then obtain

k—1 g+l
E[|6Yr,-|2+|8Yr,|21chE[|8XT|2+Krrrg§|8xr|2+Z > Bk}, j=<x.

q=0k=ig+1
which combined with (5.8) leads to
n
supE[|8Y,|* + 8Y,, 121 < CL, E|:K max [8X, >+ ) B,-:|. (5.10)
i<n refR

i=1
The proof is then concluded by substituting (5.10) into (5.9), and then combining (5.6) with
(5.9) and (5.10).

(ii) We now turn to the case where f* depends on (y, z) only through (y*, z'%).

In this case, (5.6) and (5.7) read as follows:

Es[1(8Y) *] < exp{aCLltit1 — ]}

X E‘Y[Kaml)‘fﬁ + CLB;

C - tit1
+7L(|t,-+1 —r,~||(5Y,,-)‘|2+/ |(8zu)e|2du>] (5.11)
t

https://doi.org/10.1239/aap/1240319578 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1240319578

A discrete-time approximation for doubly reflected BSDES 123

and
AN s 02 02
Es|[(8Y)"] +§ [(6Z,)"|" du | < exp{CLlti+1 — L} Es[|(8Yy, )" |” + CLB;] (5.12)
fi

fort € [t;, ti+1), s < t,and i < n.
Foreach ¢ € {1,...,d}and i < n — 1, we then introduce the sequences of sets U tand U
defined by
Uf :=Q and Uﬂrk = Uf+k71 N S£+k,

2 U ¢ ‘
Ui =@ and U =Uy N0,
fork e [l,n—i—1].

Recall the definition of S* and Q¢ in Remark 5.2. Since S‘NQ¢ = @ foreach ¢ of 7, we have

ULy MU =2 and Uf NUf, =@ forallk e [I,n—i—1]and j € [k+1,n—i —1].

4
Moreover, U;, ., Ui, € Fi -

Using (5.12), Remark 5.2, and an induction argument, we deduce that, fork € [1,n—i —1],

k
E,[16Y,) "] < CLE, [i(é&-ml)‘lz + 218X, P gy +Bf+j>}
j=1

In particular, for k = n — i — 1, this leads to

n
502 2 )
E, [I67,) ] < CLE, [ma;; RAESD BJ],
Jj=i+1
since Y1~/ 101'£+j < land |§Y7| < CL|8XT].
Combining the last inequality with (5.11) and (5.12), and using Remark 5.2 again, we obtain
n
sup E[|(8Y))* +1(6Y) "1 < Cr E[max 8X1*+ Bl}.
t€[0.T] ren i=1

The proof is then concluded by summing up over £.

6. Extensions to continuously reflected BSDEs

We now apply the results of the last section to continuously reflected BSDEs.

We first obtain a regularity result for the solution of such an equation in the spirit of [15].
We then show that the Euler scheme (5.2a)—(5.2¢) can be used to approximate continuously
reflected BSDEs, provided that R and 7 are conveniently chosen.

In this section we assume the existence and uniqueness of a strong solution to the continu-
ously reflected BSDE defined by

T T T T
v =g'(Xr) +/ FY(Xu, Yu, Zy) du —f ztaw, +/ dK !+ —/ dkt=, (6.1a)
t t t t

1Y(X,) <Yt <h*X,) foralltel0,T], as., (6.1b)
T T
/ (vt —15(Xy)dKktt = / (vt —nt(Xy)dkt~ =o, (6.1c)
0 0
foreach ¢ € {1, ..., d}, where K& Kt € 52(R) are continuous and increasing, and Ké"’ =

K& =o.
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Remark 6.1. 1. Whend = 1,[/ and & are C g with L-Lipschitz continuous derivatives, and
h > 1+ ¢ for some ¢ > 0, existence and uniqueness to the above equations are well known; see,
e.g. [7]. Obviously this immediately extends to the case where d > 1 whenever f* depends on
(y, z) only through (y*, z%).

2. When d > 2, and h and [ are constant, existence and uniqueness follow from [10].

The proposition below will allow us to extend the results of the last section to continuously
reflected BSDEs. Roughly speaking, it means that (Y2, Z™) is a good approximation for
Y, Z).

Proposition 6.1. Set g = % under (Hx1) and (Hbl), and q = 1 under (Hx1), (Hb2), and
(Hf). Then we have

sup E[lY, — Y P14+ sup E[)Y, — VP +11Z — 2715, < CLIRY,
t€[0,T] t€l0,T]

where |*R| is the modulus of *R.

Proof. First, observe that we can consider each coordinate separately. We can then essen-
tially follow the same arguments as in the proof of Proposition 1.4.1 of [6]. In particular, we
have to control both

/w 1(Xs) — PP KT and frm (P —rb (X)) dKE,  tefl, ... d).
t t
For all s < T, we have
1(Xy) — (PP <E, [zfm) — X, + / T TR 2 du],
S
Y3 —n'(X,) <E |:h£(er+1) — ht(X,) + /w If8X,, YR, 2 dui|. 6.2)
s

Under (Hx 1), (Hb2), and (H f), the control on 4 and / given by the assumption and the Lipschitz
continuity of o, b, and f, imply that

1(X,) — (P! < CLE, [/ 4 100X B + X + |Xu|2)>du]

Tj+1 ~
+CLES[/ (IXu|+|Yf|+|Zf?|)du]
S

It then follows, from the Cauchy—Schwarz inequality and Propositions 2.1 and 4.2, that
1(Xs) = (I < 18,

Similar arguments applied to (6.2) lead to
I = n'(X,) < IRIB.

Under (Hx1) and (Hb1), we use the Lipschitz continuity of / to obtain

~ Tj+1 ~
1(X5) — ()" < CLE [uxs — Xri +f (Xul + 17,7 + |fo*|>du].
N
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It then follows, from Proposition 2.1, Proposition 4.2, and the Cauchy—Schwarz inequality, that
(X)) = (7D < (012 + 21D < 1]/,
Similarly, we have
(I = h'(Xy) < 1RI'28.
In both cases, the proof is then concluded by arguing exactly as in [3].

Combining this proposition with Proposition 4.1 and Proposition 4.3, we deduce the follow-
ing regularity property for (Y, Z).

Corollary 6.1. Setq = % under (Hx1) and (Hb1), g = % under (Hx1), (Hbl), and (H f ), and
q = 1 under (Hx1), (Hb2), and (Hf ). Then the following holds:

< Cplm|?/2.

sup E[|Y; — (DY), "1 < CLinl? and ||Z - P"Z|}p
t€[0,T]

Moreover, if g = % under (Hx1), (Hb1), and (Hf), and g = % under (Hx2), (Hb3), and (H f),
then we have
1Z = P"Z|3,,

Proof. (i) We first study the regularity of Y. Since,

< Crlm|?.

sup ELIY, — (DY) = Co( sup BT — 77"+ sup Y — 7).
te[0,T] +e[0,T1] 1€[0,T]

the bound on sup, (o 71 E[|Y; — (D7 Y), 2] is obtained by applying Proposition 4.1 and Propo-
sition 6.1, with R and 7 chosen such that

c
M| < =L and %] = O(|7|*) (6.3)
K

for @ = % under (Hx1) and (Hb1), @ = 1 under (Hx1), (Hb1), and (Hf), and & = } under
(Hx1), (Hb2), and (Hf).
(i) We now turn to Z. By Jensens’s inequality we have

1Z = P"ZII5, < CLUZ™ = PTZ2 5, + 1Z — Z7115,0).

Thus, choosing R and 71 as in (6.3) with o = 3 L under (Hxl) and (Hb1), a = 3 2 under (Hx1),
(HbD), and (Hf), @ = 5 ! under (Hx1), (Hb2), and Hf),a =% Z under (Hx2), (Hb3) and (Hf),
we obtain the required bound by combining Proposition 4.3 with Proposition 6.1.

We now state the main result of this section, which provides an upper bound for the
convergence rate of the Euler scheme (5.2a)—(5.2¢) to the continuously reflected BSDE (6.1a)—
(6.1¢).

Theorem6 L Setq = ¢ L yunder (Hx1) and (HbI), q =3 L under (Hx1), (Hb1), and (Hf),
q9=3 L yunder (Hx2), (Hb3) and (Hf). Then we have

sup E[IY, — (DY), 1 +11Z — Z" |3 < Crimlf.
t€l0,7T]

Moreover, if (Hx2), (Hb3), and (H f ) hold and X™ = X on w, then

2/3.

sup E[Y, — (D"Y™), P 1+ 1Z — Z™|%,, < CLI7|

52
1€[0,T] H
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Proof. This is a direct consequence of Proposition 6.1 and Theorem 5.1 applied with R and
7 defined as in (6.3), with o = % under (Hx1) and (Hb1), @ = % under (Hx1), (Hb1), and
Hf), ax = % under (Hx2), (Hb3), and (Hf), and o = % under (Hx2), (Hb3), and (Hf), and
when X™ = X on 7.

The results of the last theorem can be compared to those of Theorem 4.1 of [3], which
gives an upper bound for the rate of convergence in the case of unidimensional simply reflected
BSDE:s.

First, observe that (Hb1) is weaker than the assumptions of Theorem 4.1 of [3] and the price
to pay for these fairly mild regularity assumptions is the poor rate of convergence.

Second, under (Hx2), (Hb3), and (H ), we are not able to retrieve the result of [3]. This can
be explained by the structure of f in our multidimensional setting. In particular, its dependence
with respect to all components of y prevents us from getting rid of the term x E[max, <o | X, —
X7|?] in the first claim of Proposition 5.1.

Let us conclude this paper with the following result which deals with the special case when
the system of BSDE:s is decoupled.

Theorem 6.2. Assume that ¢ depends on (y, z) only through (y%, z%), and set ¢ = % under
(Hx1) and (Hb2), and q = % under (Hx2) and (Hb3). Then we have

sup E[|Y; — (DY), *] < Cr|m 4.
t€[0,T]

Proof. This is an immediate consequence of Proposition 6.1 and the second claim of
Theorem 5.1 applied with R and 7 defined as in (6.3), with @ = % under (Hx1) and (Hb2), and
@ = 2 under (Hx2) and (Hb3).

Note that, when d = 1, the last restriction on f holds trivially. In this case, ¥ can be
interpreted as the price of a game option (see, e.g. [14]). This provides an interesting financial
application of our result.

Also, observe that, in Theorem 6.2, we obtain better bounds on the convergence rate. But,
we are not able to retrieve the bounds of [3], due to the presence of two reflecting boundaries;
see Lemma 4.1.

Appendix A. A priori estimates

In this section we provide a priori estimates for reflected BSDEs in an abstract framework.
We consider processes (YR YR Z0) e 82(RY) x $2(RY) x HZ(M?) such that

~ rj+1 Tj+1
Y,‘ﬁ:y;i‘fH +/, f(u)du—/l Z™Taw,, telrjrjs), j <k, (Al

where f is some adapted process satisfying
|1 < Collnl + Y7 +1Z7])  for some 5 € #(R). (A2)

‘We also assume that
Y2 = Y| forallr ¢ |\ T, (A.3)

and we work under the following assumption.
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(A0) Forall £ € {I,...,d}and r € %R,
1YY < 10 g + 18] 11
with & € 82(R), Sf, 0t € F,8: N 0% = @, and S = 2.
Obviously, this implies that
YRR <P+ 161 re® and Y < &) (A4)

We will also make use of the following assumption, which is a particular case of (A.2).

(Af) Foreach? € {1,...,d} and all u € [0, T], we have
@)l < Crml + 1Y 4+ 1274,

In this framework, we can state the following proposition.

Proposition A.1. Under (AO), for all s < T, the following holds:

T T
sup ES[|Y?‘|2+/ |Z;”|2du]scLEs[xmax|sr|2+/ |nu|2du].
tels,T] t refR 0

When, moreover, (A f) holds, we have

T
sup E,[|V}%] scLEs[max|sr|2+f |nu|2du], s<T,
tels,T] reR 0

and, forall s <t, t € [rj,rj11), and j <k,

7t T
J .
E, U |<z;“)‘f|2du] <CpL Es[max |sr|2+/ |nu|2du}
' reR 0

rf:inf{ref)‘ilrzrjﬂ,le#O}/\T, j<k—1,¢0<d.

where

Proof. (1) Since Y® e 82(RY), applying I1t6’s formula to |§?R|2 on [r}, rj41) implies that
~ Tj+1 Fj+1 ~
E, [|Y?‘|2 + f 222 du] —E, [IY?H 242 / TR, Fa) du]
t t

foralls <t € [rj,rj41), j <k.
Fix a > 1 to be chosen later on. Combining the Cauchy—Schwarz inequality and (A.2) with
the inequality ab < aa’ + b2/a, a > 0, we compute, for all s < ¢,

SR (2 AR R 2 EARET )
Ex|:|Y; | +f |1Z,"| du] SEs|:|Y,j+l| +(01+1)CL/ 1Y, " du
t t
C; [+
+— (Z]P + |nu|2>du}.

t
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Taking « large enough such that Cp /o < 1. we obtain

I Y R P, LS NN 5
Es| 1Y/ +§/ |Z,"1"du | < Eq |r+1| +CL/ AY, 17+ nul”) du |
t t

Using Gronwall’s lemma in the last inequality, we then obtain

- 1 [7i+!
E{W?ﬂz + 5/ |Z§*|2du]
t

< exp{CLIrj+1 — 1)) Es [| B P+ CL/
t

Tj+1
|nu|2du] foralls <t €[rj,rjt1).

(A.5)

(ii) It follows easily, from (A.5), (A.3), (A0), and an induction argument, that

T
sup E[|[Y7)? + 1Y% < CLE; [|Y}“| +Kmax|g,| +/ |nu|2dui| forall s < T.

tels,T] K}
(A.6)
Moreover, (A.5) applied to ¢ = r; and s < r; reads, recall (A.4),

~ 1 [ri+t
B 10205 [z
s

J

Tj+1
< (I+ CLIR|)E;y [l r+1| +|$r/+1| +CL/ |nu|2d”] for j <«.
r

J

Summing up in this inequality and using (A.6), we obtain

T T
E[/ |Z§,"|2du}scLEs[|Yﬁ*|2+Km%(|sr|2+/ |nu|2du] s<t<T,
t re t

which concludes the proof of the first claim.
(iii) We now turn to the case where (A f) holds. Recalling (A.1) and applying [td’s formula
to [(Y?)¢|? on [r}, 7j41), we obtain

~ Tj+ rj+l
(TP + f 22 P du = (v )P — / IR aW,
t t
2 f T EP P ) du A7)
t

foralls <t €[rj,rj+1), j <«k.
Recall the definition of 1:5. On {r[f = r4+1} we obviously have

7t ¢
(P22 4+ / EZ P du < 52 -2 / TA™HEZHYHT aw,
t J t
P4
42 / LI ) du.

On {1: > rg+1} we denote by 93 the random index such that ror = 7: . Summing up from ¢ to
0‘3 in (A 7) applied to t = ry41, we retrieve the last inequality.
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Arguing as in step (i), recall (A f), we then obtain
5 1 (%
ES[I(Y,”‘)ZIz +3 f |<22“)'f|2du}
t
4
2 KT 2
<CLE; |§f(f| + (Y, 1+ nul?)du | foralls <t €[ry,rg+1), g < k. (ASB)
t

Summing up over £ in the last inequality, we obtain

T
E,[I7%] < cLEs[ngg‘wsAM/ (|Y3*|2+|nu|2>du], s<telr, Tl
r t

Using Gronwall’s lemma, we then have

T
sup Es[|Y 21 < €y Es[max|sr|2+ / |nu|2du} s<T. (A.9)
rels,T] reR 0

Combining this inequality with (A.8), we also obtain

¢ T
J
EU |<Z§*>"f|2du]scLEs[max|sr|2+ / |nu|2du],
t FE% t

which concludes the proof.

Corollary A.1. Fix p > 2, and assume that £ € 8P (R) and n € LP(Q2 x [0, T]). Then when
(A f) holds, we have, forallt < T,

T
IYP < CTE, [max &7 + / 1717 du}-
reR 0
Proof. This follows directly from Jensen’s inequality applied to (A.9) with ¢ = s.
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