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Tate modules of universal p-divisible groups

Eike Lau

ABSTRACT

A p-divisible group over a complete local domain determines a Galois representation
on the Tate module of its generic fibre. We determine the image of this representation for
the universal deformation in mixed characteristic of a bi-infinitesimal group and for the
p-rank strata of the universal deformation in positive characteristic of an infinitesimal
group. The method is a reduction to the known case of one-dimensional groups by a
deformation argument based on properties of the stratification by Newton polygons.

1. Introduction

Let G be a p-divisible group of dimension d and height ¢ + d over an algebraically closed field &
of characteristic p. Its universal deformation G is defined over a W (k)-algebra R isomorphic to
an algebra of power series in c¢d variables. For every point x € Spec R we have a natural Galois
representation, also referred to as local p-adic monodromy,

pe : Gal(z/2) — GL(T,G(2)) = CL () (Z,)

where e(z) is the étale rank of the fibre G,. Note that e(x) = ¢ + d if = is a point of characteristic
zero and e(x) < ¢ if x is a point of characteristic p. Let U, be the locally closed subset of Spec R
where e(x) = e. If G has positive dimension and e < ¢ then U, lies in Spec R/pR.

THEOREM 1.1. If G is bi-infinitesimal and x is the generic point of Spec R then the image of p,
is the subgroup of all elements whose determinant is a dth power.

THEOREM 1.2. If G is infinitesimal and x is a generic point of U, for some e < ¢ then p, is
surjective.

This is consistent with the general expectation that the monodromy of a universal family
should be as large as possible, where the restriction in Theorem 1.1 is caused by a well-known
result of Raynaud [Ray74] saying that the determinant of p, is the dth power of the cyclotomic
character. The present article was motivated by recent work of Tian [Tia07] and Strauch [Str07].
Instead of any attempt for a complete review of the literature on p-adic monodromy of p-divisible
groups and abelian varieties we refer the reader to [AN06, Cha00, Cha08] and the references given
therein.

If G is one-dimensional, Theorems 1.1 and 1.2 are proved in [Str07] using the theory of
Drinfeld level structures. This result actually applies to one-dimensional formal modules over
the ring of integers in a local field. Previously, a number of cases were established by different
methods.
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Theorem 1.1 for one-dimensional p-divisible groups is proved by Rosen and Zimmer-
mann [RZ89, Zim90]. Theorem 1.2 for the one-dimensional group of slope 1/2 is a classical result
of Igusa [Igu68], see [Kat73, Theorem 4.3]. Theorem 1.2 for the one-dimensional group of slope
1/2 is a classical result of Igusa [Igu68], see [Kat73, Theorem 4.3]. When z is the generic point
of Spec R/pR, Y. Tian proved that p, is surjective for the one-dimensional group of slope 1/3
and conjectured the surjectivity of p, for elementary p-divisible groups of arbitrary dimension;
see the first version of [Tia07]. Recently Tian has extended his methods to cover all p-divisible
groups of a-number one, see [Tia07].

The present proof of Theorems 1.1 and 1.2 is a reduction to the one-dimensional case using
the results of Oort and de Jong [JO00, Oor00, Oor01] on the Newton stratification of Spec R/pR.
More precisely, to prove Theorem 1.2 we pass to the complete local ring (denoted S) of R/pR
at a generic point of a suitable Newton stratum chosen so that G ® S is the extension of a one-
dimensional infinitesimal p-divisible group H and a group of multiplicative type. Since the Tate
module of the latter is trivial, we only have to observe that H over S is necessarily the universal
deformation of its special fibre, see Lemma 3.1 and Proposition 6.1.

The proof of Theorem 1.1 is more complicated because p-divisible groups of multiplicative
type over a field of characteristic zero have non-trivial Tate modules. This leads us to
consider different complete local rings of R and their contributions to the image of the
Galois representation at the same time. Notably, we need the following observation, proved
in Proposition 7.1: if A denotes the complete local ring of R at the prime pR and if F’ is an
algebraic closure of the residue field of A, then the set of ring homomorphisms A — W (F”) lifting
the given homomorphism A — F’ is bijective to the set of deformations over W (F”) of the fibre
G ® F'. As a consequence, the contribution of A to the Galois representation is sufficiently large,
see Lemma 4.3.

Below we first explain the proof of Theorem 1.1 in §§3 and 4 and postpone the required
Lemmas 3.1 and 4.3 until §§6 and 7. They are straightforward applications of the deformation
theory of p-divisible groups developed in [I1185, Mes72]. An alternative proof of Lemma 3.1 in
the case where G has a-number one is given in [Tia07].

2. Newton strata

For reference let us recall the results on Newton strata we need. Let R = R/pR.

The Newton polygon of a p-divisible group H is denoted N(H). Newton polygons are
normalized so that slope 0 corresponds to étale groups and slope 1 to groups of multiplicative
type. The set of Newton polygons carries a partial order such that G <~ if and only if 3 and ~
have the same endpoints and no point of 3 lies strictly below ~. The subset V3 of Spec R where
the Newton polygon of the universal deformation is < (3 is closed. We denote by V3 the open
subset of V3 where the polygon is equal to 8. Let codim(3) be the number of lattice points
that lie strictly below 8 and on or above the unique ordinary Newton polygon with the same
endpoints as 3 (ordinary polygons are those whose slopes are all 0 or 1).

THEOREM 2.1 [Oor01, Theorem 2.10]. The set Vg is non-empty if and only if N'(G) < 3. In that
case all irreducible components of V3 have codimension codim(/3) in Spec R, and consequently Vg
is the closure of Vﬁo . Generically on Vj the a-number is at most one.

At those points where the a-number is one the strata are nested nicely.

PROPOSITION 2.2. Let x € Spec R be given such that a(G,) = 1. Then every Vg, = V3 N Spec R,
is regular and thus irreducible. If Vg, and V., , are non-empty, in other words if N(G;) 2 B and
N(Gz) =, then Vg, CV, , if and only if 3 <.
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If x is the maximal ideal of R this is [Oor00, Theorem 3.2]. The general case can be reduced
to this case as is certainly well known, but for completeness a proof is recalled in §5 below.

We need the following supplement to Theorem 2.1. We write x < z if x lies in the closure of z.

COROLLARY 2.3. Assume that Newton polygons 3 <~ =6, a point x € V3, and a generic point
z € Vi are given such that x < z. Then there is a generic point y € V., such that x <y < z.

Proof. By a change of 3 we may assume that z lies in V. Let Z be the irreducible component
of V5 that contains z and let 2’ be a generic point of Z N Vj such that  <a’. Then 2’ also lies
in V. If n denotes the codimension of 2’ in Z, the purity theorem [JO00, Theorem 4.1] implies
that n < codim() — codim(d). By Theorem 2.1 we have equality and 2’ is a generic point of Vg,
thus a(G,) = 1. By Proposition 2.2 there is a unique generic point y of V;, between 2’ and z. O

3. Reduction to one-dimensional groups

Let R= R/pR as before. We begin with the proof of Theorem 1.2 in the case where x is the
generic point of Spec R, or equivalently e = c.

Proof of Theorem 1.2 if e = c. We may assume that d > 1. Let 3 = N (G) and let v be the Newton
polygon given by the following slope sequence.

1 1
y=( —, ..., —,1,...,1 ).
c+1 c+ 1" ~——
c+1 -1

Then § <~ because G is assumed to be infinitesimal. Choose a generic point p of the Newton
stratum V, of Spec R, let S be the completion of the local ring Ry, and let K be its residue
field. Since R is regular and regularity is preserved under localizations and completions, S is a
complete regular local ring. By Theorem 2.1, the dimension of S is ¢ and the Newton polygon

of G ® K is 7.

Let K’ be an algebraic closure of K and let S’ = K'[[ti, ..., t:]]. The projection S — K
admits a section K — S in the category of k-algebras because K is formally smooth over k as k
is perfect. Hence there is an isomorphism of k-algebras S = K]{[ty, ..., t.]] compatible with the

projections to K; we choose one such isomorphism. Then S becomes a subring of S’ by t; — t;
and S’ becomes an R-algebra by the composition R — S — S’

By the choice of «, the fibre G ® K’ has a unique p-divisible subgroup M’ of multiplicative
type and dimension d — 1. The quotient H' = (G ® K')/M’ is a one-dimensional infinitesimal
p-divisible group over K’ of height ¢ + 1. There is a unique lift of M’ to a p-divisible subgroup of
multiplicative type M’ C G ® S’ (see [Gro74, chapitre 3.1] and [deJ95, Lemma 2.4.4]), and the
quotient H' = (G ® S")/ M’ is a deformation of H' over S’.

LEMMA 3.1. In this situation H' is a universal deformation of H'.

We postpone the proof until §6. If f:Spec S’ — Spec R denotes the chosen morphism and
y € Spec S’ is the generic point, then f(y) =2z because f is flat. The natural homomorphism
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~

G(z)=G(y) — G'(y) is bijective since M(y) is the zero group. Hence we have the following
commutative diagram.

Gal(j/y) — GL(T,H (7))

| |

Gal(z/z) —~ GL(T,6(z))

1R

Here p, is surjective by [Str07, Theorem 2.1], so p, is surjective as well. O
A modification of the argument gives Theorem 1.2 in general.

Proof of Theorem 1.2. By Theorem 2.1 combined with Proposition 2.2 the generic points of U,
are precisely the generic points of the Newton stratum V. where ¢ is the lowest Newton polygon
with exactly e zeros,

5:<O,...,, L e L ,,...,1).
~——— Cc—e+1 c—e+ 1 ——
© 67Z+1 -1

Let v, p, S’, H', and f:Spec S’ — Spec R be chosen exactly as before with the additional
requirement that p <x. This is possible by Corollary 2.3 applied to the points mp < x. The
inverse image f~!(U.) is equal to the locus U. in Spec S’ where the étale rank of G’ is equal to e.
Let y € U. be the unique generic point. Since f is flat and since p <z we have f(y) = z. Now
the proof continues as before, using again [Str07, Theorem 2.1]. O

4. Galois action in characteristic zero

Assume now that z is the generic point of Spec R. Let T = T,,G(Z) and let
x: Gal(z/z) — Z,

be the cyclotomic character. By [Ray74, Theorem 4.2.1 and its proof], Gal(Z/x) acts on A°*%(T)
by x?%. Let GL/(T) denote the subgroup of all elements of GL(T) whose determinant is a dth
power and let Gal®(z/xz) be the kernel of y. The homomorphism p, induces the following
homomorphisms p’ and p°:

o Gal(z/x) —— GL/(T)
p°: Galg(i/x) — SLLE’IF)

LEMMA 4.1. If p° is surjective then so is p'. For d =1 the converse also holds.

Proof. We have a homomorphism of exact sequences.

1 — Gal°(z/z) — CGal(z/z) —— Z; 1
pol pxl i( )d
1 — SL(T) —— GL/(T) —% 734 1
Both assertions follow easily. O
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THEOREM 4.2. If G is bi-infinitesimal then p° is surjective.

In view of Lemma 4.1 this is a refinement of Theorem 1.1; moreover, the case d =1 follows
from [RZ89, Zim90] or from [Str08, Theorem 2.1.2]. By duality this also gives the case c=1
because the Tate module of GV is Hom(T, Z,(1)).

Proof of Theorem 4.2. We may assume that ¢, d > 2. Let 5 =N (G) and consider the following
Newton polygons «; with the same endpoints as 3:

1 1
w =—...,—,1,...,1
c+1 c+ 1 ~——
c+1 =1
d d
v =(0,...,0,——,...,—— .
~——— d+1 d+1
et d+1

Since G is bi-infinitesimal we have 3 <~;. Let p; € Spec R be a generic point of the Newton
stratum V,, C Spec R/pR. By Theorem 2.1 the Newton polygon of the fibre Gy, is v; and the
codimension of p; in Spec R is ¢; + 1 where ¢; = ¢ and ¢o = d. The complete local ring 5; = }Aipi is
regular and unramified in the sense that p is part of a minimal set of generators of the maximal
ideal. Let S be an unramified regular complete local ring of dimension ¢; + 1 whose residue
field K| is an algebraic closure of the residue field K; of S; and choose an embedding S; — S}
such that S} ®g, K; = K.

(More explicitly, put S, =W(K])[[t1,...,t,]]; then choose a Cohen ring C; in S;, an
isomorphism of Cj-algebras S; = Cy[[t1, . .., t.]], and an embedding of C; into W (K]); extend
this to an embedding S; — S! by t; — t;.)

Let q C R and q; C S be the prime ideals generated by p. The complete local rings A = ﬁq
and B; = (§,{)qz are unramified discrete valuation rings. We have the following commutative
diagram of rings:

S +— R — 5,

l L l

Bl%AHBQ

The scalar extensions of G to these rings admit natural filtrations of different types: since the
fibre G4 is ordinary, over A there is an exact sequence of p-divisible groups

0—M-—GA—E—0 (4.1)

where M is of multiplicative type of height d and £ is étale of height c¢. By the choice of the
polygons 7;, over S} there is an exact sequence

0—M —GoS —H —0 (4.2)

where M’ is isomorphic to ,ug;l and H; is bi-infinitesimal of dimension 1 and height ¢ + 1, while
over S5 there is an exact sequence

0—Hy—GRS)— & —0 (4.3)

where £’ is isomorphic to (Q,/Z,)°"! and Hs is bi-infinitesimal of dimension d and height d + 1.
In both cases H; is the universal deformation of its special fibre over W (K;)-algebras because
H; ® S;/pS; is the universal deformation over Kj-algebras according to Lemma 3.1 (applied to
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the dual if i = 2). Since over B; all homomorphisms from groups of multiplicative type to étale
groups are trivial, as subgroups of G ® By and G ® Bs we have

M ®g B1 CM @4 B1, M®a By CHy®g; Bo. (4.4)

Let F’ be an algebraic closure of the residue field of A, let A= W/(F’), and choose an
embedding o : A — A’ extending the given homomorphism A — F”. This time the choice makes
a difference and will be fixed later. In order to relate the various Galois actions on the Tate
module we choose an algebraically closed field Q together with embeddings of A’ and both B;
into €2 that coincide over A. For every subring X of 2 let Galx = m (Quot(X), ) and denote
by Gal the kernel of the cyclotomic character Galy — Zy.

If we write T =T,G(€2) by a harmless change of notation, we have to show that the natural
homomorphism p% : Galy — SL(T) is surjective. Let

T, = T,H1(Q), E=TEQ), E =T,&(Q),
Ty = TyH2(R?), M =T,M(Q), M =T,M'(Q).
From (4.2), (4.1) and (4.3) in that order we obtain the following exact sequences of free

Zyp-modules with actions of the designated groups Galx where the action on T is induced from the
action of Galg by the natural homomorphism Galy — Galg. The vertical arrows exist by (4.4).

Galsi 0 J\Vid T T 0
I

Galy 0 M T E 0
L

Galsg 0 Ty T E 0

Here Galgi acts trivially on M’ and Galg; acts trivially on E'. By the known cases d = 1 and
c =1 of Theorem 4.2, the induced homomorphisms Galg, — SL(T;) are surjective. In many cases
this already implies that p% is surjective, but in order to conclude in general we also need the
action of Gal%,. Let U C SL(T) be the unipotent subgroup that acts trivially on M and on E;
thus U = Z;d. Then Gal%, acts on T by a homomorphism

por : Gally — U.
LEMMA 4.3. For a suitable choice of the embedding o : A— A’, the homomorphism p%, Is

surjective.

We postpone the proof of Lemma 4.3 until § 7 and continue in the proof of Theorem 4.2. Let Uy
denote the group of all elements of SL(T) that act trivially on M’ and on Ty, let Uz C SL(T) be
the group that acts trivially on Ty and on E/, and let H be the image of Galy — SL(T). Then H
contains U by Lemma 4.3, so H N U7 contains U N U;. Since Galosi — SL(T,) is surjective, H N U

is invariant under the conjugation action of SL(T;) on U;. Thus H NU; =U; and similarly
H N Uy =Us. Tt follows that H contains the (pointwise) stabilizers of M/ C T and of E'Y C TV.
These generate SL(T) as is easily shown by straightforward considerations of matrices. O

The following example shows that the use of Lemma 4.3 cannot be avoided.

Ezample 4.4. There is a subgroup H of G = GL4(F3) of index 8 such that, for any parabolic
subgroup P C G of type (3, 1) or (1, 3), the projection 7 : H N P — GL3(F2) is bijective.
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Proof (communicated by V. Paskunas). For any isomorphism « : Ag = G, which exists by [ConT1,
Theorem 6], we take H = «a(A7). Let BC P be a Borel subgroup. Since B is a 2-Sylow
subgroup of G and since [G: H] =23, we have [B: H N B] =23; hence [P: HN P] =23 and
thus |[HNP|=7-6-4=|GL3(Fs)|. Therefore, it suffices that U = Ker(r) is trivial. Since U is
contained in the unipotent radical of P, it is an Fo-vector space of dimension at most 3. However,
any 2-Sylow subgroup of A7 is non-commutative with 8 elements, so |U| < 8. Let 0 € H N P be
of order 7. Since in A7 an element of order 7 and an element of order 2 cannot commute, all
o-orbits in U\{1} have seven elements. Hence |U| = 1. O

5. Deformations of p-divisible groups

Before proving Lemmas 3.1 and 4.3 let us recall some aspects of the deformation theory of
p-divisible groups. Let G be a p-divisible group over an arbitrary ring R in which p is nilpotent
and write A = Homp(Lie G, wgv ). Here Lie G is the Lie algebra of G, which is a finite projective
R-module, and wgv is the dual of the Lie algebra of the Serre dual GV. If R = S/I where S is an
I-adically complete ring, let Defg/r(G) denote the set of isomorphism classes of lifts of G' to S.

THEOREM 5.1. If I =0 then Defg/r(G) is naturally a torsor under the R-module

Hompg(wgv, I ® Lie G) = Hompg(Ag, I).

This is classical and follows either from [IlI85, théoreme 4.4 and corollaire 4.7] or (except
for the existence of lifts) from the crystalline deformation theorem [Mes72, V, Theorem 1.6],
because the set of lifts to D(G)g of the Hodge filtration

0 — wev —=D(G)r — Lie G — 0

is a torsor under Hompg(wgv, I ® Lie G); here D(G) is the covariant Dieudonné crystal defined
in loc. cit. Both constructions give the same action of Homg(Ag, I) on Defg,g(G) but we could
not find a reference for this fact (and will not use it).

Let Qp = Q}z /7 be the absolute module of differentials of R. Theorem 5.1 implies formally
that for every p-divisible group G over R as above there is a ‘Kodaira—Spencer’ homomorphism

K iwav — Qr ® Lie G or equivalently k¢ : Ag — Qg,

uniquely determined by the following property. For any ring homomorphism f: R — A where
A = B/I such that I? = 0, denote by Liftg/4(f) the set of ring homomorphisms R — B lifting f,
which is either the empty set or a torsor under the A-module Hompg(€Qg, I). Then the obvious map

Lift /4 (f) — Def g a(G @r A) (5.1)

is equivariant with respect to the homomorphism Hompg(Qg, I) — Hompg(Ag, I) induced by kq.
The homomorphism kg is functorial in R in the obvious sense. If one uses the crystalline
construction of the torsor structure in Theorem 5.1, then ki can be written down directly
in terms of the connection V : D(G)r — Qr @ D(G) g, namely ki, = (id®@ 7)o Voi.

A homomorphism of p-divisible groups G — H over R induces a homomorphism of arrows
(a commutative square) ki — £’;. In the special case of an exact sequence of p-divisible groups
0— M — G — H — 0 where M is of multiplicative type, and thus wgv = wgyv, this translates
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into the following commutative triangle with split injective .

Apc—2 s Ag (5.2)

RH\ AG
Q

R

If G is a p-divisible group over a field k of characteristic p and G is a deformation of G
over a complete local noetherian k-algebra R with residue field k, we may consider the following
composite homomorphism ~g:

®id ~
Rg:AggAg®k&>QR®k—>QR/k®k§mR/m%.
The deformation G is universal if and only if R is regular and kg is bijective; let us call G versal
if R is regular and kg is injective. In the universal case rg induces an isomorphism Ag = Qp
because both modules are free over R. If G is universal and k is perfect then kg is an isomorphism
Ag = Qp because in that case Qg = Qg

As announced earlier, we conclude this section with a proof of Proposition 2.2.

Proof of Proposition 2.2. We use a variant of the transitivity argument of [Oor01,
Proposition 2.8]. Let K be the residue field of R at z, let S=R[[t1,...,t.]], and let
S(z) = K][[t1, - - ., teq)]- There is a deformation H over S of G ® R so that H(z) =H ®s S()
is the universal deformation in equal characteristic of its special fibre G ® g K. Indeed, let
J=(t1,...,t.q) as an ideal of S and choose an isomorphism of R-modules v : Agop = J/J?.
Let Hsy over S/.J? be the deformation of G ® R that, under the torsor structure of Theorem 5.1,
differs from the trivial deformation by u. The required H is any deformation over S of Ha, which
exists by Theorem 5.1 again.

Universality of G gives a homomorphism ¢ : R — S such that H =G ®, S as deformations
of G. Since R — S — R is the identity, the inverse image of the maximal ideal under R — .5 —
S(z) is x, so there is a local homomorphism 1 : R, — S(z) making the following commute.

©

R ——— S:R[[tl, . ,tcdH
l . l
R, —— S(z)=K[[t1, . .., ted]]

It follows that the universal group H(z) is isomorphic to (G ® R;) ®y S(z). In particular,
the inverse images of the various Vj, under Spec) : Spec S(x) — Spec R, form the Newton
stratification given by H(z). Since that stratification has the required properties by [Oor00,
Theorem 3.2], the proposition follows if we show that S(z) is isomorphic via 1 to a power series
ring over the completion of R,.

Let m C R, and n C S(x) be the maximal ideals. Since R, is regular and 1 an isomorphism
on residue fields, it suffices that m/m? — n/n? is injective. Now m/m? is a submodule of
Qg ® K, and n/n? is isomorphic to (AZS(:B)/K ® K, so it suffices that Qp ®y S(z) — ﬁs(x)/K
is an isomorphism. This follows because Aggp ®y S(z) = Ay, and the Kodaira-Spencer
homomorphisms Aggp — Qp and Ay, — Q S(z)/K are isomorphisms by the universality of G
and of H(z). O

227

https://doi.org/10.1112/50010437X09004242 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X09004242

E. LAvu
6. Universality over completions

In this section we prove Lemma 3.1, but we consider a more general situation. Assume that G
is a p-divisible group over a perfect field k of characteristic p, let R be its universal deformation
ring over k, so R = kl[[t1, .. ., ted)], and let G be the universal deformation over R.

For an arbitrary prime p € Spec R we consider the complete local ring S = ﬁp with residue
field K = S/mg. The maximal subgroup of multiplicative type M of G ® K lifts uniquely to a
subgroup of multiplicative type M of G ® S. The quotient H = (G ® §)/M is a deformation
over S of the p-divisible group H = (G ® K)/M over K. To ask whether H is a universal or
versal deformation of H makes sense only after a structure of K-algebra is chosen on S, and in
general the answer depends on the choice (but not in the special case of Lemma 3.1).

Denote by ¥ (or X) the set of all k-algebra homomorphisms o : K — S (or 6 : K — S/m%)
lifting the identity of K. Since k is perfect, K is formally smooth over k, so ¥ is non-empty
and the reduction map ¥ — ¥ is surjective. The set ¥ is a torsor under the finite-dimensional
K-vector space Homg (Qf, mg /ms). Hence the Zariski topology on the vector space induces a
well-defined topology on .

PROPOSITION 6.1. There is an open subset U of ¥ such that H is versal with respect to
some o € X if and only if its reduction ¢ lies in U. The set U is non-empty if and only if
dim(S) > dimg (Ag). We have U = ¥ if and only if kg : Ag — Qi is zero.

Note that if dim(S) = dimg (Ag) then ‘versal’ is equivalent to ‘universal’.

LEMMA 6.2. The natural homomorphism Qg Qg S — Qg is an isomorphism.

Proof. Since this is true with Ry, in place of S, it suffices that Q g, ®g, S — (g is an isomorphism.
The ring S has a finite p-basis because it is isomorphic to a power series ring over the field K
which has a finite p-basis because this holds for R. Thus (g is a finite S-module, and hence

Qg = @(Qs/mgﬂs) = lin QS/mg-

Since (g, is a finite Ry-module, the same reasoning shows that g, ®g, S = lim QS/mg as well. O

Proof of Proposition 6.1. Assume that o: K — S is given. Since § is regular, H is versal
with respect to o if and only if the homomorphism &3, defined by the upper triangle of the
following commutative diagram is injective. The lower triangle is (5.2) and is independent of o.
The homomorphism kggs : Aggs — {2s is an isomorphism because it can be identified with
kg ®id: Ag ®r S — Qr ®r S by Lemma 6.2 and because kg is an isomorphism as G is universal
and k is perfect.

Ay R K R—H> QS/K ®Rs K

s

Agos ®s K —— Qg ®s K
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In order to see how the kernel of v varies with o we write down two standard exact sequences
for modules of differentials. The first depends on o, while the second does not:

0— Qx — Qs 5 K — Qgyre @5 K — 0,
O—>ms/m%i>QS®SKL>QK—>O.

Here v o d is an isomorphism and 7 o u = id, which proves exactness on the left. If ¢ is changed
so that & is altered by 6 : Qx — ms/m% then u changes by d o d. It follows that ¥ is bijective
to the set of homomorphisms u with 7 o v =id, which reduces the proposition to linear algebra.
Namely, Ky is injective if and only if the images of v and of Ky ®id in g ® K have zero
intersection. This condition defines an open subset U of ¥ that is non-empty if and only if
dimg (Ag) < dimg (Qg/x @ K) = dim(S5). The intersection is zero for all choices of u if and only
if the composition 7 o (ky ® id) is zero, but this composition is just k. O

Proof of Lemma 3.1. Clearly H’ is universal if and only if the group H considered above
is universal with respect to the chosen section o:K — S. Since dimg(Ag)=c=dim(S5),
Proposition 6.1 implies that 7 is universal if & lies in a dense open subset of ¥, which is sufficient
for our applications. In order for H to be universal for all choices of o, we need in addition that kg
vanishes. Since H is a one-dimensional formal group, its base change to a separable closure K®°P
is defined over the prime field ), by [Zin84, Satz 5.33]. Using the fact that Qgser = Qg @ K5P
and {2y, = 0, the vanishing of xy follows by its functoriality with respect to the base ring. O

An alternative proof of Lemma 3.1 in the case where a(G) =1 is given in [Tia07].

7. Generic completion of the universal deformation

In this section we prove Lemma 4.3. As in the previous section let G be a p-divisible group over
a perfect field k£ of characteristic p, but now let R again be the universal deformation ring of G
over W (k) and G the universal deformation over R.

We consider the unramified discrete valuation rings A = }A?(p) and A" = W(F’) where F’ is
a fixed algebraic closure of the residue field F' of A. Let ¥ be the set of ring homomorphisms
A — A’ that induce the given embedding F — F’ modulo p.

PROPOSITION 7.1. The map 1 : ¥ — Def 4/ /(G ® F') that maps a homomorphism o : A — A’
to the scalar extension of G ® A by o is bijective.

Proof. Let R= R/pR. Since G ® R is the universal deformation of G in characteristic p, the
homomorphism kgg 5 is an isomorphism, and hence induces an isomorphism

RGQF - Ag®F gQF

as F is the quotient field of R. The proposition is a formal consequence. Let A/ = A’/p"A’.
It suffices that for every n > 1 and every homomorphism o : A — A} lifting F' — F’, using the
notation of (5.1), the obvious map

LiftA’TL+1/A§L (o) — DefA;L-;-l/A;i (0x(G® A))

is bijective. Since its source is non-empty by [BM90, Proposition 1.2.6] and since Q4/pQ4 = Qp,
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this is an equivariant map of torsors with respect to the homomorphism of F’-vector spaces
Homp(Qp, p"A'/p"t A — Homp(Ag,, pr Al prt AT
induced by kggr, which is bijective. O
In order to deduce Lemma 4.3 we have to describe the Galois representation on the Tate
module of an arbitrary deformation over A’ of H =G ® F’. Let K be the quotient field of A’,

choose an algebraically closed field © containing K, and write Galg =1 (K, Q). We fix an
isomorphism of p-divisible groups over F’,

H = (Qp/Zp)" & Mgom

LEMMA 7.2. The map of sets e : Def 4/ (H) — H*(Gal, Z,(1))°d that maps a deformation H
to the isomorphism class of the associated extension of Galx-modules

0— Z,(1)* — TyH(Q) — Z5 — 0
can be written as a composition
Def g1 /o (H) = G (A" = (K*)° = HY(Galg, Zy(1))
where « is bijective, i is the natural inclusion, and § is the Kummer homomorphism.

Proof. We have an obvious bijection 7y : Def 4/ /g (H) = Ext}4/ (Qp/Zy, upoo)Cd and an isomorphism

B @m(A/) = EXt,l4/ (Qp/va Np‘x’)

defined as the projective limit over n of the connecting homomorphisms associated to the
exact sequence 0—Z — Z[1/p] — Q,/Z, — 0 over A]; these are isomorphisms by [Lau08,
Proposition A.1]. Put a = (=371 0 5. Let K be the algebraic closure of K in Q. The required
relation e = 9§ o4 o o translates into anti-commutativity of the following diagram, where §; is
induced by the exact sequence 0 — ppn — K*— K*—0 and 6 is induced by 0 = Z — Z —
Z/p"Z — 0, while £; maps an extension F to E/p"E and €2 maps E to E[p"].

K* = Homgal, (Z, K*) —2— Extl, (Z, i)

52J lt?l
Exta, (Z/p"Z, K*) —— Extia, (Z/p"Z, ppn)
This is easily checked. g
Proof of Lemma 4.3. Let Koo = K|jtpeo]. The homomorphism p, : Galjy, — ng is surjective if

and only if its reduction p%, : Galjy, — ng is surjective. By Proposition 7.1 and Lemma 7.2 we

have a bijection a: ¥ = G,,(A4')°¢ so that p% is the image of a(o) under

~ . 9
G (A") == K3, = K3 /(K3,)P = Hom(Gal}y, Fy)

(componentwise) where § is induced by the Kummer sequence. Thus p9, is surjective if and
only if the components of a(c) map to linearly independent elements in the [F,-vector space
K /(KZX,)P. Since a(o) is arbitrary it suffices to show that the image of G,,(A’) in K% /(K% )P
is infinite.
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Let K,, = K[ppn] and V;, = K /(K};)?, which for n > 1 is identified with Hom(Galg,,, F),). By
using the fact that K, over K> is a Zy-extension it is easy to see that the kernel of Vo —V, is
independent of n for n > 3. Since V; — V3 has finite kernel, it suffices that the image of @m(A’ )
in V] is infinite. A consideration of valuations shows that for every x € A’ of valuation 1 the
clement 1+ x does not lie in (K7)P. In other words, the kernel of G,,(A’) — V4 is contained in
the kernel of the surjection @m(A’) — F’ given by 1 + px +— Z. Since F’ is infinite the assertion
follows. O
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