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Abstract

Let u and ¢ be two analytic functions on the unit disc D such that ¢(D) c D. A weighted composition
operator uC, induced by u and ¢ is defined by uC, f := u - f o ¢ for every f in H”, the Hardy space of D.
We investigate compactness of uC,, on H? in terms of function-theoretic properties of u and ¢.
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1. Introduction

Let u and ¢ be two analytic functions on the unit disc D such that ¢(D) C D. They
induce a weighted composition operator uC, from the Hardy space H” (1 < p < o0)
into the linear space of all analytic functions on D by

uCyu((2) := u(z)f(p(z)) forevery f€ H” andz € D.

When u = 1 (respectively ¢(z) = z for all z € D), the corresponding operator, denoted
by C, (respectively M,), is known as a composition operator (respectively a
multiplication operator). It is well-known that C, is always bounded on H”. However,
this is not necessarily true for the weighted operator. If uC, maps H” into itself, an
appeal to the closed graph theorem yields its boundedness. In this case, we say uC, is
a weighted composition operator on H?.

There has been an extensive study of weighted composition operators on H” (and
on other analytic function spaces) in the last two decades. In this paper, we investigate
compact weighted composition operators on H”. The problem of characterising these
operators has been considered via different approaches in the literature. It was shown
in [5, Theorem 2.1] that uC, is compact on H* if and only if the closure of the
set ¢({z € D : |u(z)| > €}) is contained in D for every £ > 0. When 1 < p < oo and
u € HP, Contreras and Hernandez-Diaz [1, Theorems 3.4 and 3.5] characterised the
compactness of uC,, with the condition

. my(S (£, r)
lim sup —mmm =
r—0*t ’eT r
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where S({,r) :={z € D:lz— {| < r} and m,, is the measure given by

mp(E) := f |u|” dm
e Y E)NT

for all measurable subsets E of D. Others, such as [2, Theorem 5], studied this problem
using a generalised Berezin transform

B(2) f%—l_mz lu(e)l” dm  for all z € D
7) = ——u(e m forall z .
o |11 =Zp(e?)?

These characterisations, however, are rather implicit and somewhat intractable.
Motivated by the work in [3] and [4], we obtain necessary conditions and sufficient
conditions for the compactness of uC, in terms of function-theoretic properties of u
and ¢. These results are also illustrated with examples.

2. Preliminaries

Let D be the unit disc {z € C : |z| < 1} in the complex plane C and T be the unit circle
{z € C: |z| = 1}. The Hardy space H? of D, where 1 < p < oo, consists of all analytic
functions f on D such that

1 27 )

sup — |f(re®)|P do < co.

o<r<1 27 Jo
We define H* to be the set of all functions f which are analytic and bounded on D.

Let m be the normalised Lebesgue measure on 7, that is, dm := df/2m, and write
L? = LP(m). Norms of H” and L” are both denoted by || - ||,. If f € H? for 1 < p < oo,
its radial limit
f(e") = lim f(re")

existsm-a.e.onT andf € L? with ||f||p = |Ifll,. In addition, when f # 0, we havef #0
m-a.e. on T. It is often useful to consider the extension of f to D:={zeC:lz <1},
also denoted by f, such that f|; = f.

We assume 1 < p < oo in the remaining sections of the paper. Our goal is to relate
the compactness of weighted composition operators on H” with the function theory
of analytic maps. For the class of composition operators, this property is intimately

related to the notion of angular derivatives of symbol functions. We recall:

(a) afunction f: D — Cis said to have a nontangential limit l at w € T if f(z) —> 1
as z approaches w in any region between two straight lines of D that meet at w
and are symmetric about the radius to w;

(b) an analytic function ¢ : D — D has an angular derivative at w € T if there exists
some 1 € T such that the difference quotient (7 — ¢(z))/(w — z) has a (finite)
nontangential limit at w.

By the Julia—Carathéodory theorem, the following statements are equivalent:
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@ liminf_,(1 = le@D/(1 = |z]) = 6 < oo;
(i1) ¢ has an angular derivative at w;
(iii) both ¢ and ¢’ have nontangential limits at w.

If one of these conditions holds, then § > 0 and the nontangential limit of ¢ at w is
n, where 71 is defined in the definition of angular derivative. Moreover, the angular
derivative of ¢ at w is nonzero.

Consequently, ¢ has no angular derivative at w when the radial limit of ¢ at w (if it
exists) has a modulus less than one. We state three well-known sufficient conditions
for compactness and noncompactness of composition operators [7, pages 23 and 57].

(a) If|lgllee < 1, then Cy is compact on HP.

(b) If ¢ is univalent and has no angular derivative at any point of T, then C, is
compact on H”.

(c) If ¢ has an angular derivative at some point of T, then C,, is not compact on H?.

In his seminal paper [6, Theorem 2.3], Shapiro showed that C,, is compact on H” if
and only if
Ny(w)
im ——— =
lwl—1- log 1/|w|

)

where N, is the Nevanlinna counting function given by

1
Z log = if w € p(D)\{¢(0)},
z€p™{w}

0 if w ¢ p(D),

N(w) := 2.1

and ¢~ '{w)} denotes the sequence of -preimages of w with each point occurring as
many times as its multiplicity.

Recall that a bounded linear operator 7' from a Banach space B; to a Banach space
B; is said to be compact if it maps bounded subsets of B; into relatively compact
subsets of B,. Thus, T is compact if and only if it maps every bounded sequence
{xa};~, in By onto a sequence {T'x,},”, in B, which has a convergent subsequence.

The above results, together with the following direct generalisation of [3, Lemma 1],
are crucial to the study of compact weighted composition operators.

Lemma 2.1. Let uCy, be a weighted composition operator on HP. The following two
statements are equivalent:

(i)  uC, is compact on HP;
(i) if{fu},, is a bounded sequence in H” and f,, — 0 uniformly on compact subsets
of D, then ||uCy,fyll, — O.

As an application of this lemma, we prove a result of independent interest.
ProposiTion 2.2. The following two statements are equivalent:

@ lielleo < 1;
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(ii) ifu € HP, then uC, is compact on HP.

Proor. Suppose (i) holds, that is, there is a constant M with 0 < M < 1 for which
lol < M on D. Let {f,}" | be a bounded sequence in H” such that f, — 0 uniformly on
compact subsets of D. Choose any € > 0. Since the set {z € C : |z] < M} is compact,
there is a natural number N such that

(eI <

2lully

forall » > N and 6 € [0, 27]. Hence

27 21
luCy fillp = fo lu(e™)P| f(@(e)I” dm < j(; lu(e™)|P dm < e.

~ 2ljully
This shows that uC,, is compact.

Conversely, assume (ii) holds. In particular, uC, is an operator on H”. By fixing
any f € HP, we see that C,f € H”. Thus, C, maps H” into H*. This operator is also
bounded, so that

ICe 00l < NIC I 10wl
where C,”* is the adjoint of C, and 6, (w € D) is the evaluation functional on H* at
Z = w. Note that C,*8,, = d,(w), Which is in (H?)*, the dual space of H?. With [|5,,]| = 1
and (|6l = 1/(1 = lp(w)P)'/?,

p@IP <1 - < 1
IC, (1P
Since w is arbitrary, we obtain (i). O
When ||¢ll. < 1 and u € H?, it follows from [4, Theorem 9] that uC, is even Hilbert—

Schmidt.

3. Necessary conditions for compactness

Gunatillake [3] remarked that one could begin with a noncompact composition
operator C, and then produce a compact weighted composition operator uC, by
choosing a suitable weight function u. In light of this observation, we prove a criterion
which is applicable in constructing examples of noncompact weighted composition
operators on H?.

TueoreM 3.1. Suppose ¢ is continuous up to T and has an angular derivative at 7 = €
for some « € [0, 2n). If there exists a constant § > 0 such that u is bounded away from
zero m-a.e. on (a — 6, + 6) and |p(e”?)| < 1 off (a — 6, a + 6), then uC, is not compact
on HP.

Proor. Since ¢ has an angular derivative at z = €@, the operator C, is noncompact on
HP. There exists a bounded sequence {f,}>", in H” such that f, — 0 uniformly on
compact subsets of D and a subsequence of it, say {f,, };_,, satisfies

IC, fill, = & for some &y > 0.
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Put I = (@ — 6,a + 8). As ¢ is continuous on the compact set {¢? : § € [0, 2]\ 1}, the
set {p(e) : 6 € [0,27]\1} is compact in D. Thus, there is a natural number N such that

€0

|f(@(e®)P < 3 forall n> N and 6 € [0, 27]\1.

If n >N,
271 )
6 < fo o (@@ dm
_ f (o@D dim + f ool dm
I [0,27]1\]

: f o (RN dm + 22,
I 2

which gives
i &
f|fnk(¢’(€'9))|p dm > EO
I

Let ¢ > 0 be a constant for which |u| > ¢ m-a.e. on I. Then
NuCy fi |l = f (&)1, (@(e)IP dm
I

- f I (DI dm
{6l |u(ei®)|>c}

cPgy

> [ gty dm> 2.
1

Hence uC, is not compact. ]

ExampLe 3.2. Let ¢(z) = %(z + 1) and u(z) = z + 1. Since (1 — ¢(2))/(1 — 2) = %, ¢ has
an angular derivative at z =1 (in fact, ¢ does not have angular derivatives at other
points of T because |¢p(e”)|* = $(1 + cos §) < 1 for 6 € (0, 27)). By choosing 6 = /3,
lu(e®)]* = 2(1 + cos 0) > 3 on (=6, 6). From Theorem 3.1, uC,, is not compact on H?.

We now give another necessary condition for compactness (without assuming
the continuity of ¢ on 7). This result, which was obtained for the case p =2 in
[4, Theorem 8], can be generalised to an arbitrary H”-space in a similar fashion.

Tueorem 3.3. If uC, is a compact weighted composition operator on H”, then

u@IP(1 ~1z1*)

L S =0. (3.1)

ExampLE 3.4. Let o(z) = 1 — (1 — 2)"/? and u(z) = 1/(1 — z)'/??, where u € H?. Since

1-[eMP=1-[1-1-n'"P=1-n"2-(1-n"7,
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it follows that
[u(M]P(1 = r?) B 1+r
I-[p(HP ~ 2-(1-n'7?

By Theorem 3.3, uC, is not compact on H”. However, C, is compact on H?. This
follows from the univalence of ¢ and the nonexistence of the angular derivative at each
point of T'. To justify the latter fact, write

(1 = )2 = |1 = 1|12£0-0/4  for g € [0, 27].
Let R(z) denote the real part of z. Then
1 - e =2 R(1 - ”)"/? -1 - "

. 0 .
— - e’9|1/2[2 cos(— - f) . e’9|1/2]

—-1(x0) asr—1".

4 4
- 0 0 0\!/2
=11- e"gll/z[\/ﬁcos 7 + V2sin i \/E(sin E) ]
. 0\!/2 9\1/2\2 g\1/2
= \/Ell—e’gll/z[((cos 4_1) —(sinz) ) +(\/§— 1)(sin§) ]

The function in the square bracket of the last equality is continuous on [0, 27]. As it
never vanishes, there exist constants m, M > 0 such that

ml] _ei0|1/2 <1- |(,D(€i0)|2 < M|1 _eiﬁll/Z'

Thus, |p(e?)] <1 for 6 € (0,2n), so that ¢ has no angular derivative on T\{1}.
Moreover,
l—w(z) 1
-z  (1-9/7
which is unbounded near z = 1. The angular derivative of ¢ at z = 1 does not exist
either.

The converse of Theorem 3.3 is not necessarily true, even for composition
operators. For example, it is possible to construct a Blaschke product B with an angular
derivative at no point of T [7, page 185], that is, limy—;-(1 — [B(2)|)/(1 — |z]) = oo. It
follows from [4, Theorem 10] that Cp is not compact on H”. In the next section,
we prove that the condition in (3.1) does characterise compactness of weighted
composition operators under additional assumptions on the symbol functions u and ¢.

4. Sufficient conditions for compactness

From Example 3.4 (in the previous section), the compactness of C, may not
guarantee that of uC,. A natural question is that if C, is compact, how can we choose
u so that uC,, is also compact? One such condition is presented below.

Tueorem 4.1. Suppose u € H? and C,, is compact on HP. If there is a constant ¢ with
0 < ¢ < 1 such that u is essentially bounded on the set {¢" € T : |p(e')| > ¢}, then uC,
is compact on HP.
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Proor. Let E := {0 € [0, 2n] : |¢(e)] > ¢} and M > 0 be a constant with |u(e®)] < M
m-a.e. on E. From Lemma 2.1, it suffices to show that |[uC, f,l|, — 0, where {f,}>", is
a bounded sequence in H? such that f;, — 0 uniformly on compact subsets of D.

Fix any € > 0. As the set {z € C: |z] < ¢} is compact in D, there is a natural number
N, such that
e

2ully

fulpeNIP <

whenever n > N; and 6 € [0, 27]\E. By the compactness of C,, we may choose a
natural number N, such that

21
i E
jo‘ [fuleeDIP dm = IC, fullly < P for alln > N.

If n > max{N;, N,}, then

luCy full, = fE ()1 ful (DI dim + f[o i ()P fu(p(eDI dm

&

<M f ol dm + —5— f ()P dm
E 2[full, Jio2xn\E

27 2
<M” f (e ®DIP dm + —— f ()P dm
0 201l Jo

<e. d

RemaRrk 4.2. (a) Proposition 2.2 is also a direct consequence of Theorem 4.1, for one
may take ¢ = ||¢|| and the set in the statement of this theorem is then of zero measure.

(b) In Theorem 4.1, suppose the assumption that C,, is compact is dropped. Similar
norm estimates used to write the proof of this theorem, together with the Littlewood
subordination principle, show that uC, maps H” into itself and is therefore bounded
(by the closed graph theorem).

Exampie 4.3. Let ¢(z) = 1 = (1 = 2)'/? and u(z) = [(z = 1)/(z + 1)]"/?". Then, u € H?
and C, is compact on H” (see Example 3.4). With |p(=1)| < %, the continuity of ¢ on
T ensures that there exists a constant § with 0 < 6 < 7 such that

{6 €10,2x] : lp(e™) > 1} [0, 27\ (7 — 6,7 + §).

Since u is also bounded on the set {¢ : 8 € [0, 2]\ (7 — 6, 7 + &)}, it follows from
Theorem 4.1 that uC, is compact on H”.

The rest of this section is devoted to proving a ‘converse’ of Theorem 3.3 under
extra assumptions on u and ¢. We begin with three lemmas. The first one, which
appeared in [8, Lemma 2.3 and Proposition 2.4], relates a boundary integral of an
HP-function with an area integral of the function and its derivative.
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Lemmva 4.4. Let f € HP. Then,
LA ~ £ + fD P2 P log - S dAG)

and

I o @llh ~ | (eI + fD IF@IP21f @I*N,(2) dA(2),

where

(@) A is the normalised Lebesgue area measure on D, that is, dA = rdrd0/n;

(b) N, is the Nevanlinna counting function defined in (2.1); and

(c) the symbol ~ means that the left-hand side is bounded above and below by
positive constant multiples of the right-hand side, and these constants are

independent of f.
An immediate consequence of this lemma is that there are constants M, M, > 0
such that .
| @i @ e 2 da < s (.1
D
and
f @21 (2P Ny(z) dA(z) < Mallf o ¢l 4.2)
D
for all f € HP.
LemMma 4.5.

(@ () If0<lzl<1,thenl—|z* <2log1/lzl.
(ii) If% <zl < 1, thenlog 1/|z| < 2(1 = |z]).
(b) For 0 < r < 1, there exists a positive constant ¢ (depending only on r) such that
1
) ifO <l <7

1
log — < c(log + log —

|zl —
Proor. We first prove (a). Fix any z € C with 0 < |z] < 1. By the generalised mean
value theorem, there exists some ¢ € (|z/, 1) such that

logl/ld _1/¢ _ 1
-z 20 227

2

As 1/ > 1 (1) follows. If, in addition, |z] > 2,
For (b), we ﬁx any r with 0 < r < 1 and define

then 1/(2£%) < 2. This gives (ii).

log 1
ogl/x forO<x<r.

fx) =

log $(r+ 1) +log 1/x

The existence of ¢ follows because f is positive and continuous on (0, r], and
limx_>0+ f(x) =1. O
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Lemma 4.6. If f € H?, then

f QP dAG) < IfIL.
D
Proor. If f € H?, then

1 [ ,
—f |f(re”)? do < |Ifll; forallO<r<1.
2 0

Thus,
27 2
INCRZCES] f [F(re" P rdrde = f [ ety asar
< 2||f||§f rdr = |fl. O
0
THeEOREM 4.7. Let u € HP. Assume that ¢ is univalent on D and
Jim u@Pu @1 = ) = 0. (4.3)
Z|— 17
If

u@IP (1 = 1) _

-1 1 = o(z))? “4)

then uCy is compact on HP.
Proor. Fix any £ > 0. By (4.3) and (4.4), there exists r with % < r < 1 for which
u@P(1 =2 < &1 = le@)P) and  |u@P W @P(1 -1z <&

whenever r < |z] < 1. The value of this r will be fixed for the entire proof. Let {f,}*

n=1

be a sequence in H” such that ||f,||, < 1 for all » and f;, — O uniformly on compact
subsets of D. By Lemma 4.4,

luCy fully < M| (0P| £ (@(ODIP + fD u(2)(f 0 @@IP I - fi 0 @) (2) log [ dA(z)]
4.5)
for a constant M > 0. Let rD :={z € C : |z] £ r}. Since
- fr 0 0) @F = u@)(f 0 ) (2) + (fa © DU @)
< 2u@)(fy 0 9) @F +2I(fy 0 )@ @),
it follows that

f W@ (fy 0 @D - o @) (z>|2log| ldA(z)

f I @ P I o ) ()P log - e

f @2’ @I, 0 9)(2)I7 log ﬂ dA(2)
=2P,+ 0, +R,+S,), 4.6)
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where

Py = f WP 0 D@2 © @) (P log| |dA(z)

On = fD D @1 £ (@1 (Pl @) 10g| |dA(Z)

R, = f ()P~ ()1 |fn<¢(z>)|f’log| ldA(z)

Sn::f lu(2)P~ 21 (2)I* I(fnocp)(z)l”log dA(z).
D\rD |z]

As the sets {¢(0)} and ¢(rD) are compact in D, we may choose a natural number N;
such that if n > N and z € rD, then

Ifa(@O)I” <& and |fu(p@)" <e.
From the inequality in (4.1),

O [fu(eONI” + 2R, < [u(0)e + 2& f )P’ ()| log ﬂ dA(z)
rD

< [luO)I” + 2M|lullyle. 4.7

To estimate the value of S ,,, we first use Lemma 4.5(a)(ii):
Sa < Zf @2l @FI(f 0 @)@IP(1 = |2) dA(z)
D\rD
<2 f (fn © @)@ dA(2).
D\rD
The fact that C, is bounded on H?, together with Lemma 4.6, gives

Sn < 28f (fu 0 @)@ dA(R) < 2ellfu 0 @l < 20CIP N fullpe < 2ICyllPe. (4.8)
D

Using Lemma 4.5(a)(ii) again,
On <2 f \ @1 (@)1 £1(e@)Ple’ @I (1 = 2*) dA(2)
D\rD
<2e fD IR @Rl @F dAG)

<2e fD /(@21 £ (@) (1 = o))’ (2 dA().

Put w = ¢(z). As ¢ is univalent, the Cauchy—Riemann equations and the change-of-
variables formula yield dA(w) = |¢’(z)]* dA(z). Then

0, <26 fD @A @R = o) dAw).
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By Lemma 4.5(a)(i) and the inequality in (4.1),

1
0, <de fD Ifu()IP 2| £ (w)I* log ol dA(w) < 4M|fllhe < 4Mye.  (4.9)

It remains to estimate the value of P,. Put g, = f, o ¢. With the continuity of u on the
compact set rD and Lemma 4.5(b), there is a constant M’ > 0 such that
, 5, r+1
P, <M f g2l 2|g,1<z)|2( log
rD

2

1
+log —) dA(Z)
|2l

e f a0l PN ) A

where o(z) = %(r + 1)z. From the inequality in (4.2),

f |gn(@)IP 18, (2)* Ner(2) dAR) < Mligy o o).
rD

Since g, — 0 uniformly on the compact set o(T') in D, there is a natural number N,
such that if n > N,, then

2
len ol = [ lgn(oe P dm <.
Thus,
P, < M Me. (4.10)
It now follows from (4.5)—(4.10) that
luCy fully < M[Ju(0)” + A|C|I” + 2M, (lull), + 4) + 2M’ M, ]e
whenever n > max{N;, N»}. Hence |[uC, f,ll, — 0, as desired. o

In particular, we obtain the following result, which is essentially due to MacCluer
and Shapiro.
CoroLLARY 4.8 [7, page 39]. If ¢ is univalent on D and
1 — 2
im ———— =
=17 1 = ()12

’

then C, is compact on HP.
ExampLE 4.9. Let ¢(z) = %(z +1)and u(z) = (z— 1)¥P. For |z] < 1,

@ 41 -2R@) + ) and 0< L 2R() + Iz

= — " <1
- lp@F = 3-2%R@) - P 32RQ P

and so
lu@)IP(1 = 1zlP) _
d-l- 1-lp@P
A direct computation gives limy, - [u(z)|"|u’ (2)]*(1 - [z[*) = 0. By Theorem 4.7, uC,
is compact on H”. This example also shows that even if C,, is noncompact (for ¢ has
an angular derivative at z = 1), the weighted operator uC, can be compact on H” with
an appropriate choice of u.
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The condition ‘limy_, - [u(z)|”~2[u’(z)|*(1 - |z|*) = 0" is not necessary for uC, to be
compact on H”. For example, let ¢(z) = z/2 and u(z) = 1/(1 — z)'/?”. The operator Cy
is compact on H?, since ¢ is univalent and has no angular derivative at each point of T
(in fact, |p(e”)] = 1 < 1 for 6 € [0,27]). As u € H”, an application of Theorem 4.1 (by
taking ¢ = %) yields the compactness of uC, on H”. However,

P OF (1 =) = i oo asr— 1
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