
NOTES AND PROBLEMS NOTES ET PROBLEMES 

This d e p a r t m e n t w e l c o m e s sho r t notes and p r o b l e m s bel ieved 
to be new. Con t r ibu to r s should include solut ions w h e r e known, or 
background m a t e r i a l in c a s e the p r o b l e m is unso lved . Send al l 
communica t i ons concern ing this d e p a r t m e n t to I. G. Connell , 
D e p a r t m e n t of M a t h e m a t i c s , McGil l Univers i ty , Mon t rea l , P . Q. 

A NOTE ON AN OSCILLATION CRITERION FOR AN 
EQUATION WITH A FUNCTIONAL ARGUMENT 

P a u l Wal tman 

1. It migh t be thought that , as far as the osc i l l a t ion of so lu t ions 
is conce rned , the behaviour of 

Yn(t) + a(t)y(t) = 0 

and 

y"(t) + a(t)y(t - a{t)) = 0 

would be the s a m e as long as t - <x(t) -*• oo as t -*• oo. To mot iva t e 
the t h e o r e m p r e s e n t e d in this note , we show f i r s t that this is not the 

2 • 
c a s e . Consider the above equat ion with a(t) = 3 t / 4 , a(t) = l / 2 t > i . e . 

y n ( t ) + 1 y( t /4) = 0. 
2tZ 

1/2 
This equat ion has the n o n - o s c i l l a t o r y solut ion y(t) = t a l though 
al l so lut ions of 

y"(t) + * y(t) = 0 
2 t z 

a r e o s c i l l a t o r y [ l , p . 121]. 

2 . In this sec t ion we cons ide r the d i f ferent ia l equat ion 

y»(t) + a(t) f(y(t), y(g(t))) = 0, 

w h e r e l im g(t) = +00 . A solut ion, not eventual ly ident ica l ly z e r o , 
t -> 00 

is said to be o s c i l l a t o r y if it has z e r o s for a r b i t r a r i l y l a rge t . We 
p r o v e below a s imple t h e o r e m which shows that one of the s t anda rd 
" s t r o n g " sufficient condi t ions for osc i l l a t ion of al l solut ions of equat ions 
without the funct ional a r g u m e n t r e m a i n s va l id . In the following sec t ion 
we modify the above example to show that for the p r o b l e m c o n s i d e r e d 
this is not a s t rong condi t ion. 
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Concern ing the coeff ic ients in (1) we a s s u m e : 

(a) a ( t ) > 0 ; 

(b) t l i m M g(t) = + oo ; 

(c) f(y, w) is n o n - d e c r e a s i n g in y and w; 

(d) when y and w a r e of one sign, f ha s that s ign . 

THEOREM. Let (a) - (d) hold. If J°°a(t)dt = + oo, a l l 
so lu t ions of (1), valid for l a r g e t, a r e o s c i l l a t o r y . 

P roof . Le t y(t) be a n o n - o s c i l l a t o r y so lu t ion of (2) valid on 
(a, oo). Then y(t) is eventua l ly of one sign; we a s s u m e y(t) > 0 
for t > t n ( a s i m i l a r proof follows if y(t) < 0 for t :> to)* Choose 
t^ such that g ( t ) > t g for t > t^. F o r t > t ^ , y(t) i s concave downward, 
for , by (a) and (d) f 

y»(t) = - a(t)f(y(t), y(g(t))) < 0. 

If y ' ( t ) £ 0 for any t > tj_, it fol lows i m m e d i a t e l y that y(t) has a z e r o 

in (tQ, oo), and hence it m a y be a s s u m e d that y ' ( t ) > 0 for t > t^. 

Choose t2 such tha t g(t) > t^ for t > t2- Then, in view of 

the monoton ic i ty of y and f, f(y(t^ ), y(t^)) <_ f(y(t), y(g(t))) for 

t > Î2, or y(t) s a t i s f i e s 

y"(t) +a ( t ) f (y ( t 1 ) , y ( t l ) ) < 0. 

An i n t e g r a t i o n y ie lds 

y '( t) - y ' ( t 2 ) + f f y ^ ) , y ^ ) ) f a ( s )ds < 0 

which, in v iew of the i n t e g r a l condi t ion, p r o d u c e s a c o n t r a d i c t i o n . 

3 . In th is s ec t ion we modify the example to show that the 
i n t e g r a l condi t ion is not as s e v e r e in the c a s e c o n s i d e r e d h e r e as it is 
without the modif ied a r g u m e n t . Cons ider the equat ion 

y»(t) + t ' ( 1 + ^ y ( g ( t ) ) = 0 . 

F o r s m a l l ry > 0, choose a < 1 such that a + y ~ 1 > ° 
and take 

r A i l / c v 

g l t l ^ d - a ) ^ - 1 ] . 
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l im g(t) = + oo, and y(t) = ta is a n o n - o s c i l l a t o r y solut ion, 
t -> oo 
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